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Abstract
We describe the limit zero distributions of sequences of polynomials
with positive coefficients. We also characterize the polynomials with
real coefficients for which some power has positive coefficients.
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1 Introduction and results

If f is a polynomial with non-negative coefficients, then evidently

[f() < f(z]), z€C. (1.1)

The converse is not true. Linnik and Ostrovskii [8, p. 32] give the simple

example
f(2) =142z — 22 + 323 +32%,

which satisfies (1.1) because f? has positive coefficients.
Our first result is

Theorem 1. Let
f(z)=ao+...+asz?, ag>0, ag>0, (1.2)

be a real polynomial. The following conditions are equivalent:
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(1) There exists a positive integer m such that all coefficients of f™ are
strictly positive.

(13) There exists a positive integer mo such that for all m > myg, all coeffi-
cients of f™ are strictly positive.

(1i1) The inequalities
[F) < fIz0), =z €10,00), (1.3)
and
ar >0, ag_1 >0 (1.4)

hold.

Corollary 1. Let g be an entire function with non-negative coefficients and
let f be a real polynomial satisfying condition (iii) of Theorem 1. Then all
but finitely many coefficients of g o f are non-negative.

In the case that g(z) = e*, a much stronger result was obtained by Hay-
man [5, Theorem X]. He actually obtained for a real polynomial f a necessary
and sufficient condition for all but finitely many coefficients of exp f to be
positive.

Theorem 1 will allow us to answer the following question asked by Ofer
Zeitouni and Subhro Ghosh [13].

Let P be a polynomial. Consider the discrete probability measure u[P]
in the plane which has an atom of mass m/deg P at every zero of P of
multiplicity m. It is called the “empirical measure” in the theory of random
polynomials.

Let u, be a sequence of empirical measures of some polynomials with
positive coefficients, and suppose that p, — p weakly. The question is how
to characterize all possible limit measures . We give such a characterization
in terms of logarithmic potentials.

Theorem 2. For a measure p to be a limit of empirical measures of polyno-
mials with positive coefficients, it is necessary and sufficient that the following
conditions are satisfied:

W is symmetric with respect to the complex conjugation, p(C) < 1, and
the potential

u(z) = /C sl Clau(() + /C | log\l - g\du«) (15)
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has the property

u(z) < u(]2])- (1.6)

The potential in Theorem 2 converges for every positive measure with the
property u(C) < oo to a subharmonic function u # —oo. If

1 d 1
/Mogm Q) < oo or /mog|C| 1(Q) < oo,

then the definition of v in Theorem 2 can be simplified to

| —(ld 1
gl = clauc) o [ 10

respectively. When both integrals exist, all three potentials differ from each
other by additive constants.

Obrechkoft [9] proved that empirical measures of polynomials with non-
negative coefficients satisfy

1——‘d,u

2
p({z € C: |argz| < a}) < ?O‘u(c*), 0<a<n/2 (1.7)

We call this the Obrechkoff inequality. The limits of these measures also
satisfy (1.7).

Combining our result with Obrechkoft’s theorem we conclude that (1.6)
and symmetry of the measure imply (1.7). In particular we find that Obresch-
koff’s inequality is satisfied not only by polynomials with non-negative coef-
ficients, but more generally by polynomials satisfying (1.1).

The converse does not hold; that is, the inequalities (1.1) and (1.6) do
not follow from Obrechkoft’s inequality. Indeed, let

P(z) = (22 +1)™(2* = 2zcos B+ 1)

This polynomial has roots of multiplicity m at +i, and simple roots at
exp(£if3). Obrechkoft’s inequality is satisfied if 3 > 7/(2m + 2). On the
other hand, P(1) < |P(—1)| for all m and (§ € (0,7/2).

Acknowledgment. We thank John P. D’Angelo and Ofer Zeitouni for help-
ful comments.



2 Proof of Theorem 1

It is evident that (i7) = (i) = (i4i). So it remains to prove that (iii) = (ii).
So suppose that (i7i) holds.

The first coefficients of the polynomials f™ will be estimated by the fol-
lowing two propositions. These results hold not only for polynomials, but
more generally for power series. We can restrict to the case that f(0) = 1.
So let

flz)=1+ Zanaj” and f(x)" =1+ Zaﬁlm)x". (2.1)
n=1 n=1

Proposition 1. Let f be a formal power series given by (2.1). Suppose that
a1 > 0. Then for every N € N there exists M € N such that if 1 <n < N
and m > M, then ai™ > 0.

Proof. Without loss of generality we assume that a; = 1. This can be
achieved by a scaling of the independent variable. Then

alm > (m) —pam™ A,
n

where p,, is the number of partitions of n, and A, depends on the first n
coefficients of the series. As the first term has degree n, with respect to m,
it dominates when m is large enough. O

Proposition 2. Let f be a power series given by (2.1) with positive radius
of convergence. Suppose that ay > 0. Then there exist 0 > 0 and M € N
such that if m > M and 1 <n < dm, then aﬁ[") > 0.

Proof. The proof is based on the saddle point method. We assume without
loss of generality that a; = 1. Noting that

f'(@)
f(t)
we see that there exists ¢t > 0 such that tf'(¢)/f(¢) is increasing in the

interval [0,to]. We deduce that there exists 6 > 0 such that if x € (0, ¢], then
there exists a unique r € (0, to] such that

t =t+0(#*) ast—0, (2.2)

G
=" (2.3)
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We apply this for x = n/m. We will always assume that 0 < x < §, with
0 so small that various conditions imposed later are also satisfied. All these
conditions will depend only on f. With

¢(z) =log f(z) —xlogz and h(h) = ¢(re?)

we then have

m ] ™ i 0
2mal™ = J) == / ™) gg = / e qg. (2.4)
|z|=r KA -7 -
We have
f'(z

)T and W(0) = ire® (re),

Our choice of r in (2.3), and this is the essential point in the saddle point
method, yields that

¢ (r)=0 and A (0)=0. (2.5)
Next we note that
g 4" (PN oz
#60=53 - (75) +E a0+ 5 20
and
iy 2 Q) AR (FRN 2w e
0=y - e () -E e -2 @

where A and B are bounded in some neighborhood of 0. With z = re? we
have

h'(0) = —2"¢"(2) — 2¢/(2) (2.8)
and
R"(0) = —iz*¢" (2) — 3iz2¢" (2) — iz¢/(2). (2.9)
Noting that
r~r asz— 0, (2.10)
by (2.2) and (2.3) we obtain
|20 (2)| = )ZJ;/((ZZ)) —x| <r+ax+0@F?) =22+ 0% for|z| =7




as ¢ — 0, and thus |z2¢/(2)| < 3x for |z| = r if § is sufficiently small. Similarly,
|22¢"(2)| < 2z and |23¢"(2)| < 3x for for |z| = r and small § by (2.6) and
(2.7). Thus

|"(0)| <12z for —m <0< (2.11)
by (2.9), provided ¢ is small. Thus we have the expansion
h(9) = h(0) — 76° + R(9) with |R(0)| < 2z|6/°, (2.12)
where
_ _} " _1 2 1
T = 2h (0) = 5" ¢"(r) (2.13)

by (2.5) and (2.8). From (2.6) and (2.10) we deduce that
3

1
i <7< i (2.14)
for small 9.
We choose N = 10? and note that
/3
SW\/ﬁeXp{—g—Z} <1 forn>N. (2.15)

Using Proposition 1 we conclude that the first N coefficients of f are posi-
tive for large m, so it is sufficient to restrict our attention to the coefficients
(m) .
an ' with n > N.
We put

1
0, = §n_1/3, (2.16)

and split the integral in (2.4) into two parts:
On
L = / ™ Odh  and I, = / e qp. (2.17)
—0n 0n<|0]<m

For 0| < 0,, we deduce from (2.12) that

| Im(mh(0))] = | Im(mR(0))| < m|R(0)| < 2mzb? =200 = =~ <

™
3 )

| =

and also

1
m|R(0)| < 2mx0,0* = —~mab? < mx6* < mr6?,

ni/3 = N1/3
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so that
Remh(6) > mh(0) — 2m76°.

Thus
1
Re ™% = cos(Im(mh(0)))eRem®) > §emh(0)€_2m702 (2.18)

for |0| < 6,,, and hence

1 mh(0) V2mTop

On 2 e
Re ]1 > _emh(O)/ 6—2m7’9 do =
On

—¢2
e " dt.
2v/2mTt V2mTt0,

\)

1/6 103/2

V2mr, >\ h, = —— > — 55 > 10,
=\ 2V2 T 2V/2 B
and also 2v/2m7 < 24/3mzx/2 = 2,/3n/2 = \/6n, we conclude that

Rel emh(()) 10 t2d 1emh(0) 519
el; > e dt > — . .
b= Von J_1o 2 \n (2.19)
Now we estimate Re I from above. For |0| < 1/16 we have
31 o _1 o
|R(0)] < 2x|0]° < gzv@ < 57‘9 ,
and thus ) .
Reh(0) < h(0) — 57‘92 < h(0) — §x92,
by (2.12) and (2.14). For 6,, < |#| < 1/16 this yields
1 1
Remh(0) < mh(0) — gmxei = mh(0) — 3—2n1/3. (2.20)

Next we show that the last inequality also holds for 1/16 < |6| < 7, provided
that ¢ is sufficiently small. In fact, we have log f(z) = z + O(2?) as 2 — 0
and thus

Reh(0) — h(0) = Relog f(re’) —log f(r) = r(cos§ — 1) + O(r?).
As 1 —cos(1/16) > 1072 this yields for small § that

Reh(f) — h(0) < 1073z
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and hence
Remh(#) — mh(0) < —1073mz = —107%n < —1073N?3p!/3 = 103,/
for |#] > 1/16. Thus (2.20) holds for 6,, < |#] < 7 so that

1
Re I, < 27xe™M0) exp (——nl/?’) .

32
Using (2.15) we see that Rely < Rel;/2. Now we deduce from (2.4) and
(2.17) that a{™ > 0. 0

The proof of Theorem 1 also requires the following result.

Lemma 1. Let u be a harmonic function in a neighborhood of a point r > 0,
and suppose that u satisfies (1.6). Then

4 \2
(dlogr) u(r) > 0,

unless u(z) = alog |z| + b with some real constants a and b.

Proof. Put v(¢) = u(re®). Then v is harmonic in a neighborhood of 0, and
(1.6) becomes

v(x +1y) < v(z). (2.21)
This implies that v,,(0) < 0. Hence v,,(0) > 0 since v is harmonic. Thus
the statement of the Lemma is equivalent to v,,(0) # 0.

Subtracting a constant from v does not change condition (2.21), so we
may assume in addition that v(0) = 0. Consider the Taylor expansion of v
at 0. In view of (2.21), the first degree term is axz. We subtract this term
from v without altering (2.21), so that now v(¢) = O(¢?), ¢ — 0.

Proving the Lemma by contradiction, suppose that v,,(0) = 0. Then
vy, = 0, because the function is harmonic, and (2.21) implies v,, = 0. Thus
all second degree terms in the Taylor expansion vanish.

Let w be the lowest degree homogeneous polynomial in the Taylor expan-
sion of v. Then

w(pe) = cp™ cos(mt), (2.22)
where m > 3 and ¢ # 0, unless v is linear, that is u(z) = alog|z| + b. But
(2.22) is incompatible with (2.21). Indeed at the point pexp(2mi/m) the
right hand side of (2.22) is equal to p™ while at the point pcos(2w/m) it is
equal to p™ cos™(2m/m) < p™, so for sufficiently small p the inequality (2.21)
is violated. O



Completion of the proof of Theorem 1. We may assume without loss of gen-
erality that f(0) = 1. Proposition 2 shows that the coefficients a™ of fm
are positive for m > M and n/m < §. Applying Proposition 2 to the reverse
polynomial

2f(1/2)

we obtain the positivity of the coefficients '™ for n/m > m(d—9). Thus it
remains to prove the conclusion for z = n/m € [§,d — J].

We use the same saddle point argument as in the proof of Proposition 2,
but now our reasoning is simpler. We use the same notation as there. In
particular, we choose r as the unique solution of (2.3). We note here that

f(r) = M(r, f) by (1.3) so that
F) _ dlogM(r.f)
f(r) log r

is an increasing function of r by the Hadamard Three Circles Theorem, but
we actually have

R'(0) = —r2¢"(r) = — dk‘fgr (H;é:;) <0 (2.23)

by Lemma 1. The exceptional function in Lemma 1 does not satisfy (1.3).
The condition © = n/m € [d,d — d] corresponds to r € [rg, Ry] for suitable
values 7y and Ry depending only on f.

We again have (2.12) and (2.13), except that in (2.12) we only have the
estimate |R(0)] < ¢;|0]® with some constant ¢;. Instead of (2.14) we now
deduce from (2.23) that ¢y < 7 < ¢3 for certain positive constants co and cs.

We use

O = m~3/8 (2.24)

instead of (2.16) and split the integral into two parts

Om
I, = / "dp  and I, = / ™0 qg.
—Opm O0m<|0|<m

For |0| < 6,, and large m we again find that

| Im(mh(6))| < m|R(6)| < cimb?, = cym™/8 < %



and
m|R(0)| < c1mb,,0* < camb* < mr6?.

As before this yields (2.18) for || < 6,, and hence

Rel L mho) / R 9 10 A ?q emh(0) emh(0)
€ > —em e~ mT > o s S |
=5 Om ~2v2m7 J 10 = Jmr T Jam

For 0,, < |0| < ¢2/(2¢;) we have

mwﬂg%mg 62

o 3

and thus

mmmwgmmm—%ﬁigmmm—%mw. (2.25)

By hypothesis (1.3), and since r € [rg, Ry], there exists € > 0 such that
Reh(f) < h(0) —e

for co/(2c1) < 0| < m. Thus (2.25) also holds for 6 in this range, provided
m is large. Hence

Rel;, < 2me™MO) exp <—C—22m1/4> )

For large m we again find that Re I, < Re I; and thus al™ > 0. O

3 Examples and remarks

It follows from Theorem 1 that if P is a polynomial of degree at most 3,
then P has positive coefficients if and only if (1.3) is satisfied. The first non-
trivial case occurs when deg P = 4, the first two and the last two coefficients
are positive while the middle one is negative. Therefore we consider the
polynomial

P(2) =1+ z+c2* + 22+ 2%

Proposition 3.
a) P. satisfies (1.1) if and only if ¢ > —7/8.
b) P. satisfies (1.3) if and only if ¢ > 7/8.
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Proof. Instead of P. we consider the Laurent polynomial
2 2P(2) =2+ 2 Heta+ 2= (w+1/2)? —5/4 —c,

where
w(z) =z+ 27"

Function w(z) maps the unit circle onto the interval [—2,2], and the circles
|z| = r onto ellipses whose horizontal axes are longer than vertical axes. This
property persists when we shift such an ellipse horizontally. So the maximum
of [¢(* — 5/4 — ¢| on such a shifted ellipse can occur only at its intersection
with the real line. We conclude that the statements a) and b) hold.

If fis as in (2.1) with a; = 0, then clearly agm) = 0 for all m. The
following example shows that if the hypothesis (1.4) is omitted in Theorem 1,
then every power of f may actually have some negative coefficients.

Example 1. Let
f(2)=1+22 424 —az® + 20+ 274+ 21

It is easy to see that a is a sufficiently small positive number, then f satis-
fies (1.3). However, we have a{™ = —ma < 0 and o], . = —ma < 0 for

all m.

It is an interesting problem to describe the polynomials with the prop-
erty that their sufficiently high powers have non-negative coefficients. Such
polynomials must have property (1.3) unless they are of the form 2Pg(27) for
some non-negative integers p and ¢ > 2. We conjecture that for polynomials
of the form

2 3 d—3 d—2 d
f(z):a0+a22 +azz” + ...+ aq_3z + ag_9z + agz%,

with ag > 0,ay > 0,a3 > 0,a4-3 > 0,a4_2 > 0,a4 > 0, and satisfying (1.3),
all sufficiently high powers f™ have non-negative coefficients.
Now we show that Theorem 1 may fail for entire functions.

Example 2. Let Q(2) = ag + ... + aqz? be any polynomial with ag,a; # 0
that satisfies (1.1) but does not satisfy (1.3), for example, Q = P_7/s. Then
all positive powers of () have some negative coefficients.

11



Now define

o0

) =1+24+Q(2))

Jj=1

2"

|7
Uz

where n; is any sequence with the property n;41/n; — oo. Then f satisfies
(1.3) but it is easy to see that every power has some negative coefficients.

Remark 1. In [2, p. 209], [3] and various other papers, D’Angelo studies the
Cauchy-Schwarz type condition

Ir(z, @) < r(z,2)r(w, ) (3.1)

for polynomials r: C" x C" — C. For r(z,w) = f(zw) with a polynomial
f: C — C this condition takes the form

If(zo) > < f(|2)*) f(|w]?) for all z,w € C. (3.2)

It turns out that this condition is equivalent to the condition (1.1) that we
considered.

Indeed, setting w = z in (3.2) we obtain (1.1) with z replaced by z2. On
the other hand, if (1.1) holds, then

[f) P < flzllw])® < f(27)f(wl),

where the second inequality holds by the Hadamard Three Circles Theorem.
Similarly, the strict inequality

[f@)]* < f(I2*) f(Jw]*)  for z # w (3.3)

is equivalent to the strict inequality (1.3) occurring in Theorem 1, (iii). The
proof is the same, using that equality in the Hadamard Three Circles The-
orem occurs only for monomials. Alternatively, one may use the stronger
convexity property given by Lemma 1.

Identifying a polynomial with the vector of coefficients, we define K; C
R as the set of all polynomials of degree at most d which satisfy (1.1) or,
equivalently, which satisfy (3.2). This is a closed cone in R**!, which is also
closed with respect to multiplication.

The subset of K, consisting of polynomials satisfying (1.3) is not open in
R but the interior int(K) of Ky consists of all polynomials of degree d
with a9 > 0 and a; > 0 which satisfy (1.3) and (1.4). So condition (iii) of

12



Theorem 1 can be restated as f € int(Ky). Now it can be deduced from the
first inclusion of [3, Theorem 7.1] that if f € int(/), then there exists m € N
such that the coeflicients of f™ are non-negative. Noting that f € int(Ky) is
an open condition, one obtains in fact that the coefficients of f™ are positive.
With these observations one can thus deduce the implication (iii) = (7) in
Theorem 1 from [3, Theorem 7.1].

We mention that the inclusion quoted is not proved in [3], but it is stated
that it can be derived from [1] and [12].

Our methods are completely different from those in [1, 3, 12]. Moreover,
they yield additional results such as Propositions 1 and 2, as well as those
mentioned in the following remark.

Remark 2. Our method allows to prove the positivity of certain coefficients
of f™ even if f does not satisfy (1.3). We illustrate this by an example. Let
() = P_7/3 be the polynomial already considered above and write

im
Q)™ = alMa".
n=0

The arguments in Example 1 show that |Q(z)| < Q(]z]) if z ¢ [0,00) and
|z] # 1. In other words, the condition (1.3) is violated only at certain points
on the unit circle. We define = by (2.3) with » = 1, that is,

Q)

Q)

Our proof shows that given £ > 0, there exists my € N such that a%m) >0
whenever m > mg and |n/m — 2| > e.

Quite generally, let f be a polynomial of degree d with real coefficients
and write

dm
Faym =3 afmar,
n=0

Suppose that |f(z)| < f(|z|) for r1 < |z] < ry and z ¢ [r1,72], and put

x; = rjf'(x;)/f(x;) for 7 = 1,2. Then there exists my € N such that

al™ > 0 whenever m > mg and n/m € |1, 73).

Remark 3. Polynomials with positive coefficients are important as gener-
ating functions of bounded random variables whose values are non-negative
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integers. In general, for a probability measure v on the real line, one defines
the characteristic function

F(z):/Re_itzdu(t). (3.4)

If the measure decays sufficiently fast at infinity, the characteristic function
is analytic in a horizontal strip a < Im z < b where a < 0 < b. Characteristic
functions have the property

|F(z+iy)| < F(iy), yé€ (a,b), z€R, (3.5)

which is analogous to (1.1). Functions satisfying (3.5) are called ridge func-
tions. When the measure v is discrete and has finitely many atoms b; at
non-negative integers j, then

d
F(z) =) bje "= P(e™),
§=0

where P is a polynomial with positive coefficients.

Analytic ridge functions and their relation to analytic characteristic func-
tions were studied much, see, for example, [4, 10, 11]. It is interesting, to
what extent our results can be generalized to this case.

4 Characterization of limit measures

In this section we use some facts about subharmonic functions and potential
theory which can be found in [7]. We recall that the Riesz measure of a
subharmonic function w is (27)"*Au, where the Laplacian is understood as
a Schwartz distribution. In particular the empirical measure of a polynomial
P of degree d is the Riesz measure of the subharmonic function (log|P|)/d.
For the general properties of convergence of subharmonic functions we refer
to [7, Theorem 3.2.13]. This result will be used repeatedly and is stated for
the convenience of the reader as Theorem A in the Appendix.

Proof of Theorem 2. For a subharmonic function u we put

B(r,u) = 1‘rn‘ax u(z)
z|<r
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and notice that condition (1.6) can be rewritten as
B(r,u) =u(r), r>0, (4.1)

in view of the Maximum Principle. This implies that u(r) is strictly increas-
ing for non-constant subharmonic functions wu satisfying (1.6). Moreover, the
Hadamard Three Circles Theorem implies that u(r) = B(r,v) is convex with
respect to logr, so u(r) is continuous for r > 0.

First we prove the necessity of our conditions. Let f, be a sequence of
polynomials with non-negative coefficients. Then w, = log|f,|/ deg f, are
subharmonic functions whose Riesz measures p, are the empirical measures
of f,. As the u, are probability measures, every sequence contains a subse-
quence for which the weak limit u exists. This p evidently satisfies u(C) < 1,
and p is symmetric with respect to complex conjugation. Consider the po-
tential u defined by (1.5). This is a subharmonic function, u # —oo, and we
have u,, + ¢, — u for suitable constants c,.

For a complete discussion of the mode of convergence here we refer to the
Appendix; what we need is that u,(r) + ¢, — u(r) at every point r > 0 and
for all other points

lim sup u,(2) + ¢, < u(|z]).
As the polynomials f,, have non-negative coefficients, they satisfy (1.1), and
the u,, satisfy (1.6). Thus u satisfies (1.6).

In the rest of this section we prove sufficiency. We start with a measure

w such that the associated potential w in (1.5) satisfies (1.6) and

u(z) = u(z). (4.2)

The idea is to approximate u by potentials of the form (log|f,|)/deg fu,
where the f,, are polynomials with real coefficients that satisfy the assump-
tions of Theorem 1. Applying Theorem 1 we find that f* has positive coef-
ficients for some m. But f" has the same empirical measure as f,, which is
close to p.

If u(z) = klog|z|, then we approximate u with

Uy (2) = kylog |z| + (1 — ky) log |2 + 1,

where k,, is a sequence of rational numbers such that k, — k, 0 < &k, < 1.
For the rest of the proof we assume that u(z) is not of the form klog|z|.
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The approximation of u will be performed in several steps. In each step
we modify the function obtained on the previous step, and starting with u
obtain subharmonic functions uy, ..., us. Each modification will preserve the
asymptotic inequality

u(z) < O(log|z]), 2z — oo.

It is well known that every subharmonic function in the plane which satisfies
this inequality can be represented in the form (1.5) plus a constant, and we
will call functions of this form simply “potentials”, see, for example [6, Thm.
4.2] (case ¢ = 0).

1. Fix ¢ > 0 and define
u1(2) = max{u(ze"): |a| < e}

It is easy to see that u is the potential of some finite measure, and that
u; — w when ¢ — 0. This implies that the Riesz measure of u; is close (in
the weak topology) to that of w.

Evidently, u; satisfies (1.6) and (4.2), and u;(re?) = u(r) for || < e.
Thus u;(re®) = u(r) does not depend on 6 for |0| < e.

2. Choose § € (0,¢) and consider the solution v of the Dirichlet problem in
the sector
D ={z:]argz| <0}

with boundary conditions u;(z) and satisfying v(z) = O(log|z|) as z — .
To prove the existence and uniqueness of v, we map D conformally onto the
upper half-plane, and apply Poisson’s formula to solve the Dirichlet problem.
The growth restriction near oo ensures that the solution of the Dirichlet
problem is unique.

Let us be the result of “sweeping out the Riesz measure” of u; out of the
sector D. This means that

us(2) = v(z) forze D,
277 ui(z)  otherwise.

Evidently, uy is subharmonic in the plane and satisfies (4.2). We shall prove
that uy also satisfies the strict version of (1.6), namely

ug(z) < ug(|z]) for z ¢ [0, 00). (4.3)
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In order to do so, we note first that u; is not harmonic in any neighborhood
of the positive ray. This follows since u;(r) is not of the form u;(r) = clogr
and u; (re) does not depend on @ for |§] < e. Because u; is subharmonic and
v is harmonic this implies that v(r) > u;(r) for r > 0. As u, satisfies (1.6)
we see that us satisfies (4.3) for § < |argz| < w. In order to prove that uy
satisfies (4.3) also for |arg z| < 4§, let G be the plane cut along the negative
ray and define
Vo(z) = 2™ for z € G,

with the branch of the power chosen such that ¢ (z) > 0 for z > 0. We claim
that for a € (d,¢), the function v, = uy o ¢,, extended by continuity to
the negative ray, is subharmonic in the plane. Indeed, near the negative ray
this function does not depend on argz and it is subharmonic at all points
except the negative ray, thus it is also subharmonic in a neighborhood of the
negative ray.

The limit of these subharmonic functions v, as & — d + 0 is the function
vs which is thus subharmonic. But the Riesz measure of this function vy is
supported on the negative ray, thus

1 oo
vs(2) = / log |z + t|dv(t) + / log ‘1 + i‘ dv(t),
0 1+ t

with some non-negative measure v. It is evident from this expression that
for every r > 0 the function ¢ — vs(re') is strictly decreasing on [0, 7].

Thus for every r > 0, our function ¢ — uy(re') is strictly decreasing in the
interval [0, 0]. This, together with the fact that u, satisfies (4.2), completes
the proof that uy satisfies (4.3).

3. Now we approximate our function us by a function uz which is harmonic
near 0. We set
ug(z) = uz(z +¢).

Then ugz is harmonic near the origin, and using (4.3) and monotonicity of us
on the positive ray, we obtain

ug(z) = ug(z+¢) < ug(lz +¢|) <us(|z| +¢) = us(|z])
for z # [0, 00), so (4.3) is satisfied by us.
4. The subharmonic function us we constructed has the following properties:

a) it satisfies (4.3),
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b) it is harmonic near the origin,
¢) it is harmonic in a neighborhood of the positive ray.

To construct a function which, in addition, is also harmonic near oo we
consider the function

v(2) = us(1/2) + klog|z],

where k = u3(C), and pus is the Riesz measure of uz. It is easy to see that
this function is subharmonic, if we extend it to 0 appropriately. Notice that v
satisfies (4.3), and it is harmonic in an angular sector containing the positive
ray (in fact in the sector |argz| < §). The function w(z) = v(z + ¢) also
satisfies (4.3) by the same argument that we used in Step 3 to show that
ug satisfies (4.3). Moreover, it is harmonic near the origin and near infinity.
Thus the function
ug(z) = w(l/z) + klog|z|

has all properties a), b), ¢) and in addition
d) it is harmonic in a punctured neighborhood of infinity.

5. As uy is harmonic in a neighborhood of the origin, it has a representation

z

¢

Here v4 denotes the Riesz measure of uy. As uy satisfies (4.2), we can write

1 — =] dy(Q).

ug(2) = uqg(0) + /log

where

ug(z +iy) = ug(0) + cx + O(2%), z=1x+iy— 0,
R
= eCdV4(C)'

d €T
cz&(/bg\l‘zd”m)“ WAE

Property (4.3) of uy implies that ¢ > 0. We may achieve ¢ > 0 by adding
to uy the potential elog|l + z|. This procedure changes ¢ to ¢ + e. This
also makes positive the linear term in the expansion at co. Thus we obtain
a function us, close to our original potential u in the weak topology, which
besides (4.2) and (4.3) also satisfies

us(x +iy) = v5(C)log|z| + b/x + O(27?), 2z — o0, (4.4)
us(z + iy) = us(0) + ax + O(2%), z=x+iy — 0, (4.5)
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with positive constants a and b.

6. In our final step we replace the Riesz measure of us by a nearby discrete
probability measure with finitely many atoms, each having rational mass.
Let p be the Riesz measure of us. If (C) < 1 we change u to a probability
measure by adding an atom sufficiently far at the negative ray. Evidently,
this procedure does not destroy our conditions (4.2) and (4.3), and we also
still have (4.4) and (4.5) for certain positive constants a and b.
By our construction, the support of u is disjoint from the open set

H=A{z:|argz| <0} U{z: |z| <d}tU{z: |z| > 1/},

and replacing ¢ by a smaller number if necessary we may assume that this
also holds after the atom on the negative ray was added.

Let pp be any sequence of symmetric discrete measures each having
finitely many atoms of rational mass, supported outside H, and pup — u
weakly. Let wy, be the potential of py. Clearly the wy, satisfy (4.2). We show
that they also satisfy (4.3), provided k is large.

First we consider small |z|, noting that the wy are harmonic for |z| < 4.
For z = re with 0 < r < § we thus have the expansion

o0

wi(z) = Z A 7" COSNE. (4.6)
n=0
Hence
82
wwk(z) = —ay 7 cosf + Py (2) (4.7)
with

Op(z) = — Z an,kr”nz cosnf.
n=2
As the wy, are harmonic for |z| < d, the convergence to us is locally uniformly
there, and 9%*wy,/960? also converges there locally uniformly to 9?us;/06?. For
0 < n < band large k we thus have a; ;, > n by (4.5). Moreover, for 0 < ry < 0
there exists C' > 0 such that |wy(z)| < C for |z| = r¢ and all k. By Cauchy’s
inequalities we obtain |a, ,ry| < C7 and hence

|Pr(2)] < Cor?  for r < 1o/2.

This inequality, together with (4.7) shows that wy satisfies (4.3) for |z| < ry
with some r; independent of k.
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The case of large |z| is treated similarly, using (4.4) and the transforma-
tion
u(z) — log|z| + u(1l/z2), (4.8)

as we did before. Thus there exists ro > 0 such that wy, satisfies (4.3) for
|z] > 7o.

We finally consider the case that r; < |z| < ry. Recall that by the first
statement of Lemma 1, 8%u/06? is negative on the positive ray, so we have a
positive constant ¢ such that (9%/9602)u(re®) < —c in some angular sector

S={z:]argz| < B, 11 <|z] <}
We conclude that
L(r) :=u(r) —u(re®) > ¢, >0 forry <r <ry.

On the interval [ry, ro] the convergence wy — w is uniform, because v and wy,
are harmonic in S. On the other hand, on the compact set

K:={z:r <[z <y, |argz| = f}

we have wy(z) < u(z)+ ¢ /2 for all sufficiently large k. This follows from the
general convergence properties of potentials of weakly convergent measures
summarized in the Appendix. We conclude that wy, satisfies (4.3) also for
r1 < |z| < 79, and hence for all z € C.

Now wy, is the empirical measure of some polynomial

f(2) =ao+aiz+...+aq +aqz?

and (4.3) implies that f satisfies (1.3). Clearly, ag > 0 and a4 > 0. Moreover,
since a; ; > 01in (4.6), we see that a; > 0. The analogous expansion after the
transformation (4.8) yields that aq_; > 0. Thus the hypotheses of Theorem 1
are satisfied. Hence f™ has positive coefficients for some m. As the empirical
measure of f and f™ coincide, we see that us is a limit of empirical measures
of polynomials with positive coefficients. As we may choose us arbitrarily
close to our original potential u by choosing ¢ sufficiently small, we see that u
is also a limit of empirical measures of polynomials with positive coefficients.
This completes the proof.
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Appendix: Convergence of potentials

We frequently used various convergence properties of potentials of weakly
convergent measures which we state here for the reader’s convenience. An
excellent references for all this material is [7].

Let @, — p be a sequence of weakly convergent positive measures. This
means that for every continuous function ¢ with bounded support

/gbd,un—>/gbdu, n — oo.

If we restrict here to C*°-functions ¢ with bounded support, we obtain con-
vergence in the space D’ of Schwartz distributions. Actually, for positive
measures weak convergence is equivalent to D’-convergence.

Now the sequence of subharmonic functions

n(2) = /< ol () + /

log ‘1 - 5‘ dpin(C)
¢[>1 ¢

converges in D’ to the potential of the limit measure p.
We cite Theorem 3.2.13 from [7] which says that this convergence of
potentials also holds in several other senses.

Theorem A. Let u; # —oo be a sequence of subharmonic functions con-
verging in D' to the subharmonic function u. Then the sequence is uniformly
bounded from above on any compact set. For every z we have

lim sup u,(z) < u(z). (4.9)

n—oo

More generally, if K is a compact set, and f € C(K), then

lim sup sup(u, — f) < sup(u — f).
n—00 K K

If do is a positive measure with compact support such that the potential of

do is continuous, then there is equality in (4.9) and u(z) > —oo for almost

every z with respect to do. Moreover, ujdo — udo weakly.

In this paper we deal with subharmonic functions satisfying (4.1), so u(r)
is increasing and convex with respect to logr on (0, 00). Choosing the length
element on [0, R] as do in Theorem A, we conclude that w, — wu almost
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everywhere on the positive ray. For convex functions with respect to the
logarithm this is equivalent to the uniform convergence on compact subsets
of (0,00). In particular, u,(r) — u(r) at every point r > 0. As the w,
satisfy (1.6), we conclude that

lim sup uy, (re) < u(r).
n—oo
Choosing the uniform measure on the circle |z| = r as do in Theorem A,
we conclude that u(re) < u(r) almost everywhere with respect to do. As
u is upper semi-continuous, we conclude that u(re®) < u(r). Thus (1.6) is
preserved in the limit.
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