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We begin with a theorem which gives an algorithm to determine whether
a square matrix is invertible, and if it is, to find the inverse. First we prove an
important characterization of invertible matrices which will eventually give
us this algorithm. We will frequently use this notation [A, B] for matrices
A, B of the same height. This just means putting A and B together, first
columns of A, then columns of B, to form a new matrix.

Theorem 1. A square matriz A is invertible if and only if for every column
b the equations Ax = b has a unique solution.

Proof. If A is invertible, then we can solve the equation Ax = b by
x = A~'b and this works for every b. Let us prove the converse statement.

If for every b the equation Ax = b is solvable, solve it forb = ey, es,...,¢€,.
Here e; are the columns of the unit matrix. We obtain solutions Ax; = ¢;
for each j. Now put these solutions together: B = [x1,Xa,...,X,]. Then by

the rule of multiplication of matrices
AB = A[x1,X2, ..., X, = [AXy, AXa, ..., AX,] = [e1,€9,...,6,] = 1.

Therefore B is the right inverse.
To show the existence of the left inverse, we use the representation

LPA=U

from the previous lecture. Here P is a permutation matrix, L is lower tri-
angular with 1’s on the main diagonal, and U is upper triangular. Since all
equations Ax = b have solutions U must have n pivots, so all elements on
the main diagonal of U are not zeros. This means that we can continue row
operations now adding multiples of rows of U to higher rows to make the ma-
trix U diagonal, with all diagonal elements non-zero. These row operations



are equivalent to multiplication of U from the left on some upper-triangular
matrices L; ;(¢) with i < j. We will have

U,LPA = D,

where U; is upper triangular, L is lower triangular, both with 1’s on the main
diagonal, and D diagonal with non-zero entries on the main diagonal. So D
is invertible, and D~'U,LPA = I, that is D~'U, LP is the left inverse of A.
As we have seen before, it must coincide with the right inverse (Lecture 2,
Theorem 1).

We can conclude this discussion of inverses by stating the following equiv-
alent conditions for a square matrix:

A is invertible.

A has a left inverse.

A has a right inverse.

Equation Ax = b has a solution for every b.

Equation Ax = 0 has only trivial solution.

S N =

REF for A has a pivot in every column (same as r(A) = n).

Square matrices which do not satisfy these conditions are called singular.
Thus
invertible = non-singular

and
singular = non-invertible.

Corollary. A square upper- or lower- triangular matrixz is invertible if and
only if all entries on the main diagonal are different from 0.

The proof of Theorem 1 also gives the following algorithm.

Step 1. Consider the n x 2n matrix [A, I], and bring it to the row echelon
form. If each of the first n columns of REF contains a pivot, then A is
invertible, otherwise it is not.

Step 2. Continue row operations, adding multiples of lower rows to higher
rows until the left half of the matrix becomes diagonal.



Step 3. Divide each row on its pivot, so that the left half of the matrix
becomes the unit matrix, so that the whole n x 2n matrix becomes [/, BJ.
This B is the inverse, B = A~

Example. Find the inverse of

1 00
A= 1 1 1
0 01
Begin with
100100
A,Il=1 1 11010 |,
001001
and bring it to the REF:
100 1 0O
011 —-110
001 0 01

At this point we know that A is invertible, since there are 3 pivots.
Now do row Operation 1 to make the left half of the matrix diagonal,
that is subtract the 3-d row from the 2-nd:

100 1 0 O
010 -1 1 -1
001 0 0 1

The inverse matrix is the right half:

1 0 0
A= -1 1 -1
0 0 1

Verify your answer by multiplying AA™! or A1 A.

For the future use, we will need the uniqueness of A = LDU factorization
of square matrices for which no exchange is required.
To prove this uniqueness suppose that we have two such factorizations:

A= L1D\Uy = L2 DyUs,

3



where L; are lower triangular, with 1’s on the main diagonal, D; are diagonal,
and U; are upper triangular, with 1’s on the main diagonal. All matrices are
square of the same size.

Then since all involved matrices are invertible, we have

Ly'LiDy = DyUs U

The LHS is lower triangular and the RHS is upper triangular, so both must be
diagonal. Furthermore, on the main diagonal of the LHS stand the diagonal
elements of D;, and on the main diagonal of RHS stand diagonal entries of
Dy. Therefore Dy = Dy. Now since RHS is diagonal it is equal to Dy, and
SO L2L1_1 = [ since D, is invertible. So Ly = L. Similarly U; = Us.

Transpose of a matrix. Another important operation on matrices is trans-
position. Transposition is a “reflection” of a matrix in its main diagonal: rows
become columns and vice versa, preserving their order. Formally if A = (a; ),
then the transpose AT = B = (b;;), where b;; = a;;. So transposition of
a m X n matrix is an n X m matrix. Transposition commutes with linear
combinations:
T _ T T
(ClA + CQB) = ClA + CQB .

Doing transposition twice evidently returns the same matrix:
(AT = A,
For the transposition of the product we have
(AB)" = BT AT,

Notice the inverse order! A formal proof of this rule is the following. Let
AB = C = (¢;;). Then by the rule of multiplication

n
Cij = Y Qikbij.
k=1
So the elements of CT are

T _ . o T T
Cij = Cji = Z aj kbr; = Z bi,kak,j7
k k

and these are the elements of BTAT. 1 leave the rule for the inverse as an



exercise:
(AT)_l — (A_l)T.
The precise statement: if A is invertible then also AT is invertible, and the

inverse of AT is given by this formula.
Here is another exercise: for every permutation matrix P we have

pt=pT

So permutation matrices give an example of an important class of matrices

which satisfy
At = AT,

Such matrices are called orthogonal and they will be studied later.
Another important class is symmetric matrices characterized by the prop-

erty
AT = A

There are also skew-symmetric matrices: they are defined by the property
AT = —A.

Show that all entries on the main diagonal of a skew-symmetric matrix are

ZEros.

Exercise. Is the product of orthogonal matrices always orthogonal? Is the
product of symmetric matrices always symmetric? What about sums of these
types of matrices?

One application of transposition is the convenience of writing and print-
ing. Instead of writing a column vector, we can write (1,9, 23)7, which
saves a lot of paper.



