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(1905-1910),  who  has  traced  the  Celtiberian  town,  the  lines 
of  Scipio  and  several  other  Roman  camps  dating  from  the 
Numantine  Wars.  (F.  J.  H.) 

NUMA  POMPILIUS,  second  legendary  king  of  Rome  (715- 
672  B.C.),  was  a  Sabine,  a  native  of  Cures,  and  his  wife  was 
the  daughter  of  Titus  Tatius,  the  Sabine  colleague  of  Romulus. 

He  was  elected  by  the  Roman  people  at  the  close  of  a  year's 
interregnum,  during  which  the  sovereignty  had  been  exercised 
by  the  members  of  the  senate  in  rotation.  Nearly  all  the  early 
religious  institutions  of  Rome  were  attributed  to  him.  He  set 
up  the  worhip  of  Terminus  (the  god  of  landmarks),  appointed 
the  festival  of  Fides  (Faith),  built  the  temple  of  Janus,  reorgan- 

ized the  calendar  and  fixed  days  of  business  and  holiday.  He 
instituted  the  flamens  (sacred  priests)  of  Jupiter,  Mars  and 
Quirinus;  the  virgins  of  Vesta,  to  keep  the  sacred  fire  burning 
on  the  hearth  of  the  city;  the  Salii,  to  guard  the  shield  that 
fell  from  heaven;  the  pontifices  and  augurs,  to  arrange  the 
rites  and  interpret  the  will  of  the  gods;  he  also  divided  the 
handicraftsmen  into  nine  gilds.  He  derived  his  inspiration  from 
his  wife,  the  nymph  Egeria,  whom  he  used  to  meet  by  night  in 
her  sacred  grove.  After  a  long  and  peaceful  reign,  during  which 
the  gates  of  Janus  were  closed,  Numa  died  and  was  succeeded 
by  the  warlike  Tullus  Hostilius.  Livy  (xl.  29)  tells  a  curious 
story  of  two  stone  chests,  bearing  inscriptions  in  Greek  and 
Latin,  which  were  found  at  the  foot  of  the  Janiculum  (181  B.C.), 
one  purporting  to  contain  the  body  of  Numa  and  the  other  his 
books.  The  first  when  opened  was  found  to  be  empty,  but  the 
second  contained  fourteen  books  relating  to  philosophy  and 

pontifical  law,  which  were  publicly  burned  as  tending  to  under- 
mine the  established  religion. 

No  single  legislator  can  really  be  considered  responsible  for 
all  the  institutions  ascribed  to  Numa;  they  are  essentially 
Italian,  and  older  than  Rome  itself.  Even  Roman  tradition 
itself  wavers;  e.g.  the  fetiales  are  variously  attributed  to  Tullus 
Hostilius  and  Ancus  Marcius.  The  supposed  law-books,  which 

were  to  all  'appearance  new  when  discovered,  were  clearly 
forgeries. 

See  Livy  i.  18-21;  Plutarch,  Numa;  Dion.  Halic.  ii.  58-76; 
Cicero,  De  republica,  ii.  13-15.  For  criticism:  Schwegler,  Romische 
Geschichte,  bk.  xi. ;  Sir  G.  Cornewall  Lewis,  Credibility  of  early 
Roman  History,  ch.  xi. ;  W.  Ihne,  Hist,  of  Rome,  i. ;  E.  Pais,  Storia  di 
Roma,  i.  (1898),  where  Numa  is  identified  with  Titus  Tatius  and  made 
out  to  be  a  river  god,  Numicius,  closely  connected  with  Aeneas; 
J.  B.  Carter,  The  Religion  of  Numa  (1906);  O.  Gilbert,  Geschichte 
und  Topographic  der  Stadt  Rom  im  Altertum  (1883-1885) ;  and  ROME  : 
Ancient  History. 

NUMBER1  (through  Fr.  nombre,  from  Lat.  numerus;  from 
a  root  seen  in  Gr.  vkiifiv  to  distribute),  a  word  generally  ex- 

pressive of  quantity,  the  fundamental  meaning  of  which  leads 
on  analysis  to  some  of  the  most  difficult  problems  of  higher 
mathematics. 

i.  The  most  elementary  process  of  thought  involves  a  distinc- 
tion within  an  identity — the  A  and  the  not-A  within  the  sphere 

throughout  which  these  terms  are  intelligible.  Again  A  may  be 
a  generic  quality  found  in  different  modes  Aa,  Ab,  Ac,  &c.;  for 
instance,  colour  in  the  modes,  red,  green,  blue  and  so  on.  Thus 

the  notions  of  "  one,"  "  two,"  and  the  vague  "  many  "  are 
fundamental,  and  must  have  impressed  themselves  on  the  human 
mind  at  a  very  early  period:  evidence  of  this  is  found  in  the 
grammatical  distinction  of  singular,  dual  and  plural  which 
occurs  in  ancient  languages  of  widely  different  races.  A  more 
definite  idea  of  number  seems  to  have  been  gradually  acquired 
by  realizing  the  equivalence,  as  regards  plurality,  of  different 
concrete  groups,  such  as  the  fingers  of  the  right  hand  and  those 
of  the  left.  This  led  to  the  invention  of  a  set  of  names  which  in 

the  first  instance  did  not  suggest  a  numerical  system,  but  denoted 
certain  recognized  forms  of  plurality,  just  as  blue,  red,  green,  &c., 
denote  recognized  forms  of  colour.  Eventually  the  conception  of 
the  series  of  natural  numbers  became  sufficiently  clear  to  lead 
to  a  systematic  terminology,  and  the  science  of  arithmetic  was 
thus  rendered  possible.  But  it  is  only  in  quite  recent  times  that 
the  notion  of  number  has  been  submitted  to  a  searching  critical 

1  See  also  NUMERAL. 

analysis:  it  is,  in  fact,  one  of  the  most  characteristic  results  of 
modern  mathematical  research  that  the  term  number  has  been 
made  at  once  more  precise  and  more  extensive. 

2.  Aggregates  (also  called  manifolds  or  sets). — Let  us  assume  the 
possibility  of  constructing  or  contemplating  a  permanent  system 
of  things  such  that  (i)  the  system  includes  all  objects  to  which 
a  certain  definite  quality  belongs;  (2)  no  object  without   this 
quality  belongs  to  the  system;  (3)  each  object  of  the  system  is 
permanently  recognizable  as  the  same  thing,  and  as  distinct 
from  all  other  objects  of  the  system.    Such  a  collection  is  called 
an  aggregate:  the  separate  objects  belonging  to  it  aie  called  its 
elements.    An  aggregate  may  consist  of  a  single  element. 

It  is  further  assumed  that  we  can  select,  by  a  definite  process, 
one  or  more  elements  of  any  aggregate  A  at  pleasure:  these 
form  another  aggregate  B.  If  any  element  of  A  remains  un- 
selected,  B  is  said  to  be  a  part  of  A  (hi  symbols,  B<A):  if  not, 
B  is  identical  with  A.  Every  element  of  A  is  a  part  of  A.  If 
B<A  and  C<B,  then  C<A. 
When  a  correspondence  can  be  established  between  two 

aggregates  A  and  B  in  such  a  way  that  to  every  element  of  A 
corresponds  one  and  only  one  element  of  B,  and  conversely,  A 
and  B  are  said  to  be  equivalent,  or  to  have  the  same  power  (or 

potency);  in  symbols,  A</>B.  If  A^B  and  B<*>C,  then  AooC. 
It  is  possible  for  an  aggregate  to  be  equivalent  to  a  part  of 
itself:  the  aggregate  is  then  said  to  be  infinite.  As  an  example, 
the  aggregates  2,  4,  6,  ...  2n,  &c.,  and  i,  2,  3,  ...  n,  &c.,  are 
equivalent,  but  the  first  is  only  a  part  of  the  second. 

3.  Order. — Suppose  that  when  any  two  elements  a,  b  of  an 
aggregate  A  are  taken  there  can  be  established,  by  a  definite 
criterion,  one  or  other  of  two  alternative  relations,  symbolized 

by  a<b  and  a>b,  subject  to  the  following  conditions: — (i)    If 
a>b,  then  b<a,  and  if  a<b,  then  b>a;  (2)  If  o>6and  b>c, 
then  a>c.     In  this  case  the  criterion  is  said  to  arrange  the 
aggregate  in  order.    An  aggregate  which  can  be  arranged  in  order 
may  be  called  ordinable.    An  ordinable  aggregate  may,  hi  general, 
by  the  application  of  different  criteria,  be  arranged  in  order  in  a 
variety  of  ways.    According  asa<6ora>6  we  shall  speak  of  a 
as  anterior  or  posterior  to  b.    These  terms  are  chosen  merely  for 
convenience,  and  must  not  be  taken  to  imply  any  meaning 
except  what  is  involved  in  the  definitions  of  the  signs  >  and  <  for 
the  particular  criterion  in  question.    The  consideration  of  a 
successior  of  events  in  time  will  help  to  show  that  the  assumptions 
made  are  not  self-contradictory.     An  aggregate  arranged  in 
order  by  a  definite  criterion  will  be  called  an  ordered  aggregate. 
Let  a,  b  be  any  two  elements  of  an   ordered   aggregate,  and 
suppose  a<b.    All  the  elements  c  (if  any)  such  that  a<c<b  are 
said  to  fall  within  the  interval  (a,  b).    If  an  element  b,  posterior 
to  a,  can  be  found  so  that  no  element  falls  within  the  interval 
(a,  b),  then  a  is  said  to  be  isolated  from  all  subsequent  elements, 

and  b  is  said  to  be  the  element  next  after  a.    So  if  b'<a,  and  no 
element  falls  within  the  interval  (b',  a) ,  then  a  is  isolated  from  all 
preceding  elements,  and  b'  is  the  element  next  before  a.     As 
will  be  seen  presently,  for  any  assigned  element  a,  either,  neither, 
or  both  of  these  cases  may  occur. 

An  aggregate  A  is  said  to  be  •well-ordered  (or  normally  ordered) 
when,  in  addition  to  being  ordered,  it  has  the  following  pro- 

perties: (i)  A  has  a  first  or  lowest  element  a  which  is  anterior 
to  all  the  rest;  (2)  if  B  is  any  part  of  A,  then  B  has  a  first 
element.  It  follows  from  this  that  every  part  of  a  well-ordered 
aggregate  is  itself  well-ordered.  A  well-ordered  aggregate  may 
or  may  not  have  a  last  element. 

Two  ordered  aggregates  A,  B  are  said  to  \K  similar  (A.SE.B)  when 
a  one-one  correspondence  can  be  set  up  between  their  elements 

in  such  a  way  that  if  b,  b'  are  the  elements  of  B  which  correspond 

to  any  two  elements  a,  a'  of  A,  then  b>b'  or  b<b'  according  as 
a>a'ora<a'.  For  example,  (1,3,5, ..  •  )-^(2,4'6, . . .), because 
we  can  make  the  even  number  in  correspond  to  the  odd 

number  (in— i)  and  conversely. 
Similar  ordered  aggregates  are  said  to  have  the  same  order-type. 

Any  definite  order-type  is  said  to  be  the  ordinal  number  of  every 

aggregate  arranged  according  to  that  type.  This  somewhat 
vague  definition  will  become  clearer  as  we  proceed. 
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4.  The  Natural  Scale. — Let  a  be  any  element  of  a  well-ordered 
aggregate  A.     Then  all  the  elements  posterior  to  a  form  an 

aggregate  A',  which  is  a  part  of  A  and,  by  definition,  has  a  first 
element  a'.    This  element  a'  is  different  from  a,  and  immediately 
succeeds  it  in  the  order  of  A.    (It  may  happen,  of  course,  that 

a'  does  not  exist;  in  this  case  a  is  the  last  element  of  A.)    Thus 
in  a  well-ordered  aggregate  every  element  except  the  last  (if 
there  be  a  last  element)  is  succeeded  by  a  definite  next  element. 
The  ingenuity  of  man  has  developed  a  symbolism  by  means  of 
which  every  symbol  is  associated  with  a  definite  next  succeeding 
symbol,  and  in  this  way  we  have  a  set  of  visible  or  audible  signs 
i,  2,  3,  &c.  (or  their  verbal  equivalents),  representing  an  aggregate 
in  which  (i)  there  is  a  definite  order,  (2)  there  is  a  first  term, 
(3)  each  term  has  one  next  following,  and  consequently  there  is 
no  last  term.    Counting  a  set  of  objects  means  associating  them 
in  order  with  the  first  and  subsequent  members  of  this  con- 

ventional aggregate.    The  process  of  counting  may  lead  to  three 
diffeient  results:  (i)  the  set  of  objects  may  be  finite  in  number, 
so  that  they  are  associated  with  a  part  of  the  conventional  aggre- 

gate which  has  a  last  term;  (2)  the  set  of  objects  may  have  the 
same  power  as  the  conventional  aggregate;  (3)  the  set  of  objects 
may  have  a  higher  power  than  the  conventional  aggregate. 
Examples  of  (2)  and  (3)  will  be  found  further  on.    The  order-type 
of  i,  2,  3,  &c.,  and  of  similar  aggregates  will  be  denoted  by  w; 
this  is  the  first  and  simplest  member  of  a  set  of  transfinite  ordinal 
numbers  to  be  considered  later  on.    Any  finite  number  such  as 
3  is  used  ordinally  as  representing  the  order-type  of  i,  2,  3  or 
any  similar  aggregate,  and  cardinally  as  representing  the  power 
of  i,  2,  3  or  any  equivalent  aggregate.     For  reasons  that  will 
appear,  w  is  only  used  in  an  ordinal  sense.     The  aggregate 
i,  2,  3,  &c.,  in  any  of  its  written  or  spoken  forms,  may  be  called 
the  natural  scale,  and  denoted  by  N.    It  has  already  been  shown 
that  N  is  infinite:  this  appears  in  a  more  elementary  way  from 

the  fact  that  (i.  2,  3,  4,.  .  .)<£(2,  3,  4,  5, .  .  . ),  where  each 
element  of  N  is  made  to  correspond  with  the  next  following. 
Any  aggregate  which  is  equivalent  to  the  natural  scale  or  a  part 
thereof  is  said  to  be  countable. 

5.  Arithmetical  Operations. — When  the  natural  scale  N  has 
once  been  obtained  it  is  comparatively  easy,  although  it  requires 
a  long  process  of  induction,  to  define  the  arithmetical  operations 
of  addition,  multiplication  and  involution,  as  applied  to  natural 
numbers.     It  can  be  proved  that  these  operations  are  free 
from  ambiguity  and  obey  certain  formal  laws  of  commutation, 
&c.,  which  will  not  be  discussed  here.    Each  of  the  three  direct 
operations  leads  to  an  inverse  problem  which  cannot  be  solved 
except  under  certain  implied  conditions.    Let  a,  b  denote  any 

two  assigned    natural    numbers:   then   it  is   required   to  fi*nd 
natural  numbers,  *,  y,  z  such  that 

a  =  6+x,    a  =  by,    0=2* 
respectively.  The  solutions,  when  they  exist,  are  perfectly 
definite,  and  may  be  denoted  by  a— b,  a/6  and  V  a;  but  they 
are  only  possible  in  the  first  case  when  a>b,  in  the  second  when 
a  is  a  multiple  of  b,  and  in  the  third  when  a  is  a  perfect  6th 
power.  It  is  found  to  be  possible,  by  the  construction  of  certain 
elements,  called  respectively  negative,  fractional  and  irrational 
numbers,  and  zero,  to  remove  all  these  restrictions. 

6.  There  are  certain  properties,  common  to  the  aggregates 
with  which  we  have  next  to  deal,  analogous  to  those  possessed 
by  the  natural  scale,  and  consequently  justifying  us  in  applying 
the  term  number  to  any  one  of  their  elements.    They  are  stated 
here,  once  for  all,  to  avoid  repetition;  the  verification,  in  each 
case,  will  be,  for  the  most  part,  left  to  the  reader.    Each  of  the 
aggregates  in  question  (A,  suppose)  is  an  ordered  aggregate. 
If  a,  j3  are  any  two  elements  of  A,  they  may  be  combined  by  two 
definite  operations,  represented  by  +  and  X,  so  as  to  produce 
two  definite  elements  of  A  represented  by  a+/3  and  aX/3  (or 
a/3) ;  these  operations  obey  the  formal  laws  satisfied  by  those  of 
addition  and  multiplication.     The  aggregate  A  contains  one 
(and  only  one)  element  t,  such  that  if  a  is  any  element  of  A 
(i  included),  then  a+i>a,  and  <u=a.     Thus  A  contains  the 
elements  i,  t+t,  t+t+t,  &c.,  or,  as  we  may  write  them,  t,  21, 
31, .  .  .nu.  .  .such  that  mt+«t=(m+«)i  and  tmXm=mm; 

also  t<2t<3i  .  .  .  We  may  express  this  by  saying  that  A 
contains  an  image  of  the  natural  scale.  The  element  denoted 
by  i  may  be  called  the  ground  element  of  A. 

7.  Negative  Numbers.  —  Let  any  two  natural  numbers  a,  b  be 
selected  in  a  definite  order  a,  b  (to  be  distinguished  from  b,  a,  in 
which  the  order  is  reversed).    In  this  way  we  obtain  from  N  an 
aggregate  of  symbols  (a,  b)  which  we  shall  call  couples,  or  more 
precisely,  if  necessary,  polar  couples.    This  new  aggregate  may 

be  arranged  in  order  by  means  of  the  following  rules:  — 

Two  couples  (a,  b),  (a',  b')  are  said  to  be  equal  if  a  +6'  =  a'  +6. 
In  other  words  (a,  b),  (a1,  b')  are  then  taken  to  be  equivalent 
symbols  for  the  same  thing. 

If  a+b'>a'+b,  we  write  (a,  b)>(af,  b');  and  if  a+b'<a'+b, 
we  write  (a,  b)<(a',  b'). 

The  rules  for  the  addition  and  multiplication  of  couples  are: 

(a,  6)+(a',  6')  =  (o+a',  6+6') 
(a,  6)X(a',  6')  =  (aa'+66',  ab'+a'b). 

The  aggregate  thus  defined  will  be  denoted  by  N;  it  may  be 
called  the  scale  of  relative  integers. 

If  i  denotes  (2,  i)  or  any  equivalent  couple,  (a,  b)+i= 
(a+2,  b+i)  >  (a,  6)  and  (a,  6)  Xi  =  (2a+b,  0+26)  =  (a,  6).  Hence 
i  is  the  ground  element  of  N.  By  definition,  24=1+1=  (4,  2)  = 
(3,  i):  and  hence  by  induction  mt=(»t+i,  i),  where  m  is  any 
natural  integer.  Conversely  every  couple  (a,  b)  in  which  a>b 

can  be  expressed  by  the  symbol  (a—  b)i.  In  the  same  way,  every 

couple  (a,  b)  in  which  6>o  can  be  expressed  in  the  form  (b—  a)i', where  t'  =  (i,  2). 
8.  It  follows  as  a  formal  consequence  of  the  definitions  that 

t+t'=(2,  i)+(i,  2)  =  (3,  3)  =  (i,  i).    It  is  convenient  to  denote 
(i,  i)  and  its  equivalent  symbols  by  o,  because 

(a, 

(a,  6)X(i,  i)=(o+6,o+6)=(l,  i); 

hence  t+t'  =  o,  and  we  can  represent  N  by  the  scheme  — 
.  .  .  31',  21',  i',  o,  i,  21,  3.  ... 

in  which  each  element  is  obtained  from  the  next  before  it  by  the 
addition  of  i.    With  this  notation  the  rules  of  operation  may  be 

written  (m,  n,  denoting  natural  numbers)  — mi+m 

mm', 

'  =  (m  —  n)iif  m>n 
m)i'  m<n t'Xni'  =  mni, 

with  the  special  rules  for  zero,  that  if  a  is  any  element  of  N, 

a+o  =  o,    0X0=0. 

To  each  element,  a,  of  N  corresponds  a  definite  element  a'  such 
that  o+a'  =  o;  if  a  =  o,  then  a'  =  o,  but  in  every  other  case  a,  a' 
are  different  and  may  be  denoted  by  mi,  nu'.  The  natural 
number  m  is  called  the  absolute  value  of  nu  and  mi'. 

9.  If  o,  |3  are  any  two  elements  of  N,  the  equation  £+/3  =  a 

is  satisfied  by  putting  £  =a+/3'.    Thus  the  symbol  a—  /3  is  always 
interpretable  as  a+/3',  and  we  may  say  that  within  N  subtraction 
is  always  possible;  it   is  easily  proved   to   be  also  free  from 
ambiguity.     On  the  other  hand,  a//3  is  intelligible  only  if  the 

absolute  value  of  ojs  a  multiple  of  the  absolute  value  of  ft. 
The  aggregate  N  has  no  first  element  and  no  last  element. 

At  the  same  time  it  is  countable,  as  we  see,  for  instance,  by 

associating  the  elements  o,  at,  61'  with  the  natural  numbers 
i,  20,  26+1  respectively,  thus  — 

(N)  i,  2,  3,  4-5-6.  ... 

(N)  O,  I,  t',  21,  2t',  31.  .  . 

It  is  usual  to  write  +o  (or  simply  a)  for  at  and  —a  for  at'; 
that  this  should  be  possible  without  leading  to  confusion  or 
ambiguity  is  certainly  remarkable. 

10.  Fractional  Numbers.  —  We   will   now   derive   from   N   a 
different  aggregate  of  couples  [a,  b]  subject  to  the  following  rules: 

The  symbols  [a,  6],  la',  b'],  are  equivalent  if  ab'  =  a'b.  Accord- 
ing as  a6'  is  greater  or  less  than  a'b  we  regard  [a,  b]  as  being  greater 

or  less  than  [a',  6'].  The  formulae  for  addition  and  multiplication 
are 

a,6 
a,b 

=[ab'+a'b,  661 

X[a',  6']=[oa',  66']. 
All  the  couples  [a,  a\  are  equivalent  to  [i,  i],  and  if  we  denote 
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this  by  v  we  have  [a,  b]+v  =  [a+b,  b]>[a,  b],  [a,  b]Xv  =  [a,  b], 
so  that  v  is  the  ground  element  of  the  new  aggregate. 

Again  2u=t>+u  =  (2,  i),  and  by  induction  mv=[m,  i].  More- 
over, if  a  is  a  multiple  of  b,  say  mb,  we  may  denote  [a,  b]  by  mv. 

11.  The  new  aggregate  of  couples  will  be  denoted  by  R.    It 
differs  from  N  and  N  in  one  very  important  respect,  namely, 
that  when  its  elements  are  arranged  in  order  of  magnitude  (that 
is  to  say,  by  the  rule  above  given)  they  are  not  isolated  from 

each  other.     In  fact  if  [a,  b]  =  a,  and  [a',  b']  =  a',  the  element 
[a+a',  b+b']  lies  between  a  and  a';  hence  it  follows  that  between 
any  two  different  elements  of  R  we  can  find  as  many  other 
elements  as  we  please.     This  property  is  expressed  by  saying 
that  R  is  in  close  order  when  its  elements  are  arranged  in  order 

of  magnitude.     Strange  as  it  appears  at  first  sight,  R  is  a  count- 
able aggregate;  a  theorem  first  proved  by  G.  Cantor.    To  see 

this,  observe  that  every  element  of  R  may  be  represented  by  a 

"  reduced  "  couple  [a,  6],  in  which  a,  b  are  prime  to  each  other. 
If  [a,  b],  [c,  d]  are  any  two  reduced  couples,  we  will  agree  that 

[a,  b]  is  anterior  to  [c,  d]  if  either  (i)  o+6<  c-\-d,  or  (2)  a+6  = 
c-\-d,  but   a<c.     This  gives  a  new  criterion  by  which  all  the 
elements  of  R  can  be  arranged  in  the  succession 

[i.  i],  [i,  2],  [2,  i],  [i,  3],  [3.  Li,  [i.  4].  [2,  31-  [3.  2],  [4,  I]-   -    - 
which  is  similar  to  the  natural  scale. 

The  aggregate  R,  arranged  in  order  of  magnitude,  agrees  with 
N  in  having  no  least  and  no  greatest  element;  for  if  a  denotes 

any  element  [a,  6],  then  [20-1,  26]<a,  while  [20+1,  26]  >o. 
12.  The  division  of  one  element  of  R  by  another  is  always 

possible;  for  by  definition 
[c,  d]  X [ad,  be]  =  [acd,  bed]  =  [a,  b], 

and  consequently  [a,  6]-r-[c,  d]  is  always  interpretable  as  [ad,  be]. 
As  a  particular  case  [m,  i]-s-[n,  i]  =  [m,  n],  so  that  every  element 
of  R  is  expressible  in  one  of  the  forms  mv,  mv/nv.  It  is  usual  to 
omit  the  symbol  v  altogether,  and  to  represent  the  element 
[m,  n]  by  m/n,  whether  m  is  a  multiple  of  n  or  not.  Moreover, 
m/i  is  written  m,  which  may  be  done  without  confusion,  because 
m/i+n/i  =  (m+n)/i,  and  w/iXn/i  =  mw/i,  by  the  rules  given 
above. 

13.  Within  the  aggregate  R  subtraction  is  not  always  practic- 
able; but_this  limitation  may  be  removed  by  constructing  an 

aggregate  R  related  to  R  in  the  same  way  as  N  to  N.    This  may 
be  done  in  two  ways  which  lead  to  equivalent  results.     We  may 
either  form  symbols  of  the  type  (a,  |3),  where  a, /3  denote  elements 
of  R,  and  apply  the  rules  of  §  7 ;  or  elsejorm  symbols  of  the  type 

[a,  ft],  where  a,  /3  denote  elements  of  N,  and  apply  the  rules  of 

§10.     The  final  result  is  that  R  contains  a  zero  element,  o,  a 

ground  element  v,  an  element  v'  such  that  u+v'  =  o,  and  a  set 
of  elements  representable  by  the  symbols  (m/n)v,  (m/n)v'.    In 
this  notation  the  rules  of  operation  are 

i  — 

\      nn 

,_mn'  —  m'n 

m'  =  mn'  =  m  ,  _jm_  ,     ™u_._™  v>  JOIL -  '~v~n      '  n'    '    n     '  n        m'n mn 

o  — /3  =  o+/3',  where 
0+0  =  0,  0X0  =  0. 

=o; 

Here  a  and  /3  denote  any  two  elements  of  R.  If  P=(m/n)v, 

then  0'  =  (m/»X,  and  if  /3  =  (m/n)vr,  then  ft'  =  (w/«)u.  If  /3  =  o, 
then/3'  =  o.  _ 

14.  When  R  is  constructed  by  means  of  couples  taken  from  N, 

we  must  put  [w«,  n<]  =  [mi',  ni']  =  (m/n)v,  [m^  m']  =  [mi',  m]  = 
(m/n)vr,  and  [o,  a]  =  o,  if  a  is  any  element  of  N  except  o.  The 
symbols  [o,  o]  and  [a,  o]  are  inadmissible;  the  first  because  it 
satisfies  the  definition  of  equality  (§  10)  with  every  symbol 

[a,  0],  and  is  therefore  indeterminate;  the  second  because, 
according  to  the  rule  of  addition, 

[o,o]+M  =  Ko]=[a,o], 
which  is  inconsistent  with  £+i»£. 

In  the  same  way,  if  o  denotes  the  zero  element  of  R,  and  £  any 
other  element,  the  symbol  o/o  is  indeterminate,  and  £/o  in- 

admissible, because,  by  the  formal  rules  of  operation,  £/o+u=£/o, 
which  conflicts  with  the  definition  of  the  ground  element  v. 

It  b  usual  to  write  +—  (or  simply  —  J  for  jj-u,  and  -—  for  —  v'. 
Each  of  these  elements  is  said  to  have  the_absolute  value  m/n. 
The  criterion  for  arranging  the  elements  of  R  in  order  of  magni- 

tude is  that,  if  £,  77  are  any  two  elements  of  it,  £>ij  when  £— TJ 
is  positive;  that  is  to  say,  when  it  can  be  expressed  in  the 
form  (mjn)v. 

15.  The  aggregate  R  is  very  important,  because  it  is  the 
simplest  type  of  a  field  of  rationality,  or  corpus.     An  algebraic 
corpus  is  an  aggregate,  such  that  its  elements  are  representable 
by  symbols  a,  /3,  &c.,  which  can  be  combined  according  to  the 
laws  of  ordinary  algebra;  every  algebraic  expression  obtained 
by  combining  a  finite  number  of  symbols,  by  means  of  a  finite 
chain  of  rational  operations,  being  capable  of  interpretation  as 
representing  a  definite  element  of  the  aggregate,  with  the  single 
exception  that  division  by  zero  is  inadmissible.     Since,  by  the 

laws  of  algebra,  a-a=o,  and  a/a=i,  every  algebraic  field  con- 
tains R,  or,  more  properly,  an  aggregate  which  is  an  image  of  R. 

1 6.  Irrational  Numbers. — Let  a  denote  any  element  of  R; 
then  a  and  all  lesser  elements  form  an  aggregate,  A  say;  the 
remaining  elements  form  another  aggregate  A\  which  we  shall 

call  complementary  to  A,  and  we_may  write  R  =  A+A'.    Now 
the  essence  of  this  separation  of  R  into  the  parts  A  and  A'  may 
be  expressed  without  any  reference  to  a  as  follows: — 

I.  The  aggregates  A,  A'  are  complementary^  that  is,  their 
elements,  taken  together,  make  up  the  whole  of  R. 

II.  Every  element  of  A  is  less  than  every  element  of  A'. 
III.  The  aggregate  A'  has  no  least  element.     (This  condition 

is  artificial,  but  saves  ^distinction  of  cases  in  what  follows.) 

Every  separation  R  =  A-j-A'  which  satisfies  these  conditions 
is  called  a  cut  (or  section),  and  will  be  denoted  by  (A,  A')  We 
have  seen  that  every  rational  number  a  can  be  associated  with 
a  cut.  Conversely,  every  cut  (A,  A)  in  which  A  has  a  last  element 
a  is  perfectly  definite,  and  specifies  a  without  ambiguity.  But 
there  are  other  cuts  in  which  A  has  no  last  element.  For  instance, 
all  the  elements  (a)  of  R  such  that  either  a^  o,  or  else  a>  o  and 

o.2<2,  form  an  aggregate  A,  while  those  for  which  a>o  and 
a2>2,  form  the  complementary  aggregate  A'.  This  separation 
is  a  cut  in  which  A  has  no  last  element;  because  if  p/q  is  any 
positive  element  of  A,  the  element  (3/>+4?)/(2/>+3?)  exceeds 
p/q,  and  also  belongs  to  A.  Every  cut  of  this  kind  is  said  to  define 
an  irrational  number.  The  justification  of  this  is  contained  in 

the  following  propositions: — 
(1)  A  cut  is  a  definite  concept,  and  the  assemblage  of  cuts 

is  an  aggregate  according  to  definition;  the  generic  quality  of 
the  aggregate  being  the  separation  of  R  into  two  complementary 
parts,  without  altering  the  order  of  its  elements. 

(2)  The  aggregate  of  cuts  may  be  arranged  in  order  by  the  rule 

that  (A,  A')  <  (B,  B')  if  A  is  a  part  of  B. 
(3)  This  criterion   of  arrangement   preserves   the  order  of 

magnitude  of  all  rational  numbers. 
(4)  Cuts  may  be  combined  according  to  the  laws  of  algebra, 

and,  when  the  cuts  so  combined  are  all  rational,  the  results  are 
in  agreement  with  those  derived  from  the  rational  theory. 

As  a  partial  illustration  of  proposition  (4)  let  (A,  A'),  (B,  B')  be 
any  two  cuts;  and  let  C'  be  the  aggregate  whose  elements  are  ob- 

tained by  forming  all  the  values  of  »•+&',  where  o'  is  any  element  of 
A'  and  ft'  is  any  element  of  B'.  Then  if  C  is  the  complement  of  C', 
it  can  be  proved  that  (C,  C')  is  a  cut;  this  is  said  to  be  the  sum  of 
(A,  A')  and  (B,  B').  The  difference,  product  and  quotient  of  two  cuts 
may  be  denned  in  a  similar  way.  If  n  denotes  the  irrational  cut 

chosen  above  for  purposes  of  illustration,  we  shall  have  n'  =  (C,  C') 
where  C'  comprises  all  the  numbers  o'/3'  obtained  by  multiplying  any 
two  elements,  a',  &'  which  are  rational  and  positive,  and  such  that 
o's>2,  0'2>2.  Since  o'J/S'2>4  it  follows  that  o'/8'  is  positive  and 
greater  than  2 ;  it  can  be  proved  conversely  that  every  rational 

number  which  is  greater  than  2  can  be  expressed  in  the  form  o'/3'. 
Hence  n*  =  2,  so  that  the  cut  n  actually  gives  a  real  arithmetical 
meaning  to  the  positive  root  of  the  equation  x1  =  2 ;  in  other  words  we 
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may  say  that  n  defines  the  irrational  number  V  2 .  The  theory  of  cuts, 
in  fact,  provides  a  logical  basis  for  the  treatment  of  all  finite 
numerical  irrationalities,  and  enables  us  to  justify  all  arithmetical 
operations  involving  the  use  of  such  quantities. 

17.  Since  the  aggregate  of  cuts  (ZT  say)    has   an  order  of 
magnitude,  we  may  construct  cuts  in  this  aggregate.     Thus 
if  a  is  any  element  of  Zt,  and  3  is  the  aggregate  which  consists 

of  a  and  all  anterior  elements  of  Zt,  we  may  write  Zl=a+a', 
and  (3,  8')  is  a  cut  in  which  a  has  a  last  element  a.     It  is  a 
remarkable  fact  that  no  other  kind  of  cut  in  Zt  is  possible;  in 
other  words,  every  conceivable  cut  in  Zl  is  defined  by  one  of  its  own 
elements.     This  is  expressed  by  saying  that  Zt  is  a  continuous 

aggregate,  and  Zl  itself  is  referred  to  as  the  numerical  continuum 
of  real  numbers.     The  property  of  continuity  must  be  carefully 
distinguished  from  that  of  close  order  (§   u);  a  continuous 
aggregate  is  necessarily  in  close  order,  but  the  converse  is  not 
always  true.    The  aggregate  Zt  is  not  countable. 

18.  Another  way  of    treating  irrationals    is    by  means  of 
sequences.     A  sequence  is  an  unlimited  succession  of  rational 
numbers  ttli  „,,  <,,...  om,  •»*.». 
(in  order-type  w)  the  elements  of  which  can  be  assigned  by  a 
definite  rule,  such  that  when  any  rational  number  e,  however 
small,  has  been  fixed,  it  is  possible  to  find  an  integer  m,  so  that 
for  all  positive  integral  values  of  n  the  absolute  value  of 

(am+n— am)  is  less  than  e.  Under  these  conditions  the  sequence 
may  be  taken  to  represent  a  definite  number,  which  is,  in  fact, 
the  limit  of  am  when  m  increases  without  limit.  Every  rational 
number  a  can  be  expressed  as  a  sequence  in  the  form  (a,  a,a,.. .), 
but  this  is  only  one  of  an  infinite!  variety  of  such  representations, 
for  instance — 

i  =(.9,  -99,  -999,  .  .  .)=  (I   2  |,  .  .  .  ̂~-  .  .  .  ) 

and  so  on.  The  essential  thing  is  that  we  have  a  mode  of  re- 
presentation which  can  be  applied  to  rational  and  irrational 

numbers  alike,  and  provides  a  very  convenient  symbolism  to 
express  the  results  of  arithmetical  operations.  Thus  the  rules 
for  the  sum  and  product  of  two  sequences  are  given  by  the 
formulae 

(0i,  flz,  flj,  -  .  -}~\~(bi,  bz,  by,  .  .  .}  ~(a\-}~bit  a-t-^-bz,  Gi-}-bi  .  .  .) 
(fll,  fl2»  03,    *     -     -  )  X  (bi,   b-2,   63,    .     .     .  )=(01&1,  fl2&2,  flj&S    .     •     .) 

from  which  the  rules  for  subtraction  and  division  may  be  at  once 
inferred.  It  has  been  proved  that  the  method  of  sequences  is 
ultimately  equivalent  to  that  of  cuts.  The  advantage  of  the 
former  lies  in  its  convenient  notation,  that  of  the  latter  in  giving 
a  clear  definition  of  an  irrational  number  without  having  recourse 
to  the  notion  of  a  limit. 

19.  Complex  Numbers. — If  a  is  an  assigned  number,  rational 
or  irrational,  and  n  a  natural  number,  it  can  be  proved  that  there 

is  a  real  number  satisfying  the  equation  xn  =  a,  except  when  n 
is  even  and  a  is  negative:  in  this  case  the  equation  is  not  satisfied 
by  any  real  number  whatever.    To  remove  the  difficulty  we 
construct  an  aggregate  of  polar  couples  i*,  y\ ,  where  x,  y  are  any 
two  real  numbers,  and  define  the  addition  and  multiplication 
of  such  couples  by  the  rules 

x,y\+\x\  /]=!*+*'.  -v-'.-yj:- *•  yJX{*i  y\  =  \xx  —  yy ,  xy  +xy}. 

We  also  agree  that  {x,  y\<[x',  y'\,  if  x<x'  or  if  x=x'  and 
y<y'.  It  follows  that  the  aggregate  has  the  ground  element 
{i,  o}, which  we  may  denote  by<r;  and  that,  if  we  writer  for  the 
element  jo,  i},  T*  =  [  —  i,  o)  =  —  a. 

Whenever  m,  n  are  rational,  \m,  n\=m<T-\-nr,  and  we  are 
thus  justified  in  writing,  if  we  like,  x<r+yr  for  \x,  y\  in  all  circum- 

stances. A  further  simplification  is  gained  by  writing  x  instead 
of  xa,  and  regarding  T  as  a  symbol  which  is  such  that  T2  =  —  i , 
but  in  other  respects  obeys  the  ordinary  laws  of  operation.  It 
is  usual  to  write  i  instead  of  T;  we  thus  have  an  aggregate  3 
of  complex  numbers  x+yi.  In  this  aggregate,  which  includes 
the  real  continuum  as  part  of  itself,  not  only  the  four  rational 
operations  (excluding  division  by  (o,  o},  the  zero  element),  but 
also  the  extraction  of  roots,  may  be  effected  without  any  restric- 

tion. Moreover  (as  first  proved  by  Gauss  and  Cauchy),  if 

ao,  fli,  .  .  .  fln  are  any  assigned  real  or  complex  numbers,  the 
equation  aoZ.+aiZ»-i+  +0n_l2+a,,  =o, 

is  always  satisfied  by  precisely  n  real  or  complex  values  of  z,  with 
a  proper  convention  as  to  multiple  roots.  Thus  any  algebraic 
function  of  any  finite  number  of  elements  of  3  is  also  contained 
in  3,  which  is,  in  this  sense,  a  closed  arithmetical  field,  just  as 
ZT  is  when  we  restrict  ourselves  to  rational  operations.  The 
power  of  3  is  the  same  as  that  of  tt. 

20.  Transfinite  Numbers.  —  The  theory  of  these  numbers  is 
quite  recent,  and  mainly  due  to  G.  Cantor.  The  simplest  of 
them,  co,  has  been  already  defined  (§4)  as  the  order-type  of  the 
natural  scale.  Now  there  is  no  logical  difficulty  in  constructing 
a  scheme 

„,,„,. 

„,, 

indicating  a  well-ordered  aggregate  of  type  u  immediately 
followed  by  a  distinct  element  »i  :  for  example,  we  may  think 

of  ah1  positive  odd  integers  arranged  in  ascending  order  of 
magnitude  and  then  think  of  the  even  number  2.  A  scheme  of 
this  kind  is  said  to  be  of  order-type  (w+i);  and  it  will  be 
convenient  to  speak  of  (w+i)  as  the  index  of  the  scheme. 
Similarly  we  may  form  arrangements  corresponding  to  the 
indices 

u+2,  u+3  .  .  .  cc+n, 
where  n  is  any  positive  integer.     The  scheme 

is  associated  with  (j+o)  =  2to; 
Wll,  ttl2,  ttn   ...    I     7*21)  U?2,  Wj3   ...]...[    ttni,  Un1  ...    |   ... 

with  u.o)  or  W2;  and  so  on.     Thus  we  may  construct  arrange- 
ments of  aggregates  corresponding  to  any  index  of  the  form 

where  n,  a,  b,  .  .  .  I  are  all  positive  integers. 

We  are  thus  led  to  the  construction  of  a  scheme  of  symbols — 

I.  i,  2,  3,  ...  n  ... 
<•>+!,  .  .  .  u-\-n,  .  .  . 

>,  2U+I,  .   .   .  2a-\-n,  .   .   . 

II.- 

of, 

,  w*+2  .  .  .  uf+n,  . 

\tf, 
III. i,  ...  utM+n, 

The  symbols  <j>(<a)  form  a  countable  aggregate:  so  that  we 
may,  if  we  like  (and  in  various  ways)  ,  arrange  the  rows  of  block 

(II.)  in  a  scheme  of  type  (a:  we  thus  have  each  element  a  suc- 
ceeded in  its  row  by  (o  +  1  )  ,  and  the  row  containing  0  (o>)  succeeded 

by  a  definite  next  row.  The  same  process  may  be  applied  to 
(III.),  and  we  can  form  additional  blocks  (IV.),  (V.),  &c.,  with 

first  elements  w4=ww"'  0)5=  o)"4'  &c.  All  the  symbols  in  which 
a  occurs  are  called  transfinite  ordinal  numbers. 

21.  The  index  of  a  finite  set  is  a  definite  integer  however  the 
set  may  be  arranged;  we  may  take  this  index  as  also  denoting 
the  power  of  the  set,  and  call  it  the  number  of  things  in  the  set. 
But  the  index  of  an  infinite  ordinable  set  depends  upon  the  way 
in  which  its  elements  are  arranged;  for  instance,  ind.  (i,  2,  3, 

.  .  .  )=w,  but  ind.  (i,  3,  5,  .  .  .  |  2,  4,  6,  .  .  .  )  =  2&>.  Or, 
to  take  another  example,  the  scheme  — 

i,3.  5,  - 
2,  6,  IO, 

•  • 

.   2  (2n—  I) 

2",  2m.   3,  2".  5, 

.  2m  (2n  —  i 

where  each  row  is  supposed  to  follow  the  one  above  it,  gives  a 
permutation  of  (i,  2,  3,  .  .  .  ),  by  which  its  index  is  changed 
from  w  to  w2.  It  has  been  proved  that  there  is  a  permutation 
of  the  natural  scale,  of  which  the  index  is  <Ko)),  anv  assigned 
element  of  (II.) ;  and  that,  if  the  index  of  any  ordered  aggregate 
is  <Kw),  the  aggregate  is  countable.  Thus  the  power  of  all 
aggregates  which  can  be  associated  with  indices  of  the  class  (II.) 
is  the  same  as  that  of  the  natural  scale;  this  power  may  be 
denoted  by  a.  Since  a  is  associated  with  all  aggregates  of  a 
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particular  power,  independently  of  the  arrangement  of  their 
elements,  it  is  analogous  to  the  integers,  i,  2,  3,  &c.,  when  used  to 
denote  powers  of  finite  aggregates;  for  this  reason  it  is  called  the 
least  transfinite  cardinal  number. 

22.  There  are  aggregates  which  have  a  power  greater  than 
a:  for  instance,   the  arithmetical  continuum  of  positive  real 
numbers,  the  power  of  which  is  denoted  by  c.    Another  one  is 
the  aggregate  of  all  those  order-types  which  (like  those  in  II. 
above)  are  the  indices  of  aggregates  of  power  a.    The  power  of 

this  aggregate  is  denoted  by  \.    According  to  Cantor's  theory 
it  is  the  transfinite  cardinal  number  next  superior  to  a,  which  for 
the  sake  of  uniformity  is  also  denoted  by  K0.    It  has  been  con- 

jectured that    *i  =  c,   but  this  has  neither  been  verified  nor 
disproved.     The  discussion  of  the  aleph-numbers  is  still  in  a 
Controversial  stage  (November  1907)  and  the  points  in  debate 
cannot  be  entered  upon  here. 

23.  Transfinite    numbers,  both    ordinal    and  cardinal,  may 
be  combined  by  operations  which  are  so  far  analogous  to  those 
of  ordinary  arithmetic  that  it  is  convenient  to  denote  them  by 
the  same  symbols.     But  the  laws  of  operation  are  not  entirely 
the  same;  for  instance,   20)  and  W2  have  different  meanings: 
the  first  has  been  explained,  the  second  is  the  index  of  the 
scheme  (fli  61  |  flz  62  I  0j  &s  |  .  .  .  |  ajb  „  |  .  .  .  )  or  any  similar 

arrangement.     Again  if  n  is  any  positive   integer,  na=a"  =  a. 
It  should  also  be  observed  that  according  to  Cantor's  principles 
of  construction  every  ordinal  number  is  succeeded  by  a  definite 
next  one;  but  that  there  are  definite  ordinal  numbers   (e.g. 

to,  to2)  which  have  no  ordinal  immediately  preceding  them. 
24.  Theory   of  Numbers.  —  The   theory   of  numbers  is  that 

branch  of  mathematics  which  deals  with  the  properties  of  the 
natural  numbers.     As  Dirichlet  observed  long  ago,  the  whole 
of  the  subject  would  be  coextensive  with  mathematical  analysis 
in  general;  but  it  is  convenient  to  restrict  it  to  certain  fields 
where   the   appropriateness   of   the   above   definition   is  fairly 
obvious.     Even  so,  the  domain  of  the  subject  is  becoming  more 
and  more  comprehensive,  as  the  methods  of  analysis  become 
more  systematic  and  more  exact. 

The  first  noteworthy  classification  of  the  natural  numbers  is  into 
those  which  are  prime  and  those  which  are  composite.  A  prime 
number  is  one  which  is  not  exactly  divisible  by  any  number  except 
itself  and  I  ;  all  others  are  composite.  The  number  of  primes  is 
infinite  (Eucl  Elem.  ix.  20),  and  consequently,  if  n  is  an  assigned 
number,  however  large,  there  is  an  infinite  number  (a)  of  primes 
greater  than  n. 

If  m,  n  are  any  two  numbers,  and  m>n,  we  can  always  find  a 
definite  chain  of  positive  integers  (qi,  TI),  (qi,  ra),  &c.,  such  that 

3,  &c. with  n>fi>rj>r3  .  .  .;  the  process  by  which  they  are  calculated 
will  be  called  residuation.  Since  there  is  only  a  finite  number  of 
positive  integers  less  than  n,  the  process  must  terminate  with  two 
equalities  of  the  form 

rit-i  =  g»+ir». 

Hence  we  infer  successively  that  r»  is  a  divisor  of  rt_i,  rt_i,.  .  .r\, 
and  finally  of  m  and  n.  Also  r*  is  the  greatest  common  factor  of  m, 
n:  because  any  common  factor  must  divide  r\,  r?,  and  so  on  down  to 
r»;  and  the  highest  factor  of  r*  is  ri,  itself.  It  will  J>e  convenient  to 
write  r»  =  dv  (m,  n).  If  ri  =  I,  the  numbers  m,  n  are  said  to  be  prime 
to  each  other,  or  co-primes. 

25.  The  foregoing  theorem  of  residuation  is  of  the  greatest  im- 
portance;  with  the  help  of  it  we  can  prove  three  other  fundamental 

propositions,  namely:  — 
(1)  If  m,  n  are  any  two  natural  numbers,  we  can  always  find  two 

other  natural  numbers  *,  y  such  that 

dv(m,n)  =xm—  yn. 
(2)  If  m,  n  are  prime  to  each  other,  and  p  is  a  prime  factor  of  mn, 

then  p  must  be  a  factor  of  either  m  or  n. 
(3)  Every  number  may  be  uniquely  expressed  as  a  product  of 

prime  factors. 
Hence  if  n  —  paq^ry  ...  is  the  representation  of  any  number  n  as 

the  product  of  powers  of  different  primes,  the  divisors  of  n  are  the 
terms  of  the  product 

(i  +p+p*+  .  .  .  -H>")  (i  +?+...  +&)  (i+r+.  .  .  +rr).  .  . 
their  number  is  (o+i)  (0-j-l)  (7+1)  .  .  .;  and  their  sum  is 
II  (pa+t  —  l  )  -T-  1  1  (p  —  i  ).  This  includes  I  and  n  among  the  divisors  of  n. 

26.  Totients.  —  By  the  totient  of  n,  which  is  denoted,  after  Euler,  by 
<t>(n),  we  mean  the  number  of  integers  prime  to  n,  and  not  exceeding 
n.    If  n  =  pa,  the  numbers  not  exceeding  n  and  not  prime  to  it  are 

p,  ip,  „  .  (p*—p),  pa  of  which  the  number  is  />""':  hence  <t>(p*)  = 
p*  —  pa~'.  If  m,  n  are  prime  to  each  other,  <t>(mn)  —<t>(m)4>(n)  ;  and 
hence  for  the  general  case,  if  n  =  p*(pn  .  .  .  ,<t>(n)  =  llp*~l(p  —  i), 
where  the  product  applies  to  all  the  different  prime  factors  of  ».  If 
di,  dt,  &c.,  are  the  different  divisors  of  n, 

For  example,  i5=<Ki5)+*(5)+<H3)+«(i)=8+4+2  +  i. 
27.  Residues  and  congruences.  —  It   will   now   be  convenient   to 

include  in  the  term  "  number  "  both  zero  and  negative  integers. 
Two  numbers  a,  b  are  said  to  be  congruent  with  respect  to  the  modulus 
m,  when  (a  —  b)  is  divisible  by  m.     This  is  expressed  by  the  notation 
a  =  b  (mod  m),  which  was  invented  by  Gauss.     The  fundamental 
theorems  relating  to  congruences  are 

a  =  b  and  c=sd  (mod  m),  then  a*=c=b^d,  and  ab=cd. 
If          ha=hb(mod  m)  then  0=6  (mod  m/d),  where  d  =  A\(h,  m). 
Thus  the  theory  of  congruences  is  very  nearly,  but  not  quite, 

similar  to  that  of  algebraic  equations.  With  respect  to  a  given 
modulus  m  the  scale  of  relative  integers  may  be  distributed  into  m 
classes,  any  two  elements  of  each  class  being  congruent  with  respect 
to  m.  Among  these  will  be  <t>(m)  classes  containing  numbers  prime  to 
m.  By  taking  any  one  number  from  each  class  we  obtain  a  complete 
system  of  residues  to  the  modulus  m.  Supposing  (as  we  shall  always 
do)  that  m  is  positive,  the  numbers  o,  I,  2,  .  .  .  (m  —  i)  form  a 
system  of  least  positive  residues;  according  as  m  is  odd  or  even, 
o,±i,='=2,  .  .  .  ±J  (m  —  i),  or  o,=ti,=2,  .  .  .  =t=J(m—  2),Jm  form  a 
system  of  absolutely  least  residues. 

28.  The  Theorems    of    Fermat    and     Wilson.  —  Let  r\,  rt,  .  .  .  ri 
where  t  =  $(m),  be  a  complete  set  of  residues  prime  to  the  modulus 
m.    Then  if  x  is  any  number  prime  to  m,  the  residues  xr\,  xrt,  .  .  .  xrt 
also    form    a    complete    set    prime    to    m    (§  27).       Consequently 
xri-xrt  .  .  .  xr,=rirt  .  .  .rt,  and  dividing  by  r\r*  .  .  .  rt,   which  is 
prime  to  the  modulus,  we  infer  that 

**(")  =  i  (mod  m). 

which  is  the  general  statement  of  Format's  theorem.  If  m  is  a  prime 
p,  it  becomes  x^^i  (mod  p). 

For  a  prime  modulus  p  there  will  be  among  the  set  x,  2X,  3*.  .  .  . 
(p—  l)x  just  one  and  no  more  that  is  congruent  to  I:  let  this  be 
xy.  \iy=.x,  we  must  have  *2  —  I  =  (*  —  l)  (x  +  1  )=o,  and  hence  x=  =  1: 
consequently  the  residues  2,  3,  4,  ...  (p—  2)  can  be  arranged  in 
i  (P~$)  pairs  (x,  y)  such  that  xy=i.  Multiplying  them  all  together, 
we  conclude  that  2.3.4.  •  •  .(/»—  2)  =  iand  hence,  since  i.(p—  l)  =  —  I, 

(p-i)!=-i  (mod  p). 

which  is  Wilson's  theorem.  It  may  be  generalized,  like  that  of 
Fermat,  but  the  result  is  not  very  interesting.  If  m  is  composite 
(m  —  l  )  !  +  1  cannot  be  a  multiple  of  m  :  because  m  will  have  a  prime 
factor  *  which  is  less  than  m,  so  that  (m  —  l)!=o  (mod  p).  Hence 
Wilson  s  theorem  is  invertible  :  but  it  does  not  supply  any  practical 
test  to  decide  whether  a  given  number  is  prime. 

29.  Exponents,  Primitive  Roots,  Indices.  —  Let  p  denote  an  odd 
prime,    and    x    any    number    prime    to    p.      Among    the    powers 

x,  x1,  **,...  X""1   there    is   certainly   one,    namely   xf~l,    which 
=  i  (mod  p)  ;  let  x*  be  the  lowest  power  of  x  such  that  x1  =  i  .    Then 
e  is  said  to  be  the  exponent  to  which  x  appertains  (mod  p):    it  is 
always  a  factor  of   (p  —  l)  and  can  only  be   I   when  x=l.     The 
residues  x  for  which  e  =  />  —  i  are  said  to  be  primitive  roots  of  p.    They 
always  exist,  their  number  is  <t>(p—  i),  and  they  can  be  found  by  a 
methodical,  though  tedious,  process  of  exhaustion.    If  g  is  any  one  of 

them,  the  complete  set  may  be  represented  by  g,  g",  g*,  .  .  .  &c. 
where  a,  6,  &c.,  are  the  numbers  less  than  (p  —  l)  and  prime  to  it, 
other  than  I.     Every  number  x  which  is  prime  to  p  is  congruent, 

mod  p,  to  g',  where  i  is  one  of  the  numbers  I,  2,  3,  ...  (p—  i);  this 
number  i  is  called  the  index  of  x  to  the  base  g.    Indices  are  analogous 
to  logarithms:   thus 

ind(,(*y)=inde«;+indB7.  indj(x*)  —  A  ind0.v  (mod  p—l). 

Consequently  tables  of  primitive  roots  and  indices  for  different 

primes  are  of  great  value  for  arithmetical  purposes.  Jacobi's  Canon Arithmeiicus  gives  a  primitive  root,  and  a  table  of  numbers  and 
indices  for  all  primes  less  than  1000. 

For  moduli  of  the  forms  2p,  pm,  2p"  there  is  an  analogous  theory 
(and  also  for  2  and  4)  ;  but  for  a  composite  modulus  of  other  forms 
there  are  no  primitive  roots,  and  the  nearest  analogy  is  the  representa- 

tion of  prime  residues  in  the  form  a1  {P  x*  .  .  .  .where  o,  p,  7,  .  .  . 
are  selected  prime  residues,  and  x,  y,  z,  .  .  .  are  indices  of  restricted 
range.  For  instance,  all  residues  prime  to  48  can  be  exhibited  in  the 
form  5*  7"  13',  where  x  =  o,  i,  2,  3;  y=o,  i;  z=o,  l;  the  total 
number  of  distinct  residues  being  4.2.2  =  16=^(48),  as  it  should  be. 

30.  Linear  Congruences.  —  The  congruence  a'x==b'  (mod  m')  has 
no  solution  unless  dv(a',  m')  is  a  factor  of  b'.     If  this  condition  is 
satisfied,  we  may  replace  the  given  congruence  by  the  equivalent 
one  ax=b  (mod  m),  where  a  is  prime  to  b  as  well  as  to  m.    By  residua- 

tion (§§  24,  25)  we  can  find  integers  h,  k  such  that  ah—mk  =  i,  and 
thence  obtain  x=bh  (mod  m)  as  the  complete  solution  of  the  given 

congruence.    To  the  modulus  m'  there  are  m'/m  incongruent  solutions. 
For  example,  I2*==3O  (mod  2:)  reduces  to  2x=5  (mod  7)  whence 
x=6(mod7)=6,  13,  20  (mod  21).    There  is  a  theory  of  simultaneous 



NUMBER 

linear  congruences  in  any  number  of  variables,  first  developed  with 
precision  by  Smith.  In  any  particular  case,  it  is  best  to  replace  as 
many  as  possible  of  the  given  congruences  by  an  equivalent  set 
obtained  by  successively  eliminating  the  variables  x,  y,  z,  .  .  .  in 
order.  An  important  problem  is  to  find  a  number  which  has  given 
residues  with  respect  to  a  given  set  of  moduli.  When  possible,  the 
solution  is  of  the  form  x==a  (mod  m),  where  m  is  the  least  common 
multiple  ol  the  moduli.  Supposing  that  p  is  a  prime,  and  that  we 
have  a  corresponding  table  of  indices,  the  solution  of  ax=b  (mod  p) 
can  be  found  by  observing  that  ind  x=ind  &-ind  o  (mod  p-i). 

31.  Quadratic  Residues.     Law  of  Reciprocity.  —  To  an  odd  prime 
modulus  p,   the  numbers   I,   4,   9,    ...    (p-l)2  are  congruent  to 

residues  only,  because  (p-^x)t=x'i.    Thus  for  p  =  5,  we  have 
,  .  , 

I,  4,  9,  16=1,  4,  4,  I  respectively.  There  are  therefore 
quadratic  residues  and  it^-l)  quadratic  non-residues  prime  to  p; and  there  is  a  corresponding  division  of  incongruent  classes  of 
integers  with  respect  to  p.  The  product  of  two  residues  or  of  two  non- 
residues  is  a  residue;  that  of  a  residue  and  a  non-residue  is  a  non- 
residue;  and  taking  any  primitive  root  as  base  the  index  of  any 
number  is  even  or  odd  according  as  the  number  is  a  residue  or  a  non- 
residue.  Gauss  writes  aRp,  aNp  to  denote  that  o  is  a  residue  or  non- 
residue  of  p  respectively. 

Given  a  table  of  indices,  the  solution  of  s2^a(mod  p)  when  possible, 
is  found  from  zind  *=ind  o  (mod  p-l),  and  the  result  may  be 
written  in  the  form  x=  ±r  (mod  p).  But  it  is  important  to  discuss 
the  congruence  #2  =  a  without  assuming  that  we  have  a  table  of 
indices.  It  is  sufficient  to  consider  the  case  X2=q  (mod  p),  where  q 
is  a  positive  prime  less  than  p;  and  the  question  arises  whether  the 
quadratic  character  of  q  with  respect  to  p  can  be  deduced  from  that  of 
p  with  respect  to  q.  The  answer  is  contained  in  the  following  theorem, 
which  is  called  the  law  of  quadratic  reciprocity  (for  real  positive  odd 
primes):  if  *,  Q  are  each  or  one  of  them  of  the  form  471  +  1,  then 
p,  q  are  each  of  them  a  residue,  or  each  a  non-residue  of  the  other; 
but  if  p,  q  are  each  of  the  form  4«+3,  then  according  as  p  is  a  residue 
or  non-residue  of  q  we  have  q  a  non-residue  or  a  residue  of  p. 

Legendre  introduced  a  symbol  f-J  which  denotes  +  I  or  -I  ac- 
cording as  mRq  or  mNq  (5  being  a  positive  odd  prime  and  m  any 

number  prime  to  q);  with  its  help  we  may  express  the  law  of  re- 
ciprocity in  the  form 

This  theorem  was  first  stated  by  Legendre,  who  only  partly 
proved  it;  the  first  complete  proof,  by  induction,  was  published  by 
Gauss,  who  also  discovered  five  (or  six)  other  more  or  less  inde- 

pendent proofs  of  it.  Many  others  have  since  been  invented. 
There  are  two  supplementary  theorems  relating  to  -I  and  2 

respectively,  which  may  be  expressed  in  the  form 

T)  -(-«***•  G)  =(- 
where  p  is  any  positive  odd  prime. 

It  follows  from  the  definition  that 

and  that  \—  j  =  \—  -J  ,  if  m  =m'  (mod  q).    As  a  simple  application  of 
red  to  find  t 
e  have 

/6\ 

~  "In/  - 

the  law  of  reciprocity,  let  it  be  required  to  find  the  quadratic  char- 
acter of  II  with  respect  to  1907.     We  have 

i907/ 

because6Nii.    Hence  . 

Legendre's  symbol  was  extended  by  Jacob!  in  the  following 
manner.  Let  P  be  any  positive  odd  number,  and  let  p,  p',  p",  &c.  be 
its  (equal  or  unequal)  prime  factors,  so  that  P  =  pp'p*.  .  .  .  Then 
if  Q  is  any  number  prime  to  P,  we  have  a  generalized  symbol  defined 

This  symbol  obeys  the  law  that,  if  Q  is  odd  and  positive, 

with    the   supplementary    laws 

It  is  found  convenient  to  add  the  conventions  that 

(*)-(» 
when  Q  and  P  are  both  odd  ;  and  that  the  value  of  the  symbol  is  o when  P,  Q  are  not  co-primes. 

In  order  that  the  congruence  x*  =  a  (mod  m)  may  have  a  solution 
it  is  necessary  and  sufficient  that  o  be  a  residue  of  each  distinct  prime 
factor  of  m  If  these  conditions  are  all  satisfied,  and  m~2'p*q*.  .  ., 
where  p,  q,  &c.,  are  the  distinct  odd  prime  factors  of  m,  being  t  in  all, 
the  number  of  incongruent  solutions  of  the  given  congruence  is 
2',  2t+l  or  2<+*,  according  as  K<2,  ic  =  2,  or  /c>2  respectively.  The 
actual  solutions  are  best  found  by  a  process  of  exhaustion.  It  should 

be  observed  that  f  ^     =  I  is  a  necessary  but  not  a  sufficient  condition 
for  the  possibility  of  the  congruence. 

32.  Quadratic  forms.  —  It  will  be  observed  that  the  solution  of  the 
linear  congruence  ax=b  (mod  m)  leads  to  all  the  representations  of  b 
in  the  form  ax+my,  where  x,  y  are  integers.  Many  of  the  earliest 
researches  in  the  theory  of  numbers  deal  with  particular  cases  of  the 
problem:  given  four  numbers  m,  a,  b,  c,  it  is  required  to  find  all  the 
integers  x,  y  (if  there  be  any)  which  satisfy  the  equation  ax2+bxy+ 
cy2  =  m.  Format,  for  instance,  discovered  that  every  positive  prime  of 
the  form  4n  +  l  is  uniquely  expressible  as  the  sum  of  two  squares. 
There  is  a  corresponding  arithmetical  theory  for  forms  of  any  degree 
and  any  number  of  variables;  only  those  of  linear  forms  and  binary 
quadratics  are  in  any  sense  complete,  as  the  difficulty  of  the  problem 
increases  very  rapidly  with  the  increase  of  the  degree  of  the  form 
considered  or  of  the  number  of  variables  contained  in  it. 

The  form  ax2+bxy+cyf  will  be  denoted  by  (o,  b,  c  )  (x,  y)1  or  more 
simply  by  (a,  b,  c)  when  there  is  no  need  of  specifying  the  variables. 
If  k  is  the  greatest  common  factor  of  a,  b,  c,  we  may  write  (a,  b,  c)  = 
k(a',  b',  c')  where  (a',  b',  c')  is  a  primitive  form,  that  is,  one  for  which 
dv  (a',  b',  c')  =  l.  The  other  form  is  then  said  to  be  derived  from 
(a',  b',  c')  and  to  have  a  divisor  k.  For  the  present  we  shall  concern 
ourselves  only  with  primitive  forms.  Writing  D  =  bt-^ac,  the 
invariant  D  is  called  the  determinant  of  (a,  b,c),  and  there  is  a  first 
classification  of  forms  into  definite  forms  for  which  D  is  negative,  and 
indefinite  forms  for  which  D  is  positive.  The  case  D  =  o  or  a  positive 
square  is  rejected,  because  in  that  case  the  form  breaks  up  into  the 
product  of  two  linear  factors.  It  will  be  observed  that  D  =  o,  I  (mod 
4)  according  as  b  is  even  or  odd;  and  that  if  ft*  is  any  odd  square factor  of  D  there  will  be  forms  of  determinant  D  and  divisor  k. 

If  we  write  x'  =  ax+fiy,  y'  =  yx+Sy,  we  have  identically 
(a,  6,  c)  (*',/)'  =  (a',  b',  c')  (x,  y)* where 
a'  =  aa?  +  607  +  07* 

V  = 

Hence  also 

D'  =  b*-4a'c'  =  (a5  -/3"y)2(i2-4<ic)  =  (aS  -0r)>  D. 

Supposing  that  a,  0,  y,  5  are  integers  such  that  aS  —  fiy  =  n,  a  number 
different  from  zero,  (a,  b,  c)  is  said  to  be  transformed  into  (a',  b',  c')  by 

the  substitution  (a'jj  of  the  nth  order.     If  »2  =  i,  the  two  forms 
are  said  to  be  equivalent,  and  the  equivalence  is  said  to  be  proper  or 
improper  according  as  n  =  l  or  n=—  I.  In  the  case  of  equivalence, 
not  only  are  x',  y  integers  wherever  *,  y  are  so,  but  conversely; 
hence  every  number  representable  by  (a,  b,  c)  is  representable  by 
(a',  b',  c')  and  conversely.  For  the  present  we  shall  deal  with  proper 
equivalence  only  and  write  /~/'  to  indicate  that  the  forms  /,  /'  are properly  equivalent.  Equivalent  forms  have  the  same  divisor.  A 
complete  set  of  equivalent  forms  is  said  to  form  a  class;  classes  of  the 
samedivisorare  said  to  form  an  order,  and  of  these  the  most  important 
is  the  principal  order,  which  consists  of  the  primitive  classes.  It  is  a 
fundamental  theorem  that  for  a  given  determinant  the  number  of 
classes  is  finite;  this  is  proved  by  showing  that  every  class  must 
contain  one  at  least  of  a  certain  finite  number  of  so-called  reduced 
forms,  which  can  be  found  by  definite  rules  of  calculation. 

33.  Method  of  Reduction.  —  This  differs  according  as  D  is  positive 
or  negative,  and  will  require  some  preliminary  lemmas.  Suppose 
that  any  complex  quantity  z  =  #+yi  is  represented  in  the  usual  way 
by  a  point  (x,  y)  referred  to  rectangular  axes.  Then  by  plotting 
off  all  the  points  corresponding  to  (az+/3)  /  (yz+&),  we  obtain 
a  complete  set  of  properly  equivalent  points.  These  all  lie 
on  the  same  side  of  the  axis  of  x,  and  there  is  precisely  one  of 
them  and  no  more  which  satisfies  the  conditions:  (i.)  that  it 
is  not  outside  the  area  which  is  bounded  by  the  lines  2*=  =*=l;  (ii.) 
that  it  is  not  inside  the  circle  x*+y*  =  l  ;  (iii.)  that  it  is  not  on  the 
line  2x  =  i,  or  on  the  arcs  ol  the  circle  x2+yi  =  l  intercepted  by 
2x  =  i  and  *  —  o.  This  point  will  be  called  the  reduced  point  equiva- 

lent to  2.  In  the  positive  half-plane  (y>o)  the  aggregate  of  all 
reduced  points  occupies  the  interior  and  half  the  boundary  of  an 
area  which  will  be  called  the  fundamental  triangle,  because  the  areas 
equivalent  to  it,  and  finite,  are  all  triangles  bounded  by  circular  arcs, 
and  having  angles  \*,  JTT,  o  and  the  fundamental  triangle  may  be 
considered  as  a  special  case  when  one  vertex  goes  to  infinity.  The 
aggregate  of  equivalent  triangles  forms  a  kind  of  mosaic  which  fills 
up  the  whole  of  the  positive  half-plane.  It  will  be  convenient  to 
denote  the  fundamental  triangle  (with  its  half-boundary,  for  which 
x<o)by  V  ;  for  a  reason  which  will  appear  later,  the  set  of  equivalent 
triangles  will  be  said  to  make  up  the  modular  dissection  of  the  positive half-plane. 
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Now  let  /*  =  (a1,  b',  c')  be  any  definite  form  with  a'  positive  and 
determinant  —  A.  The  root  of  aV+6'z+c'  =o  which  is  represented 
by  a  point  in  the  positive  half-plane  is 

and  this  is  a  reduced  point  if  either 

(i.)    V  <a'<c' 
(ii.)  b'  =o',  a' 

(iii.)o'  = Cases  (ii.)  and  (iii.)  only  occur  when  the  representative  point  is  on  the 
boundary  of  V.  A  form  whose  representative  point  is  reduced  is 
said  to  be  a  reduced  form.  It  follows  from  the  geometrical  theory 
that  every  form  is  equivalent  to  a  reduced  form,  and  that  there  are 
as  many  distinct  classes  of  positive  forms  of  determinant— A  as 
there  are  reduced  forms.  The  total  number  of  reduced  forms  is 
limited,  because  in  case  (i.)  we  have  A  =  4oc  — 62>  3ft2,  so  that  b  <V  iA, 
while  4a2<4ac<  A+fr^iA;  in  case  (ii.)  A  =  4oc— a2>3<z2,  or  else 
o  =  6  =  c  =  V  SA;  in  case  (iii.)  A=4o2— &2>3fr2,4a2  =  A+^<|A,orelse 
a  =  6  =  e  =  V|A.  With  the  help  of  these  inequalities  a  complete  set 
of  reduced  forms  can  be  found  by  trial,  and  the  number  of  classes 
determined.  The  latter  cannot  exceed  J  A ;  it  is  in  general  much  less. 

With  an  indefinite  form  (a,  b,  c)  we  may  associate  the  representative 
circle 

a(x*+y>)+bx+c=o, 
which  cuts  the  axis  of  x  in  two  real  points.  The  form  is  said  to  be 
reduced  if  this  circle  cuts  V;  the  condition  for  this  is  a(a  =*=  J6+e)  <o, 
which  can  be  expressed  in  the  form  3a2  +  (o±6)2<D,  and  it  is  hence 
clear  that  the  absolute  values  of  a,  b,  and  therefore  of  c,  are  limited. 
As  before,  there  are  a  limited  number  of  reduced  forms,  but  they 
are  not  all  non-equivalent.  In  fact  they  arrange  themselves,  accord- 

ing to  a  law  which  is  not  very  difficult  to  discover,  in  cycles  or  periods, 
each  of  which  is  associated  with  a  particular  class.  The  main  result 
is  the  same  as  before:  that  the  number  of  classes  is  finite,  and  that 
for  each  class  we  can  find  a  representative  form  by  a  finite  process  of 
calculation. 

34.  Problem  of  Representation. — It  is  required  to  find  out  whether 
a  given  number  m'  can  be  represented  by  the  given  form  (o',  b',  c'). One  condition  is  clearly  that  the  divisor  of  the  form  must  be  a  factor 
of  m'.    Suppose  this  is  the  case ;  and  let  m,  (a,  b,  c)  be  the  quotients 
of  m'  and  (o',  b',  c')  be  the  divisor  in  question.    Then  we  have  now 
to  discover  whether  m  can  be  represented  by  the  primitive  form 
(o,  6,  c).    First  of  all  we  will  consider  proper  representations 

m  =  (a,  b,  c)_  (a,  y)1 
where  a,  y  are  co-primes.    Determine  integers  ft,  i  such  that  oi  —  0y  =  i , 

and  apply  to  (a,  b,  c)  the  substitution  ( °'  ̂ )  ;  the  new  form  will  be 
(m,  n,  I),  where 

Consequently  n*  =  D  (mod  4m),  and  D  must  be  a  quadratic  residue 
of  m.  Unless  this  condition  is  satisfied,  there  is  no  proper  repre- 

sentation of  m  by  any  form  of  determinant  D.  Suppose,  however, 
that  n!  =  D  (mod  4m)  is  soluble  and  that  HI,  n*,  &c.  are  its  roots. 
Taking  any  one  of  these,  say  nv,  we  can  find  out  whether  (m,  Hi,  k)  and 

(o,  6,  c)  are  equivalent;  if  they  are,  there  is  a  substitution  (   '  ̂) 
which  converts  the  latter  into  the  former,  and  then  m  =  aai+bay+cy*. 
As  to  derived  representations,  if  m  =  (a,  b,  c)  (tx,  ty)',  then  m  must 
have  the  square  factor  P,  and  ml?  =  (a,  b,  c)  (x,  y)2;  hence  every- 

thing may  be  made  to  depend  on  proper  representation  by  primitive 
forms. 

35.  Automorphs.     The     Pettian     Equation. — A     primitive   form 
(o,  b,  c)  is,  by  definition,  equivalent  to  itself;  but  it  may  be  so  in 
more  ways  than  one.     In  order  that  (o,  b,  c)  may  be  transformed  into 

'itself  by  the  substitution  f *•  ̂)  ,  it  is  necessary  and  sufficient  that 

(y,  s)  =  (     au,     '  \(t-bu)l where  (/,  u)  is  an  integral  solution  of 

If  D  is  negative  and  — D>4,  the  only  solutions  are  /=  *2,  «  =  o; 
D=  -3  gives  (*2,  o),  (*i,  =*=i);  D  =  -4  gives  (±2,  o),  (o,  ±i). 
On  the  other  hand,  if  D>  o  the  number  of  solutions  is  infinite, and  if 
(<i,  «i)  is  the  solution  for  which  I,  u  have  their  least  positive  values, 
all  the  other  positive  solutions  may  be  found  from 

The  substitutions  by  which  (a,  b,  c)  is  transformed  into  itself  are  called 
its  automorphs.  In  the  case  when  D  =  o  (mod  4)  we  have  t  =  2T, 
«  =  2U,  D  =  4N,  and  (T,  U)  any  solution  of 

This  is  usually  called  the  Pellian  equation,  though  it  should  properly 
be  associated  with  Fermat,  who  first  perceived  its  importance.    The 

minimum  solution  can  be  found  by  converting  V  N  into  a  periodic 
continued  fraction. 

The  form  (a,  6,  c)  may  be  improperly  equivalent  to  itself;  in  this 
case  all  its  improper  automorphs  can  be  expressed  in  the  form 

/        X         ,  («+6X)/2o\ 

V(«-6X)/2t,       -X        / 

where  K1  — DX1  =  4oc.  In  particular,  if  b  si  o  (mod  a)  the  form  (a,  b,c) 
is  improperly  equivalent  to  itself.  A  form  improperly  equivalent  to 
itself  is  said  to  be  ambiguous. 

36.  Characters  of  a  form  or  class.  Genera. — Let  (a,  b,  c)  be  any 
primitive  form;  we  have  seen  above  (§  32)  that  if  o,  0,  y,  &  are  any integers 

4(ao2 +607  +cy')(a0' +b0S +cP)  =  b*  -  (ai  -07)'D 

where  b'  =  2aa0+b(a&+f3y)  +2cyi.  Now  the  expressions  in  brackets 
on  the  left  hand  may  denote  any  two  numbers  m,  n  representable 
by  the  form  (o,  b,  c) ;  the  formula  shows  that  4mn  is  a  residue  of  D, 
and  hence  mn  is  a  residue  of  every  odd  prime  factor  of  D,  and  if  p  is 

any  such  factor  the  symbols  l-r)  and  (T)  will  have  the  same  value. 

Putting  (a,  b,  c)  =f,  this  common  value  is  denoted  by  (4)  and  called 

a  quadratic  character  (or  simply  character)  of  /  with  respect  to  p. 

Since  a  is  representable  by  /  (x  =  i ,  y  =  o)  the  value  ( £ )  is  the  same  as 

(  T)  .    For  example,  if  D  =  — 140,  the  scheme  of  characters  for  the 
six  reduced  primitive  forms,  and  therefore  for  the  classes  they 
represent,  is 

(i.  o,  35) 

(4.^2.9) 
(5.  o.  7) 

(3,  ±2,  12) 

In  certain  cases  there  are  supplementary  characters  of  the  type 

(—  j  )  and  (  -7  j  ,  and  the  characters  (  4  )  are  discriminated  according 
as  an  odd  or  even  power  of  p  is  contained  in  D;  but  in  every  case 
there  are  certain  combinations  of  characters  (in  number  one-half  of 
all  possible  combinations)  which  form  the  total  characters  of  actually 
existing  classes.  Classes  which  have  the  same  total  character  are 
said  to  belong  to  the  same  genus.  Each  genus  of  the  same  order 
contains  the  same  number  of  classes. 

For  any  determinant  D  we  have  a  principal  primitive  class  for 
which  all  the  characters  are  +  ;  this  is  represented  by  the  principal 
form  (i,  o,  —  n)  or  (i,  i,—  it)  according  as  Disof  theform4«or4n-f-i. 
The  corresponding  genus  is  called  the  principal  genus.  Thus,  when 
D  =  —  140,  it  appears  from  the  table  above  that  in  the  primitive 
order  there  are  two  genera,  each  containing  three  classes;  and  the 
non-existent  total  characters  are  H  —  and  —  K 

37.  Composition.  —  Considering  X,  Y  as  given  lineo-linear  functions 
of  (x,  y),  (x',  y')  defined  by  the  equations 

X  ̂ 

Y=qoxx'+qixy'+q,x'y+q,yy' 

we  may  have  identically,  in  x,  y,  x',  y', 
(A,  B,  C)  (X.  Y)2  =  (a,  b,  c)  (*,  y)'X(a',  b',  c')  (*',/)' 

and,  this  being  so,  the  form  (A,  B,  C)  is  said  to  be  compounded  of 
the  two  forms  (a,  b.  c),  (a1,  b',  c'),  the  order  of  composition  being indifferent.  In  order  that  two  forms  may  admit  of  composition  into 
a  third,  it  is  necessary  and  sufficient  that  their  determinants  be  in  the 
ratio  of  two  squares.  The  most  important  case  is  that  of  two 
primitive  forms  <t>,  x  of  the  same  determinant;  these  can  be  com- 

pounded into  a  form  denoted  by<£x  or  x<t>  which  is  also  primitive  and 
of  the  same  determinant  as  ̂   or  x-  If  A,  B,  C  are  the  classes  to  which 
<t>,  x,  <i>x  respectively  belong,  then  any  form  of  A  compounded  with 
any  form  of  B  gives  rise  to  a  form  belonging  to  C.  For  this  reason  we 
write  C=AB  =  BA,  and  speak  of  the  multiplication  or  composition 
of  classes.  The  principal  class  is  usually  denoted  by  i,  because  when 
compounded  with  any  other  class  A  it  gives  this  same  class  A. 

The  total  number  of  primitive  classes  being  finite,  k,  say,  the  series 
A,  A2,  A',  &c.,  must  be  recurring,  and  there  will  be  a  least  exponent 
e  such  that  A«  =  i.  This  exponent  is  a  factor  of  h,  so  that  every  class 
satisfies  A*  =  I.  Composition  is  associative  as  well  as  commutative, 
that  is  to  say,  (AB)C  =  A(BC);  hence  the  symbols  AI,  Ai,.  .  .  A» 
for  the  h  different  classes  define  an  Abelian  group  (see  GROUPS)  of 
order  h,  which  is  representable  by  one  or  more  base-classes 
BI,  Bj,  .  .  .  B,-  in  such  a  way  that  each  class  A  is  enumerated  once and  only  once  by  putting 

A  =  Bi«B»».  .  .B<«      (x^m,  y£n,  ...*£p) 

with  mn  ...*-=  h,  and  B!~  =  BI"  =  .  .  .  =  B^  =  i  .  Moreover,  the  bases 
may  be  so  chosen  that  m  is  a  multiple  of  n,  n  of  the  next  correspond- 

ing index,  and  so  on.  The  same  thing  may  be  said  with  regard 
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to  the  symbols  for  the  classes  contained  in  the  principal  genus, 
because  two  forms  of  that  genus  compound  into  one  of  the  same 
kind.  If  this  latter  group  is  cyclical,  that  is,  if  all  the  classes  of 

the  principal  genus  can  be  represented  in  the  form  i,  A,  A2,  ._.  .  A*~l, the  determinant  D  is  said  to  be  regular;  if  not,  the  determinant  is 
irregular.  It  has  been  proved  that  certain  specified  classes  of 
determinants  are  always  irregular;  but  no  complete  criterion  has 
been  found,  other  than  working  out  the  whole  set  of  primitive  classes, 
and  determining  the  group  of  the  principal  genus,  for  deciding 
whether  a  given  determinant  is  irregular  or  not. 

If  A,  B  are  any  two  classes,  the  total  character  of  AB  is  found  by 

compounding  the  characters  of  A  and  B.  In  particular,  the  class  A2, 
'which  is  called  the  duplicate  of  A,  always  belongs  to  the  principal 
•genus.  Gauss  proved,  conversely,  that  every  class  in  the  principal 
genus  may  be  expressed  as  the  duplicate  of  a  class.  An  ambiguous 
class  satisfies  A2  =  i,  that  is,  its  duplicate  is  the  principal  class;  and 
the  converse  of  this  is  true.  Hence  if  Bi,  82,  ...  B<  are  the  base- 
classes  for  the  whole  composition-group,  and  A  =  BiIB2v  .  .  .  B,' 
(as  above)  A2  =  l,  if  2x=o  or  m,  2y  =  o  or  n,  &c.;  hence  the  number 
of  ambiguous  classes  is  2'.  As  an  example,  when  D  =  —1460,  there 
are  four  ambiguous  classes,  represented  by 

(i,  o,  365),  (2,  2,  183),  (5,  o,  73),  (10,  10,  39); 
hence  the  composition-group  must  be  dibasic,  and  in  fact,  if  we  put 
Bi,  B2  for  the  classes  represented  by  (11,  6,  34)  and  (2,  2,  183),  we 
have  Bi10  =  B22  =  l  and  the  20  primitive  classes  are  given  by 
BiIB2v(x^  10,  y£  2).  In  this  case  the  determinant  is  regular  and 
the  classes  in  the  principal  genus  are  I,  Bi2,  Bi4,  Bi8,  Bi'. 

38.  On  account  of  its  historical  interest,  we  may  briefly  consider 
the  form  xL-\-yt,  for  which  D  =  —4.  If  p  is  an  odd  prime  of  the  foim 
4«  +  l,  the  congruence  W2=  —  4  (mod  4^)  is  soluble  (§  31)  ;  let  one  of 
its  roots  be  m,  and  m^+^—^lp.  Then  (p,  m,  1)  is  of  determinant  —4, 
and,  since  there  is  only  one  primitive  class  for  this  determinant,  we 
must  have  (p,  m,  l)~  (i,  o,  i).  By  known  rules  we  can  actually  find 

a  substitution  /"'  ̂ )  which  converts  the  first  form  into  the  second; 

this  being  so,  (_  )  will  transform  the  second  into  the  first,  and  we 

shall  have  p  =  -r2+62,  a  representation  of  p  as  the  sum  of  two  squares. 
This  is  unique,  except  that  we  may  put  p  =  (at'y)2  +  (±5)2.  We  also 
have  2  —  I2+I2  while  no  prime  41+3  admits  of  such  a  representation. 

The  theory  of  composition  for  this  determinant  is  expressed  by 

the  identity  (*2+;y2)  (x'2+/2)  =  (xx'd=yy')2+(xy'=<=yx')'i;  and  by  re- peated application  of  this,  and  the  previous  theorem,  we  can  show 
that  if  N  =2atPf.  .  .,  where  p,  q,  .  .  .  are  odd  primes  of  the  form 

we  can  find  solutions  of  N=*2+>>2,  and  indeed  distinct 
solutions.  For  instance  65  =  l2+82  =  42+72,  and  conversely  two 
distinct  representations  N  =x*-\-y*  =  M2+t»2  lead  to  the  conclusion  that 
N  is  composite.  This  is  a  simple  example  of  the  application  of  the 
theory  of  forms  to  the  difficult  problem  of  deciding  whether  a  given 
large  number  is  prime  or  composite;  an  application  first  indicated  by 
Gauss,  though,  in  the  present  simple  case,  probably  known  to  Fermat. 

39.  Number  of  classes.  Class-number  Relations.  —  It  appears  fiom 
Gauss's  posthumous  papers  that  he  solved  the  very  difficult  problem 
of  finding  a  formula  for  &(D),  the  number  of  properly  primitive  classes 
for  the  determinant  D.  The  first  published  solution,  however,  was 
that  of  P.  G.  L.  Dirichlet;  it  depends  on  the  consideration  of  series 

of  the  form  2(ax2+6xy+cy2)~l~*  where  i  is  a  positive  quantity, 
ultimately  made  very  small.  L.  Kronecker  has  shown  the  connexion 

of  Dirichlet's  results  with  the  theory  of  elliptic  functions,  and  ob- 
tained more  comprehensive  formulae  by  taking  (a,  b,  c)  as  the 

standard  type  of  a  quadratic  fcrm,  whereas  Gauss,  Diiichlet,  and 
most  of  their  successors,  took  (a,  2b,  c)  as  the  standard,  calling 
(tf—ac)  its  determinant.  As  a  sample  of  the  kind  of  formulae  that 
are  obtained,  let  p  be  a  prime  of  the  form  471+3;  then 

2a-2/3, 

log 

log  D    tan 

where  in  the  first  formula  2o  means  the  sum  of  all  quadratic  residues 
of  p  contained  in  the  series  I,  2,  3,.  .  .$(p~l)  and  2/3  is  the  sum 
of  the  remaining  non-residues;  while  in  the  second  formula  (/,  «)  is 
the  least  positive  solution  of  f—  pu?  =  i,  and  the  product  extends  to 
all  values  of  6  in  the  set  I,  3,  5,.  .  .(4^  —  1)  of  which  p  is  a  non- residue.  The  remarkable  fact  will  be  noticed  that  the  second  formula 
gives  a  solution  of  the  Pellian  equation  in  a  trigonometrical  form. 

Kronecker  was  the  first  to  discover,  in  connexion  with  the  complex 
multiplication  of  elliptic  functions,  the  simplest  instances  of  a  very 
curious  group  of  arithmetical  formulae  involving  sums  of  class- 
numbers  and  other  arithmetical  functions;  the  theory  of  these  re- 

lations has  been  greatly  extended  by  A.  Hurwitz.  The  simplest  of 
all  these  theorems  may  be  stated  as  follows.  Let  H  (A)  represent  the 
number  of  classes  for  the  determinant  —A,  with  the  convention  that 
i  and  not  I  is  to  be  reckoned  for  each  class  containing  a  reduced  form 
of  the  type  (o,  o,  a)  and  J  for  each  class  containing  a  reduced  form 
(o,  a,  o)  ;  then  if  n  is  any  positive  integer, 

2 
K-0,+1, 

where  *(n)  means  the  sum  of  the  divisors  of  n,  and  *(n)  means  the 
excess  of  the  sum  of  those  divisors  of  n  which  are  greater  than  V  n 

over  the  sum  of  those  divisors  which  are  less  than  V  n.  The  formula 
is  obtained  by  calculating  in  two  different  ways  the  number  of 
reduced  values  of  z  which  satisfy  the  modular  equation  J(nz)  =  J(z), 
where  J(z)  is  the  absolute  invariant  which,  for  the  elliptic  function 
P(U'<  £21  gs)  is  gs3 -T- (ga3 — 27g32),  and  z  is  the  ratio  of  any  two  primitive 
periods  taken  so  that  the  real  part  of  iz  is  negative  (see  below,  §  68). 
It  should  be  added  that  there  is  a  series  of  scattered  papers  by 

J.  Liouville,  which  implicitly  contain  Kronecker's  class-number relations,  obtained  by  a  purely  arithmetical  process  without  any  use 
of  transcendents. 

40.  Bilinear  Forms. — A  bilinear  form  means  an  expression  of  the 
type  Sa.jtZij'i  (i  =  i,  2,...m;    k  =  i,  2,...n);    the  most  important 
case  is  when  m  =  n,  and  only  this  will  be  considered  here.       The 
invariants  of  a  form  are  its  determinant  [ann]  and  the  elementary 
factors  thereof.     Two  bilinear  forms  are  equivalent  when  each  can 
be   transformed    into   the   other   by   linear   integral    substitutions 
x'  =2ox,  y'  =  2/Sy.     Every  bilinear  form  is  equivalent  to  a  reduced 

r 
form  ZeiXiyt,  and  r  =  n,  unless  [<!„„]  =o.    In  order  that  two  forms  may 

be  equivalent  it  is  necessary  and  sufficient  that  their  invariants 
should  be  the  same.  Moreover,  if  a~b  and  c~d,  and  if  the  invariants 
of  the  forms  a+Xc,  b+\d  are  the  same  for  all  values  of  X,  we  shall 
have  a+Xc~6+X<i,  and  the  transformation  of  one  form  to  the  other 
may  be  effected  by  a  substitution  which  does  not  involve  X.  The 
theory  of  bilinear  forms  practically  includes  that  of  quadratic  forms, 
if  we  suppose  x>,  yi  to  be  cogredient  variables.  Kronecker  has  de- 

veloped the  case  when  n  —  2,  and  deduced  various  class- relations  for 
quadratic  forms  in  a  manner  resembling  that  of  LiouviHe.  So  far 
as  the  bilinear  forms  are  concerned,  the  main  result  is  that  the 
number  of  classes  for  the  positive  determinant  011022— ai2i2i=  A  is 
l2|*(A)+*(A)[+2«,  where  «  is  I  or  o  according  as  A  is  or  is  not  a 
square,  and  the  symbols  4>,  *  have  the  meaning  previously  assigned to  them  (§  39). 

41.  Higher  Quadratic  Forms. — The  algebraic  theory  of  quadratics 
is  so  complete  that  considerable  advance  has  been  made  in  the  much 
more  complicated  arithmetical  theory.    Among  the  most  important 
results  relating  to  the  general  case  of  n  variables  are  the  proof  that 
the  class-number  is  finite;     the  enumeration  of  the  arithmetical 
invariants  of  a  form ;    classification  according  to  orders  and  genera, 
and  proof  that  genera  with  specified  characters  exist;    also  the  de- 

termination of  all  the  rational  transformations  of  a  given  form  into 
itself.     In  connexion  with  a  definite  form  there  is  the  important 
conception  of  its  weight;    this  is  defined  as  the  reciprocal  of  the 
number  of  its  proper  automorphs.    Equivalent  forms  are  of  the  same 
weight;   this  is  defined  to  be  the  weight  of  their  class.    The  weight 
of  a  genus  or  order  is  the  sum  of  the  weights  of  the  classes  contained 
in  it ;   and  expressions  for  the  weight  of  a  given  genus  have  actually 
been  obtained.    For  binary  forms  the  sum  of  the  weights  of  all  the 
genera  coincides  with  the  expression  denoted  by  H(A)  in  §  39.    The 
complete  discussion  of  a  form  requires  the  consideration  of  (n—2) 
associated  quadratics;  one  of  these  is  the  contra  variant  of  the  given 
form,  each  of  the  others  contains  more  than  n  variables.    For  certain 
quaternary  and  senary  classes  there  are  formulae  analogous  to  the 
class-relations  for  binary  forms  referred  to  in  §  39  (see  Smith,  Proc. 
R.S.  xvi.,  or  Collected  Papers,  i.  510). 
Among  the  most  interesting  special  applications  of  the  theory  are 

certain  propositions  relating  to  the  representation  of  numbers  as 
the  sum  of  squares.  In  order  that  a  number  may  be  expressible  as  the 
sum  of  two  squares  it  is  necessary  and  sufficient  for  it  to  be  of  the 
form  PQ2,  where  P  has  no  square  factor  and  no  prime  factor  of  the 
form  4rt+3.  A  number  is  expressible  as  the  sum  of  three  squares  if, 
and  only  if,  it  is  of  the  form  m?n  with  n=  i,  ±2 ±3  (mod  8) ;  when 
m  =  l  and  n=3  (mod  8),  all  the  squares  are  odd,  and  hence  follows 
Fermat's  theorem  that  every  number  can  be  expressed  as  the  sum 
of  three  triangular  numbers  (one  or  two  of  which  may  be  o).  Another 

famous  theorem  of  Fermat's  is  that  every  number  can  be  expressed' as  the  sum  of  four  squares;  this  was  first  proved  by  Jacobi,  who  also 
proved  that  the  number  of  solutions  of  n  =  *2+;y2+z2+(2  is  8*(n),  if 
n  is  odd,  while  if  n  is  even  it  is  24  times  the  sum  of  the  odd  factors  of 
n.  Explicit  and  finite,  though  more  complicated,  formulae  have  been 
obtained  for  the  number  of  representations  of  n  as  the  sum  of  five, 
six,  seven  and  eight  squares  respectively.  As  an  example  of  the 
outstanding  difficulties  of  this  part  of  the  subject  may  be  mentioned 
the  problem  of  finding  all  the  integral  (not  merely  rational)  auto- 

morphs of  a  given  form  /.  When/  is  ternary,  C.  Hermite  has  shown 
that  the  solution  depends  on  finding  all  the  integral  solutions  of 
F(x,  y,  z)+t?  =  l,  where  F  is  the  contravariant  of/. 

Thanks  to  the  researches  of  Gauss,  Eisenstein,  Smith,  Hermite 
and  others,  the  theory  of  ternary  quadratics  is  much  less  incomplete 
than  that  of  quadratics  with  four  or  more  variables.  Thus  methods 
of  reduction  nave  been  found  both  for  definite  and  for  indefinite 
forms;  so  that  it  would  be  possible  to  draw  up  a  table  of  repre- 

sentative forms,  if  the  result  were  worth  the  labour.  One  specially 
important  theorem  is  the  solution  of  axP+byt+cz1  =o ;  this  is  always 
possibleif  —  be,  —ca,  —  ab  are  quadratic  residues  of  o,  b,  c  respectively, 
and  a  formula  can  then  be  obtained  which  furnishes  all  the  solutions. 

42.  Complex  Numbers. — One  of  Gauss's  most  important  and  far- reaching  contributions  to  arithmetic  was  his  introduction  of  complex 
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integers  0+61,  where  a,  b  are  ordinary  integers,  and,  as  usual,  »"*  =  —  I. 
In  this  theory  there  are  four  units  =  i,  =  t;  the  numbers  i*(o+6t) 
are  said  to  be  associated;  a— hi  is  the  conjugate  of  a+bi  and  we 
write  N(a  =  6i)=a2+62,  the  norm  of  a+bi,  its  conjugate,  and  asso- 

ciates. The  most  fundamental  proposition  in  the  theory  is  that  the 
process  of  residuation  (§  24)  is  applicable;  namely,  if  m,  n  are  any 
two  complex  integers  and  N(m)>N(n),  we  can  always  find  integers 
q,  r  such  that  m  —  qn+r  with  N(r)^iN(nJ.  This  may  be  proved 
analytically,  but  is  obvious  if  we  mark  complex  integers  by  points 
in  a  plane.  Hence  immediately  follow  propositions  about  resolutions 
into  prime  factors,  greatest  common  measure,  &c.,  analogous  to 
those  in  the  ordinary  theory;  it  will  only  be  necessary  to  indicate 
special  points  of  difference. 
We  have  2  =  —  t(i+»)s,  so  that  2  is  associated  with  a  square'  a 

real  prime  of  the  form  4n+3  is  still  a  prime,  but  one  of  the  form 
4n+i  breaks  up  into  two  conjugate  prime  factors,  for  example, 
5  =  (l  —  2»)(l  +2t)  An  integer  is  even,  semi-even,  or  odd  according 

as  it  is  divisible  by  (i  +i)2,  (i  +t)  or  is  prime  to  (i  +*').  Among  four associated  odd  integers  there  is  one  and  only  one  which =  I  (mod  2  + 
2») ;  this  is  said  to  be  primary;  the  conjugate  of  a  primary 
number  is  primary,  and  the  product  of  any  number  of  primaries  is 
primary.  The  conditions  that  a+bi  may  be  primary  are  6=0  (mod 
2)  0+6  —  1  =  0  (mod  4).  Every  complex  integer  can  be  uniquely 
expressed  in  the  form  t"1(i+i)"oa60cr ...,  where  o^m<4,  and 
a,  b,  c,  .  .  .  are  primary  primes. 

With  respect  to  a  complex  modulus  m,  all  complex  integers  may 
be  distributed  into  N(m)  incongruous  classes.  If  m  =  h(a+bi)  where 
a,  b  are  co-primes,  we  may  take  as  representatives  of  these  classes 
the  residues  x+yi  where  *=o,  i,  2,. .  .|(o2+62)A  — 1|;  y  =  o,  I,  2, 
. .  .(h  —  l).  Thus  when  6  =  0  we  may  take  x=o,  i,  2,...(h  —  i); 
y  =  o,  i,  2,. .  .(h  —  i),  giving  the  V  residues  of  the  real  number  h; 
while  if  a+bi  is  prime,  i,  2,  3,. .  .(o!+62  —  l)  form  a  complete 
set  of  residues. 

The  number  cf  residues  of  m  that  are  prime  to  m  is  given  by 

where  the  product  extends  to  all  prime  factors  of  m.    As  an  analogue 
to  Fermat  s  theorem  we  have,  for  any  integer  prime  to  the  modulus, 

A^>C™)=  i  (mod  m),xN(#)-i=  i  (mod  p) 
according  as  m  is  composite  or  prime.  There  are  <f>|N(/>)  —  ij 
primitive  roots  of  the  prime  p;  a  primitive  root  in  the  real  theory  for 
a  real  prime  471  +  1  is  also  a  primitive  root  in  the  new  theory  for  each 
prime  factor  of  (4/1+1),  but  if  />  =  4«+3  be  a  prime  its  primitive 
roots  are  necessarily  complex. 

43.  If  p,  q  aie  any  two  odd  primes,  we  shall  define  the  symbols 

(-}  and  (")  by  the  congruences mod  q), 

it  being  undeiitood  that  the  symbols  stand  for  absolutely  least 

residues.  It  follows  that  (*  j  =  i  or  —  I  according  as  p  is  a  quadratic 
residue  of  q  or  not;  and  thatKi  only  if  p  is  a  biquadratic 

residue  of  q.     If  p,  q  are  primary  primes,  we  have  two  laws  of 
reciprocity,  expressed  by  the  equations 

t      = 

z     \2/  t  \p!  t 

To  these  must  be  added  the  supplementary  formulae 

a+bi  being  a  primary  odd  prime.  In  words,  the  law  of  biquadratic 

reciprocity  for  two  primary  odd  primes  may'be  expressed  by  saying 
that  the  biquadratic  characters  of  each  prime  with  respect  to  the 
other  are  identical,  unless  £  =  9=3+21  (mod  4),  in  which  case  they 
are  opposite.  The  law  of  biquadratic  reciprocity  was  discovered  by 
Gauss,  who  does  not  seem,  however,  to  have  obtained  a  complete 

proof  of  it.  The  first  published  proof  is  that  of  Eisenstein,  which  is 

very  beautiful  and  simple,  but  involves  the  theory^f  lemniscate 

functions.  A  proof  on  the  lines  indicated  in  Gauss's  posthumous 
papers  has  been  developed  by  Busche;  this  probably  admits  of 

simplification.  Other  demonstrations,  for  instance  Jacobi's,  depend on  cyclotomy  (see  below). 

44.  Algebraic  Numbers. — The  first  extension  of  Gauss  s  complex 
theory  was  made  by  E.  E.  Kummer,  who  considered  complex 
numbers  represented  by  rational  integral  functions  of  any  roots  of 

unity,  thus  including  the  ordinary  theory  and  Gauss's  as  special cases.  He  was  soon  faced  by  the  difficulty  that,  in  some  cases,  the 
law  that  an  integer  can  be  uniquely  expressed  as  the  product  of  prime 
factors  appeared  to  break  down.  To  see  how  this  happens  take  the 
equation  7j2+i)+6  =  o,  the  roots  of  which  are  expressible  as  rational 

integral  functions  of  23rd  roots  of  unity,  and  let  17  be  either  of  the 
roots.  If  we  define  017+6  to  be  an  integer,  when  a,  b  are  natural 
numbers,  the  product  of  any  number  of  such  integers  is  uniquely 
expressible  in  the  form  /ij+m.  Conversely  every  integer  can  be 
expressed  as  the  product  of  a  finite  number  of  indecomposable 
integers  a+bri,  that  is,  integers  which  cannot  be  further  resolved  into 
factors  of  the  same  type.  But  this  resolution  is  not  necessarily 
unique:  for  instance  6  =  2.3=  ~l(l+1)'  where  2,  3,  17,  17  +  1  are  all 
indecomposable  and  essentially  distinct.  To  see  the  way  in  which 
Kummer  surmounted  the  difficulty  consider  the  congruence 

u1  +«  +6=  o(mod  p) 

where  p  is  any  prime,  except  23.  If  —2^Rp  this  has  two  distinct 
roots  MI,  «i;  and  we  say  that  077+6  is  divisible  by  the  ideal  prime 
factor  of  p  corresponding  to  ui,  if  o«i+6=o  (mod  p).  For  instance, 
if  £  =  2  we  may  put  «i=o,  «j  =  i  and  there  will  be  two  ideal  factors 
of  2,  say  pi  and  pi  such  that  017+6=0  (mod  p\)  if  6=0  (mod  2)  and 
077+6=0  (mod  pi)  if  0+6=0  (mod  2).  If  both  these  congruences  are 
satisfied,  0=6=0  (mod  2)  and  o»7+6  is  divisible  by  2  in  the  ordinary 
sense.  Moreover  (o77+6)(ci7+d)  =  (bc+ad—  ac)it  +  (bd  —  6ac)  and  if 
this  product  is  divisible  by  pi,  6d=o  (mod  2),  whence  either  017+6 
or  07  +d  is  divisible  by  pi  ;  while  if  the  product  is  divisible  by  pi  we 
have  bc+ad+bd  —  7ac  =  Q  (mod  2)  which  is  equivalent  to  (0+6) 

(c+d)  =  o  (mod  2),  so  that  again  either  017+6  or  07+0"  is  divisible  by 
pi.  Hence  we  may  properly  speak  of  pi  and  pi  as  prime  divisors. 
Similarly  the  congruence  «2+«+6=o  (mod  3)  defines  two  ideal 
prime  factors  of  3,  and  017+6  is  divisible  by  one  or  the  other  of  these 
according  as  6=0  (mod  3)  or  20+6=0  (mod  3);  we  will  call  these 
prime  factors  pt,  pt.  With  this  notation  we  have  (neglecting  unit factors) 

2=ptpi,  3  =  pspt,   •n=pipi,   i+it  =  pip4. 
Real  primes  of  which  —23  is  a  non-quadratic  residue  are  also  primes 
in  the  field  (17)  ;  and  the  prime  factors  of  any  number  017+6,  as  well 
as  the  degree  of  their  multiplicity,  may  be  found  by  factorizing 
(6o!—  O6+62),  the  norm  of  (017+6).  Finally  every  integer  divisible 
by  pi  is  expressible  in  the  form  ±2»n  =  (1+17)71  where  m,  ware  natural 
numbers  (or  zero)  ;  it  is  convenient  to  denote  this  fact  by  writing 
pi  =  [2,  1+17],  and  calling  the  aggregate  2m  +  (i+i7)n  a  compound 
modulus  with  the  base  2,  1+17.  This  generalized  idea  of  a  modulus 
is  very  important  and  far-reaching;  an  aggregate  is  a  modulus  when, 
if  a,  0  are  any  two  of  its  elements,  a+p  and  a—  ft  also  belong  to  it. 
For  arithmetical  purposes  those  moduli  are  most  useful  which  can  be 
put  into  the  form  [ai,  ai,...an]  which  means  the  aggregate  of  all  the 
quantities  Xiai+Xia.i+...+xna,  obtained  by  assigning  to  (xi,Xi,...x,), 
independently,  the  values  61  *i,  =2,  &c.  Compound  moduli  may 
be  multiplied  together,  or  raised  to  powers,  by  rules  which  will  be 
plain  from  the  following  example.  We  have 

£s2  =  [4,  2(1+17),  (l+1j)I]=[4-2+2lJ,-5+17]=[4,  12,  -5+77] 
=  [4.  -5+1]  =  [4.  3+1] 

hence 

pi'  =  pi'.pi  =  [4-  3  +ll  X  [2,  i  +17]  =  [8,  4  +417,  6  +217,  3  +417  +17'] 

=  [8,4+417,6+277,  -3+3l]  =  (l-1)['/+2,  17-6,  3]  =  (77-i)[i,77]. 
Hence  every  integer  divisible  by  pi*  is  divisible  by  the  actual  integer 
(17  —  1)  and  conversely;  so  that  in  a  certain  sense  we  may  regard  pi 
as  a  cube  root.  Similarly  the  cube  of  any  other  ideal  prime  is  of  the 
form  (O77+6)[1,  77].  According  to  a  principle  which  will  be  explained 
further  on,  all  primes  here  considered  may  be  arranged  in  three 
classes;  one  is  that  of  the  real  primes,  the  others  each  contain  ideal 
primes  only.  As  we  shall  see  presently  all  these  results  are  intimately 
connected  with  the  fact  that  for  the  determinant  —23  there  are  three 
primitive  classes,  represented  by  (i,  i,  6)  (2,  i,  3),  (2,  —  i,  3)  re- 
spectively. 

45.  Rummer's  definition  of  ideal  primes  sufficed  for  his  particular 
purpose,  and  completely  restored  the  validity  of  the  fundamental 
theorems  about  factors  and  divisibility.  His  complex  integers  were 
more  general  than  any  previously  considered  and  suggested  a  defini- 

tion of  an  algebraic  integer  in  general,  which  is  as  follows  :  if  01,01,  ...o. 
are  ordinary  integers  (i.e.  elements  of  R,  §  7),  and  0  satisfies  an 

equation  of  the  form 
0»+a,0"-1+o,0"-l+.  .  .  +0^,0+0.  =o, 

6  is  said  to  be  an  algebraic  integer.  We  may  suppose  this  equation 
irreducible;  6  is  then  said  to  be  of  the  nth  order.  The  n  roots 
0,  6',  0*,...fr*~l)  are  all  different,  and  are  said  to  be  conjugate. 
If  the  equation  began  with  Oo9"  instead  of  8*,  9  would  still  be  an 
algebraic  number;  every  algebraic  number  can  be  put  into  the  form 
0/m,  where  m  is  a  natural  number  and  6  an  algebraic  integer. 

Associated  with  8  we  have  afield  (or  corpus)  Q  =  R(0)  consisting  of 
all  rational  functions  of  8  with  real  rational  coefficients;  and  in  like 

manner  we  have  the  conjugate  fields  H'  =  R(9').  &c.  The  aggregate 
of  integers  contained  in  il  is  denoted  by  o. 

Every  element  of  ft  can  be  put  into  the  form 

where  d>,  c\,...c^\  are  real  and  rational.  If  these  coefficients  are 
all  integral,  w  is  an  integer;  but  the  converse  is  not  necessarily  true. 
It  is  possible,  however,  to  find  a  set  of  integers  ui,  WI...M,  belong- 

ing to  JJ,  such  that  every  integer  in  Q  can  be  uniquely  expressed  in 
the  form 
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where  hi,  AS  , ...  An  are  elements  of  N  which  may  be  called  the 
co-ordinates  of  o>  with  respect  to  the  base  <ot,  U2,  •  •  •  "n.  Thus  o 
is  a  modulus  (§  44),  and  we  may  write  o  =  [ioi,  012,  ...  o)n].  Having 
found  one  base,  we  can  construct  any  number  of  equivalent  bases 

by  means  of  equations  such  as  uj'  =  Zci,-«>,  where  the  rational  integral 
coefficients  a1  are  such  that  the  determinant  |cnBJ=  *i. 

If  we  write 

/'          /'  / 
<i>  1,          CO  2,  ...     01  n 
IT  It  If 

CO    i,        CO   2,  .     .     .     CO    „ 

"I""1*'  "4""1*'  •  •  •  «i" 
A  is  a  rational  integer  called  the  discriminant  of  the  field.  Its  value 
is  the  same  whatever  base  is  chosen. 

If  a  is  any  integer  in  12,  the  product  of  a  and  its  conjugates  is  a 
rational  integer  called  the  norm  of  a,  and  written  N(o).  By  consider- 

ing the  equation  satisfied  by  a  we  see  that  N(a)  =aai  where  a,  is  an 
integer  in  12.  It  follows  from  the  definition  that  if  o,  0  are  any  two 
integers  in  12,  then  N(oj8)  =  N(a)N(/3);  and  that  for  an  ordinary  real 
integer  m,  we  have  N(m)  =m". 

46.  Ideals. — The   extension   of    Kummer's   results   to   algebraic 
numbers  in  general  was  independently  made  by  J.  W.  R.  Dedekind 
and  Kronecker;  their  methods  differ  mainly  in  matters  of  notation 
and   machinery,   each   having  special  advantages  of  its  own   for 

particular  purposes.    Dedekind's  method  is  based  upon  the  notion 
of  an  ideal,  which  is  defined  by  the  following  properties: — 

(i.)    An  ideal  m  is  an  aggregate  of  integers  in  Q. 

(ii.)  This  aggregate  is  a  modulus ;  that  is  to  say,  if /»,  M'  are  any  two 
elements  of  m  (the  same  or  different)  n~n'  is  contained  in  m.  Hence 
also  m  contains  a  zero  element,  and  AI+M'  is  an  element  of  m. 

(iii.)  If  M  is  any  element  of  m,  and  a  any  element  of  0,  then  co/u  is 
an  element  of  tn.  It  is  this  property  that  makes  the  notion  of  an 
ideal  more  specific  than  that  of  a  modulus. 

It  is  clear  that  ideals  exist;  for  instance,  o  itself  is  an  ideal. 
Again,  all  integers  in  12  which  are  divisible  by  a  given  integer  a  (in  o) 
form  an  ideal;  this  is  called  a  principal  ideal,  and  is  denoted  by 
oo.  Every  ideal  can  be  represented  by  a  base  (§§  44,  45),  so  that 
we  may  write  m  =  \m,  1*1,  .  .  .  n*],  meaning  that  every  element  of  m 

can  be  uniquely  expressed  in  the  form  'Shim,  where  A,  is  a  rational integer.  In  other  words,  every  ideal  has  a  base  (and  therefore,  of 
course,  an  infinite  number  of  bases).  If  a,  b  are  any  two  ideals,  and 
if  we  form  the  aggregate  of  all  products  off  obtained  by  multiplying 
each  element  of  the  first  ideal  by  each  element  of  the  second,  then 
this  aggregate,  together  with  all  sums  of  such  products,  is  an  ideal 
which  is  called  the  product  of  a  and  b  and  written  ab  or  ba.  In 

particular  oa=a,  O2  =  o  ,oa  .  o0  =  oa/3.  This  law  of  multiplication  is 
associative  as  well  as  commutative.  It  is  clear  that  every  element 
of  ab  is  contained  in  a :  it  can  be  proved  that,  conversely,  if  every 
element  of  c  is  contained  in  a,  there  exists  an  ideal  b  such  that  ab  =  c. 

In  particular,  if  a  is  any  element  of  a,  there  is  an  ideal  a'  such  that 
Oa  =  aa'.  A  prime  ideal  is  one  which  has  no  divisors  except  itself 
and  o.  It  is  a  fundamental  theorem  that  every  ideal  can  be  resolved 
into  the  product  of  a  finite  number  of  prime  ideals,  and  that  this 
resolution  is  unique.  It  is  the  decomposition  of  a  principal  ideal  into 
the  product  of  prime  ideals  that  takes  the  place  of  the  resolution  of 
an  integer  into  its  prime  factors  in  the  ordinary  theory.  It  may 
happen  that  all  the  ideals  in  O  are  principal  ideals;  in  this  case  every 
resolution  of  an  ideal  into  factors  corresponds  to  the  resolution  of  an 
integer  into  actual  integral  factors,  and  the  introduction  of  ideals 
is  unnecessary.  But  in  every  other  case  the  introduction  of  ideals 
or  some  equivalent  notion,  is  indispensable.  When  two  ideals  have 
been  resolved  into  their  prime  factors,  their  greatest  common 
measure  and  least  common  multiple  are  determined  by  the  ordinary 
rules.  Every  ideal  may  be  expressed  (in  an  infinite  number  of  ways) 
as  the  greatest  common  measure  of  two  principal  ideals. 

47.  There  is  a  theory  of  congruences  with  respect  to  an  ideal 
modulus.     Thus  a=0  (mod  m)  means  that  o— /3  is  an  element  of 
m.    With  respect  to  tn,  all  the  integers  in  12  may  be  arranged  in  a  finite 
number  of  incongruent  classes.     The  number  of  these  classes  is 
called  the  norm  of  tn,  and  written  N(m).    The  norm  of  a  prime  ideal 
p  is  some  power  of  a  real  prime  p;  if  N(p)  =pf,  p  is  said  to  be  a  prime 
ideal  of  degree/.    If  m,  n  are  any  two  ideals,  then  N(mn)  =N(tn)N(n). 
If  N(tn)  =ra,  then  m=o  (mod  m),  and  there  is  an  ideal  m'  such  that 
vm  =  mm'.    The  norm  of  a  principal  ideal  Da  is  equal  to  the  absolute value  of  N(a)  as  defined  in  §  45. 

The  number  of  incongruent  residues  prime  to  m  is — 

where  the  product  extends  to  all  prime  factors  of  tn.     If  «  is  any 
element  of  o  prime  to  m, 

wKra)=i     (mod  m). 

Associated  with  a  prime  modulus  p  for  which  N  (p)  =pf  we  have 
<t>(pf  —  l)  primitive  roots,  where  <t>  has  the  meaning  given  to  it  in  the 
ordinary  theory.  Hence  follow  the  usual  results  about  exponents, 
indices,  solutions  of  linear  congruences,  and  so  on.  For  any  modulus 
m  we  have  N(m)  =S<Kb),  where  the  sum  extends  to  all  the  divisors 
of  m. 

48.  Every  element  of  o  which  is  not  contained  in  any  other  ideal 
is  an  algebraic  unit.    If  the  conjugate  fields  J2,  Q',  .  .  .  &""'>  consist 
of  ri  real  and  2r2  imaginary  fields,  there  is  a  system  of  units  «i,  62,  .  .  .  e,, 
where  r  =  r,+r2—  I,  such  that  every  unit  in  Q  is  expressible  in  the 
form  e=p«iaes4  .  .  .  «r*  where  p  is  a  root  of  unity  contained  in  12  and 
a,b,...l  are  natural  numbers.    This  theorem  is  due  to  Dirichlet. 

The  norm  of  a  unit  is  +1  or  -I  ;  and  the  determination  of  all  the 
units  contained  in  a  given  field  is  in  fact  the  same  as  the  solution  of  a 
Diophantine  equation 

F(hi,  Aj,...A»)  =  ±i. 
For  a  quadratic  field  the  equation  is  of  the  form  h?-rih£  =  =±=i, 

and  the  theory  of  this  is  complete;  but  except  for  certain  special 
cubic  corpora  little  has  been  done  towards  solving  the  important 
problem  of  assigning  a  definite  process  by  which,  for  a  given  field,  a 
system  of  fundamental  units  may  be  calculated.  The  researches  of 
Jacobi,  Hermite,  and  Minkowsky  seem  to  show  that  a  proper  exten- 

sion of  the  method  of  continued  fractions  is  necessary. 
49.  Ideal  Classes.  —  If  m  is  any  ideal,  another  ideal  n  can  always  be 

found  such  that  inn  is  a  principal  ideal;  for  instance,  one  such 

multiplier  is  m~1N(m).    Two  ideals  tn;  tn'  are  said  to  be  equivalent 
(m~m')  or  to  belong  to  the  same  class,  if  there  is  an  ideal  n  such 
that  mn,  tn'n  are  both  principal  ideals.    It  can  be  proved  that  two 
ideals  each  equivalent  to  a  third  are  equivalent  to  each  other  and 
that  all  ideals  in  12  may  be  distributed  into  a  finite   number,  h,  of 
ideal  classes.    The  class  which  contains  all  principal  ideals  is  called 
the  principal  class  and  denoted  by  O. 

If  m,  n  are  any  two  ideals  belonging  to  the  classes  A,  B  respectively, 
then  mn  belongs  to  a  definite  class  which  depends  only  upon  A,  B 
and  may  be  denoted  by  AB  or  BA  indifferently.  Thus  the  class- 
symbols  form  an  Abelian  group  of  order  h,  of  which  O  is  the  unit 
element;  and,  mutatis  mutandis,  the  theorems  of  §  37  about  com- 

position of  classes  still  hold  good. 
The  principal  theorem  with  regard  to  the  determination  of  h  is  the 

following,  which  is  Dedekind's  generalization  of  the  corresponding one  for  quadratic  fields,  first  obtained  by  Dirichlet.  Let 

r(*)-ZN(m)-' 
(at) 

where  the  sum  extends  to  all  ideals  m  contained  in  £2;  this  converges 
so  long  as  the  real  quantity  i  is  positive  and  greater  than  i.  Then 
K  being  a  certain  quantity  which  can  be  calculated  when  a  funda- 

mental system  of  units  is  known,  we  shall  have 

The  expression  for  K  is  rather  complicated,  and  very  peculiar;  it 
may  be  written  in  the  form 

R 

"fVA| 

where  |VA|  means  the  absolute  value  of  the  square  root  of  the  dis- 
criminant of  the  field,  r\,  r%  have  the  same  meaning  as  in  §  48,  w  is 

the  number  of  roots  of  unity  in  Q,  and  R  is  a  determinant  of  the  form 
|/i(e>)J.  of  order  (n+rj-i),  with  elements  which  are,  in  a  certain 
special  sense,  "  logarithms  "  of  the  fundamental  units  «i,  62,  .  .  .  «,. 

50.  The  discriminant  A  enjoys  some  very  remarkable  properties. 
Its  value  is  always  different  from  =*=  i  ;  there  can  be  only  a  finite 
number  of  fields  which  have  a  given  discriminant;  and  the  rational 
prime  factors  of  A(12)  are  precisely  those  rational  primes  which,  in  Q, 
are  divisible  by  the  square  (or  some  higher  power)  of  a  prime  ideal. 
Consequently,  every  rational  prime  not  contained  in  A  is  resolvable, 
in  0,  into  the  product  of  distinct  primes,  each  of  which  occurs  only 
once.     The  presence  of  multiple  prime  factors  in  the  discriminant 

was  the  principal  difficulty  in   the  way  of  extending  Kummer's 
method  to  all  fields,  and  was  overcome  by  the  introduction  of  com- 

pound moduli---for  this  is  the  common  characteristic  of  Dedekind's 
and  Kronecker's  procedure. 

51.  Normal  Fields.  —  The  special  properties  of  a  particular  field  12 
are  closely   connected   with   its  relations  to  the  conjugate  fields 
12',  12",  .  .  .  fl*""1'.     The  most  important  case  is  when  each  of  the 
conjugate  fields  is  identical  with  12:    the  field  is  then  said  to  be 

Galoisian   or   normal.      The   aggregate    R(0,    6',  .  .  .  flf"-")  of  all rational  functions  of  8  and  its  conjugates  is  a  normal  field:  hence 
every  arithmetical  field  of  order  n  is  either  normal,  or  contained  in  a 
normal  field  of  a  higher  order.     The  roots  of  an  equation  /(0)=o 
which  defines  a  normal  field  are  associated  with  a  group  of  substitu- 

tions: if  this  is  Abelian,  the  field  is  called  Abelian;  if  it  is  cyclic. 
the  field  is  called  cyclic.    A  cyclotomic  field  is  one  the  elements  of 
which  are  all  expressible  as  rational  functions  of  roots  of  unity;  in 
particular  the  complete  cyclotomic  field  Cm,  of  order  4>(m),  is  the 
aggregate  of  all  rational  functions  of  a  primitive  mth  root  of  unity. 
To  Kronecker  is  due  the  very  remarkable  theorem  that  all  Abelian 
(including  cyclic)  fields  are  cyclotomic:  the  first  published  proof  of 
this  was  given  by  Weber,  and  another  is  due  to  D.  Hilbert. 

Many  important  theorems  concerning  a  normal  field  have  been 
established  by  Hilbert.  He  shows  that  if  Q  is  a  given  normal  field 
of  order  m,  and  p  any  of  its  prime  ideals,  there  is  a  finite  series  of 
associated  fields  I2i,  12j,  &c.,  of  orders  m\,  mi,  &c.,  such  that  rm=o 

(mod.  mf+i).  and  that  if  ri  =  mlmt,  p'l'  =  p.-,  a  prime  ideal  in  Of. If  12j  is  the  last  of  this  series,  it  is  called  the  field  of  inertia 
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(  Trdgheitskdrper)  for  p  :  next  after  this  comes  a  nother  field  of  still  lower 
order  called  the  resolvingfield  (Zerlegungskorper)  for  p,  and  in  this  field 
there  is  a  prime  of  the  first  degree,  pw,  such  that  pi+i=p*,  where 
k=mjmi.  In  the  field  of  inertia  pj^i  remains  a  prime,  but  becomes 
of  higher  degree;  in  Qj_i,  which  is  called  the  branch-field  (Ver- 
zweigungskorper)  it  becomes  a  power  of  a  prime,  and  by  going  on  in  this 
way  from  the  resolving  field  to  Q,  we  obtain  (1+2)  representations 
for  any  prime  ideal  of  the  resolving  field.  By  means  of  these 
theorems,  Hilbert  finds  an  expression  for  the  exact  power  to  which  a 
rational  prime  f>  occurs  in  the  discriminant  of  £2,  and  in  other  ways 
the  structure  of  Q  becomes  more  evident.  It  may  be  observed  that 
whem  m  is  prime  the  whole  series  reduces  to  Q  and  the  rational  field, 
and  we  conclude  that  every  prime  ideal  in  0  is  of  the  first  or  with 
degree:  this  is  the  case,  for  instance,  when  m  =  2,  and  is  one  of  the 
reasons  why  quadratic  fields  are  comparatively  so  simple  in  character. 

$2.  Quadratic  Fields.  —  Let  m  be  an  ordinary  integer  different  from 
+  1,  and  not  divisible  by  any  square:  then  if  x,  y  assume  all  ordinary 
rational  values  the  expressions  x+yV  m  are  the  elements  of  a  field 
which  may  be  called  S2(Vm).  It  should  be  observed  that  V  m  means 
one  definite  root  of  x*—  m=o,  it  does  not  matter  which:  it  is  con- 

venient, however,  to  agree  that  V  m  is  positive  when  m  is  positive, 

and  i'V  m  is  negative  when  m  is  negative.  The  principal  results relating  to  n  will  now  be  stated,  and  will  serve  as  illustrations  of 

§§44-51. 
In  the  notation  previously  used 

according  as  m  =  l  (mod  4)  or  not.  In  the  first  case  A=«,  in  the 
second  A  =un.  The  field  Q  is  normal,  and  every  ideal  prime  in  it  is 
of  the  first  degree. 

Let  q  be  any  odd  prime  factor  of  m;  then  g  =  q!,  where  q  is  the 
prime  ideal  [q,  %(q+->]m)]  when  m  =  l  (mod  4)  and  in  other  cases 
[q,  V  m].  An  odd  prime  p  of  which  m  is  a  quadratic  residue  is  the 

product  of  two  prime  ideals  p,  p',  which  may  be  written  in  the  form 
IP,  l(a+V»»)],  \p,\(a  —  Vm)]  or  [p,  o+Vm],  [p,a  —  VH.  according  as 
m  =  \  (mod  4)  or  not:  here  a  is  a  root  of  x!=m  (mod  p),  taken  so  as 
to  be  odd  in  the  first  of  the  two  cases.  All  other  rational  odd  primes 
are  primes  in  p.  For  the  exceptional  prime  2  there  are  four  cases  to 
consider:  (i.)  if  m  =  i  (mod  8),  then2  =  [2,i(i-fVm)]X[2,i(i  —  V»»)]. 
(ii.)  If  m=5  (mod  8),  then  2  is  prime:  (iii.)  if  m=2  (mod  4), 
2  =  [2,Vm]2:  (iv.)  if  m=3  (mod=4),  2  =  [2,i+V»»)2.  Illustrations  will 
be  found  in  §  44  for  the  case  m  =  23. 

53.  Normal  Residues.  Genera.  —  Hilbert  has  introduced  a  very 
convenient  definition,  and  a  corresponding  symbol,  which  is  a  gene- 

ralization of  Legendre's  quadratic  character.  Let  n,  m  be  rational 

integers,  m  not  a  square,  ai  any  rational  prime;  we  write  (—  —  )  =+l 

if,  to  the  modulus  w,  n  is  congruent  to  the  norm  of  an  integer  con- 

tained in  J2(V  m)  ;  in  all  other  cases  we  put  I  —  '•  —  )  =  —  I  .  This  new 

symbol  obeys  a  set  of  laws,  among  which  may  be  especially  noted 
In,  w\  Iw,  n\  /n\  ,  In,  m\ 

lury  =  rirj  =  w  and  nrJ  =  +I>  whenever  n<  m  are  p™me 
top. 

Now  let  qt,  g2,  .  .  .  ?i  be  the  different  rational  prime  factors  of 
the  discriminant  of  fi(V»«)  ;  then  with  any  rational  integer  a  we  may 
associate  the  t  symbols 

(a,  m\      la,  m\  la  m\ 

qi    '  '    \  52  /  '  "  '  \  qt   I 
and  call  them  the  total  character  of  a  with  respect  to  Q.  This 
definition  may  be  extended  so  as  to  give  a  total  character  for  every 
ideal  a  in  iJ,  as  follows.  First  let  Q  be  an  imaginary  field  (m<o) ; 
we  put  r  =  t,  n  =  N(a),  and  call 

In,  m\  In,  m\ 

\  qi   I '  "  '  \  Or  I 
the  total  character  of  a.  Secondly,  let  Q  be  a  real  field ;  we  first 
determine  the  t  separate  characters  of  —  I ,  and  if  they  are  all  positive 
we  put  n=  +  N(a),  r  —  t,  and  adopt  the  r  characters  just  written 
above  as  those  of  a.  Suppose,  however,  that  one  of  the  characters 
of  —i  is  negative;  without  loss  of  generality  we  may  take  it  to  be 
that  with  reference  to  qt.  We  then  put  r  =  t  —  l,  S=±N(a)  taken 

with  such  a  sign  that 

(¥)  = 
+  i,  and  take  as  the  total  character 

of  a  the  symbols  for  i  =  i ,  2, ...(/- 1). 

With  these  definitions  it  can  be  proved  that  all  ideals  of  the  same 
class  have  the  same  total  character,  and  hence  there  is  a  distribution 
of  classes  into  genera,  each  genus  containing  those  classes  for  which 
the  total  character  is  the  same  (cf.  §  36). 

Moreover,  we  have  the  fundamental  theorem  that  an  assigned  set 
of  r  units  ±  I  corresponds  to  an  actually  existing  genus  if,  and  only  if, 
their  product  is  + 1 ,  so  that  the  number  of  actually  existing  genera 

is  2T~l.  This  is  really  equivalent  to  a  theorem  about  quadratic  forms 
first  stated  and  proved  by  Gauss;  the  same  may  be  said  about  the 

next  proposition,  which,  in  its  natural  order,  is  easily  proved  by  the 
method  of  ideals,  whereas  Gauss  had  to  employ  the  theory  of  ternary 

quadratics. Every  class  of  the  principal  genus  is  the  square  of  a  class. 
An  ambiguous  ideal  in  H  is  defined  as  one  which  is  unaltered  by 

the  change  of  V"  to  —  V  »>  (that  is,  it.is  the  same  as  its  conj  ugate)  and 

namely,  those  factors  of  A,  including  o,  which  are  not  divisible  by 
any  square.  It  is  a  fundamental  theorem,  first  proved  by  Gauss, 
that  the  number  of  ambiguous  classes  is  equal  to  the  number  of 

genera. 54.  Class-Number. — The  number  of  ideal  classes  in  the  field  IJ(V  m) 
may  be  expressed  in  the  following  forms : — 

(i.)  m<o: 

i.  2   -A); 

(ii.)  m>o: 

In  the  first  of  these  formulae  T  is  the  number  of  units  contained  in 

Q;  thus  r  =  6  for  A  =  — 3,  T  =  4  for  A=— 4,  r  —  2  in  other  cases. 
In  the  second  formula,  t  is  the  fundamental  unit,  and  the  products  are 

taken  for  all  the  numbers  of  the  set  (1,2,. .  .A)  for  which  f-j  =+i, 

( H  =  —  i  respectively.  In  the  ideal  theory  the  only  way  in 

which  these  formulae  have  been  obtained  is  by  a  modification  of 

Dirichlet's  method ;  to  prove  them  without  the  use  of  transcendental 
analysis  would  be  a  substantial  advance  in  the  theory. 

55.  Suppose  that  any  ideal  in  n  is  expressed  in  the  form  [ui,  us] ; 
then  any  element  of  it  is  expressible  as  x<jn+yut,  where  x,  y  are 
rational  integers,  and  we  shall  have  N    (xui+ywi)=ax*+bxy+cy*, 
where  a,  b,  c  are  rational  numbers  contained  in  the  ideal.    If  we  put 
x  =  ax'+0y',y  =  yx'+Sy',  where  a,  0,  y,  5  are  rational  numbers  such 
that  ai—jj-y  ==*=!,  we  shall  have  simultaneously  (a,  6,  c)   (x,  y)1 
=  (a',  b',  c')  (x1,  y')1  as  in  §  32  and  also 

(a',  b',  c1)  fX,  /)'  =  Nix'Caw,  +TC*)  +/(#*  +&*) I  =  N(*V,  +y V,), 

where  [w'i,  w'j]  is  the  same  ideal  as  before.  Thus  all  equivalent  forms 
are  associated  with  the  same  ideal,  and  the  numbers  representable 
by  forms  of  a  particular  class  are  precisely  those  which  are  norms  of 
numbers  belonging  to  the  associated  ideal.  Hence  the  class-number 
for  ideals  in  Q  is  also  the  class-number  for  a  set  of  quadratic  forms; 
and  it  can  be  shown  that  all  these  forms  have  the  same  determinant 
A.  Conversely,  every  class  of  forms  of  determinant  A  can  be 
associated  with  a  definite  class  of  ideals  in  n(V»»),  where  m=A  or 
}A  as  the  case  may  be.  Composition  of  form-classes  exactly 
corresponds  to  the  multiplication  of  ideals:  hence  the  complete 
analogy  between  the  two  theories,  so  long  as  they  are  really  in  con- 

tact. There  is  a  corresponding  theory  of  forms  in  connexion  with  a 
field  of  order  n:  the  forms  are  of  the  order  n,  but  are  only  very 
special  forms  of  that  order,  because  they  are  algebraically  resolvable 
into  the  product  of  linear  factors. 

56.  Complex  Quadratic  Forms. — Dirichlet,  Smith  and  others,  have 
discussed  forms  (a,  b,  c)  in  which  the  coefficients  are  complex  integers 
of  the  form  m+ni;  and   Hermite  has  considered  bilinear  forms 

axx'+bxy'+b'x'y+cyy',  where  x1,  y',  b'  are  the  conjugates  of  x,  y,  b 
and  a,  c,  are  real.     Ultimately  these  theories  are  connected  with 
fields  of  the  fourth  order;  and  of  course  in  the  same  way  we  might 
consider  forms  (a,  b,  c)  with  integral  coefficients  belonging  to  any 
given  field  of  order  n :  the  theory  would  then  be  ultimately  connected 
with  a  field  of  order  2n. 

57.  Kronecker's  Method. — In  practice  it  is  found  convenient  to combine  the  method  of  Dedekind  with  that  of  Kroneckcr,  the  main 
principles  of  which  are  as  follows.     Let  F(  x,  y,  z, .  .  .)  be  a  poly- 

nomial in  any  number  of  indeterminates  (umbrae,  as  Sylvester  calls 
them)  with  ordinary  integral  coefficients;  if  n  is  the  greatest  common 
measure  of  the  coefficients,  we  have  F  =  nE,  where  E  is  a  primary  or 
unit  form.    The  positive  integer  n  is  called  the  divisor  of  F;  and  the 
divisor  of  the  product  of  two  forms  is  equal  to  the  product  of  the 
divisors  of  the  factors.    Next  suppose  that  the  coefficients  of  F  are 
integers  in  a  field  Q  of  order  «.    Denoting  the  conjugate  forms  by 

F',  F", . .  .  F<"-'>,  the  product  FF'F"  . . .  F<"-'>=/E,  where  /  is  a 
real  positive  integer,  and  E  a  unit  form  with  real  integral  coef- 

ficients.    The  natural  number  /  is  called  the  norm  of  F.     If  F,  G 
are  any  two  forms  (in  Q)  we  have  N(FG)  =N(F)N(G).     Let  the 
coefficients  of  F  be  ai,  oj,  &c.,  those  of  G  ft,  ft,  &c.,  and  those  of  FG 

Tit  T«,  &c. ;  and  let  p  be  any  prime  ideal  inQ.    Then  if  p™  is  the 
highest  power  of  p  contained  in  each  of  the  coefficients  a,-,  and  p"  the 
highest  power  of  p  contained  in  each  of  the  coefficients  ft,  p"+*  is 
the  highest  power  of  p  contained  by  the  whole  set  of  coefficients  •>(. 
Writing  dv(oi,  at,...)  for  the  highest  ideal  divisor  of  01,  os,  &c., 
this  is  called  the  content  of  F;  and  we  have  the  theorem  that  the 
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product  of  the  contents  of  two  forms  is  equal  to  the  content  of  the 
product  of  the  forms.  Every  form  is  associated  with  a  definite  ideal 
m,  and  we  have  N(F)  =  N(m)  if  m  is  the  content  of  F.and  N(m)  has 
the  meaning  already  assigned  to  it.  On  the  other  hand,  to  a  given 
ideal  correspond  an  indefinite  number  of  forms  of  which  it  is  the 
content;  for  instance  (§  46,  end)  we  can  find  forms  ax+(ly  of  which 
any  given  ideal  is  the  content. 

58.  Now  let  ui,  a*,  ...  a*  be  a  basis  of  o;  HI,  «s,  .  .  .  ua  a  set  of 
indeterminates;  and 

£  is  called  the  fundamental  form  of  J2.  It  satisfies  the  equation 
N(x-£)=o,  or 

F(x)=x»+ylx"-1+  .  .  .  +UB=o where  Uj,  Us,  .  .  .  Un  are  rational  polynomials  in  u\,  Ui,  .  .  .un  with 
rational  integral  coefficients.  This  is  called  the  fundamental 
equation. 

Suppose  now  that  p  is  a  rational  prime,  and  that  p  =  p°q6r<:  .  .  . 
where  p,  q,  r,  .  .  .  &c.,  are  the  different  ideal  prime  factors  of  p, 
then  if  F(x)  is  the  left-hand  side  of  the  fundamental  equation  there 
is  an  identical  congruence 

F{*)-tP(«)HQC*)HR(«)}*.  •  -(mod  p) 
where  P(x),  Q(x),  &c.,  are  prime  functions  with  respect  to  p.  The 
meaning  of  this  is  that  if  we  expand  the  expression  on  the  right-hand 
side  of  the  congruence,  the  coefficient  of  every  term  x'uim.  .  .  un' 
will  be  congruent,  mod  p,  to  the  corresponding  coefficient  in  F(x). 
If/,  g,  h,&c.,  are  the  degrees  of  p,  q,  r,  &c.  (§  47),  then/,  g,h,...  are 
the  dimensions  in  x,  u\,  Ui,.  .  .  un  of  the  forms  of  P,  Q,  R,  respectively. 
For  every  prime  p,  which  is  not  a  factor  of  A,  a  =&=£=.  .  ,  =  i 
and  F(x)  is  congruent  to  the  product  of  a  set  of  different  prime 
factors,  as  many  in  number  as  there  are  different  ideal  prime  factors 
ot  p.  In  particular,  if  p  is  a  prime  in  J2,  F(z)  is  a  prime  function 
(mod  p)  and  conversely. 

It  generally  happens  that  rational  integral  values  01,  a?,  .  .  .  an 
can  be  assigned  to  HI,  Ut,  .  .  .  un  such  that  Up,  the  last  term  in  the 
fundamental  equation,  then  has  a  value  which  is  prime  to  p.  Suppos- 

ing that  this  condition  is  satisfied,  let  01011+020)2+  .  .  .+onwn  =  a; 
and  let  PI  (a)  be  the  result  of  putting  x  =  a,  «i=o,-  in  P(x).  Then 
the  ideal  p  is  completely  determined  as  the  greatest  common 
divisor  of  p  and  Pi(a)  ;  and  similarly  for  the  other  prime  factors 
of  p.  There  are,  however,  exceptional  cases  when  the  condition 
above  stated  is  not  satisfied. 

59.  Cyclotomy.  —  -It  follows  from  de  Moivre's  theorem  that  the 
arithmetical  solution  of  the  equation  xm  —  l  =o  corresponds  to  the 
division  of  the  circumference  of  a  circle  into  m  equal  parts.  The  case 
when  m  is  composite  is  easily  made  to  depend  on  that  where  m  is  a 
power  of  a  prime;  if  m  is  a  power  of  2,  the  solution  is  effected  by  a 
chain  of  quadratic  equations,  and  it  only  remains  to  consider  the 
case  when  m  =  q",  a.  power  of  an  odd  prime.  It  will  be  convenient  to 

write/n=<£(m)  =g«~i(g-l)  ;  if  we  also  put  r  =  e'*il>*,  the  primitive 
roots  of  xm  =  l  will  be  M  in  number,  and  represented  by  r,  r",  1*,  &c. 
where  I,  a,  b,  &c.,  form  a  complete  set  of  prime  residues  to  the 
modulus  m.  These  will  be  the  roots  of  an  irreducible  equation 

/(*)=o  of  degree  M;  the  symbol  /(x)  denoting  (xm  —  l)-^-(xml"—l). 
There  are  primitive  roots  of  the  congruence  xn  =  I  (mod  m)  ;  let  g 

be  any  one  of  these.  Then  if  we  put  r"^  =  rk,  we  obtain  all  the  roots of  f(x)=o  in  a  definite  cyclical  order  (ri,  r^  .  .  .?>)  ;  and  the  change 
of  r  into  r"  produces  a  cyclical  permutation  of  the  roots.  It  follows 
from  this  that  every  cyclic  polynomial  in  r\,  .-2,  .  .  .r/«  with  rational 
coefficients  is  equal  to  a  rational  number.  Thus  if  we  write  l+ag 

-\-bgi+.+kgn~1  =  n,  we  have,  in  virtue  of  n  =  r"  ,riar£.  ..rli.-ikrlit  =  rn, 
and,  if  we  use  S  to  denote  cyclical  summation,  S(riar2!>.  .  •>>')  = 

rn+r"'+.  .  .  +rr""*~I,  the  sum  of  the  nth  powers  of  all  the  roots 
of  f(x)  =o,  and  this  is  a  rational  integer  or  zero.  Since  every  cyclic 
polynomial  is  the  sum  of  parts  similar  to  S(ri"r26.  .  .r/i')>  the  theorem 
is  proved.  Now  let  e,  f  be  any  two  conjugate  factors  of  /*,  so  that 
ef=n,  and  let 

IK  =r<+»'i+e+r<+2«+  .  .  .  +f^(/_o,         (i  =  i,  2,  .  .  .e) 
then  the  elementary  symmetric  functions  ST;,-,  ZT^T;',  &c.,  are  cyclical 
functions  of  the  roots  of  f(x)=o  and  therefore  have  rational  values 
which  can  be  calculated:  consequently  571,  772,  .  .  .17.,  which  are  called 
the  /-nomial  periods,  are  the  roots  of  an  equation 

with  rational  integral  coefficients.  This  is  irreducible,  and  defines  a 
field  of  order  e  contained  in  the  field  defined  by  f(x)  =o.  Moreover, 
the  change  of  r  into  r"  alters  n<  into  TK+I,  and  we  have  the  theorem 
that  any  cyclical  function  of  171,  r^,  ...  re,  is  rational.  Now  let  h,  k 
be  any  conjugate  factors  of  /  and  put 

Zi=Ti+rn.k,+Ti+a>e+.  •  .^'+(/-A)e  (t  =  I|  2,  3.) 
then  ?I,?I.H,  fi+j,-  •  •  ?i+(*-o«  will  be  the  roots  of  an  equation 

G(f)  =  fHi?*-1+c2rM+.  .  .  +c»=o, 
the  coefficients  of  which  are  expressible  as  rational  polynomials  in  TJI. 
Dividing  h  into  two  conjugate  factors,  we  can  deduce  from  G(f)  =o 
another  period  equation,  the  coefficients  of  which  are  rational  poly- 

nomials in  7)2,  fi,  and  so  on.  P>y  choosing  for  e,  h,  &c.,  the  successive 
prime  factors  of  p,  ending  up  with  2,  we  obtain  a  set  of  equations  of 

prime  degree,  each  rational  in  the  roots  of  the  preceding  equations, 
and  the  last  having  n  and  rj-1  for  its  roots.  Thus  to  take  a  very 
interesting  historical  case,  let  m  —  1  7,  so  that  it  =  1  6  =  24,  the  equations 
are  all  quadratics,  and  if  we  take  3  as  the  primitive  roct  of  17,  they are 

—  4=o,  f2-i?f-i=o 

If  two  quantities  (real  or  complex)  o  and  b  are  represented  in  the 
usual  way  by  points  in  a  plane,  the  roots  of  x2+ax+b=o  will  be 
represented  by  two  points  which  can  be  found  by  a  Euclidean  con- 

struction, that  is  to  say,  one  requiring  only  the  use  of  rule  and  com- 
pass. Hence  a  regular  polygon  of  seventeen  sides  can  be  inscribed 

in  a  given  circle  by  means  of  a  Euclidean  construction;  a  fact  first 
discovered  by  Gauss,  who  also  found  the  general  law,  which  is  that  a 
regular  polygon  of  m  sides  can  be  inscribed  in  a  circle  by  Euclidean 
construction  if  and  only  if  <t>(m)_  is  a  power  of  2;  in  other  words 
m  =  2"P  where  P  is  a  product  of  different  odd  primes,  each  of  which  is 
of  the  form  2"  +  l. 

Returning  to  the  case  m  =  qt,  we  shall  call  the  chain  of  equations 
F(i))  =o,  &c.,  when  each  is  of  prime  degree,  a  set  of  Galoisian  auxili- 

aries. We  can  find  different  sets,  because  in  forming  them  we  can 
take  the  prime  factors  of  M  in  any  order  we  like;  but  their  number 
is  always  the  same,  and  their  degrees  always  form  the  same  aggregate, 
namely,  the  prime  factors  of  it.  No  other  chain  of  auxiliaries  having 
similar  properties  can  be  formed  containing  fewer  equations  of  a  given 
prime  degree  p;  a  fact  first  stated  by  Gauss,  to  whom  this  theory  is 
mainly  due.  Thus  if  m  =g«  we  must  have  at  least  (K—  i)  auxiliaries 
of  order  q,  and  if  g-l  =2«*P  .  .  .,  we  must  also  have  a  quadratics, 
/3  equations  of  order  p,  and  so  on.  For  this  reason  a  set  of  Galoisian 
auxiliaries  may  be  regarded  as  providing  the  simplest  solution  of  the 

equation  f(x)  =o. 
60.  When  m  is  an  odd  prime  p,  there  is  another  very  interesting 

way  of  solving  the  equation  (x"-i)  +  (x-i)  =o.  As  before  let 
(n,  r2,  •  •  •  TP-I)  be  its  roots  arranged  in  a  cycle  by  means  of  a 
primitive  root  of  x'~1  =  i  (mod  p)  ;  and  let  e  be  a  primitive  root  of e"-1  =  i.  Also  let 

-l        (k=2,  3,.  .  .p-2) 

so  that  6k  is  derived  from  0\  by  changing  e  into  «*. 
The  cyclical  permutation  (ri,  r2,  .  .  ,rp-i)  applied  to  9t  converts 

it  into  e  *»*;  hence  9i0t/0i+i  is  unaltered,  and  may  be  expressed 
as  a  rational,  and  therefore  as  an  integral  function  of  e.  It  is  found 
by  calculation  that  we  may  put 

.i       S 

=  I,  2,  . 

while 

In  the  exponents  of  ̂ t(e)  the  indices  are  taken  to  the  base  g  used  to 
establish  the  cyclical  order  (n,  r2  •  .  .  fp-i).  Multiplying  together  the 

(p—2)  preceding  equalities,  the  result  is 01*-1  =  -MtofcW  -  •  .*P-.W  =R(0 
where  R(e)  is  a  rational  integral  function  of  «  the  degree  of  which,  in 
its  reduced  form,  is  less  than  <f>(p—i).  Let  p  be  any  one  definite  root 

=  R(e),  and  put  0i  =  p:  then  since 

we  must  take  0*  =  p*/lM2  .  .  .  ̂»_i  =  R*(«)p*,  where  R*(«)  is  a 
rational  function  of  f,  which  we  may  suppose  put  into  its  reduced 
integral  form;  and  finally,  by  addition  of  the  equations  which 
define  9\,  02,  &c., 

If  in  this  formula  we  change  p  into  e~*p,  and  n  into  r^i,  it  still 
remains  true. 

It  will  be  observed  that  this  second  mode  of  solution  employs  a 
Lagrangian  resolvent  0i  ;  considered  merely  as  a  solution  it  is  neither 
so  direct  nor  so  fundamental  as  that  of  Gauss.  But  the  form  of  the 
solution  is  very  interesting;  and  the  auxiliary  numbers  <l/(t)  have 
many  curious  properties,  which  have  been  investigated  by  Jacobi, 
Cauchy  and  Kronecker. 

61.  When  m=q*,  the  discriminant  of  the  corresponding  cyclotomic 

field  is  ±gA,  where  \  =  q"~I(xq—  K  —  i).  The  prime  q  is  equal  to  q**, 
where  n  =  4>(m)  =q"~l(q—i),  and  q  is  a  prime  ideal  of  the  first  degree. If  p  is  any  rational  prime  distinct  from  g,  and  /  the  least  exponent 
such  that  pf  =  i  (mod.  m),  f  will  be  a  factor  of  n,  and  putting  n/f=e, 
we  have  p  =  fipi  .  .  .p«,  where  pi,  p»  .  .  .  p«  are  different  prime  ideals 
each  of  the  /th  degree.  There  are  similar  theorems  for  the  case 
when  m  is  divisible  by  more  than  one  rational  prin.e. 
Kummer  has  stated  and  proved  laws  of  reciprocity  for  quadratic 

and  higher  residues  in  what  are  called  regular  fields,  the  definition  of 

which  is  as  follows.  Let  the  field  be  R(e:"r'/*),  where  p  is  an  odd 
prime;  then  this  field  is  regular,  and  p  is  said  to  be  a  regular  prime, 
when  h,  the  number  of  ideal  classes  in  the  field,  is  not  divisible  by  p. 
Kummer  proved  the  very  curious  fact  that  p  is  regular  if.  and  only  if, 
it  is  not  a  factor  of  the  denominators  of  the  first  \(p—  3)  Bernoullian 
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numbers.  He  also  succeeded  in  showing  that  in  the  field 

the  equation  af+0f+y''=o  has  no  integral  solutions  whenever  h  is 
not  divisible  by  p2.  What  is  known  as  the  "  last  "  theorem  of  Fermat 
is  his  assertion  that  if  m  is  any  natural  number  exceeding  2,  the 

equation  xm+ym=zn>  has  no  rational  solutions,  except  the  obvious 
ones  for  which  xyz=o.  It  would  be  sufficient  to  prove  Fermat's 
theorem  for  all  prime  values  of  m,  and  whenever  Rummer's 
theorem  last  quoted  applies,  Fermat's  theorem  will  hold.  Fermat's theorem  is  true  for  all  values  of  m  such  that  2<m<ioi,  but  no 
complete  proof  of  it  has  yt  t  been  obtained. 

Hubert  has  studied  in  considerable  detail  what  he  calls  Kummer 
fields,  which  are  obtained  by  taking  x,  a  primitive  pth  root  of  unity, 
and  y  any  root  oi  3^—0  =  0,  where  o  is  any  number  in  the  field  R(x) 
which  is  not  a  perfect  pth  power  in  that  field.  The  Kummer  field  is 
then  R  (x,  y),  consisting  of  all  rational  functions  of  x  and  y.  Other 
fields  that  have  been  discussed  more  or  less  are  general  cubic  fields, 
some  special  biquadratic  and  a  few  Abelian  fields  not  cyclic. 

Among  the  applications  of  cyc'.otomy  may  be  mentioned  the 
proof  which  it  affords  of  the  theorem,  first  proved  by  Dirichlet,  that  if 
m,  n  are  any  two  rational  integers  prime  to  each  other,  the  linear 
form  mx-\-n  is  capable  of  representing  an  infinite  number  of  primes. 

62.  Gauss's  Sums. — Let  m  be  any  positive  real  integer ;  then -=  m  —  i 

2 i+i 

This  remarkable  formula,  when  m  is  prime,  contains  results  which 

were  first  obtained  by  Gauss,  and  thence  known  as  Gauss's  sums. 
The  easiest  method  of  proof  is  Kronecker's,  which  consists  in  finding 

the  value  oif{e*™*'mdz/(i-e""')},  taken  round  an  appropriate 
contour.  It  will  be  noticed  that  one  result  of  the  formula  is  that  the 
square  root  of  any  integer  can  be  expressed  as  a  rational  function  of 
roots  of  unity. 

The  most  important  application  of  the  formula  is  the  deduction 
from  it  of  the  law  of  quadratic  reciprocity  for  real  primes  :  this  was 
done  by  Gauss. 

63.  One  example  may  be  given  cf  some  remarkable  formulae 
giving  explicit  solutions  of  representations  of  numbers  by  certain 
quadratic  forms.     Let  p  be  any  odd  prime  of  the  form  711+2;  then 
we  shall  have  p  =  jn+2  =x*-srTf,  where  x  is  determined  by  the 
congruences 

2*g  („)?(];,)  i  (mod  &'•  *=3  (mod  7
). 

This  formula  was  obtained  by  Eisenstein,  who  proved  it  by  investigat- 

ing properties  of  integers  in  the  field  generated  by  i)*-2i»)-7=°> 
which  is  a  component  of  the  field  generated  by  seventh  rootf  of  unity. 
The  first  formula  of  this  kind  was  given  by  Gauss,  and  relates  to  the 
case  £  =  4n  +  i  =**+/;  he  conceals  its  connexion  with  complex 
numbers.  Probably  there  are  many  others  which  have  not  yet  been 
stated. 

64.  Higher  Congruences.     Functional  Moduli.  —  Suppose  that  p  is 
a  real  prime,  and  that  /(*),  </>(*)  are  polynomials  in  *  with  rational 
integral  coefficient..    The  congruence  f(x)=<t>(x)  (mod  p)  is  identical 
when  each  coefficient  of  /  is  congruent,  mod  p,  to  the  corresponding 
coefficient  of  <t>.    It  will  be  convenient  to  write,  under  these  circum- 

stances, /—  4>(mod  P)  and  to  say  that  /,  <t>  are  equivalent,  mod  p. 
Every  polynomial  of  degree  h  is  equivalent  to  another  of  equal  or 
lower  degree,  which  has  none  of  its  coefficients  negative,  and  each  of 
them  less  than  p.    Such  a  polynomial,  with  unity  for  the  coefficient 
of  the  highest  power  of  x  contained  in  it,  may  be  called  a  reduced 

polynomial  with  respect  to  p.    There  are,  in  all,  £*  reduced  poly- nomials of  degree  h.    A  polynomial  may  or  may  not  be  equivalent  to 
the  product  of  two  others  of  lower  degree  than  itself;  in  the  latter 
case  it  is  said  to  be  prime.     In  every  case,  F  being  any  polynomial, 
there  is  an  equivalence  F-cfi/s  .  .  .  fi  where  c    is   an   integer  and 
/i,  fi,—fi  are  prime  functions;  this  resolution  is  unique.  Moreover, 

it  follows  from  Fermat's  theorem  that  [F(x)\'~¥(x'),\F(x)\'a~F(x'a), and  so  on. 

As  in  the  case  of  equations,  it  may  be  proved  that,  -when  the  modulus 
is  prime,  a  congruence  /(*)=  o  (mod  p)  cannot  have  more  incongruent 
roots  than  the  index  of  the  highest  power  of  *  in  f(x),  and  that  if 

x=£is  a  solution,  /(*)-  (*-{)/,  (*),  where  /,(*)  is  another  polynomial. 
The  solutions  of  x'=x  are  all  the  residues  of  p;  hence  x"-x~x(x  +  1  ) 
(x+2)  .  .  .(x+p-l),  where  the  right-hand  expression  is  the  product 
of  all  the  linear  functions  which  are  prime  to  p.  A  generalization 
of  this  is  contained  in  the  formula 

x(x""-l-l)~-af(x)  (mod  />) 
where  the  product  includes  every  prime  function  /(*)  of  which  the 
degree  is  a  factor  of  m.  By  a  process  similar  to  that  employed  in 

finding  the  equation  satisfied  by  primitive  mth  roots  of  unity,  we 
can  find  an  expression  for  the  product  of  all  prime  functions  of  a 
given  degree  m,  and  prove  that  their  number  is  (m>  i) 

where  o,  6,  c  ...  are  the  different  prime  factors  of  m.    Moreover, 
if  F  is  any  given  function,  we  can  find  a  resolution 

F~cF,F,...F,,(mod#) 

where  c  is  numerical,  F1  is  the  product  of  all  prime  linear  functions 
which  divide  F,  F«  is  the  product  of  all  the  pnme  quadratic  factors, 
and  so  on. 

65.  By  the  functional  congruence  <t>(x)=\l>(x)  (mod  />,/(*))  is  meant 
that  polynomials  U,  V  can  be  found  such  that  (f>(x)  —<l>(x)  +p\J  + 
V/(i)  identically.    We  might  also  write</>(*)~  ̂ (*)  (mod  p,f(x))  ;  but 
this  is  not  so  necessary  here  as  in  the  preceding  case  of  a  simple 
modulus.    Let  m  be  the  degree  of  /(*)  ;  without  loss  of  generality 

we  may  suppose  that  the  coefficient  cf  x*  is  unity,  and  it  will  be 
further  assumed  that/(x)  is  a  prime  function,  mod  p.     Whatever  the 
dimensions  of  </>(*),  there  will  be  definite  f  unctions  x(x),tf>iOc)  such  that 

*(*)=/(*)x(*)+*i(*)  where  <t>i(x)  is  of  lower  dimension  than  /(x)  ; 
moreover,  we  may  suppose  ̂ i(ac)  replaced  by  the  equivalent  reduced 
function  <fo(.v)  mod  p.    Finally  then,  <t>=<t>i  (mod  p,f(x))  where  ̂ »  is  a 
reduced  function,  mod  p,  of  order  net  greater  than  (m-i).    If  we 
put  pm=n,  there  will  be  in  all  (including  zero)  n  residues  to  the  com- 

pound  modulus    (p,  f)  :   let   us   denote   these    by   Ri,   Rj,  ...R». 
Then  (cf.  §  28)  if  we  reject  the  one  zero  residue  (R,,  suppose)  and 
take  any  function^  of  which  the  residue  is  not  zero,  the  residues  of 
<t>Ri,  <t>R2,  .  .  .  <£R»_i   will   all   be  different,  and   we  conclude  that 

<t>*-l=  i    (mod    p,  f).       Every   function    therefore    satisfies    <t>*~  4> 
(mod  p,  f);  by  putting  <f>  =  x  we  obtain  the  principal  theorem  stated in  §  64. 

A  still  more  comprehensive  theory  of  compound  moduli  is  due  to 
Kronecker;  it  will  be  sufficiently  illustrated  by  a  particular  case. 
Let  m  be  a  fixed  natural  number;  X,  V,  Z,  T  assigned  polynomials, 
with  rational  integral  coefficients,  in  the  independent  variables 
x,y,z;  and  let  U  be  any  polynomial  of  the  same  nature  as  X,  Y,  Z,  T. 
We  may  write  U-o  (mod  m,  X,  Y,  Z,  T)  to  express  the  fact  that 

there  are  integral  polynomials  M,  X',  Y',  Z',  T'  such  that 

U  =J»M+X'X-1-Y'Y+Z'Z+TT 
identically.  In  this  notation  U—  V  means  that  U-V—  o.  The 
number  of  independent  variables  and  the  number  of  functions  in  the 
modulus  are  unrestricted;  there  may  be  no  number  m  in  the 
modulus,  and  there  need  not  be  more  than  one.  This  theory  of 

Kronecker's  is  admirably  adapted  for  the  discussion  of  all  algebraic 
problems  of  an  arithmetical  character,  and  is  certain  to  attain  a  high 
degree  of  development. 

It  is  worth  mentioning  that  one  of  Gauss's  proofs  of  the  law  of 
quadratic  reciprocity  (Colt.  Nachr.  1818)  involves  the  principle  of  a 
compound  modulus. 

66.  Forms  of  Higher  Degree.  —  Except  for  the  case  alluded  to  at  the 
end  of  §  55,  the  theory  of  forms  of  the  third  and  higher  degree  is  still 
quite  fragmentary.    C.  Jordan  has  proved  that  the  class  number  is 
finite.     H.  Poincar6  has  discussed  the  classification  of  ternary  and 
quaternary  cubics.     With  regard  to  the  ternary  cubic  it  is  known 

that  from  any  rational  solution  of  /=o  we  can  deduce  another  by  a 
process  which  is  equivalent  to  finding  the  tangential  of  a  point 
(x\,  y\,  Zi)  on  the  curve,  that  is,  the  point   where    the  tangent  at 
(xi,  yi,  21)  meets  the  curve  again.   We  thus  obtain  a  scries  of  solutions 
(*i,  yi,  Zi),  (x,,  yt,  zj),  &c.,  which  may  or  may  not  be  periodic.    E.  Lucas 
and  J.  I.  Sylvester  have  proved  that  for  certain  cubics  /  =  o  has  no 
rational  solutions;  for  instance  xJ+y'-Az*  =  p  has  rational  solutions 
only  if  A  =  a6(a+6)/cl,  where  a,  ft,  c  are  rational  integers.     Waring 
asserted  that  every  natural  number  can  be  expressed  as  the  sum  of 
not  more  than  9  cubes,  and  a'so  as  the  sum  of  not  more  than  19 
fourth  powers;  these  propositions  have  been  neither  proved  nor 

disproved. 
67..  Results  derived  from  Elliptic  and  Theta  Functions.  —  For  the 

sake  of  reference  it  will  be  convenient  to  give  the  expressions  for  the 
four  Jacobian  theta  functions.  Let  a  be  any  complex  quantity  such 
that  the  real  part  of  tw  is  negative;  and  let  q  =  e"".  Then 

I  +23  cos   2irv-\-2qt  cos  4«>  +2qP  cos  6r»+ 

800(11)  =2g**e1'«'
' 

-  w 

=  ndV)(l+2g*-1  cos  21TP+2*'-*), i 

Coi  (»)  =  1-23  cos  2-rv  +2ql  cos  4*r  -  2of  cos  6rv  +  •  •  « 

=  H(l  -a")  (I  -20*-1  cos  2jrr+g4'-1), i 

Oa(v)  =  23'  cos  TC+  20*  cos  3«r+22*''  cos  5»r+  .  .  . 

=  23*  cos  Tt>n(l  -f)(l  +2q*  cos  2iro+g<<), i 

9u(r)  =  23*  sin  *v-2q'  sin  3*17  +2gv  sin  s«>-.  .  . 

=  23*  sin  m>U(i-q*)  (1-22"  cos  zn+q"). i 

Instead  of  0«>(o),  &c.,  we  write  0oo,  &c.     Clearly  0u=o;  we  have 
the  important  identities 

0u'  =  Teooe,o0oi     eoo^ftn'+flio4 

where  9n'  means  the  value  of  dBu(v)ldv  for  p  =  o.    If,  now,  we  put 
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-i-.  •  dn  w, so  that  «*+«^« I,  we  shall  have 

0-o7§=v"'sn"'  £§ 
and,  supposing  for  simplicity  that  ia  is  a  real  negative  quantity, 

TrO<a*  =  2  K,      a>w0oo2  =  2:'K',      a)=t'K'/K, 
the  notation  being  that  which  is  now  usual  for  the  elliptic  functions. 
It  is  found  that 

  ir..  _ 2| _ 2!I*_  sjn  (25  —  i)  TM, 

1 1  —  q" 

cos  2iir«. 

From  the  last  formula,  by  putting  u  =  o,  we  obtain 

and  hence,  by  expanding  both  sides  in  ascending  powers  of  q,  and 
equating  the  coefficients  of  o",  we  arrive  at  a  formula  for  the  number 
of  ways  of  expressing  n  as  the  sum  of  two  squares.  If  8  is  any  odd 
divisor  of  »,  including  I  and  n  itself  if  n  is  odd,  we  find  as  the  co- 

efficient of  g"  in  the  expansion  of  the  left-hand  side  4S(-i)*(a~l); 
on  the  right-hand  side  the  coefficient  enumerates  all  the  solutions 
»  =  (  ±  x)2  -f-  (  ±  y)2,  taking  account  of  the  different  signs  (except  for  o2) 
and  of  the  order  in  which  the  terms  are  written  (except  when  x?  =>*). 

Thus  if  n  is  an  odd  prime  of  the  form  4^  +  1,  S(-i)3t  )  =  2,  and  the 
coefficient  of  g"  is  8,  which  is  right,  because  the  one  possible  com- 

position n  =a2+&2  may  be  written  n  =(  ±a)2+(  ±6)2  =(  ±6)2+(±o)2, 
giving  eight  representations. 

By  methods  of  a  similar  character  formulae  can  be  found  for  the 
number  of  representations  of  a  number  as  the  sum  of  4,  6,  8  squares 

respectively.  The  four-square  theorem  has  been  stated  in  §  41  ;  the 
eight-square  theorem  is  that  the  number  of  representations  of  a 
number  as  the  sum  of  eight  squares  is  sixteen  times  the  sum  of  the 
cubes  of  its  factors,  if  the  given  number  is  odd,  while  for  an  even 
number  it  is  sixteen  times  the  excess  of  the  cubes  of  the  even  factors 

above  the  cubes  of  the  odd  factors.  The  five-square  and  seven- 
square  theorems  have  not  been  derived  from  g-senes,  but  from  the 
general  theory  of  quadratic  forms. 

68.  Still  more  remarkable  results  are  deducible  from  the  theory  of 
the  transformation  of  the  theta  functions.  The  elementary  formulae 

=0oo(w,«)),  9oo(«iU>-f-l)  =9m(u,  w), 

*""*,  g,  _I)--,V=SS,,<«,«), 
e  f«  _  A  =  v^3?10(«,  u)  , \co          a/ 

where  V  —  i<<>  is  to  be  taken  in  such  a  way  that  its  real  part  is 
positive.  Taking  the  definition  of  K  given  in  §  67,  and  considering 
K  as  a  function  of  a,  we  find 

For  convenience  let  /ts(o))=er:  then  the  substitutions  (w,u+i)  and 
(u,—  &T1)  convert  o  into  <7/(<7  —  I  )  and  (l  —  a)  respectively.  Now  if 
a,  /3,  7,  6  are  any  real  integers  such  that  aS—  /}y  =  I,  the  substitution 
[w,(aa+f})/(yu+&)\  can  be  compounded  of  (u.co+l)  and  (u,—  u~'); 
the  effect  on  a  will  be  the  same  as  if  we  apply  a  corresponding  substi- 

tution compounded  of  [a,  <7/(<r  —  1)|  and  [<r,  I  —  v].  But  these  are 
periodic  and  of  order  3,  2  respectively]  ;  therefore  we  cannot  get  more 
than  six  values  of  a,  namely 

a  —  I      I 

,  ,  , «•  —  l     I  —  a 

and  any  symmetrical  function  of  these  will  have  the  same  value  at 
any  two  equivalent  places  in  the  modular  dissection  (§  33).  Their 
sum  is  constant,  but  the  sum  of  their  squares  may  be  put  into  the 
form 

hence  (»*  — 
F.  Klein  writes 1  -j-ff2(ff  —  i  )2  has  the  same  value  at  equivalent  places. 

this  is  a  transcendental  function  of  u,  which  is  a  special  case  of  a 

Fuchsian  or  automorphic  function.     It  is  an  analytical  function  of 

g2,  and  may  be  expanded  in  the  form 

where  c\,  Ci,  &c.,  are  rational  integers. 
69.  Suppose,  now,  that  a,  b,  c,  d  are  rational  integers,  such  that 

dv(a,  6,  c,  d)  =  I  and  ad  —  bc  =  n,  a  positive  integer.  Let  (oa>+6)/ 
(cia-\-d)  =<*>';  then  the  equation  J(oo')  =J(u)  is  satisfied  if  and  only  if 
u'~  a,  that  is,  if  there  are  integers  a,/3,  7,8  such  that  ai—  (87  =  1,  and 

'+/3)  =O. 
If  we  write^(w)  =  nll(i  +£"'),  where  the  product  extends  to  all  prime 
factors  (p)  of  n,  it  is  tound  that  the  values  of  w  fall  into  ̂ (»)  equiva- 

lent sets,  so  that  when  w  is  given  there  are  not  more  than  <}/(n) 

different  values  of  J  (&>')•  Putting  J(oi')=J',  J(i>)=J,  we  have  a 
modular  equation 

/i(J',J)-o 
symmetrical  in  J,  J',  with  integral  coefficients  and  of  degree  ̂ (n). 
Similarly  when  dv(a,  b,  c,  d)  =T  we  have  an  equation  /T(J  ,  J)  =o  of 
order  ̂ (n/r2) ;  hence  the  complete  modular  equation  for  transforma- 

tions ofjjhe  nth  order  is 
F(J'J)=H/r(J',J)=0, 

the  degree  of  which  is  *(»),  the  sum  of  the  divisors  of  n. 

Now  if  in  F(J',  J)  we  put  J'  =  J.  the  result  is  a  polynomial  in  J 
alone,  which  we  may  call  G(J).  To  every  linear  factor  of  G  corre- 

sponds a  class  of  quadratic  forms  of  determinant  (if— 4n)  where 
/c2<4«  and  K  is  an  integer  or  zero:  conversely  from  every  such  form 
we  can  derive  a  linear  factor  (J  —  o)  of  G.  Moreover,  if  with  each  form 
we  associate  its  weight  (§  41)  we  find  that  with  the  notation  of  §  39 

the  degree  of  G  is  precisely  SH(4n— ic2)—  en,  where  «n  =  i  when  n 
is  a  square,  and  is  zero  in  other  cases.  But  this  degree  may  be  found 
in  another  way  as  follows.  A  complete  representative  set  of  trans- 

formations of  order  n  is  given  by  u'  =  (au+b)/d,  with  ad  =  n, hence 

and  by  substituting  for  J(u)  and  J  /^£ii_l    their  values  in  terms  of 

q,  we  find  that  the  lowest  term  in  the  factor  expressed  above  is  either 

g~2/!728or  g~2a'<i/i728,  or  a  constant,  according  as  a<d,  a>d  or 
a  =  d.  Hence  if  v  is  the  order  of  G(J),  so  that  its  expansion  in  g 

begins  with  a  term  in  q-*'  we  must  have 

extending  to  all  divisors  of  n  which  exceed  V  »•    Comparing  this  with 
the  other  v»lue,  we  have 

ZH(4«-K2)  = as  stated  in  §  39. 

70.  Each  of  the  singular  moduli  which  are  the  roots  of  G(J)=O 
corresponds  to  exactly  one  primitive  class  of  definite  quadratic  forms, 
and  conversely. 

Corresponding  to  every  given  negative  determinant  —A  there  is 

an  irreducible  equation  <fr(j)=o,  where  j'=i728J,  the  coefficients of  which  are  rational  integers,  and  the  degree  of  which  is  k(—  A). 
The  coefficient  of  the  highest  power  of  j  is  unity,  so  thatj  is  an  arith- 

metical integer,  and  its  conjugate  values  belong  one  to  each  primitive 
class  of  determinant  —A.  By  adjoining  the  square  roots  of  the 
prime  factors  of  A  the  function  ̂ (j)  may  be  resolved  into  the  product 
of  as  many  factors  as  there  are  genera  of  primitive  classes,  and  the 
degree  of  each  factor  is  equal  to  the  number  of  classes  in  each  genus. 
In  particular,  if  ji,  i,  J(A+l)|  is  the  only  reduced  form  for  the 

determinant  —A,  the  value  of  _;'  is  a  real  negative  rational  cube.  At 

the  same  time  its  approximate  value  is  exp   I  —  2ri  —  I  +744  = 

744—  e»"V  A,  so  that,  approximately,  e»V  A  =m*+744  where  m  is  a 
rational  integer.  For  instance  e»V  "  =  884736743-9997775  ...= 
96o3+744  very  nearly,  and  for  the  class  (i,  i,  n)  the  exact  value  of 
j  is—  goo3.  Four  and  only  four  other  similar  determinants  are  known 
to  exist,  namely  —n,  —19,  —67,  —163,  although  thousands  have 
been  classified.  According  to  Hermite  the  decimal  part  of  e"V  163 
begins  with  twelve  nines;  in  this  case  Weber  has  shown  that  the 

exact  value  ofj  is  -218-33-53-233-293. 
71.  The  f  unction  j(u)  is  the  most  fundamental  of  a  set  of  quantities 

called  class-invariants.    Let  (a,  b,  c)  be  the  representative  of  any  class 
of  definite  quadratic  forms,  and  let  a  be  the  root  of  a&-\-bx-+-c  =  O 
which  has  a  positive  imaginary  part  ;  then  F  (a)  is  said  to  be  a  class- 

invariant   for  (a,  b,  c)  if  F  ("     ,  ,)=F(a>)  for  all   real   integers 

\y 

ft,  y,  8  such  that  08—  0y  —  i.  This  is  true  for  j(a)  whatever  <a  may 
be,  and  it  is  for  this  reason  that  j  is  so  fundamental.  But,  as  will  be 
seen  from  the  above  examples,  the  value  of  j  soon  becomes  so  large 
that  its  calculation  is  impracticable.  Moreover,  there  is  the  diffi- 

culty of  constructing  the  modular  equation  /i(J,  J')  =o  (§69),  which 
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has  only  been  done  in  the  cases  when  n  =2,  3  (the  latter  by  Smith  in 
Proc.  Land.  Math.  Soc.  ix.  p.  242). 

For  moderate  values  of  A  the  difficulty  can  generally  be  removed 
by  constructing  algebraic  functions  of  j.  Suppose  we  have  an  irre- 

ducible equation 
xm+ClXm-l+    .  . 

the  coefficients  of  which  are  rational  functions  ofj(u).  If  we  apply 
any  modular  substitution  to'=S(to),  this  leaves  the  equation  un- 

altered, and  consequently  only  permutates  the  roots  among  them- 
selves: thus  if  Xi(w)  is  any  definite  root  we  shall  have  Xi(w')  = 

*<(to),  where  i  may  or  may  not  be  equal  to  I.  The  group  of  unitary 
substitutions  which  leave  all  the  roots  unaltered  is  a  factor  of  the 

complete  modular  group.  If  we  put  y  =  x(nta),  y  will  satisfy  an  equa- 
tion similar  to  that  which  defines  x,  with  j'  written  for  i;  hence,  since 

4    4'  art*  r*nnnr*t*tf*f\  Kw  t-fitt  «wiii^*is^n  t.  f  *    *'\—t\    *  I-,,..-..  ....*![  I..,.,.,    ('(iirittnn 

ng  *  we  can  in 
.  .  .  ,.  „  „.„,  ̂   .,   and   then  the 

equation  *l/(x,  x)=o  defines  a  set  of  singular  moduli,  each  one  of  which 
belongs  to  a  certain  value  of  to  and  all  the  quantities  derived  from 
it  by  the  substitutions  which  leave  x(w)  unaltered. 

As  one  of  the  simplest  examples,  let  n=2,  xi-J(<a)=yi-j  (u')=o. 
Then  the  equation  connecting  x,  y  in  its  complete  form  is  of  the  ninth 
degree  in  each  variable;  but  it  can  be  proved  that  it  has  a  rational 
factor,  namely 

and  tf  in  this  we  put  x  =  y  =  u,  the  result  is 
«*-2tt3-495tt2+24.33.53  =o, 

the  roots  of  which  are  12,  20, -15, -15.  It  remains  to  find  the 
values  of  to,  to  which  they  belong.  Writing  72(10)  =  ̂   j,  it  is  found 
that  we  may  define  72  in  such  a  way  that  72(0)+!)  =  e~**VJ7j(<o). 
7i(-"~1)  =72(40),  whence  it  is  found  that 

We  shall  therefore  have  72(201)  =72(10)  for  all  values  of  such  that 

=  1,  7«+7a-HSH3572So  (mod  3). 

Putting  (a,  0,  y,  5)  =  (o,  -I,  I,  o)  the  conditions  are  satisfied,  and 
2w  =  i'V2.  Now  j(i)  =  1728,  so  that  72(0  =  12;  and  since  j(w)  is 
positive  for  a  pure  imaginary,  72(iV2)=2O.  The  remaining  case  is 
settled  by  putting 

with  a,  0,  y,  S  satisfying  the  same  conditions  as  before.    One  solution 

is  (-1,  2,  i,  i)  and  hence  w2+3<o+4=o,  so  that  72  f       2*     J  =-15- Besides  72,  other  irrational  invariants  which  have  been  used  with 

effect  are  73  =  -\l  (j-l^2&),  the  moduli  K,  K',  their  square  and  fourth 
roots,  the  functions/,  /i,/i  defined  by 

and  the  function  ij(n<o)/j/(to)  where  ij(o>)  is  defined  by 

+  C
C 

72.  Another  powerful  method,  developed  by  C.  F.  Klein  and 

K.  E.  R.  Fricke,  proceeds  by  discussing  the  deficiency  olfi(j,j')=o 
considered  as  representing  a  curve.  If  this  deficiency  is  zero,  j  and  j' 
may  be  expressed  as  rational  functions  of  the  same  parameter,  and 
this  replaces  the  modular  equation  in  the  most  convenient  manner. 
For  instance,  when  n  =  7,  we  may  put 

The  corresponding  singular  moduli  are  found  by  solving  <t>(r)  = 
<t>(r').  For  deficiency  I  we  may  find  in  a  similar  way  two  auxiliary 

functions  x,  y  connected  by  some  simple  equation  >l>(x,  y)  =o  not  ex- 
ceeding the  fourth  degree,  and  such  that  j,  j  are  each  rational 

functions  'of  x  and  y. 
Hurwitz  has  extended  this  field  of  research  almost  indefinitely, 

not  only  by  generalising  the  formulae  for  class-number  sums,  such 
as  that  in  §  69,  but  also  by  bringing  the  modular-function  theory  into 

connexion  with  that  of  algebraic  correspondence  and  Abelian  in- 
tegrals. A  comparatively  simple  example  may  help  to  indicate  the 

nature  of  these  researches.  From  the  formulae  given  at  the  beginning 

of  §  67,  we  can  deduce,  by  actual  multiplication  of  the  corresponding 
series, 

_ 

o  =9*00801910=     2     -T- 

rt=±i  ±3. 
L=0>     *i, 

i,5. 9. 

where 

extended  over  all  the  representations 

If,  now,  we  write 

861 
In  a  similar  .way 

we  shall  have 

dji  :  dji  :  dji  =  9j0  :  floi  :  «oo 
where  810,  0oi,  9<»,  are  connected  by  the  relation  (§  67) 

which  represents,  in  homogeneous  co-ordinates,  a  quartic  curve  of 
deficiency  3.  For  this  curve,  or  any  equivalent  algebraic  figure, 
ji(w),  J2(to)  and  j»(w)  supply  an  independent  set  of  Abelian  integrals 
of  the  first  kind.  If  we  put  x  =  V«,  y  =  V*'.  it  is  found  that 

f—  =  i'fto)       f—  =  i~T  )       Cxdx  =  \-( 
j  y  j  jf  j   y 

so  that  the  integrals  which  the  algebraic  theory  gives  in  connexion 
with  xt+yt-i=o  are  directly  identified  with  ji(w),  jj(w),  j»(u), 

provided  that  we  put  x  =  -Jn(w). Other  functions  occur  in  this  theory  analogous  to  ji(u),  but  such 
that  in  the  g-series  which  are  the  expansions  of  them  the  coefficients 
and  exponents  depend  on  representations  of  numbers  by  quaternary 

quadratic  forms. 
73.  In  the  Berliner  Sitzungsberichte  for  the  period  1883-1890, 

L.  Kronecker  published  a  very  important  series  of  articles  on  elliptic 
functions,  which  contain  many  arithmetical  results  of  extreme 
elegance;  some  of  these  Kronecker  had  announced  without  proof 
many  years  before.  A  few  will  be  quoted  here,  without  any  attempt 
at  demonstration;  but  in  order  to  understand  them,  it  will  be 
necessary  to  bear  in  mind  two  definitions.  The  first  relates  to  the 

Legendre-Jacobi  symbol  (-J  .  If  a,  b  have  a  common  factor  we  put 

(2|  =o;  while  if  a  is  odd  and  6=2*c,  where  c  is  odd,  we  put 

(?)  =(  — )  (- ) .  The  other  definition  relates  to  the  classification  of 
W  \o/  W 
discriminants  of  quadratic  forms.  If  D  is  any  number  that  can  be 
such  a  discriminant,  we  must  have  D=o  or  I  (mod.  4),  and  in  every 
case  we  can  write  D  =  DoQ2,  where  Q2  is  a  square  factor  of  D,  and 
Do  satisfies  one  of  the  following  conditions,  in  which  P  denotes  a 

product  of  different  odd  primes: — Do  =  P,  with    P=  I  (mod  4) 

D0=4P,  P=  -I  (mod  4) 
Do  =  8P,          P=;±l  (mod  4). 

Numbers  such  as  Do  are  called  fundamental  discriminants;  every 
discriminant  is  uniquely  expressible  as  the  product  of  a  fundamental 
discriminant  and  a  positive  integral  square. 

Now  let  DI,  D2  be  any  two  discriminants,  then  DiD2  is  also  a  dis- 
criminant, and  we  may  put  DiDj  =  D  =  DoQ2,  where  Do  is  funda- 

mental :  this  being  done,  we  shall  have 

where  we  are  to  take  A,  fe  =  1,2,  3,  ...+«.;  m,  n=o,  ±j,  ±2,  ..  .  ±00 
except  that,  if  D<o,  the  case  m  =  n  =  o  is  excluded,  and  that,  it 

D>o,  (2am+bn)T?n\J  where  (T,  U)  is  the  least  positive  solution  of 
T2-DU2=4.  The  sum  X  applies  to  a  system  of  representative ,, 

primitive  forms  (a,  6,  c)  for  the  determinant  D,  chosen  so  that  o  is 

prime  to  Q,  and  b,  c  are  each  divisible  by  all  the  prime  factors  of  Q. 

,  c);  and 
or  D>o. 

,  itions  that 
F(ry)=F(x)F(}>),  and  that  the  sums  on  both  sides  are  convergent. 

By  putting  F(x)  =X-I-P,  where  P  is  a  real  positive  quantity,  it 
can  be  deduced  from  the  foregoing  that,  if  Dj  is  net  a  square,  and  if 
Di  is  different  from  I, 

TH(DlQ')H(D2Q2)=Lt    S p—o  a,  b,  c 

where  the  function  H  (d)  is  defined  as  follows  for  any  discriminant  d  : 

d>o T+UVd 
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h(d)  meaning  the  number  of  primitive  forms  for  the  determinant  d. 
This  is  a  generalisation  of  a  theorem  due  to  Dirichlet. 

Then,  is  another  formula  which,  in  a  certain  sense,  is  the  generalisa- 
tion of  Gauss's  sums  (§  62)  in  cyclotomy.  Let  \f/(u,  v)  denote  the 

function  0u(w+»)  -s-0oi(u)f)m(v)  and  let  Di,  D2  be  any  two  funda- 
mental discriminants  such  that  DiDj  is  also  fundamental  and 

negative  :  then 

2s- 

_    /DA  /D 
.   uv  I* 

25, 

0,6,cA  , 

where,  on  the  left-hand  side,  we  are  to  sum  for  s<  =  i,  2,  3  .  .  fD,-|  ; 
and  on  the  right  we  are  to  take  a  complete  set  of  lepresentative 
primitive  forms  (a,  6,  c)  for  the  determinant  DiD2,  and  give  to  m,  n 
all  positive  and  negative  integral  values  such  that  am*+bmn+cri>  is 
odd.  The  quantity  T  is  2,  if  DiD»<  —4,  r  =  4  if  DiD2=-4,  r  =  6  if 
DtDj=-3.  By  putting  D2  =  i,  we  obtain,  alter  some  easy  trans- 
formations, 

J=I         S  A  TfilO2 

which  holds  for  any  fundamental  discriminant  -A.  For  instance, 

taking  a  =  iK'/K,  and  A=3,  we  have  flic2  =2icK/ir,  and  Zgi(">2'l'mB+"2)= 

2tKV3sn  4_K.  a  ver;gcation  is  afforded  by  making  2K  approach «•  3 
the  value  w,  in  which  case  q,  K  vanish,  while  the  limit  of  g«/«  is   J, 

.  T£ 

whence   the    limiting  value    of    sn-t  —  is   that  of    6gS/KV3,    which 

=  6/4V3=V3/2,  as  it  should  be. 
Several  of  Kronecker's  formulae  connect  the  solution  of  the 

Pellian  equation  with  elliptic  modular  functions:  one  example  may 
be  given  here.  Let  D  be  a  positive  discriminant  of  the  form  871+5, 
let  (T,  U)  be  the  least  solution  of  T2-DU2  =  i  :  then,  if  h(D)  is  the 
number  of  primitive  classes  for  the  determinant  D, 

where  the  product  on  the  right  extends  to  a  certain  sixth  part  of 

those  values  of  2x/t'  which  are  singular,  and  correspond  to  the  field 
£2(V-D),or  in  other  words  are  connected  with  the  class  invariant 

7(V~D).  For  instance,  if  D  =  5,  the  equation  to  find  (x/c')2  is 

one  root  of  which  is  given  by  (2KK')2=9-4V5  =  T-UV5  which  is 
right,  because  in  this  case  /?(D)  =  I. 

74.  Frequency  of  Primes.  —  The  distribution  of  primes  in  a  finite 
interval  (a,  a+ft)  is  very  irregular,  if  we  change  a  and  keep  6  constant. 

Thus  if  we  put  n\—n,  the  numbers  /i+2,  ̂ 1+3,  .  .  .  (ji-\-n  —  i)  are 
all  composite,  so  that  we  can  form  a  run  of  consecutive  composite 
numbers  as  extensive  as  we  please;  on  the  other  hand,  there  is 
possibly  no  limit  to  the  number  of  cases  in  which  p  and  p-\-2  are  both 
primes.  Legendre  was  the  first  to  find  an  approximate  formula  for 
F(:t),  the  number  of  primes  not  exceeding  x.  He  found  by  induction 

F(x)  =  x  -r-  (log,*-  1  -08366) 
which  answers  fairly  well  when  x  lies  between  100  and  1,000,000, 
but  becomes  more  and  more  inaccurate  as  v  increases.  Gauss  found, 
by  theoretical  considerations  (which,  however,  he  does  not  explain), 
the  approximate  formula 

(where,  as  in  all  that  follows,  log  x  is  taken  to  the  base  e).  This 
value  is  ultimately  too  large,  but  when  x  exceeds  a  million  it  is  nearer 

the  truth  than  the  value  given  by  Legendre's  formula. 
By  a  singularly  profound  and  original  analysis,  Riemann  suc- 

ceeded in  finding  a  formula,  of  the  same  type  as  Gauss's,  but  more 
exact  for  very  large  values  of  x.  In  its  complete  form  it  is  very 
complicated;  but,  by  omitting  terms  which  ultimately  vanish  (for 
sufficiently  large  values  of  x)  in  comparison  with  those  retained,  the 
formula  reduces  to 

F(x)=A+S(-iWLL(*-'m)     («  =  i,  2,  3,  5,  6,  7,  11,  .  .  .) m 

where  the  summation  extends  to  all  positive  integral  values  of  m 
which  have  no  square  factor,  and  n  is  the  number  of  different  prime 
factors  of  m,  with  the  convention  that  when  m  —  l,  (—  l)*1  =  I.  The 
symbol  A  denotes  a  constant,  namely 

dx 

and  L  is  used  in  the  sense  given  above. 
P.  L.  Tchebichev  obtained  some  remarkable  results  on  the 

'frequency  of  primes  by  an  ingenious  application  of  Stirling's  theorem. 
One  of  these  is  that  there  will  certainly  be  (k  +  l)  primes  between  a 
and  6,  provided  that 

a <^-  2V 6 -1|R  log  6  (log  by ~^(^k+25)-^ 
where  R  =  |  log2  +  J  log  3  +  J  log  $-&  log  30=0-921292  ....  From 

this  may  be  inferred  the  truth  of  Bertrand's  conjecture  that 
there  is  always  at  least  one  prime  between  a  and  (20-2)  if  20 > 7. 

Tch6bichev's  results  were  generalized  and  made  more  precise  by 

Sylvester. The  actual  calculation  of  the  number  of  primes  in  a  given  interval 
may  be  effected  by  a  formula  constructed  and  used  by  D.  F,  E 
Meissel.  The  following  table  gives  the  values  of  F(n)  tor  various 

values  of  re,  according  to  Meissel's  determinations : — n  F(n) 
20,000  2,262 
100,000  9,592 
500,000  41.538 
1,000,000  78,498 

Riemann's  analysis  mainly  depends  upon  the  properties  of  the function  . 

f(s)-2n-  (n  =  i,2,3,  ...), 
n 

considered  as  a  function  of  the  complex  variable  i.  The  above 
definition  is  only  valid  when  the  real  part  of  i  exceeds  I ;  but  it  can  be 
generalized  by  writing 

where  the  integral  is  taken  from  x  =  +00  along  the  axis  of  real 
quantities  to  x  =  t,  where  «  is  a  very  small  positive  quantity,  then 
round  a  circle  of  radius  e  and  centre  at  the  origin,  and  finally  from 
x=(  to  *  = +w  along  the  axis  of  real  quantities.  This  function 
f  (z)  is  of  great  importance,  and  has  been  recently  studied  by  von 
Mangoldt  Landau  and  others. 

Reference  has  already  been  made  to  the  fact  that  if  I,  m  are  co- 
primes the  linear  form  lx-\-m  includes  an  infinite  number  of  primes. 

Now  let  (a,  b,  c)  be  any  primitive  quadratic  form  with  a  total  generic 
character  C ;  and  let  Ix+m  be  a  primitive  linear  form  chosen  so  that 
all  its  values  have  the  character  C.  Then  it  has  been  proved  by 
Weber  and  Meyer  that  (a,  6,  c)  is  capable  of  representing  an  infinity 

of  primes  all  of  the  linear  form  lx-\-m. 
75.  Arithmetical  Functions. — This  term  is  applied  to  symbols  such 

as  <(>(n),  <J>(n),  &c.,  which  are  associated  with  n  by  an  intrinsic  arith- 
metical definition.  The  function  <f>(n)  was  written  fn  by  Euler, 

who  investigated  its  properties,  and  by  proving  the  formula 
00  +00 

Il(i-g')  =  254(35*+!)  deduced  the  result  that 
I  —00 

/„=/(»- 0 
where  on  the  right  hand  we  are  to  take  all  positive  values  of  s  such 

that  ra-i(3s2±s)  is  not  negative,  and  to  interpret /o  as  n,  if  this  term occurs.  J.  Liouville  makes  frequent  use  of  this  function  in  his  papers, 
but  denotes  it  by  f(n). 

If  the  quantity  x  is  positive  and  not  integral,  the  symbol  E(x)  or 
[x]  is  used  to  denote  the  integer  (including  zero)  which  is  obtained  by 
omitting  the  fractional  part  of  x;  thus  E(V2)  =  i,  £(0-7)  =o,  and  so 
on.  For  some  purposes  it  is  convenient  to  extend  the  definition  by 

putting  E(-*)  =  -E(oc),  and  agreeing  that  when  x  is  a  positive 
integer,  E(x)=i'-J;  it  is  then  possible  to  find  a  Fourier  sine-series 
representing  x-  ~E(x)  for  all  real  values  of  x.  The  function  E(x)  has 
many  curious  and  important  properties,  which  have  been  investi- 

gated by  Gauss,  Hermite,  Hacks,  Pringsheim,  Stern  and  others. 
What  is  perhaps  the  simplest  proof  of  the  law  of  quadratic  reciprocity 
depends  upon  the  fact  that  if  p,  q  are  two  odd  primes,  and  we  put 

the  truth  of  which  is  obvious,  if  we  rule  a  rectangle  jfr'Xg*  into  unit 
squares,  and  draw  its  diagonal.  This  formula  is  Gauss's,  but  the 
geometrical  proof  is  due  to  Eisenstein.  Another  useful  formula  is 

— )  =E(mx)-E(x),  which  is  due  to  Hermite. 

r=m  - 1 
S 

Various  other  arithmetical  functions  have  been  devised  for  par- 
ticular purposes;  two  that  deserve  mention  (both  due  to  Kronecker) 

are  8*t,  which  means  o  or  i  according  as  h,  k  are  unequal  or  equal,  and 

sgn  x,  which  means  x-i-|x|. 
76.  Transcendental  Numbers. — It  has  been  proved  by  Cantor  that 

the  aggregate  of  all  algebraic  numbers  is  countable.  Hence  im- 
mediately follows  the  proposition  (first  proved  by  Liouville)  that 

there  are  numbers,  both  real  and  complex,  which  cannot  be  de- 
fined by  any  combination  of  a  finite  number  of  equations  with 

rational  integral  coefficients.  Such  numbers  are  said  to  be  transcen- 
dental. Hermite  first  completely  proved  the  transcendent  character 

of  e;  and  Lindemann,  by  a  similar  method,  proved  the  transcendence 
of  ie.  Thus  it  is  now  finally  established  that  the  quadrature  of  the 
circle  is  impossible,  not  only  by  rule  and  compass,  but  even  with  the 
help  of  any  number  of  algebraic  curves  of  any  order  when  the  co- 

efficients in  their  equations  are  rational  (see  Hermite,  C.R.  Ixxvii., 
1873,  and  Lindemann,  Math.  Ann.  xx.,  1882).  Another  number 

which  is  almost  certainly  transcendent  is  Euler's  constant  C.  It  may 
be  convenient  to  give  here  the  following  numerical  values: — 
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'=3-14159     26535     89793     23846... 
e  =2-71828        18284        59045        23536... 
0  =  0-57721         56649        01532        8606065. ..  (Gauss-Nicolai) 
logio  =  (T  logioe)  =0-1 3493     4 1 840. . .  (Weber) , 

the  last  of  which  is  useful  in  calculating  class-invariants. 
77.  Miscellaneous     Investigations. — The     foregoing      articles 

(§§  24-76)  give  an  outline  of  what  may  be  called  the  analytical 
theory  of  numbers,  which  is  mainly  the  work  of  the  igth  century, 
though   many  of  the  researches  of  Lagrange,   Legendre  and 
Gauss,  as  well  as  all  those  of  Euler,  fall  within  the  i8th.     But 
after  all,  the  germ  of  this  remarkable  development  is  contained 
in  what  is  only  a  part  of  the  original  Diophantine  analysis,  of 
which,  beyond  question,  Fermat  was  the  greatest  master.    The 
spirit  of  this  method  is  still  vigorous  in  Euler;  but  the  appearance 

of  Gauss's  Disquisitiones  arithmeticae  in  1801  transformed  the 
whole  subject,  and  gave  it  a  new  tendency  which  was  strengthened 
by  the  discoveries  of  Cauchy,  Jacobi,  Eisenstein  and  Dirichlet. 
In  recent  times  Edouard  Lucas  revived  something  of  the  old 
doctrine,  and  it  can  hardly  be  denied  that  the  Diophantine 
method  is  the  one  that  is  really  germane  to  the  subject.     Even 
the  strange  results  obtained  from  elliptic  and  modular  functions 
must  somehow  be  capable  of  purely  arithmetical  proof  without 
the  use  of  infinite  series.    Besides  this,  the  older  arithmeticians 
have  announced  various  theorems  which  have  not  been  proved 
or  disproved,  and  made  a  beginning  of  theories  which  are  still 
in  a  more  or  less  rudimentary  stage.     As  examples  of  the  latter 
may  be  mentioned  the  partition  of  numbers  (see  NUMBERS, 
PARTITION  OF,   below),   and  the  resolution  of  large  numbers 
into  their  prime  factors. 

The  general  problem  of  partitions  is  to  find  all  the  integral 
solutions  of  a  set  of  linear  equations  1iCixt=mi  with  integral 
coefficients,  and  fewer  equations  than  there  are  variables.  The 

solutions  may  be  further  restricted  by  other  conditions — for 
instance,  that  all  the  variables  are  to  be  positive.  This  theory 
was  begun  by  Euler:  Sylvester  gave  lectures  on  the  subject,  of 
which  some  portions  have  been  preserved;  and  various  results 
of  great  generality  have  been  discovered  by  P.  A.  MacMahon. 
The  author  last  named  has  also  considered  Diophantine  in- 

equalities, a  simple  problem  in  which  is  "  to  enumerate  all  the 
solutions  of  ix^-\yy  in  positive  integers." 

The  resolution  of  a  given  large  number  into  its  prime  factors 
is  still  a  problem  of  great  difficulty,  and  tentative  methods  have 
to  be  applied.  But  a  good  deal  has  been  done  by  Seelhoff,  Lucas, 
Landry,  A.  J.  C.  Cunningham  and  Lawrence  to  shorten  the 
calculation,  especially  when  the  number  is  given  in,  or  can  be 
reduced  to,  some  particular  form. 

It  is  well  known  that  Fermat  was  led  to  the  erroneous  con- 

jecture (he  did  not  affirm  it)  that  2m+i  is  a  prime  whenever  m  is 
a  power  of  2.  The  first  case  of  failure  is  when  m  =  32;  in  fact 
232+i=o  (mod  641).  Other  known  cases  of  failure  are  m=2", 
with  «  =  6,  12,  23,  26  respectively;  at  the  same  time,  Eisenstein 
asserted  that  he  had  proved  that  the  formula  2m+i  included  an 
infinite  number  cf  primes.  His  proof  is  not  extant;  and  no  other 
has  yet  been  supplied.  Similar  difficulties  are  encountered  when 

we  examine  Mersenne's  numbers,  which  are  those  of  the  form 
2P— i,  with  p  a  prime;  the  known  cases  for  which  a  Mersenne 
number  is  prime  correspond  to  p=  2,  3,  5,  7, 13, 17, 19,  31,  61. 

A  perfect  number  is  one  which,  like  6  or  28,  is  the  sum  of  its 

aliquot  parts.  Euclid  proved  that  2»r~1  (2'—  i)  is  perfect  when 
(2'—  i  )  is  a  prime:  and  it  has  been  shown  that  this  formula 
includes  all  perfect  numbers  which  are  even.  It  is  not  known 
whether  any  odd  perfect  numbers  exist  or  not. 

Friendly  numbers  (numeri  amicabiles)  are  pairs  such  as  220, 
284,  each  of  which  is  the  sum  of  the  aliquot  parts  of  the  other. 
No  general  rules  for  constructing  them  appear  to  be  known,  but 
several  have  been  found,  in  a  more  or  less  methodical  way. 

78.  In  conclusion  it  may  be  remarked  that  the  science  of 
arithmetic  (q.v.)  has  now  reached  a  stage  when  all  its  definitions, 
processes  and   results   are   demonstrably  independent   of  any 
theory   of   variable   or   measurable   quantities   such   as   those 
postulated  in  geometry  and  mathematical  physics;  even  the 
notion  of  a  limit  may  be  dispensed  with,  although  this  idea,  as 
well  as  that  of  a  variable,  is  often  convenient.     For  the  applica- 

tion of  arithmetic  to  geometry  and  analysis,  see  FUNCTION. 

AUTHORITIES.— W.  H.  and  G.  E.  Young,  The  Theory  of  Sets  of 
Points  (Cambridge,  1906;  contains  bibliography  of  theory  of 
aggregates);  P.  Bachmann,  Zahlenlheorie  (Leipzig,  1892;  the  most 
complete  treatise  extant);  Dirichlet- Dedekind,  Vorlesungen  uber Zahlentheorie  (Braunschweig,  3rd  and  4'h  ed.,  1879,  1894);  K. 
Hensel,  Theorie  der  algebratschen  ZaUen  (Leipzig,  1908);  H.  J.  S. 
Smith,  Report  on  the  Theory  of  Numbers  (Brit.  Ass.  Rep.,  1859-186-? 
1865,  or  Coll.  Math.  Papers,  vol.  i.);  D.  Hilbert,  "  Bericht  iiber  die 
Theorie  der  algebraischen  Zahlkcrper  "  (in  Jahresber.  d.  deutschen 
MaA.-Vereinig.,  vol.  iv.,  Berlin,  1897);  Klein-Fricke,  Elliptische 
Modulfunctionen  (Leipzig,  1890-1892);  H.  Weber,  Elliptische 
Functionen  u.  alf>ebraische  Zahlen  (Braunschweig,  1891).  Extensive 
bibliographies  will  be  found  in  the  Royal  Society's  Subject  Index, 
vol.  i.  (Cambridge,  1908)  and  Encycl.  d.  math.  Wissenschaften,  vol.  L 
(Leipzig,  1898).  (G.  B.  M.) 

NUMBERS,  BOOK  OF,  the  fourth  book  of  the  Bible,  which 
takes  its  title  from  the  Latin  equivalent  of  the  Septuagint 
'ApiOnoi.  While  the  English  version  follows  the  Septuagint 
directly  in  speaking  of  Genesis,  Exodus,  Leviticus  and  Deutero- 

nomy, it  follows  the  Vulgate  in  speaking  of  Numbers.  Since 
this  book  describes  the  way  in  which  an  elaborate  census  of 
Israel  was  taken  on  two  separate  occasions,  the  first  at  Sinai  at 
the  beginning  of  the  desert  wanderings  and  the  second  just 
before  their  close  on  the  plains  of  Moab,  the  title  is  quite  appro- 

priate. The  name  given  to  it  in  modern  Hebrew  Bibles  from 

its  fourth  word  Bemidhbar  ("  In  the  desert  ")  is  at  least  equally 
appropriate.  The  other  title  in  use  among  the  Jews,  Vayyid- 

kabber  ("  And  he  said  "),  is  simply  the  first  word  of  the  book  and 
has  no  reference  to  its  contents. 

Numbers  is  the  first  part  of  the  second  great  division  of  the 
Hexateuch.  In  the  first  three  books  we  are  shown  how  God 
raised  up  for  Himself  a  chosen  people  and  how  the  descendants 
of  Israel  on  entering  at  Sinai  into  a  solemn  league  and  covenant 
with  Yahweh  (Jehovah)  became  a  separate  nation,  a  peculiar 
people.  In  the  last  three  books  we  are  told  what  happened  to 
Israel  between  the  time  it  entered  into  this  solemn  covenant 
and  its  settlement  in  the  Promised  Land  under  the  successor 
of  Moses.  Yet,  though  thus  part  of  a  larger  whole,  the  book  of 
Numbers  has  been  so  constructed  by  the  Redactor  as  to  form 
a  self -contained  division  of  that  whole. 

The  truth  of  this  statement  is  seen  by  comparing  the  first 
verse  of  the  book  with  the  last.  The  first  is  as  evidently  meant 
to  serve  as  an  introduction  to  the  book  as  the  last  is  to  serve 
as  its  conclusion.  This  is  not  to  say,  however,  that  the  book  is  all 
of  a  piece,  or  written  on  a  systematic  plan.  On  the  contrary,  no 
book  in  the  Hexateucb  gives  such  an  impression  of  incoherence, 
and  in  none  are  the  different  strata  which  compose  the  Hexateuch 
more  distinctly  discernible. 

It  is  noteworthy  that  the  problems  of  Hexateuchal  criticism 
are  gradually  changing  their  character,  as  one  after  another  of  the 
main  contentions  of  Biblical  scholars  regarding  the  date  and 
authorship  of  the  Hexateuch  passes  out  of  the  list  of  debatable 
questions  into  that  of  acknowledged  facts.  No  competent 
scholars  now  question  the  existence,  hardly  any  one  the  relative 
dates,  of  J,  E,  and  P.  In  Numbers  one  can  tell  almost  at  a  glance 
which  parts  belong  to  P,  the  Priestly  Code,  and  which  to  JE,  the 
narrative  resulting  from  the  combination  of  the  Judaic  work  of 
the  Yahwist  with  the  Ephraimitic  work  of  the  Elohist.  The  main 
difficulty  in  Numbers  is  to  determine  to  which  stratum  of  P 
certain  sections  should  be  assigned. 

The  first  large  section  (i.— x.  10)  is  wholly  P,  and  the  last  eleven 
chapters  are  also  P  with  the  exception  of  two  or  three  paragraphs 
in  chap,  xxxii.,  while  the  intervening  portion  is  mainly  P  with 
the  exception  of  three  important  episodes  and  two  or  three 
others  of  less  importance.  The  three  main  episodes  are  those  of 
the  twelve  spies,  the  rebellion  of  Koran,  Dathan  and  Abiram,  and 

Balaam's  mission  to  Balak.  The  last  is  the  only  one  even  of  these 
three  in  which  there  is  nothing  belonging  to  P.  Another  passage 
which  we  may  here  mention  is  one  where  the  elements  of  JE  can 
be  readily  separated  and  assigned  to  their  respective  authors, 
viz.  chaps,  xi.  and  xii.  It  is  generally  agreed  that  to  E  belongs 
the  passage  describing  the  outpouring  of  the  Spirit  on  Eldad  and 

Medad  and  the  remarkable  prayer  of  Moses  in  xi.  29,  "  Would 
God  that  all  the  Lord's  people  were  prophets  that  the  Lord 


