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ABSTRACT. For any p, 0 < p < o0, there exists an entire function of order p such that for
any asymptotic curve I' on which f — oo the relation /(r, T') = O(r), r — o0, does not hold,
where I(r, T) is the length of that part of T contained in the disc {z: |z| < r}. The same is
true of asymptotic curves on which f — a % oo under the natural restriction that 1/2 < p
< 0. This disproves a well-known conjecture of Hayman and Erdos. Several closely
related results are obtained.

Bibliography: 24 titles.

In a lecture given at Moscow University in 1960, W. K. Hayman (1] stated the
following conjecture. Let f be an entire function of finite order p. Then it is always
possible to choose an asymptotic curve I' on which f tends toward co such that

I(r, T)=0(r), r—oo, 0.1

where /(r, T') is the length of that part of I' which is contained in the disc {z: |z] < r}.
And for p = 0, Hayman conjectured the stronger condition

Hr, TYy=r+o(r), r—oo. 0.2)

Thirteen years later, Paul Erdds (see [2], Problem 2.41) repeated the same problem
almost word-for-word, also posing as an open question the problem of whether (0.1) is
also satisfied for those asymptotic curves on which the entire function f tends toward a
finite asymptotic value.

In [3], Hayman has shown that if, for an entire function f,

InM(r, /y=0(In%r), r—oo0, (0.3)
then it is possible to take a ray {z: argz = @} for almost all § € [0, 2#] as the
asymptotic curve on which f tends toward oo (here and in what follows we use without
explanation the standard notation of the theory of entire and meromorphic functions;
see, for example, [4]). Thus if (0.3) 1s satisfied it is always possible to choose the
asymptotic curve not only so that (0.2) holds, but even so that /(r, T') = r.

In §1 of this paper it is shown that, for any function ¢(r) which tends toward + oo as
r — +o0, it is possible to find an entire function f such that

InM(r, [y=0(¢(r)In’*r), r—oo, 0.9)
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and, for any asymptotic curve I' on which f approaches oo, (0.1) is not satisfied. Thus on
the one hand, Hayman’s conjecture is disproved, and on the other, it is shown that it is
impossible to weaken (0.3) and still get (0.1), to say nothing of (0.2). It is also possible to
construct a similar example of an entire function with preassigned order p, 0 < p < oo0.
In §2 we construct an example of an entire function of order p, 1/2 < p < o0, for
which 0 is an asymptotic value, but there exists no asymptotic curve I" with the property
(0.1) on which the function approaches 0. Since an entire function with p < 1/2 cannot
have finite asymptotic values (see [4], p. 226), we have thereby obtained a negative
answer to the question of Erdds. However, it is possible that (0.1) is always satisfied for
some asymptotic curve on which the entire function f approaches a finite value if f is of
order p =1/2 and of normal type (if f is of minimal type, then it has no finite
asymptotic values). For entire functions f of order p = 1/2 and normal type it is known
only (see [5]) that for each asymptotic curve I' on which f approaches a finite value,

arg z=o{(In |2|)"*}, =z—o0, 2€T,

where arg z is some branch of the argument which is continuous on T.

In §§1 and 2 we use various methods which can be used to construct examples of
entire functions with other properties. We treat this briefly in §3. In particular, we obtain
the following result in §3. We denote by 6(r, f) the measure of the set {¢ € [0, 27]:
| f(re*®)| > 1}, where f is an entire function. Valiron ([6], pp. 133—136) has shown that for
an entire function for which (0.3) is fulfilled, we have that 8(r, /) > 27 as r — co.
Hayman [3] has strengthened this result by showing, in particular, that 8(r, f) = 27 for
all r except for a set of finite logarithmic measure. In §3 we construct an example of an
entire function f for which (0.4) is fulfilled for an arbitrary preassigned function
¢(r) — oo and for which 8(r, ) >0 as r » o0, r € E C [0, o0), where E is some set of
upper density 1. Therefore the hypotheses under which the results of Valiron and
Hayman mentioned above are true cannot be weakened. It is possible to construct the
same examples with an arbitrary preassigned order. We note that the first examples of
entire functions f of finite order for which lim__ _ 6(r, f) = 0 were constructed recently
[7]. On the other hand, it is well known (see [8], [9], and [4], p. 233) that for entire
functions of order p,

Tim 0 (r, f) > min {2m, 71/0}.

r—>oQ
In addition we give in §3 an answer to a question of Winkler (see [2], Problem 2.42).
§1
THEOREM 1. Suppose that the function @(r), defined on [0, c0), tends to + oo as r — o0.

There exists an entire function f for which (0.4) holds but for which (0.1) is satisfied for no
asymptotic curve ' on which f tends toward oo.

PrROOF. We denote by I', the curve T, = {z = re: 2 < r < 3,8 =2mk(r —2)}). We
use the well-known theorem of Runge (see [10], Volume 1, Chapter 4, §2) to construct a
polynomial P, with the properties that

P,(0)=1, (1.
P,(2) #0 for |2| <1, 1.2
|P,(2) | <<e™! for 2€T. (1.3)
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We put x = max{1, x}. It is clear that there exist positive constants 4, such that for all
r>0

InM(r, P <Ar(Inr)”, kEN. (1.4

Without loss of generality, we may assume that ¢(r) is a continuously differentiable
increasing function, g(r) =1 for r € [0, e}, p(r) < (In ) and ¢'(r) < 1/r,0 < r < 0
(if this last condition is not fulfilled, we replace ¢(r) for r > e by the function
max{1, f{ min{¢'(¢), 1/t}dt}).

We construct a sequence of positive numbers (1,), 7, <e !, 7,,, <7,/3, and a
sequence of polynomials (Q,) with the following properties (7, = 7, '):

In |Q.(2) | <<—2"'—2" for 21T, 1<<j<n, (1.5)
N(r,0,Q) <o (r) (In2r)  for r >0, (1.6)
InM(T;, Q) <(1— 2" (T)In*T;, 1<j<n (1.7)

We choose 7, 0 < 7, < e~ !, so that
InM (x, r, Py) g—;-(p ) (n2r)’, r>0. (1.8)

We put Q,(z) = P,(r,z). The polynomial Q, has the properties (1.5)-(1.7). Indeed, (1.5)
(with n = 1) is satisfied for Q, by virtue of (1.3). From (1.1), (1.8) and Jensen’s inequality
it follows that

N(r,0,Q)< InM(r, Q) < —¢(r) (In2r)",

L
2
from which we get that (1.6) and (1.7) are satisfied for Q,. We assume that 7,, ..., 7, _,
and @, ..., O,_, have already been constructed, satisfying (1.5)-(1.7). We show how
to choose 7, and Q,. We choose B, _, > 1 so that, for all r > 0,

InM(r, Qes) < Bea (In )" (1.9)
Let 7, be large enough so that
(1— 27" (re) > (6Ar + 1) Brs, (1.10)
re 2> 3T gy 1.1n
Now we choose 7, > 0 small enough so that
T << Ure. (1.12)
2B In (3T |In Py (v2) << 2%, |z)<<re, (1.13)

where the branch of the logarithm In P,(7,z) is chosen so that In P,(0) = 0, taking into
account the fact that P (r,z) has no zeros for |z| < r, by virtue of (1.2) and (1.12). To
show that we can satisfy (1.13) we note that for |z| < r, and for sufficiently small 7

\1nPk(rz)\1n%<2|Pk(rz)~ I|ln 2

< 2(1 + | P (O))) ryt ln—i— —o(l), T-»0.
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Now we put
qr = [2B4-11n (3T)], (1.14)

Qk (2) = Qi1 (2) {Pr (22)}%. (1.15)
From (1.11) and (1.12) it follows that 7, < 7,_,/3. We show that (1.5)—(1.7) (with n = k)
are satisfied for Q,.
By virtue of (1.5) (with n = k — 1), (1.11) and (1.13)-(1.15), we have for z; €T,
j=1...,k—1,
In| Qe (@) = In| Qi1 () + grIn| Py (z7y)|
<219 Lok 91 ok
By virtue of (1.3) and (1.9), for zr, € I, we have
In|Qr(2)| <IN |Qp-1 @) — g < Brr IN (3T) — [2Bpy In (3T)] << — 1,

(1.16)

ie., (1.16) is satisfied for j = k; consequently (1.5) holds for Q,.
By virtue of (1.2), (1.6) with n = k — 1, and (1.15), for r < T, we get

N(r,0,Q) =N, 0, Qe-r) < ¢ (r) (In2r)". (1.17)
Using (1.4), (1.9), (1.10), (1.15) and (1.12), for r > T, > e we get
InM (r, Qu) < Bi-rInr =4 gpAp (In (tr) P
<Bialnr -+ 24.B,.1n (3T Inr
< Beanr 4 4A,BeyInr + 24,Bp i In? r < Byy (1 + 64,) In?r
<U0=2MerIntr<(1—2%¢ () Inr.

Taking (1.1), (1.17), (1.18) and Jensen’s inequality into account, we see that (1.6) is also
satisfied for n = k. Putting r = T in (1.18), we get (1.7) with n = k and j = k. If
1 < j <k — 1, then from (1.7) for n = k — 1, (1.13), and (1.15) we have

(1.18)

InM (Tj, Qp <InM (Tj, Qk*l) + 2By In (3T) In M (Tj’l?k, Pp)
<(1—2"Y e (T)In2T; + 27 < (1-—27% ¢ (T) InT}.

(1.19)

Thus we have shown that (1.7) is satisfied for n = k. This proves the possibility of
constructing (7,) and (Q,) with the properties (1.5)—(1.7).

We show that (Q,) converges uniformly on compact sets in C to some entire function
/. The convergence of (Q,) is equivalent to the convergence of the product

ﬁ {Qr (2)/Qp-1 (z)} =TT {P: (t2))*

k=2 k=2
(see (1.15)), and this product converges uniformly on compact sets by virtue of (1.13) and
(1.14).
We show that the entire function f satisfies the hypotheses of Theorem 1.
From (1.1) and (1.15) it follows that Q,(0) = 1, k € N. Consequently f(0) = 1. From
(1.5) we get that

In |/ (z)]|<—"/, 2161, jEN. (1.20)
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From f(0) = 1 and (1.20) it follows, in particular, that f 2 const. Let I be some curve on
which f approaches co. Taking the form of I', into consideration, we get from (1.20) that

1(3Te, I) > [ (3T4, T) — 1 (2T4, T) > (£ — 1) 4n T

Consequently (0.1) is not satisfied for T".
We estimate the growth of f. Allowing n to approach oo in (1.6) and using a
well-known theorem of Hurwitz, we get that

N, 0, D<o @) (nn®<n®r)®, r>0. 1.21)

Let 7(z) be a canonical Weierstrass product of genus zero constructed from the zeros of
f. From (1.21) it follows that 7(z) has order zero. From (1.7) it follows that

InM(T;, ) <o (T)In?T; <0’ T;.

Consequently (7, f/7) = O(In’ T)), j — o, and f/ 7 = const. (see, for example, [4], p.
51). Since f(0) = 7(0) = 1, it follows that f = #. Therefore ({4}, p. 89, (4.16))

InM(r, f)gfln(1+§)dn(t, 0, f)grjﬂ%’_f)dt, (1.22)

r

Since ¢'(r) < 1/r, it follows that for all » > ry > e with @(ry) > 2 the function @(r)r~'/2
is decreasing, and we get from (1.21) and (1.22) that

InM(@, f<r §q>(z) 2%t dt
~;;cp(r)r%j £ lhinttdt =20 +o0() @ () Intr, r - oco.

r
Thus (0.4) is satisfied for f. This proves Theqrem 1.

THEOREM 2. Suppose that 0 < p < oo. There exists an entire function f of order p such
that (0.1) is satisfied for no asymptotic curve I' on which f approaches .

PROOF. For p = 0 Theorem 2 is contained in Theorem 1. Suppose that 0 < p < 1. We
define the sequences of curves (I',), polynomials (P,), and constants (4,) as in the proof
of Theorem 1. We take an entire transcendental function ¢ such that

InM(r, y) = In| ¥ (N < ()", r>0, (1.23)
P(0) =1, $(2)£0 for [2|<1, (1.29)
Injy(r) | =pr* for r=1, (1.25)

where p is some positive constant. It is possible to take Y(z) to be E (oz), for example,
where E (z) is the Mittag-Leffler function (see [4], p. 111), and ¢ > 0 is sufficiently
small.

We construct sequences of positive numbers (7,), 7, <e” !, 7,,, <1,/3, and (s,),

sy 2 1,5, > 2s,, and a sequence of entire functions (R,) with the following properties
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(T, =1/7,):
In|R, (@) < —271—2"" for 2z1;€T, 1<j<n, (1.26)
N(r,0, Ry) <6(r°In>r) for r>0, (1.27)
In|Ra(s)] > 20 4 9" 1<j<n, (1.28)
INnM(T;, R)y<<6(1—2"T7In*T;, 1<j<n, (1.29)
InM(r, Ri) =0(r?), r— oo. (1.30)

We choose 7,, 0 < 7, < e~ ', small encugh so that
In M(x,r, P,)<<re, r=1. (1.31)
We now find ¢, 7,/3 > g, > 0, so small that
|In (6,2)| <-;— for | z| < 3T, (1.32)
Then, by virtue of (1.23) and the fact that ¢, < 1,
In M(oyr, ¢)<<r?, r=1. (1.33)
We put R(z) = P(7,z2)y(0,2). For zr; € T'| we have, by virtue of (1.3) and (1.32),
| R, (@) < — 1+ InM (0,37, W) < — 1 + % — 919
i.e., (1.26) is satisfied for R,. From (1.31) and (1.33) it follows that
InM(r, R) <2r°, r=1,
whence it follows at once that (1.27), (1.29), and (1.30) hold. Since for s; > o,

m\ R, (31)\ P HG:S: + O(ns,), s o0,

by virtue of (1.25), it follows that if we take s, > 0 large enough, (1.28) is satisfied.
We assume that 7,,...,7_,, §,...,8_, and R,,..., R,_, have already been
chosen so that (1.26)—(1.30) are satisfied, where R, 1 < j < k — 1, has the form

i
Ri () = Q; () [T ¥ (ov2), (1.34)
v=1
where {,(z) is some polynomial, and where 0 < ¢, <1 for 1 <» <k — 1. We choose
C,_, > 2 large enough so that for all r > 0,

In M(r, Ri_) <Cuir®,  r=1, (1.35)

which is possible by virtue of (1.30) (for n = k — 1). We take r, so large that
re=max {3T,—, Sp—y}, (1.36)
Inrn>=C,,+2-3*4,C._,+1. (1.37)

Now we choose 7, > 0 small enough so that (1.12) is satisfied and
2Cr1 (3T | In Py (1:2)| <2757, |2z| <1 (1.38)
We can satisfy (1.38) by choosing 7, properly, since
7| In Py ()] < 2(1+| PLO) et

P
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for sufficiently small 7. We choose o,, 1/r, > 0, > 0, so that

[Iny (o, 2) | <272 for |2| << 3T, (1.39)
Now we put
Ri(2) = Ries (2) {Pr (1)) " (042), (1.40)
where
pr=[2Cy-: (3T.)*]. (1.41)

From (1.12) and (1.36) it follows that 7, < 7,_,/3. Forzr, € I, 1 <j <k — 1, we have
that

In|Re (2)| = In| Re-1(2)| + prin| Pr (vi2)| + In | (042)]
<— 971 __ 2—k -+ 2—12—2 + 2-’2‘2 N Q—k—l

by virtue of (1.40), (1.26), (1.38), and (1.39). With the help of (1.35) and (1.39)-(1.41) we
get that

(1.42)

In| Ry (2)] << Coy (3T)° — [2Ck-1 (3Tw)°] + 27572
< . 2 + 2*&—2 < _ 2-1 . 2~k~1

(1.43)

for zr, € T',. Thus, by virtue of (1.42) and (1.43), (1.26) is satisfied for R, withn = k.
For 1 € j < k — 1 we have

1r1| Ry (SJ')I >In \ Riy (Si)l — Di l In l P (Tksj)l l
R R e e R P N

We have used (1.28) with n = k — 1 and (1.38) here, as well as the fact that |[y(r)| > 1
for r > 0. From (1.34) and (1.25) we get that, for sufficiently large s, (> 2s,_,)

(1.44)

In| Re (se)] = In| Q; (su)] + In | (ousp)|
— O(Insy) + pogsh > s 7% 4 27,

which, together with (1.44), shows that (1.28) holds for n = k.
The function { P, (7,2)}*Y(0,z) does not vanish for |z| < T}; therefore for r < T,

N(r,0,R) =N (r, 0, Rpy) <6 (r°Inr)/, (1.45)

by virtue of (1.27) for n = k — 1. With the help of (1.40), (1.35), (1.4), (1.23), (1.12), and
(1.37) we get that

InM (r, Re) < Crerr® + prAe (In (ter)) + (057"
< Coar® + 244Cer (BT InT 4 1° < (Coy + 2-3°AChy+ D rPInr  (1.46)
<(InTyprlnr<rfin%r

for r > T,. From (1.45), (1.46), and Jensen’s inequality, we get (1.27) for n = k. Putting
r = T, in (1.46), we get (1.29) forn = k and j = k. If 1 < j < k — 1, then by virtue of
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(1.29) with n = k — 1 and (1.38) we get

InM (Ti, Ry <<InM (Tj, Riq) + 2C,, (3Tk)p InM (T['l,'k, Py + InM (UkTi, P)
<61 — 2 Y To e Ty 4 272 4 9% 2 <6 (1 — 27H TS In2 T,

so that (1.29) with n = k is satisfied forj < k — 1.

The relation (1.30) for n = k follows immediately from (1.34).

Thus we have constructed the desired sequences (,), (s,), and (R)).

The uniform convergence on compact sets in C of the sequence (R,) of entire
functions to the entire function f is proved in exactly the same way as the convergence of
(Q,) in the proof of Theorem 1 (with reference to (1.38) and (1.39)). Allowing n to
approach oo in (1.26)—(1.29), we get that (1.20) is satisfied for f and that

N, 0,f)<6¢In2r), r>0, (1.47)
In|f s> s, jEN, (1.48)
InM(T;, ) <6TSIn2T;, JjEN. (1.49)

As we saw in the proof of Theorem 1, it follows from (1.20) that (0.1) does not hold for f.
From (1.47) and (1.49) we can conclude that f is a canonical product of genus zero
whose order is the same as that of N(r, 0, f) by the classical Borel theorem (see [4], p.
79), and whose order does not exceed p by virtue of (1.47). From (1.48) it follows that the
order of f is equal to p. Thus the entire function f has all of the required properties.

Considering entire functions of the form f(z"), n = 2, 3,..., where f is the function
of order p, 0 < p < 1, constructed above, we show that Theorem 2 holds for arbitrary p,
0<p< oo

If p = oo, then we carry out the construction as follows. We take y = {z = re”:
r > 1} and, using Carleman’s approximation theorem (see [11], Chapter II, §§1 and 2),
we construct an entire function f which is bounded on y. Clearly if T is an arbitrary
asymptotic curve on which f approaches o, then r?> = O({(r, I')) as r — oo, and for a
continuous branch of argz on I' we have argz = |z| + O(1) as z-> 00, z ET. By
Ahlfors’ theorem (see {12] and the footnote on p. 213 of the Russian translation of [13}), f
has infinite order.

§2

The method by which we will construct the necessary example of an entire function
with finite asymptotic values is different from the method of §1, which is not applicable
here. The basis of our construction is a theorem on conformal mapping of a semistrip
which may be of interest in itself.

Let A and B be two open sets. We call the set C = int(4 U B),where the bar denotes
closure and int denotes the interior, their connection C = A 11 B. The operation of
connection generalizes in a natural way to the case of an arbitrary system of open sets.
This operation is studied in topology (see [13], Russian p. 14), but we know of no name
or notation for it.

We denote by L, the linear function L,(z) = z + m, m € R, and we define / = {iy:
y <w}andputl = L (1)

Let 0 <m < oo. We denote by D(m) an arbitrary Jordan region in C having the
following properties:
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1) I c dD(m), I,, < 3D(m);

D D(m)N (z:x <0, |y| <7} =S, D(m)n {z: x >m, |y| <7} =3,

We will regard D(m) as a Jordan quadrangle with vertices =« and m * i, and we
will call I and I, the lateral sides of D(m), and each of the two Jordan arcs which
constitute dD(m)~(I U I ) a base of D(m). In the special case when D(m) is a rectangle
with vertices + =i and m = mi, we will write Q(m) instead of D(m). We will denote by
S{n, D(m)} (where n, > 0 and m; > 0 are real numbers) the curvilinear semistrip

S =S8{n;, Dj(m)} = Q (ny) U Ly (Dy (my)) I Ls, (Q (n2) 1 Ly, (D, (m)) 11
oo 1T Ls, (R (10)) I La,, (Dp () 1 Ly, Q () 1T ..y

whered, = n,d, = 8, + npand§, =d_,+m_,k=2,3,....

In order to facilitate the description of this and the semistrips and strips which we will
encounter below, we assume that the n; are chosen large enough so that the regions
L‘%(Dj(mj)), j €N, are pairwise disjoint. Without this assumption, we would have to
regard the common points of the various L,é(l)j(ny)) as distinct and the semistrip
S(n;, Dy(m;)) as a Riemann surface. None of the following propositions would be
weakened by such an approach, but the statements would be more complicated.

Let S, = {z: x > 0,|y| <7}, and let { = {¢(z) be a one-to-one conformal mapping of
S, onto S such that {((xim) = + ir and { (o0) = 0. We will denote the inverse of
¢ = ¢5(2) by z = z5(5).

In what follows, whenever we consider a one-to-one conformal mapping of one Jordan
region onto another, we will assume that it has been extended by continuity to the
boundary.

THEOREM 3. For any sequence of regions (D(m;)),j € N, it is possible to find a sequence
of positive numbers (v;) such that for any semistrip S{n;, D(m)} with n; > v,

lim Re &s (x + iy)/x = 1, 2.1

X >+

where the approach to 1 is uniform with respect to y.
We will need the following lemma.
LEMMA 1. Let z = z({) be a one-to-one conformal mapping of the region

A=An Dm)=Qm) UL, (D(m)) 11 Ly (Q (1))

onto some rectangle Q(M), M = M,, such that z(xir) = * im and z2n + m = im) = M
+ im. Let § = {(2) = &z) + in(2) be the inverse of z = z({). Then for each € > 0 and
m > 0 there exists an n such that for |y| < @

Inty) —yl<e, IMM+iy)—y|<e, 22
ldrl(t‘y) 1 |<E’ , dnM+iy) <. (2.3)
dy dy

ProoF. For a set £ C C and a line or segment ! C C, we will denote by E/! the set
which is symmetric to E with respect to /. We assume that n > 1677. Then by a
well-known inequality of Ahifors (see [15], Chapter V, §6, Theorem 6.1), Re z(¢) > n —
87 for { € I,. Consequently J, = {(I,_g,) is a Jordan arc lying in Q(n) (with the
exception of its endpoints) and connecting the bases of Q(n). Again applying Ahlfors’
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inequality,(') we get that Re { > n — 167 for §{ € J,. We put Qy(n) = {(Q(n — 87)) and
note that

Q(n—161) =Qu(n) =Q (n). (2.4)
Similarly, appealing to Ahlfors’ inequality, we get that for 87 < x <n — 8,
Q(x—8r) = (Q(x)) =Q (x+8m). 2:5)

We put
Qo (n) = Qo (m) 11(Qs (n)/ 1),
Q(n) = Q (ML (Q (WAL M = — 1) Qs (WAL = =}),
Q () =Q (n—8m) 11 (Q (n — 8m)/]),
o) =Q (M MAL:M=—a)l (Q (WAL:n ==},
i.e., w(n) is a rectangle with vertices +(rn — 87) * 3mi.

From the Riemann-Schwarz symmetry principle, it follows easily that the mapping

= {(z) can be continued analytically to a one-to-one conformal mapping of w(n) onto
§2(n). We take an arbitrary sequence (n;) of real numbers which approaches + oo
monotonically and for which n, > 167. We let w; = w(n;) and &, = Q(n;), and we let
§;= §(z) be the corresponding mapping of «; onto &;; it is the analytic continuation of
§ = {(z) of the rectangle Q(M,) onto A = A(n;, D(m)).

If we take (2.4) into account, it is easy to see that both sequences of regions, («;) and
(€2;), converge to the same kernels in the sense of Carathéodory (see [10], Volume 2,
Chapter 5, §2.3), the strips w(o0) = {z: |y| < 37} and Q(o0) = {{: |n| < 3#}. Since
§2; C §(c0), it follows by an application of the compactness principle that we can extract
from ({;(z)) a subsequence (§, (z)) which converges uniformly on compact sets in w(o0) to
a function {(z) which is analytic in w(o0) (the fact that each of the functions §i(2) is
defined only on a subset of w(oo) does not preclude our conclusion; see [10], Volume 2,
Chapter 5, §2.3, proof of Carathéodory’s theorem). By virtue of well-known theorems
$ »(2) maps w(oc) conformally and univalently onto some region £,(oc) C §(c0). On the
other hand, it is easy to prove using (2.5) that {_(Sy) = S, and since { (+00) = + o
and {_ (*im) = * iz, it follows that {_(z) = z. Consequently Q,(c0) = Q(o0), and the
sequence (§; (z)) converges to {,(z) =z uniformly on compact sets. In particular we
have that

. dim¢; (iy)
Im¢;, (iy) Sy, Tj 1 for £-—» oo,
on I, since {(iy) = i Im {;(iy). Taking k sufficiently large, we can satisfy the first
inequalities in (2.2) and (2.3). In order to satisfy the second inequalities in (2.2) and (2.3),
we must use the fact that the intervals I and I, are completely equal in Lemma 1 and, if
necessary, choose an additional subsequence from (§ (2)).

ReMARK. Following the pattern of the proof of a well-known theorem of Carathéodory
(see [10], Volume 2, Chapter 5, §2.3), it is possible to show that any sequence ({;(2))
converges uniformly on compact sets to the identity mapping. Hence it is possible to
deduce, in turn, that under the hypotheses of the lemma, (2.2) and (2.3) are satisfied for
all sufficiently large n. It is also clear that (2.2) follows from (2.3).

(YAhlfors’ inequality is usually stated for a conformal mapping of a curvilinear semistrip onto a rectilinear
semistrip, but an examination of the proof shows that it is applicable in both of our cases.
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LEMMA 2. Let 1 = AN(») be a continuously differentiable function on [—m, m] which maps
this interval bijectively onto |— m, m), and let

AMEn) ==, |Ay)—yl<e |V(y)—l|<e |y]<m,
where 0 < ¢ < 1/2. Then the quasiconformal mapping of Q(1) onto Q(1) given by

E=x
A 15T 2.6
C(Z)’{1r1=(k(y)~y)x+_t/ @6)
or
T (2) = lg:x, Q.7
i N=(U—A@y)x+ArQ),

has characteristic p(z) such that

P —1<e(1+V5), z€Q(1). 2.8
Proor. It is well known (see, for example, [4], pp. 437-440) that

p(z)=K+VK?*-1,

where

K=(E+G)/2], E=(;)*+ ()% G=(§,)*+ ()’ I=Ftm, —& n;

x °

We consider the mapping (2.6), for example. For it,
J=M ()= x+izmin{l, V(y)}=l—e=,
E+G=1+ (A (y)—y)*+{(N (y)—1)x+1}?
K—1={(M(y)—1)*x*+ (M(y) —y)*} /2] < 2¢~

Hence we get

p—1=VK=T(K=T1+VEK+1) <eVIV2+1V2 19
<e(l+V5).

We pass directly to the proof of Theorem 3. According to Lemma 1 we can find
,,j? > 0 such that the function z = z,({) maps A(njp, D,(m))) conformally and univalently
onto the rectangle Q(M,), z(* im) = *im, z(2n;’ + m; + im) = M; * im, and its inverse
§ = §(2) satisfies (2.2) and (2.3) with e = (j + D72, 9(z) = n(z) and M = M, j €N.
For (») we take an arbitrary sequence which approaches co and which satisfies the
conditions

) Vi>24nj,+nj, j>2, vw>m+l,

2) nj=o(vj), j—roo, 2.9)
3) mj=0(v)), j—oo, 2.10)
4) Mj=o0(v)), i->oco. (2.11)

We show that (»)) is the required sequence.
First of all, we construct a quasiconformal mapping w = wg(z) of the semistrip S,
onto § = S{n;, D,(m;)}, where n; > »,. To do this, we represent S, and S as connections
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of pairwise disjoint Jordan quadrangles:
S =Q(n,—n) 1 Ly, (A (n3, Dy (my))) 11 L, (Q (ny — ny — 1))
0 Ly, (A (n3, Dy (m))) 11 - - - T Ly (O (e — ng-y — 1)
IO Ly, (B (nk, D (me))) 1T Loy, (Q (tsy — 1k — nge) 1L - - -,

where py = —ni,pe=q +m —m_ —nl g =p_;+m +2n) k=23, ..,
and

Sp=Q(n,—ny LI L @M1 Ly (Q (ny — ny — ny))

UL, @M)I - LL,(Q(ne— npg-y —np)) UL, QM) ...,
2 k k

wherep! = n, — nl,p, =g, + n — n}_, —nl g =p;_, + M, k=2,3,....
We put
ws (2) = Ly, G (L_p;e (2))) for z€ L”;z Q (M), kE€EN. (2.12)
Thus

ws (L,,’; (@Q M) = Lp, (A (n}, Dy (my)),

and the mapping wg(z) is conformal and univalent in L,(Q(M,)), k EN. For z €

L (Q(m, — nf_y — n)), k =2,3,..., we define wg(z) in the following way:
Lo, (S (Lﬁq; @), z€ L,,;Z @ (1)),
ws (2) = L,,k_,,l; @), z€ L,,’;H @Q (e — ey —ni—2)),  (2.13)

Lper @ (Lyyy (), 2€ Ly, @ (),

where {, (z) is defined in accordance with (2.7), where we take A(y) to be
M (M, _; + i), and ' (2) is defined in accordance with (2.6), where we take A(y) to
be 7, (iy). It is not difficult to verify that the wg(z) defined in (2.13) is continuous in

Lq' Q (ne — N1 — ”?z))
&
and maps this rectangle onto
qu @ (nk—ng—r— n(l)e))a
and the mapping is conformal in

La’,'e 1 (Q (g — Mgy — np — 2))
and quasiformal in

L, @Q)and L.  @Q(1).
k k

The characteristic of the quasiconformal mapping in these rectangles satisfies the
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relations
p@)—1<E*(1+V5), zeL, Q) (2.14)

p@—1<(E+ )21+ VD, zeL,,QO), (2.15)

which can be seen if we take into account (2.8) and the choice of ¢ in the definition of
§(z). For z € Q(n; — n}) we define wg(z) thus:
2, 26Q(n —ny—1),

ws (2) = ) B (2.16)
Lpoa (G (L (@), 26 L, @),

where {,*(2) is defined in accordance with (2.6), where we take A(y) to be A(y) = n,(iy).
As before, we get that (2.15) is satisfied for & = 1.

The function w = wg(z) defined by (2.12), (2.13), and (2.16) maps the semistrip S,
conformally onto the semistrip S = S{n, D,(m,)} in the w-plane, and by virtue of (2.14)
and (2.15),

[[(p@—ydsdy <4x(1 + VB R b+ 1< . @17)
k=1

Sq

Taking (2.9), (2.10), and (2.11) into account, we get that for k — o0

k k-1
pr=S nj+ S mj—nf = l+o(1))2 n;, (2.18)
j=1 j=1 j=1
k
G ~—2 n; + 2 mj4n = (1+o(1)) 3 ny, (2.19)
j=1 j=1 j=1
, k k-1 k-1
pe=3 n,+Z‘M—2Z n"«n":(l—l—o(l))z nj, (2.20)
=1 =1
, k k
qm:zn;+2M,-—2z n;v+nz:(1+o(1>>zn,~. 22D
j=1 j=1 j=1 j==1

From (2.12) it follows that for p; < x < ¢;,, we have
PrSRe Ws (X +1Y) < Gryr.
From (2.18)-(2.21) we get that
Rews (x + ig)/x 1 for x—oc, € U P guuil, @222)
=1

uniformly in y. But if ¢, < x < p;, then by virtue of (2.13), (2.19), and (2.21) we have
Rews(x +iy) =gr—q,+x=0(q) +x=00+o0(l))x, k—oo. (2.23)
From (2.22) and (2.23) 1t follows that

lim Rews (x 4 iy)/x =1, 2.29)

where the limit is uniform with respect to y.
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Since the mapping {s: S;— S is conformal, it follows that {5 '(wg(z)) maps S,
quasiconformally onto itself; in addition, the points * iw and oo are invariant under this
transformation, and (2.17) is satisfied. According to a simple consequence (see [16],
Lemma 2) of a well-known theorem of Teichmiiller and Belinskii ([17), Theorem 12),

Gt ws(x+iy)) =x+iy+A+o(l), x4 oo,
ws (Cs(x+iy)) = x+ iy —A+o(l), x—>+ oo,

where A is some real number and o(1) approaches 0 uniformly with respect to y. From
(2.25) and (2.24) we get that

Cs(x+iy) =ws(x+iy—Ar+o(l), x-—>-4oo,
Rels(x +iy) =Rews(x +iy—Ar+o(1)) = (1 +o(1)) (x—A +o0(1)) (2.26)
=((1-4+o0o()x, x— -4 oo,

(2.25)

ie., (2.1).
COROLLARY. Under the hypotheses of Theorem 3,
Rezs(@) = (1+o(l))Ref, Rel-»+ o0, LES, 2:27)
where o(1) approaches 0 uniformly with respect ton =Im {,{ € S.

LEMMA 3. Let a semistrip S = S{n;, D(m;)} which intersects each line {z: Re z = const
> 0} in an interval of length < 2m be given. Let o and 3 be any numbers such that
—a < a < B < 7. Denote the image of the region Sy(a, B) = Sy N {z: a <y < B} under
the mapping w = exp {s(z) by E(a, B). Then there exists a sequence (V}’) of positive
numbers such that, for any semistrip S with n; > v}), except (2.1), we have the following
property. There exists in E(a, B) a locally rectifiable curve C connecting a point on the
circle {w: |w| = 1} with oo such that:

1) Slw]‘ﬂdw\<oo, (2.28)
o
2) there exists an R such that, for any wy € C, |wy| > R, we have that {w: |lw — wy| <
1} C E(a, B).

PrROOF. Let a < a; < B, < B, and let E'(a,, B;) be the image in the w-plane of
So(a;, B;) under the mapping w = exp wg(z), where the quasiconformal mapping wy:
So — S is defined as in the proof of Theorem 3. We also retain here all of the other
notation introduced in the proof of Theorem 3. We denote the image of the segment

{x -+ ig‘—‘—:;—f‘— : nggMj}

under the mapping { = {(z) by v;, and the image of {z: 0 < x < M;, y = «;, B} under
the same mapping by v;. Let d/ be the distance from y; to v/, let

K, = —;— min{1, &/( B, — &,)/2},
and let /(y;) be the length of y;. We choose Vj° > v, 5o large that for any n; > vf
L(vj)<<j™expp;, JEN, (2.29)
x; exp p;>4e®,  jEN. (2.30)
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It is obvious that (2.1) is satisfied for the semistrip S. We show how to construct a curve
C with the properties 1) and 2). Let

J={x+i(a+By)/2: 0<x<oo};

let C be the image of J under the mapping w = exp wg(z), and let J’ be the image of J
under the mapping { = wg(z). If

L€J" (1 {Lo(A (1%, Dy (m) U Ly (Q () L1 LgQ (W)},
then, as is not difficult to see,
{L:1Re (€ — L) | <, | Im (C— L) | <%} & S (e, B, (2.31)
where S(a;, B,) is the image of Sy(a,, 8;) under the mapping { = wg(z). Let wy = exp {3
then
Ul w) ={w:|w—u,| < 1) {w: |w,| €™ <|w|<|w,]|e,
|arg w —arg w, | <x;} C E* (g4, Bo).
The first of the inclusions in (2.32) follows from (2.30), since

|wo| €7 — o[> |wy| — | wp| €7 > & (1 — e7™*1) > i x> 4

(2.32)

and
|wo | € in; > &1 x;>4.
The second inclusion in (2.32) follows from (2.31). If
LI N Ly @y —nfy—n}—2), [>2,
then

[iRe =) | <7 ImE—t) | <BT2 S @, ),

and U(1, wy) C E '(a,, B,) for all sufficiently large j. Thus for all wy € C, |w| > R, we
have U(1, wy) C E'(a;, B;). By virtue of (2.26) there exists R > R, + 1 such that

{w; |w\ >R——~1}HE1 (o, p1) <E (e, B),

so 2) holds for C.
We show that (2.28) is fulfilled. We have

(le®ldol=3 § le?|de]
C - Cmep;’ . (2.33)
+ [ e+ [ jePlde]
cOl1.e”1] i=2 C[‘\[eqf:epi]
It is easy to see that
§ S |w [“2\dw|<c0nsto§lw[‘2d\w\<oo, (2.34)
1

=2 i Pi)
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On the other hand,
j lw|2dw| > e g |dinw)|

cnfePi Tity cnteli ity (2.35)

=e'l | ldz| = el (v) <1’~

Jr anj(A(n‘l’..D,'(mj)))

by virtue of (2.29). Then (2.28) follows from (2.33), (2.34), and (2.35).

In general, the curve C constructed in this way is contained in E(a, 8) only from some
point on. It is clear how to modify its definition so that 1) and 2) are satisfied and
C C E(a, B). This proves Lemma 3.

We now prove the principal theorem of this section.

THEOREM 4. For each p, 1/2 < p < oo, there exists an entire function f of order p for
which 0 is an asymptotic value, but there exists no asymptotic curve T with the property
(0.1) on which f approaches 0.

PrOOF. Let 1/2 < p < oo, and let € be a number such that
0<s<min{f‘-(1— L) , —3‘—}.
2 20 20
We construct a semistrip S = S{n;, D;(m;)} for which
D(m) = D1) = B 1 D,
where D;” is a parallelogram with vertices at *ai and 1/2 + (2jm = @)i, D,* =

D;” /{z: x = 1/2}, and the sequence n; is chosen so that (2.1) is fulfilled and so that
Lemma 3 holds both with

’ 11 ’ . 33’]’,]
a =—-+|c¢, = min {x, —}—c¢,
o P { " %
and with
” . 3n " o__ k11
a:—mln{n,~—}-}—e, B’ = — — —=&,
2 20

We denote the image of S; under the mapping w = exp {(z) by E. It is easy to see
that E is the region {w: 1 < |w| < o0} with a cut along some curve L which connects
w = -1 with w = o0. Let ¢(w) = zyo(In w), where we choose a single-valued branch of
In w such that In 1 = 0. We draw curves C’ and C” in E which have the properties of
the curve C in Lemma 3 and which correspond to the choice « = o', 8 = B’ and the
choice a = «”, B = B”, respectively. Let C, be the arc of the unit circle which connects
the ends of the curves C’ and C” lying on the unit circle and which does not go through
w = —1. The curve C” + C, + C’ divides the finite w-plane into two regions; we denote
the one which contains w = 0 by E ~ and the other one by E *.

We put &(w) = exp exp(pe(w)). If w € E(’, B) U E(a”, "), then

L e |Ime @) | < —e. (2.36)
20 20
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From (2.27) it follows that
Reg(w) = (1+o(1))In|w|, w—>oo, wEE. 2.37)
From (2.36) and (2.37) it follows that forw € E(a’, ) U E(a”, "), and all the more so
forw € 3E ~,
| @ (@) | < exp{—sin (pe) |w|**}, @ — oo, (2.38)
Taking (2.28) into account, we get that the Cauchy integral
5' D (1) d {f- (@), we€E, (2.39)
23‘“ f+ (w)7 wEE+,

converges absolutely for w & 0F ~ and defines analytic functions f_(w) in £~ and f, (w)
in E*. It is possible to show by standard methods ([18]), Chapter 11, §1, Example 4; [4],
pp. 242-243) that f_(w) can be continued analytically as an entire function f to C, and

f_(w), weE”
[ @) = { ’ 2.40)
fe @) +D(w), weE*. ¢
We show that
f_(w):o(w-‘-), w-> oo, WEE, @.41)
i (@) = 0(;;—), w00, w€E". .42)
From (2.28) and (2.38) it follows that
& [io@larl< - [Irlo@lld|=K<o. .43)
2n 21
OE~ OE-
We write (w € E_)
Fw=—ro [ omdrt oo [ 20 (2.44)
w 2ni w 2m T—w
oE- OE-
From (2.43) it follows that
l—‘—,— 51 @ (v) dv | < K. (2.45)
2ni
PE-
If w e E~ and dist(w, 0E ) > 1/2, then we get easily from (2.43) that
L S O gr|<2k. (2.46)
2ni T—w
dE-
If w e E~ and dist(w, 0F ) < 1/2, then
1 S‘ ® (t)dt _ 1 @ (7) dt
2ni T—w 2 T—w
- —NE+N\C@)) (2.47)
+— RO g L W 4
2ni T—w 25 T—w

—d(E+NC(w)) ~HE+\Cw))
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where C(w) = {7: |t — w| < 1/2}. If |w| > R, where R is defined as in Lemma 3, then
C(w) C E(a, B') U E(a”, B"). From (2.43), (2.38), and (2.47) we get that for
dist(w, 0E7) < 1/2, |w| > R,

1 5' '.‘_q_)_(fld—c' < 2K + 2max {| 7@ (1) |: 1€ C(w)} = 2K+ 0(1), w—= co.

2ni T—w

- (2.48)
Then (2.41) follows from (2.44), (2.45), (2.46), and (2.48). The proof of (2.42) is similar.
From (2.40), (2.41), and (2.42) it follows that

l +
f(w) = O(;), e weE (2.49)

0 (;ﬂ 1+ ®w), w->oo,weE".
It follows immediately from (2.49) that 0 is an asymptotic value of f.

If J is the curve w = w(f) = exp {(7), 0 < t < oo, then @(w(t)) =1t, and ®(w(r)) =
exp exp(p?). Since J C E, if we take into account our choice of the regions D,(1) and the
form of § and E, which depends on it, we arrive at the conclusion that, for any
asymptotic curve I' on which f approaches 0,

1T ) > 1T D) 1@, D) > 22— 1), 7> s

whence it follows immediately that (0.1) is not fulfilled for T'.
It remains to determine the order of f. It is clear that

IninM(r, ) <<O(l) + Inlnmax {| ® (@) |:|w|=r, we E*}
< 0(l)+Ppmax{Re ¢ (w):|w|=r, w€E*}
= 0(1) + pmax{Re zs({) :Re{ =Inr, € S}.
By virtue of (2.27) we have
InlnM(r,fy<(1+o(1))plnr, r—oo. (2.50)

On the other hand, if w = w(7), 0 < ¢ < oo, is a parametric representation of J, then

Inln|f @ (®)]= 0 (1) + Inln|® @ ®) | = pt + O (1)
=(14oM))plnlw()]|, ¢ oo,

since Injw(f)| = Re {s(1) = (1 + o(#))t as t —> oo, by virtue of (2.1). From (2.50) and
(2.51) it follows that

@.51)

InlnM(r,[) ~plnr, r—oo, (2.52)

i.e., the order and the lower order of f are equal to p. Thus we have constructed the
required example for 1/2 < p < .

We pass to the case p = 1/2. We will need certain more complex arguments which
would have been valid also for 1/2 < p < oo with small additions. In order to avoid
burdening the proof, we will use certain geometrically obvious facts without formal
proof.

We take a semistrip S = S {n;, D;(m;)} for which

D(m;) = D(1) = D, 1 QLI D,
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where D;” is a parallelogram with vertices at * and 1/3 + jm £ =), Dj"' =
D~ /{z: x = 1/2}, and @, is a rectangle with vertices at 1/3 + (2nj + m)i and 2/3 +
(2mj = 7)i. We define the set E, the curve L, and the analytic function ¢(w) = z¢(In w)
in E as above. Let the sequence (#;) be chosen so that (2.1) is satisfied and

Ir, L) = O(r®), r— . (2.53)
The function ®,(w) = exp exp{p(w)/2} is analytic in E,

In| ®y(w) |= exp {é— Re zs (In w)‘} cos {—;— Imzs (In w)} >0

in E, and In|®,(w)| = O on L.

We put U(r, wy) = {w: |w — wy| < r}. We choose the points b,", b*, b, —1, b, b7,
and b, on the arc {w: [w| = |, Re w < 0} so that they are encountered in that order as
we traverse the arc in a counterclockwise direction, and we let C2+, ct, Ccr L, C,
C~, and C, be pairwise disjoint curves in C which connect these points, respectively,
with w = oo. The curve L is determined by S, and the curves C,, C*, C/*, €7, C 7,
and C,” can be drawn so that

dist (w, L) < 0.5|w|?, w€Cy, (2.54)

dist (w, C;) >0, 1 |w|?, weC™, |w|>Ry>3, j=1,2, (2:55)
1(r,C)=0(r?, r— oo, (2.56)

length (C; N U (2, ) <8, w,6&C*, j=1,2. (2.57)

We denote by G, (by G, by G,) that region which contains L: L C G, C G C G,, and
which is bounded by the curves C," (the curves C *, the curves C;*) and the shortest arc
of the unit circle connecting b," (b™, b;").

From (2.1) it follows that In|®(w)| < |w|'/?*°® for w — 0, w € E. Consequently
there exists a positive constant 4 such that for any wo € L, |wy| > 1, and w € E N
U, wy)

Re exp {%fp (w)} <A(w |+ 1)’ (2.58)

In our case it follows from (2.54) that
dist(w, L) <0.5|w|™%, w€d,. 2.59)

If wy € L and |w,| > 2, then the curve L divides the disc U(l, wy) into two regions in
each of which the analytic function

W (@) = O, (w) exp{—A(|w,| + 1)*}
satisfies the inequality |¥(w)| < 1 (by virtue of (2.58)), and at boundary points of these
regions which lie in U(1, wy) we have
|W (w) | =exp{—A(|w,|+1)"}.
Therefore by a well-known theorem of Milloux (see [19], Chapter VIII, §4, Theorem 6),

1—lw —w,)

2 .
In|¥ (w)| << — =arcsin
¥ @] bt (H—\w—wol

)A (o] + 1),
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whence

lnl(Dl (@) I <A (‘wo { 4+ 1)3/‘»(1— %arc sin _ll\ul)

14 1w —w, | (2.60)

|w—w, {‘/2

)/4 \w""wo‘,’
—|w—uw,|

—|w—w|

zzi(lel-q-l)"‘arctg 2 <‘4£(lw01+
E1 \ n

From (2.59) we get that for w € G, and |w| > R, there exists wy € L N U(1, wg) such
that dist(w, L) < |w,| ™2 Together with (2.60), this gives

A 3 - —g\—
I | @y ()| < == (o] + 1) o[ (1 — || 7,
1.e., ®,(w) is bounded in 52 N E, and consequently
|®, (@) | <41, wé€GNE, (2.61)

on C*, C%, and C,".
We put G’ = G U U2, 0) and

Dy (v) ’
D, (w) = Py J Erye— dv, w¢oG'.

This Cauchy integral converges absolutely, since

— [lo@lerar < 2t [ 1erar] < oo @62
oG’ T 5o

by virtue of (2.56). If we continue ®,(w) analytically from G’ into C, we get (see (2.40))
the entire function f:

— (D2 (w), w E G”
fe) {(DZ @) + @, (@) w™, w¢d'.
It remains to show that
@,(@) =0 (w-‘-) . w0, WG (2.63)
(see (2.41) and (2.42)); then we get
O(z-j—), w00, WEG,
fw) = (2.64)

0(—(:—) + O, ww? w-—oo, w(EE’,

and the treatment of this example is concluded just as in the case 1/2 < p < oo, using
(2.64) instead of (2.49). In order to prove (2.63), we write (see (2.44))

L - D (x) 7 265
D, (w) = ot 0»5; @, (v)T4dr +w 2m T dr. (2.65)

The boundedness of the integrals in (2.65) can be proved from (2.61) and (2.62) in
roughly the same way as the boundedness of the integrals in (2.44). We consider, for
example, the second integral in (2.65). If dist(w, 3G’) > 1, then,by virtue of (2.56),
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LI Y A -8 -
dr‘<2n jm ldt| = K < oo. (2.66)

2mi (1 —w)
0G’

Gl
If dist(w, 0G’) < 1, w & G and |w| > R, + 1, then, letting
G (w) = {G’'\U(1, w)} UG, I'(w) =9G” (w) T (1, w),

we get
B Y @, () =1_5 ®, () L e@®
I2ni . 1:3(1-——w)dt| oni t"(r—-w)dT <K+ o ) ¥ (1—w) t
aG’ G”(w T(w)
<K on -+ 16 A110(|w|+1)2=K+0(1)’ @00, weG.
2n (w|— 1)?

Here we have used (2.66) as well as (2.55) and (2.57) with j = 1. If dist(w, 3G") < 1,
w € G and |w| > Ry + 1, then instead of G”(w) we choose

G (w) = (C\&’) \ (T (1, w)NG,)

and rely on (2.55) and (2.57) withj = 2.

Thus we have constructed the required examples for 1/2 < p < c0. We note that in
these examples (0.1) is also not satisfied for asymptotic curves on which f approaches cc.
By comparing with Theorem 2 (for 1/2 < p < o0) we get additional information: for the
functions we have constructed, the lower order is equal to the order (see (2.52)).

For p = c0, we argue in exactly the same way as in the corresponding case in the
proof of Theorem 2, except that we choose the entire function f not only to be bounded
but also to approach 0 on y.

§3
For the definition of 8(r, f), see the Introduction. If E C [0, o) is a locally measura-

ble set, and mes E denotes the linear measure of E, then the upper density D*(E) is
defined by

D*(E) =Tim { mes (EN0, r]).

r—»00 A

THEOREM 5. For any function ¢(r) which approaches +o0 as r — +o , there exist an
entire function f satisfying (0.4) and two subsets

@
R,:E'= \U{a/, b/, E'=
k=1

o0
kU [ah//, bh”], bh//akl"‘)oor bh"/ah”—roo,
=1

such that
0(r, )0 for r—oo, r€E'JE”, 3.1
[F(2)|<1 for |z|€E’, Re2>0 and for |2|€E”, Re2<0, (3.2)
T(r,f)=0(nM(r,[)) for r—oo, r€E'{JE”. 3.3)

There also exist an entire function f of order p, 0 < p < 0, and sets E’ and E" of the form
described above for which (3.1)—(3.3) are satisfied.

The proof is the same as the proofs of Theorems 1 and 2, except that we take for the
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I'; not curves, as in §1, but sets
T ={z: 2<<|z| < 2n 4+ 1, jargz| < nw/(n + 1)},
T ={2:2< 2| 2n + 2, |argz—=n|<nn/(n+ 1)}, néEN,

and instead of 7, ., < 1, /3 we require that 7, ., < 7,/(k + 2). The relation (2.3) follows
from (3.1), since

T(r, f)<<O(r, f) In*M(r, f), r=0.
For 1/2 < p < oo it is possible to repeat the proof of Theorem 4 taking

Dj(my) =D;(j+2) = Q(1) HQ; T L;j+n (Q (1)),
where

Quar={2: 1<x <20, —a<y<—na/(n+1)},
Qun={z: 1<x<<2n+1, 0<y<n/(n+1)}.

In this case, (2.52) will be satisfied, in addition.

We did not mention the case p = oo in Theorem 5, since for p = o0 it is easy to find
appropriate examples, and even well-known examples, of entire functions with properties
which are, in a certain sense, stronger; for example, E(z + 2mi), where E(z) is the
Mittag-Leffler function (see [15], Chapter VI, §4) or the functions in [20] (Part IV,
Chapter 3, §3).

We note that it follows from the hypotheses a;, = o(b;) and a; = o(b;) as k — oo in
Theorem 5 that D*(E’) = D*(E”) = D*(E’uU E”) = 1. As was mentioned in the
Introduction, Theorem 5 improves one of the results of [7]. Theorem 5 also improves a
result of Piranian [21] which asserts the existence of an entire function f with property
(0.4) such that on every ray issuing from z = O there exists an infinite sequence of
pairwise disjoint segments of length 1 on which | f(z)| < 1. Finally, Theorem S improves
a result of Paley [22] which asserts the existence of an entire function of arbitrary order
0, 0 < p < oo, for which (3.3) is satisfied for some sequence (7,), r, — 0.

None of the properties (3.1), (3.2) or (3.3) can hold for an entire function f which
satisfies (0.3). This remark has already been made in the Introduction about (3.1). From
a result of Valiron (see [6], pp. 133-136) it follows easily that for entire functions which
satisfy (0.3) we always have that T(r, f) ~ In M(r, f) as r - oo. A weaker property than
(3.2) given in the example of Piranian is already inconsistent with (0.3). In fact, Hayman
[3] has shown that it follows from (0.3) that the sets {r > 1: | f(re®)] < 1} are bounded
for almost all # € [0, 2#] and have finite logarithmic length for all § € [0, 27].

In conclusion we discuss one more question related to the form of asymptotic curves.
It is well known that there exist entire functions f of finite order for which it is possible
to construct an asymptotic curve on which f approaches a # oo such that all a-points of
S lie on this curve, and there exist entire functions such that on each asymptotic curve
with asymptotic value a there lie at most a finite number of a-points. The canonical
Weierstrass product

f@=T] E@™" o), p>Ipl,

k=1
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provides an example of the first type if tg pm > 0 and of the second type if tg p7 <0
(see [23], Chapter II). The problems become considerably more complex if we take into
account several asymptotic values simultaneously. We quote a problem of Winkler (see
[2], Problem 2.42).

“Let f(z) be an entire function (of sufficiently high order) with n (> 2) different
asymptotic values g,. Suppose that y, is a path such that f(z) > a, (z > 0,z € y,). Let
n(r, a, v,) be the number of zeros of f(z) — a, on vy, and in |z|] < r. Can we find a
function f(z) such that

n(r, ay, )
nir, a,)
fork =1,2,..., n? Can we take b, = 17
We give here an affirmative answer to the first question; the second remains open.

We consider the entire function
z

—>b,>0 as r-—»oo, (34

n

f(z):j WE AL, n=2,3,....
¢ &
It is easy to verify that
; Tk ;TR
f(ze "Y=1e "f(2), k=0,1,..., 2n— 1. (3.5)

The functions f(z) and f'(z) = z7" sin z" are of order p and of normal type. Let v, be
the ray {r exp(imk/n): 0 < r < o}, 0 < k < 2n ~ 1. It is easy to see that the ray vy, is
an asymptotic curve which corresponds to the asymptotic value

o0
. I n ~ I
ao=jx*"smx”dx:—~n 1c032—1 "
- n !

\

0

(see, for example, [24], No. 710). From (3.5) we get that f approaches q, = aoe”"‘/ ",
k=0,1,...,2n — 1, on the asymptotic curve y,. We fix the value of ¢, 0 < ¢ < 7/n.
Then

~i(n-19 I

f (ret®) = BETEE ‘Y 7" {exp (it" cos ng — ¢" sin ne)
0

—exp (— it" cos ng + " sin ng)} dt

ln-ne
=0(1)— T.S‘ £ exp (— it” cos ng + ¢ sin no) dt
1
e—t(n—l)lp ~ %- -2
=0 (1) — i y T exp (— itet"?) dt
4

1
= —(1+o(1) 217 (re®) " exp (— ir"ein®), r — oo,

where the last equality is obtained after integrating the preceding integral twice by parts.
Hence we find that (0 < ¢ < 7 /n)

In|f(re?®)| ~rrsinng, r—oo. (3.6)
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Hence f has completely regular growth in the angie {z: 0 < arg z < #/n} in the sense of
Levin and Pfluger [23]. Using (3.5), (3.6) and the results of [23] (Chapter III, §1), we get
that f is a function of completely regular growth with indicator A(g, f) = |sin ng),
¢ € [0, 2x]. Since the indicator h(g, f) is positive on [0, 27] except at a finite number of
points, it follows that f — a, has completely regular growth and that

h(p, f —ay) =|sinng|, @€I[0,2xn], &=0,1,..., 2n— 1. )

Using a well-known formula (see [23], Chapter IV, §1, proof of Theorem 3) and (3.7), we
get

AN on
lim ——— = . — = L 3.8
lim === % (e, f—aydp =2 . (38)
0
We put x; = (m)'/",j =0, 1, ... . It s easy to see that
f (Xav) < [ (Xav+1), [ (xavie) <[ (Xgvir), V= 0, 1,2,
Furthermore,
Xj+1
11 sin 2" |
|F () — Flxp) | = j‘ x| sin x| dx > 5' Py
*j
xi+2
= S x| sinx® | dx = | f (Xjs0) — [ (£13) |-
Xj+1
Then

o= lim f () = 3 (] () — [ (<),

where the alternating convergent series satisfies the hypotheses of Leibniz’ theorem.
Then ay > f(x,,) and ay < f(xy,44), ¥ =0, 1,.... Taking into account the fact that
f'(x) # 0 in (x;, x;,,), we get that f has exactly one ay-point of the first order in each
interval (x;, x;, 1),/ = 0, 1, 2, . . . . Now we easily find that n(r, ag, yo) ~ r"/m asr — .
Taking (3.5) into account, we get that

nir, ap, ye) ~ryn, k=0,1,..., 2n—1, 3.9
Then (3.4) with b, = 1/2n, k =0, 1,...,2n — 1, follows from (3.8) and (3.9).
Received 20/SEPT /77
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