
5. Cauchy inequalities

Consider a polynomial

f(z) =
d∑

n=0

anz
n,

and let
M(r, f) = max

|z|=r
|f(z)|.

We are going to show that

|an| ≤ M(r, f)/rn, (1)

for every n and every r > 0.
Let ϵ = exp(2πi/(d+ 1) be the primitive root of unity. Then we have by

the geometric progression formula

d∑
j=0

ϵkj =
ϵk(d+1) − 1

ϵk − 1
= 0, (2)

for all integers k such that |k| ≤ d.
Let us fix an integer n ∈ [0, d] and set

g(z) =
f(z)

zn
=

a0
zn

+ . . .+ an + . . .+ adz
d−n.

Then
1

d+ 1

d∑
j=0

g(ϵjz) = an,

because according to (2) everything else in the sum cancels. So

|an| ≤ max
|z|=r

|g(z)| = M(r, f)/rn,

so we proved (1).
Now suppose that we have a convergent series

f(z) =
∞∑
n=0

anz
n,

whose radius of convergence is R > 0. Then we can truncate the series, use
the inequality (1) for partial sums and then pass to the limit.

Thus the Cauchy inequalities (1) hold for the coefficients of every conver-
gent power series.
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