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Abstract

We consider the family of all functions holomorphic in the unit disk
for which the zeros lie on one ray while the 1-points lie on two different
rays. We prove that for certain configurations of the rays this family
is normal outside the origin.

1 Introduction and results

There is an extensive literature on entire functions whose zeros and 1-points
are distributed on finitely many rays. One of the first results of this type is
the following theorem of Biernacki 5, p. 533] and Milloux [I1].

Theorem A. There is no transcendental entire function for which all zeros
lie on one ray and all 1-points lie on a different ray.

Biernacki and Milloux proved this under the additional hypothesis that
the function considered has finite order, but by a later result of Edrei [6] this
is always the case if all zeros and 1-points lie on finitely many rays.

A thorough discussion of the cases in which an entire function can have
its zeros on one system of rays and its 1-points on another system of rays,
intersecting the first one only at 0, was given in [4]. Special attention was
paid to the case where the zeros are on one ray while the 1-points are on two
rays. For this case the following result was obtained [4, Theorem 2|.
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Theorem B. Let f be a transcendental entire function whose zeros lie on
a ray Lo and whose 1-points lie on two rays Ly and L_, each of which is

distinct from Lg. Suppose that the numbers of zeros and 1-points are infinite.
Then Z(Lo, Ll) = Z(LO, L_l) < 7T/2

The hypothesis that f has infinitely many zeros excludes the example
f(z) = €* in which case we have Z(L;,L_;) = m, and Ly can be taken
arbitrarily. Without this hypothesis we have the following result.

Theorem B’. Let f be a transcendental entire function whose zeros lie on
a ray Lo and whose 1-points lie on two rays Ly and L_1, each of which is
distinct from Lo. Then Z(Ly,L_1) =7 or Z(Lg, L1) = Z(Lo, L_1) < 7/2.

Bloch’s heuristic principle says that the family of all functions holomor-
phic in some domain which have a certain property is likely to be normal if
there does not exist a non-constant entire function with this property. More
generally, properties which are satisfied only by “few” entire functions often
lead to normality. We refer to [2], [14] and [16] for a thorough discussion of
Bloch’s principle.

The following normal family analogue of Theorem |A| was proved in [3]
Theorem 1.1|. Here D denotes the unit disk.

Theorem C. Let Ly and Ly be two distinct rays emanating from the origin
and let F be the family of all functions holomorphic in D for which all zeros
lie on Ly and all 1-points lie on Ly. Then F is normal in D\{0}.

The purpose of this paper is to prove a normal family analogue of Theo-
rem B’.

Theorem 1.1. Let Ly, Ly and L_ be three distinct rays emanating from the
origin and let F be the family of all functions holomorphic in D for which
all zeros lie on Ly and all 1-points lie on L; U L_y. Assume that neither
Z(L_y,Ly) = 7 nor Z(Ly, L) = Z(Lo,L_1) < w/2. Then F is normal in
D\ {0}.

It was shown in [4, Theorem 3] that if « is of the form o = 27/n with n €
N, n > 5, then there exist rays Lo and Ly with Z(Lo, L1) = £(Lo, L—1) = «
and an entire function f with all zeros on Ly and all 1-points on L; and L_;.
In [7] such an entire function f was constructed for every a € (0, 7/3].

The functions constructed in [4, [7] have the property that f(re) — 0 as
r — oo for || < a while f(re?) — oo asr — oo for a < |§] < w. Considering
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the family {f(kz)}ren we see that the conclusion of Theorem does not
hold if Z(Lo, Ly) = Z(Lo,L_1) € (0,7/3] U {27/5}. The example {e"*}1en
shows that it does not hold if Z(L_y,L,) = 7.

The question whether the conclusion of Theorem |1.1{holds if Z(Lg, L1) =
Z(Lo, L-y) € (w/3,7/2) \ {27/5} remains open.

We note that Theorem B’ follows from Theorem To see this we only
have to note that if f is a transcendental entire function and (zj) is a sequence
tending to oo such that |f(z;)| <1 for all k£ € N, then {f(2|zx|2) }ren is not
normal at some point of modulus %; see the remark after Theorem 1.1 in [4].

A key tool in the theory of normal families is Zalcman’s lemma [I5]; see
Lemma below. An extension of this result (Lemma below) was also
crucial in the proof of Theorem |C|in [3]. In fact, this extension was used to
prove the following result [3, Theorem 1.3] from which Theorem |C| can be
deduced.

Theorem D. Let D be a domain and let L be a straight line which divides D
into two subdomains DT and D~. Let F be a family of functions holomorphic
in D which do not have zeros in D and for which all 1-points lie on L.

Suppose that F is not normal at zo € DN L and let (fy) be a sequence in
F which does not have a subsequence converging in any neighborhood of z.
Suppose that (fi|p+) converges. Then either fix|p+ — 0 and fi|p- — oo or
frlp+ = 00 and fi|p- — 0.

Note that F is normal in D™ by Montel’s theorem. So it is no restriction
to assume that (fy|p+) converges, since this can be achieved by passing to a
subsequence.

Theorem [D] will also play an important role in the proof of Theorem [I.1]
However, we will also need the following addendum to Theorem [D] Here and
in the following D(a,r) and D(a,r) denote the open and closed disk of radius
r centered at a point a € C.

Proposition 1.1. Let D, L, F, z and (fx) be as in Theorem @ Letr >0
with D(z9,7) C D. Then for sufficiently large k there exists a 1-point ay, of

fr such that a, — zo and if My is the ﬁne orthogonal to L which intersects
L at ay, then |fr(z)| # 1 for z € My 0 D(zo,7) \ {ax}-

For large k this yields that |fi(2)| > 1 for 2 € M N D" N D(z,7) and
|f(2)] <1 for z € My D~ N D(z,7), or vice versa.

Acknowledgment. We thank the referee for helpful comments.
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2 Preliminaries

The lemma of Zalcman already mentioned in the introduction is the following.

Lemma 2.1. (Zalcman’s Lemma) Let F be a family of functions mero-
morphic in a domain D in C. Then F is not normal at a point zg € D if
and only if there exist

(i) points z € D with z — 2o,
(19) positive numbers py, with pr — 0,
(1i1) functions f, € F
such that
Ji(ze + orz) = g(2)

locally uniformly in C with respect to the spherical metric, where g is a non-
constant meromorphic function in C.

In the proof (see also [1, Section 4] or [16, p. 217f] besides [15]) one
considers the spherical derivative

# 19k(2)]
Z2) = —"F—F——
H S T lr
of the function g; defined by
gr(2) = fr(zk + 0r2) (2.1)

and shows that for suitably chosen fy, zi, 0r and Ry with Ry — oo we have
g (0) = 1 as well as

g (2) <1+0(1) for |z| < Ry as k — oo.

Marty’s theorem then implies that (gx) has a locally convergent subsequence.
The following addendum to Lemma was proved in [3, Lemma 2.2].

Lemma 2.2. Let tog > 0 and ¢: [tg,00) — (0,00) be a non-decreasing func-
tion such that ¢(t)/t — 0 ast — oo and

to t@(t)



Then one may choose zg, o and fy in Zaleman’s Lemma [2.1] such that

1
" one(1/ o)

and the functions gy given by (2.1) are defined in the disks D(0, Ry) and
satisfy

— 00 as k — oo.

gf(z) <1+ ‘Rﬂ for |z| < Ry. (2.2)
k

The next lemma is standard |12, Proposition 1.10].

Lemma 2.3. Let Q be a convex domain and let f: Q — C be holomorphic.
If Re f'(z) > 0 for all z € Q, then f is univalent.

The following result can be found in [8] p. 112].
Lemma 2.4. Leta € C, r > 0 and let f: D(a,r) — C be univalent. Then

|2 = al

r
for z € D(a,r).

The result is stated in [§] for the special case that a =0, r =1, f(0) =0
and f'(0) = 1, but the version given above follows directly from this special
case.

Proof of Proposition[I.1. We recall some arguments of the proof of Theo-
rem [D] in [3] and then describe the additional arguments that have to be
made.

As in [3] we may assume that L = R and we use Zalcman’s Lemma
as well as Lemma [2.2] applied with ¢(¢) = (logt)?, to obtain a sequence ()
tending to zo and a sequence (py) tending to 0 such that

1
Rk =
ox, (log or,)
and the function gy given by (2.1) is defined in the disk D(0, Ry) and satis-

fies ([2.2) and g7 (0) = 1.

— 00,



As in [3, Proof of Theorem 1.3] we find a sequence (b;) of 1-points of ¢
such that

gr(2) = exp(er(z — bi) + 6r(2)),

where (see [3, (3.4) and (3.5)])

lex + 21| < }% or e —2i| < }% (2.3)
with some constant C' and (see [3], (2.22)])
2 — by |? 1

Without loss of generality we may assume that the first alternative holds

in (23).
We put
hi(2) = cp(z — br) + 0k(2)

so that gr(z) = exp hr(z). We will show that hy is univalent in D(b, 2sy)
where s, = 271 R;. In order to do so we note that for |z — b;| < 2s;, we have

/ 0k (C) ac| < s,
¢

—by,| =45y, (Z - C)Q

Since 4s, = 279R;, < Ry/16 we may apply (2.4) to estimate the maximum
on the right hand side and obtain
1 (4Sk)2

1
o

16%(2)] max |0x(C)].

(255)? [¢—bil=4ss

Thus, since we assumed that the first alternative holds in ([2.3]),
" ) e C
Re(th(z)) = Re(zck + Z(Sk(z)) >2— R_ —1>0
k

for z € D(by,2sy) if k is sufficiently large. Lemma [2.3| implies that ¢h; and
hence hy are univalent in this disk. Since Ay (bx) = 0 and, by (2.4), 6;(bx) =0
and thus A} (by) = c¢x, Lemma [2.4] now yields that if z € D(by, si), then




For t € R with 0 < |t| < s;, we thus have

hy.(by, + it)
/= 7)< .
arg ( it <log3

Since we assumed that the first alternative holds in (2.3)), this implies for
large k that

C 1
larg(hy (b, + it))| < log 3 + arcsin (—) < =m for0<t<s

2R, 2
while 1
larg (hy (b + it)) — | < 57 for — s, <t <0.
Hence
>0 if 0<t<sy,
Re(hy(by, + it -
(P )){<o if — sy <t <0,
so that

>1 if0<t< sy,

, (2.5)
<1 if —s, <t<O.

|9k (bx + it)| = exp(Re(hy(by +1t))) {

As in 3] (3.2), (3.6) and (3.7)] we put
ap = 2 + prbe, up = by + 15 = by + 2'2711Rk and  ayp = 2 + PrUg.

By and we have |fx(z)| > 1 for z in the line segment (ay, ay].
Choose d > r such that D(zg,d) € D. We put f = z; +id. Then §, € D
for large k and as in [3] we can use Landau’s theorem to show that we also
have |fx(2)| > 1 for z € [ag, Bk]. Altogether thus |fx(2)| > 1 for z € (ag, B
and hence for z € M, N D* N D(zy,r) and large k. Analogously, |fx(2)| < 1
for 2 € M, N D~ N D(2y,7) and large k. O

Lemma 2.5. Let 0 <a <7 and a < <27 —a. Let u: D — [—00,00) be
a subharmonic function which is harmonic in D\ {re*: 0 <r < 1}. Suppose
that u(z) > 0 for |argz| < a while u(z) < 0 for a < |argz| < w. Then
a > m/2. Moreover, if « > 7/2, then = w. In addition, if u is harmonic

in D\ {0}, then o = /2.



Proof. Let v = 2a/7 and define v: {z € D: Rez > 0} — [—00,00) by
v(z) = u(z”). Then v(z) > 0 for Rez > 0 while v(z) < 0 for Rez = 0.
In fact, v(z) = 0 for Rez = 0 by upper semicontinuity. We have v = Re f
for some function f holomorphic in {z € D: Rez > 0}. By the Schwarz
reflection principle f extends to a function holomorphic in ID. Hence f has
a power series expansion f(z) = > .~ axz" convergent in D. With 6 = 1/y
we thus have

u(z) = v(z7) = Re f(2°) = Re (Z akzké)

k=0
for € D\ {re?: 0 <r < 1}, meaning that

u(re’) = Re (Z akr‘seikw)
k=0
forO<r<land f—21r<60<p.
Since Re f(z) = v(z) > 0 for Rez > 0 and Re f(z) = 0 for Rez = 0 we
find that Reag = 0 and a; > 0. It follows that

u(re”) = ayr’ cos(60) + O(r*)

as r — 0, uniformly for g — 27 < # < . We may assume that g > 7.
The condition that u(re®) < 0 for & < § < 8 then implies that 7 < §3 <
3m/2 so that 6 < 3/2. Suppose that ¢ # 1. Since u is subharmonic and
a connected set containing more than one point is non-thin at every point
of its closure |13, Theorem 3.8.3], we have u(re’?) = u(re’®=2™) and thus
cos(03) = cos(6(B — 2m)). This yields that § = 7. Since w is subharmonic,
we also have

0=u(0) < L /B u(re)d
B

T 2 —27

_ a1r52i / cos(30)d6 + O(r™)
™ —TT

= alr‘séi sin(67) 4+ O(r®).
m

Hence sin(d7) > 0. Since § < 3/2 and since we assumed that § # 1 this
implies that § < 1. Overall thus 6 < 1 so that o = y7/2 = 7/(2d) > 7/2,
and if « > 7/2 so that 6 < 1, then 8 = 7. Finally, u can be harmonic only
if 6 = 1, which means that o = 7/2. O



For a bounded domain G, a point z € G and a compact subset A of 0G
let w(z, A, G) denote the harmonic measure of A at a point z € G; see, e.g.,
[13, §4.3]. It is the solution of the Dirichlet problem for the characteristic
function x4 of A on the boundary of G. Thus

w(z,A,G) = sgpu(z), (2.6)

where the supremum is taken over all functions u subharmonic in G' which
satisfy limsup, . u(z) < xa(¢) for all ¢ € 0G.

Lemma 2.6. Let G and H be bounded domains and let A C OG and B C OH
be compact. If G C H and A D OGN (H U B), then w(z,A,G) > w(z, B, H)
forall z € G.

Proof. Let ¢ € 0G\ A. Then ¢ € 0G \ (H U B) and thus ¢ € 0H \ B. Hence
lim, ,cw(z, B, H) = 0. We conclude that limsup, ,, w(z, B, H) < xa(() for
all ¢ € 9G. Since u(z) = w(z, B, H) is an admissible choice in (2.6), the
conclusion follows. O

3 Proof of Theorem [1.1]

Without loss of generality we may assume that L; and L_; are symmetric
with respect to the real axis and that L; is in the upper half-plane. Thus
Ly = {re¥@:r > 0} for some o € (0,7). We may also assume that
Lo = {re": r > 0} where a < 8 < 27 — a. We define

S={re?: 0<r<1, |0 <a},
St={re?:0<r<1, a<0<p}
S™={re”:0<r<1, f<0<2r—a}.

By Montel’s theorem, F is normal in D\ (L; U Ly U L_;). Thus we only
have to prove that F is normal on DN L; \ {0} for j € {0,+1}.

First we prove that F is normal on DN Ly \ {0}. In order to do so, suppose
that F is not normal at some point zy € Ly \ {0}. Applying Theorem [D] to
the family {1 — f: f € F} we see that there exists a sequence (f;) in F
such that either fy|s+ — 1 and fi|s- — oo or fils+ — oo and fi|s- — 1.
Without loss of generality we may assume that the first alternative holds.
If (fg) is not normal at some z; € Ly \ {0}, then — again by Theorem [D] -
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there exists a subsequence of (f;) which tends to 0 or to co in ST. This is
incompatible with our previous assumption that fi|s+ — 1. Hence (fy) is
normal on DNL;\{0}. We conclude that (f;) is normal in STUSUL;\{0} and
hence that fi|s+usur,\qoy — 1. In particular, fiy|s — 1. On the other hand,
fr|ls- — oo. Hence (fx) is not normal at any point of L_;. Since fi|s- — o0
we can now deduce from Theorem @ that fi|s — 0. This contradicts our
previous finding that fy|s — 1. Thus F is normal on L, \ {0}. Putting
T=S8TUS"ULg\ {0} we conclude that F is normal in 7.

Suppose now that JF is not normal at some point zy € D\ {0}. It follows
that zp € (L1 U L_1) \ {0}. Without loss of generality we may assume that
zo € L1\ {0}. Theorem [D]implies that there exists a sequence (f;) in F such
that either fz|s — oo and fx|r — 0 or fx|s — 0 and fix|r — oo. In particular
we see that the sequence (f;) is not normal at any point of L; U L_;. We
begin by considering the case that the first of the two above possibilities
holds; that is, fx|s — oo and fi|r — 0.

We define uy: D — [—00, 00),

_ log|fi(2)|

) = fog (DI

We will prove that the sequence (ug) is locally bounded in D). Once this is
known, we can deduce (see, for example, [9, Theorems 4.1.8, 4.1.9] or [10,
Theorems 3.2.12, 3.2.13]) that some subsequence of (uy) converges to a limit
function u which is subharmonic in D and harmonic in D \ Ly. Moreover,
u(z) > 0 for z € S while u(z) <0 for z € D\ S.

Lemma [2.5| now implies that @ > 7/2 and that § = 7 if @ > 7/2. The
conclusion then follows since if o = 7/2, then Z(L_41,L;) = 2a = 7, while
if « > 7/2 and thus g = 7, then £(Ly,L1) = f—a =7 —a < 7/2 and
L(Lo, L) =2n—a—0F=m—a=2(LyLy).

In order to prove that (uy) is locally bounded, let 0 < ¢ < 1/8. Proposi-
tion yields that, for sufficiently large k, there exist simple closed curves
Ipin {z:1—¢/2 < |z| <1—¢/4} and v in {z: £/2 < |z| < €} such that
|fu(2)] > 1 for z € (I'y U~,) NS while |fe(2)] < 1 for z € Iy Uye) NT.
Moreover, both I', and = surround 0 and they intersect L; and L_; only
once, at 1-points of f;. In fact, these curves can be constructed by taking
small segments orthogonal to Ly and L_;, and connecting the endpoints of
these segments within the intersection of S and T with the corresponding
annuli.

Let Dy be the domain between 7, and 'y, and let X, be the set of all
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z € Dy, for which |fi,(2)| = 1. Then both X; NT; and X N~ consist of two
1-points of fi. Let Uy be the component of Dy \ X} which contains % Next,
for large k we have |fy(z)| < 1 for z € Ly with £/2 < |z| < 1—¢/4 and hence
in particular for z € Lo N Dy. Let Vi be the component of Dy \ X; which
contains Ly N Dg. Then, for large k, we have |fx(z)| > 1 for z € Uy while
|fx(2)| < 1 for z € V.

We claim that Dy \ Xy = U, U Vj. Indeed, let W be a component of
Dy \ Xy which is different from Uy and Vj. Since (I'y U~,) NS C 9Uy and
(CxUk)NT C OVy we have OW C X, for large k. By the maximum principle,
we thus have |f(z)| < 1 for z € W. The minimum principle now yields that
W contains a zero of fi,. Hence W and thus OW intersect Ly N Dy, which is
a contradiction for large k, since OW C X}, and thus |fx(2)| = 1 for z € OW,
but filp,~p; — 0. Thus Dy \ Xp = U, UV, as claimed. We also conclude
that X}, consists of two analytic curves o, and o_; , which are close to the
rays Ly and L_;.

We now prove that (uy) is bounded in D(0,1 — ¢). In order to do so we
choose ¢ € 0D(0,1 — ) such that

ug(cr) = max ug(2).
|z|=1—¢
Clearly, ¢, € Uy, for large k. For j € {1,2,3,4}, we put r; = 1 —¢j/4. Thus
lck| = 1 —¢e = ry. Similar to the curve I'y in {z: ro < |z| < r1} there exists a
closed curve I'} in {z: 4 < |z| < r3} which surrounds 0 such that |fi(z)] > 1
for z € I', NS while |fx(2)] < 1 for z € I, NT. Thus I, NS C Uy and
L.NT C V.

By the maximum principle, there exists a curve & in U, which connects
¢ with O and on which wy, is bigger than ug(cy). Let 7, be a part of &, which
connects dD(0,r3) with 0D(0,rs) and, except for its endpoints, is contained
in {z: r3 < |2| < ro}; see Figure[l] Then |uy(2)] > ug(cy) for z € 7. Let ey ;
be the endpoint of 7, on 9D(0,r;), for j € {2,3}. Without loss of generality
we may assume that the distance of e, 3 to L_; is less than or equal to the
distance to L;, which means that Imej 3 < 0.

We define a domain Gy as follows; cf. Figure If 7, does not intersect
the segment {rei(o‘*s): rg < r < 1o}, let Gy be the domain bounded by
the segments {re ") i < r < 73} and {ref@=9: 1 < r < ry}, the arc
{3e: 10| < o — e}, the arc of 9D(0,r3) that connects ey 3 and rze "~ in
{r3e?: |0] < a + €}, the arc of 9D(0, ;) that connects ey and roe'®=%) in
{rye?: |0] < a+ ¢}, and the curve 7.
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Figure 1: The curves &, 7; and I') and the domains Gy, (left) and H (right).

If 75, intersects the segment {re’®==): ry < r < 1y}, let d;, denote the
first point of intersection so that the part 7/ of 7, which is between ey 3
and dy is contained in {re?: 13 < r < ry,—a—e < 0 < a—¢c}. We
then define Gy as the domain bounded by the the curve 77, the segment
{re’®=9): 1 < r < |dy|} and — as before — the arc {1e: |§] < o — e}, the
segment {re="=); % < r < rs} and the arc of dD(0,r3) that connects ey 3
and rse~" @79 in {rse’: |0| < a +¢e}.

We claim that Gy C Uy for large k. In order to prove this it suffices to
prove that 0G),, C U,. We restrict to the case that 7, does not intersect the
segment {Tei(o‘*s) : r3 < r < ry}, since the other case is similar. First we note
that the segments {re ") 1 <y <r3} and {re®=9: 1 <r <y} as well
as the arc {7 0] < o — e} are clearly in Uy for large k, since fi|s — oo
as k — oo. Since &, is in U, and 73 is a subcurve of &, the curve 7, is also
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in Uk

It remains to show that the arc of 0D(0,73) that connects e;3 and
rse~ =) ig in U. If this is not the case, then this arc must intersect Uy
and thus must intersect the curve o_;, which constitutes the part of OUj
that is near L_;. Since & is in Uy this means that o_; ; must also intersect
[}, at a point between the intersections of I'}, with &, and with the positive
real axis. But this part of I} is in Uy, since I, NS C Uy and I, N T C V4.
Hence o_; ;, does not intersect the arc connecting ey 3 and rse~@=%) and thus
this arc is in Uy. Similarly, we see that the arc of 9D(0,77) that connects
ex,2 and r2€®~%) is in Uy. Altogether thus Gj, C U, for large k.

Let

H={re: 1 <r<nr |0l <a—ctU{re’:0<0<a—c}
U{re?:rs<r<ry—a—ec<f<a—c}

and let K = {re'-*=9): ry <r <1y} C OH; see Figure|ll Then G}, C H.

It follows from Lemma [2.6] and the configuration of the domains G} and
H that w(z, K, H) < w(z, 1, Gy) for z € Gy. In particular, w(%,K, H) <
w(%,Tk,Gk). On the other hand, since G}, C Uy and thus ug(z) > 0 for z €
0G), while uy(2) > ug(cg) for z € 7, it follows that ug(z) > ug(cr)w(z, 7, Gi)
for z € G. Altogether we thus have

1= Uk(%) 2 Uk(Ck;)(JJ(%77—k,Gk) Z uk(ck)w(%,[(, H)

It follows that
_ o1
s () =160 e
so that (uy) is bounded in D(0,1 — ¢). Since € > 0 can be taken arbitrarily
small, we conclude that (uy) is locally bounded in D. This completes the
proof in the case that fi|s — oo and fx|r — 0.

It remains to consider the case that fy|s — 0 and fx|r — oo. Since
Lo\ {0} C T we conclude that if € > 0, then, for large k, the function f; has
no zeros in {z: € < |z| < 1 —¢e}. Thus u is harmonic there. As before we
see that the sequence (uy) is locally bounded so that some subsequence of
it converges to a limit « which is subharmonic in . But now u is actually
harmonic in D\ {0}. The conclusion follows again from Lemma which
yields that o = 7/2 and hence Z(L_1, L1) = 2a = 7. O
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