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INTRODUCTION

This paper is an extended version of the work [4], [5]. Let f be an entire function
of a finite order p, f(0)=1. For every r >0 consider the 2z-periodic function

. log|f(re™) i
gl.r.f)= ———7, M(r, [)=max |f(z)].
/ & log M(r. f) ( m=,‘f |
It satisfies
2n
max g(0,r,f)=1, j g0,r, f)do=0. (1)
0e(0.27] 0

The second property follows from Jensen’s inequality. If

log M(r, f) = 0(log* r), r— o0, ()
then as W. Hayman proved [7]
log| f(z)] ~ log M(r, f), r=|z, (3)
as z — oo outside a small exceptional set. This implies
g, r,fy—1 in I0,2r], r— . 4)

Later J. Anderson showed that if
log M(2r, f)~log M(r, [), F— X0

then f satisfies (3), (4) (the exceptional set in this case can be larger than in Hayman'’s

result) [1].
We shalil show in Section 1 that for the functions f having slightly more rapid
growth than (2) one can say nothing about g(6, r. f) for all r except (1).

267



268 A. E. FREMENKO AND M. L. SODIN

Denote by S, the class of continuous 2z-periodic functions with the properties:

M~

max g{hy=1, J gy do
0e10.27] ¢

\\/

0 (5)

and let S, be the closure of S, in [0, 2], 0 <p < o,

THEOREM 1 Let @(r) be a function tending to + x as ¥ — «. Then there exists an
entire function f, f(0)=1, with the following properties:

log M(r. f)=O(p(r)log? r). ro o (6)
and for arbitrary geS,. 0 < p < ¢ we have

liminf [g(6,r. /)~ glO)], =0, (7)

Le. the closure of {gt-.r. [ !,,\ g i B0 2m ] is S, There exists also an entire function
Fowith prescribed vrder p, O < p << 4 and satisfying (7).

Theorem | will be deduced from the following result which has an independent
interest.

THEOREM 2 Let a sequence of numbers yn, > 1 and a sequence of polynomials (P,)
P(0) =1 (R)

be given. Then there exists an entire function [ with the property (6) and for som

increasing sequences (T,) < R, (¢,) < N both tending to > we have
log| f(T,2)| - g, log|P2) —olg,). n— x (9

uniformly wirh respect to z, 1 < \ \ .. There exists also an entire function f satisfying
(9) and having prescribed order.

The proof of Theorem 2 is based on a construction from the paper [6].
Denote

my(r, f)=my(r, oo, f)= [log™| f(re’
my(r, 0, [ Y=m,r. /'), O<p< o
Jensen’s inequality is equivalent to
n (r. 0, fy<m(r, x,f).
In a conversation with one of the authors A. Ph. Grishin raised the following question:
Do there exist a constant C(p, p) such that every entire function f of the order p
satisfies
mir, 0, /) < Clp, p)m,y(r, o, f)?

(This question stimulated the present work.) The negative answer follows immediately
from Theorem 1. Choosing a sequence y,€ S, such that “q;,,H,, = ()(ng‘"‘!i,,), n— o,

=0(lg1n . 1[l,). n = 2. p <1 we deduce the following
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CoRrROLLARY  For every p, 0 < p < % there exists an entire function f of the order p
such that for every p # 1
. m,(r, 0, f
lim sup ot 0 1) x. (10)
rer Mo, f)

If an entire function satisfies some regularity condition then the answer to Grishin’s
question is positive. We consider in Section 2 the entire functions satisfying

log M(2r, f)= O(log M(r, 1)), r— o0, (1)
which we rewrite as
log M{er, )< K log M(r, f), r=rg. (12)

Such a class of eniue functions may be characterized as having bounded orders of
Polya peaks [3].

THECOREM 3 If anentire function f satisfies (12) then for every positive p and g we have

my(r, 0, f)< Clp, q, Kymy(r, w0, f).

1. THE CONSTRUCTION OF “UNIVERSAL’ ENTIRE FUNCTION

Proof of Theorem 2 We shall construct a function of the form

f(2)

Il

l—[ {Pn(z/n)}q"
n=1

and choose the sequences T, g, tending to infinity to satisfy (6), (9).

We denote x = max{1, x}. Without loss of generality we may assume that ¢(r) is
a continuously differentiable increasing function, ¢(r) = 1 for re[0, €], p(r) < (log r) ~
and ¢'(r)< 1/r, 0<r < oo (if the last condition is not fulfilled then we replace ¢(r)
for r = e by the function

max{], J‘r min(¢’(t), 1/t) dt} ).
1

It is clear that there exist positive constants 4, such that for all r >0
log M(r. P,) < A, log(l +r), keN.

We construct inductively a sequence of positive numbers (T,), T, =e.T,,, =n,T, a
sequence of natural numbers (g,) and a sequence of polynomials (Q,) such that

log|0,(T;z)] — q; log|Py(z)]| < 27/(1 — 27 ")g;. 1<z <n;, (14)
for all j, 1 <j<n and
log M(r, Q,) < (1 —2""o(r)log?r) ", (15)

for all r > 0.
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Choose T, = e so that

log M(r/T,, P,) < jo(r)(log? r) . r=0. (16)
Put
0,@)=P T, q,=1. (17)

The polynomial Q, has the properties (14)-(15).

We assume that Ty, ..., T,_,,qy,...,q,_, and Q,,...,Q,_, have already been
constructed satisfying (14) and (15). We show how to choose T, g, Q,. Let B,_,>1
be such a number that for all r>0

log M(r, Q)< B, _,(logr)". (18)

Let r, be large enough so that
(1-2"M0(r) =B, (1 +2"*4,(logn,) ), (19)
ez T . (20)

Now we choose T, to satisfy the following conditions

T,=2r, (21

P(2)#0,  |7<n/Th, (22)

2°73B,_ log(m T)flog P(z/T)| <272, |7 <, (23)
llog|Qi— 1 (T2)| <2B,_ (log(T [z & || > 1. (24)

(The branch of the logarithm log P,(z/T;) is chosen such that log P,(0)=0 taking
into account the fact that P,(z/T,) has no zeros for |z| < r, by virtue of (22)). To show
that we can satisfy (23) we note that for 'z| <r, and for sufficiently large T

log P(T ~ 'z)| log(Tn,) < 2|P(T " 'z) — 1| log(Tn,)

<2(1 4 |PO)))r, T~ ' log(Ty,) =o(1), T — 0.
Now we put

4 =[2"">B,_, log(n, )]
(here [x] is the integral part of a number x),
0i(2) = Qi - 1 { Plz/ Ty) .

From (20) and (21) it follows that T, =n,_, T, _,. We show that (14) and (15) with
n=k are satisfied for Q,. If I <|z|<#n;, 1 <j<k— 1 then we have by virtue of (26),
(14) (with n =k — 1) and (25), (23), (20)
log]P,‘<Tj Z)
T,

S27(1=27F" g+ 272 <2791 =27 ),

l0g|0u(T;z)| — g, log|Py(z)|| < [log|Qx_ 1 (T;2)| — g; log |Py(z)|| + 4,

which gives (14) with n=k, 1 <j<n—1.
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By virtue of (26), (25), (24) we obtain
ilongk(TkZ)! — Yk lOgIPA(Z)” = !IOg!Qk— 1(712)”
<2B,, logm T)<27% gy, (NEEN
which proves (14) with n =k, j=k.
Using (26), (18) and (13) we get for all r > ¢

log M(r,Q,) < B,_, logr+q,A; log<1 +%>

k

log(1 + /Ty
< By, log r<1 £ 244, Tog(n, Ty) 8 J/,k))

logr )
[ log(1 + #/T,)
<B,_, log rkl £ 2504 (logn) log T, EL TN g
log r
Note that for e <r < T, we have
log(1 +r/T,) log T,
log T, B H1T) log T v s iogr (28)
log r T, logr
and for r > T, we obtain
log(1 +r/T, ‘
1ogtrkmslog(1 + ) <210gr. (29)

log r \ T
It follows from (27)-(29) and (19) that for all r > ¢
log M(r, Q) < B, _, log r(1 + 2¢**A,(log n,) "log r)
< B, (1 +2""*4,(log n) Vlog? r < (1 =2 ) o(r)log? r.

We see that (15) is satisfied for n = k.

This proves the possibility of construction of (q,), (7,) and (Q,) with the properties
(14) and (15).

We show that the sequence (Q,) converges uniformly on compact subsets of the
plane to some entire function f. By (26) the convergence of (Q,) is equivalent to the
convergence of the infinite product

0 ()

and this product converges uniformly on compact sets in the plane by virtue of (23)
and (295).

We show that the entire function f satisties the requirements of Theorem 2. It is
evident that f(0) = 1. Taking the limit in (14) for n - o we obtain (9). Taking the
limit in (15) for n - oc we get (6). Thus (6) is satisfied for f. This proves the first
statement of Theorem 2.

To prove the second statement one has to change the above reasoning in the same
manner as in [6, Theorem 2]. We omit the details.
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Proof of Theorem I Let ¢ be a continuous 2n-periodic function,

i 2n
a= ~J g(8)df = 0. (30)
2m Jq

We shall show that for every & > 0 there exists a polynomial P such that

PO)=1, (31)
llog|P(e®)| — g(0)] < &, 0<0<2n. (32)
Put
z+e " 1 (2774 0% 1
F(z)= exps — — g(8) db
(z) | +ze™ p{vao z—e’eg() )
Then
log|F(e™)| = y(8). (33)

2

) i 1 n ) ) 1
log|F(0)) = f log|F(e™)| d0 — N(1,0, F)=a — [ dr_
TJo veo

o b

0. (34)

Thus we can define P as an appropriate Fejér’s sum of F. Now (32) follows
from (33) and (31) follows from (34).

Let us finish the proof of Theorem 1 using Theorem 2. Note that it is sufficient to
prove (7) for a dense sequence (g,) =S.. Then (7) will be true for all ge S, and
consequently for all ge S, 0 < p < 2c. Without loss of generality we may assume that
every function g € {g,} belongs to the sequence infinitely often. Take a sequence ¢, — 0
and construct the polynomials P, satisfying (30) and

log|P.(e)] = g,(0) <&,,  0<6,<2m. (35)
!

Using Theorem 2 with », =1 we obtain an entire function f with the properties (6),
(9). It follows from (5) that log M(1, P,) > 1, n — oc thus (7) is a consequence of (9),
(35). Theorem 1 is proved.

2. ENTIRE FUNCTIONS OF A FINITE POLYA ORDER

We shall use the following lemmas.

LEMMA | Ler an entire function f satisfy (12). Put

O(a, r)=1{0:log| f(re’®)| = alog M(r, f )}, O<a<l,
where |E| denotes the length of a set E < [0, 2n]. Then
Oa,r) 11—a
tg ot T8 36
g 4 nK—1 (36)

The proof is based on the reasoning of T. Carleman [2].
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Proof Let C(R)={z: !:} <R}, M(R)=M(R, ),
Dp = {ze C(R):log|f(z)| > alog M(R)}.

Denote by 7 the part of the boundary of the set Dy which belongs to the circle |z| = R.
Let w(z, 7) be the harmonic measure of y with respect to C(R). Then we have for z e Dy

log| f(z)| < alog M(R)+ (1 —a)log M(R)w(z, 7). (37)
Furthermore
1[92 R?—r? 2 R+r 0
wl(z, 7)< hir)= ~J — e — = — arct < t ), 38)
) 2 ) _p2 R? —2Rr cos yy +1r? v N\ R g4 8,
where @=0(a,R). Let & be a point with the properties |£|=r and

log| (&) = log M{r). Take 8, >0 such that the poin &p_;= (R — 9)e’”? belongs to
Dg if 0 <0 < d,. Using (37) with ==&, 5 and (38) we obtain

log M(R—0)—ualog M(R)— {1 —a)log M{(RYH{R —3)<0,

Let 0 = 0+ in (39). Since h(R) =1 we get
d
iR log M(R)>= (1 —a) log M(R)h'(R). {40)

1 0(a, R
Since hl(R)z -~ Clg ,,!?,, )
4

it follows from (40) that

1 — f(a, R d
ST qctg (a )g - log log M(¢"), (41)
T 4 dt

where t =log R.

To obtain (36) from (41) let us note that in view of convexity of log M(e') and
(12) we have for t =t, =logr,

l M t+1 1 t+1 d d
—1> og M(e"™) 1= f ~ log M(e%)dt > - loglog M(e").
log M (e") log M(e') ), dt dt

Thus the lemma is proved.
LEMMA 2 Let an entire function [ satisfy (12). Then for all p >0 we have

20 1\2\) I/
log M(r. /) < {2“’ F k=0 ’} mylr. 1),

Proof We have

. 1 1
’"n(,rzf, ) > {] J 0(a, r) d(a”)} p.
log M(r, f') 21 J,
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Use Lemma | and integrate by parts. We get

1 2n _ Ip
My (r. f)- >{ f arf d arctg(l : : a)da}
long f) 2n 0 da TK—1
14 Lip
{2(1(_1 ~a’da }
(l—a +n (K—l)'

jl K—1 }"
lz P+ D1 +72K—-1%)f

which proves the lemma.

LEMMA 3 Let F be the family of all subharmonic functions u(z) in the disk C(R),
R > 2 such that u(0)=0 and

sup u(z) <A< = 42)

Izl <R
Jor some R, € (2, R). Then for every q >0 we have

sup |[u(e”)|, < C(g, A4). (43)

ue.¥

Proof Denote by ;1 the Riesz measure associated with a function ue %,
n(t, u) = u{|z] <t}). Jensen’s inequality and (42) imply

n2,)) <A, < x. (44)

Here and in the following we denote by A, different constants depending only on A4
in (42). Using the Poisson—Jensen formula in the disk C(2) we obtain

I 3
u(z)=— J u(2e?y — — do +J log 20z é)
2n J, S5—4cos(p — H) 2

3 (% u2e'?)d
f ~ uQ2e)de " f log - du, + f log|z — (| dp,
2n )y 5—4cos(p—0) ) |4 - C—l )

=u, +u,+u;, z=e",

d/té

z

Using (42), (43) we get
u,(e®) < A, |uy () <n(2, ) log 3< A.

Applying the Holder inequality we obtain (g > 1):

2n q
ety [ aof fogle <l |
2n Jo C(2)

1 2n )
<n(2, u)! J d,u;f logle® — (|| d6 < A(q).
21 Jeia)

0

If g <1 then (43) is evident.
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Proof of Theorem 3 Consider the family of subharmonic functions

_log| fuz))

e P

my(t, f)

Without loss of generality suppose that f(0) =1, so that by Lemma 2 and (12) the
family u, satisfies the conditions of Lemma 3 with the constant 4 depending on p
and K. Thus by {43

WV

m(r.0.1) _ lim sup [u, (¢"){, <sup Ju (e®)], < Clp,q. K} < %
rew mMpre %L ) 171

juaniy

and the theorem is proved.

Remark Let T:[1, x} - R be a continuous increasing function €, C, > 1. The
value r 1s called (€', Cy)-normal if

T(Cr) < C,T(r).
W. Hayman [8] proved the following

LemMa H  The lower logarithmic density of the set of {C,, C,)-normal values is at
least 1 — p{log C,)/log C, where p is the order of T.

Our proof of Theorem 3 combined with Lemma H show that an arbitrary entire

function f of finite order p satisfics

m,(r, 0, f

~~~Q(——ff)f < C(p.p. q.¢), as r—

my(r, oo, f)
avoiding a set of upper logarithmic density ¢. Here p and g are arbitrary positive
numbers. On the other hand using Theorem 2 one can construct an entire function
f of prescribed order p satisfying

my(r, oc, f) = 0(m,(r, 0, f)),

as r — oo 1n the set of upper density 1.
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