Math 525, Midterm exam, Spring 2014

1. Let f be a non-constant analytic function. Can the function |f| be
harmonic? Justify your answer.

Solution 1. |f| = v/u? + v2. To see whether this can be harmonic, one has
to compute the Laplacian. But of course you have to compute it correctly.

|fle = (u* + v») Y2 (uuy 4 vv,),

| flow = (u® +0?)73/2 (—(uum + vv,)? + (U + 0?) (U2 + Uty + V2 + vvm)) :

Similarly for the derivatives in y. When we add these, using u,, + vz, = 0,
after simplification we obtain

Flao + floy = (0 + 022 ((wve — v)? + (u, — v, )2).
Therefore we must have
uv, —vu, =0, wuvy —ovuy = 0.

Now we can use that u, v satisfy the Cauchy—Riemann conditions. Consider-
ing the last two equations as equations with respect to u, v with coefficients
Uy, Uz, Uy, Uy, We see using Cauchy-Riemann condition that the determinant is
uj +wuZ. This can be zero only at isolated points (because f is not constant).
At other points, the determinant is not zero, so we conclude that u = v =0
at those other points. This cannot happen, so |f| cannot be harmonic.

Solution 2. Let v(z) = |2| = v/22 +y%. Then u(z) = v(f(2)). And at
those points where f’(z) # 0 we have an inverse function so u(f~1(2)) = v(2).
If w is harmonic then v must be harmonic. But v is not harmonic, except at
z=0:

vy = ($2 + yQ)_1/23:,
Vpy = (1‘2 + y2)73/2y2 > 07

and similarly for the derivative with respect to y.

Solution 3 (the simplest one). If f has zeros, |f| cannot be harmonic
by the minimum principle. If f has no zeros, then u = log|f| is harmonic.
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Then if |f| is harmonic we will have a harmonic function u such that e* is
also harmonic. Computing the Laplacian, we obtain

(eu)x = euum’

(eu)m = eu(ui + Uga)-

Writing this for y and adding and using ., +u,, = 0, we obtain u +u} = 0,
so u is constant, contradiction!
(Congratulations to one student who found this solution).



2. Find all solutions of the equation sin z = 3 and sketch them in a picture.

Solution. sinz = (e”* — e7%%)/(2i). setting w = ¢”* we obtain a quadratic
equation

w—1/w = 61,
w? —6iz —1=0,

SO
Wi2 = (3 + 2\/§)Z

Now take logu = Log |u| + i arg u, and notice that 3 +2v/2 > 0, and Argi =
/2, S0

iz = Log (3£ 2V2) + mi/2 + 2mik, k=0,+1,42,....

Thus
z=—iLog (3+£2V2) +7/2+2rk, k=0,+1,+2,....

To make a correct picture notice that (3 + 2v/2)(3 — 2v/2) = 1, therefore
Log (3 + 2v/2) = —Log (3 — 2v/2), so we have two horizontal rows of points
with imaginary part +Log (3 +2v/2) and real part in arithmetic progression
/2 + 27k,



3. For every integer m (positive, negative, zero) compute the integral

/ z"dz,
|2|=2

where the circle is oriented counterclockwise.

Solution 1. The function z is NOT ANALYTIC! So we cannot apply to
it any theorem proved for analytic functions. But the integral is easy to
compute by definition. The parametrization of the circle is z(t) = 2¢%, 0 <
t <27 So

zm — 2m€2mt

. dz = 2ie'dt,

and )
/ z"dz = / omtljo(l=m)it g
|z|=2 0

This is zero unless m = 1. If m = 1, this is 27 x 2™+ = 8.
Solution 2. One can reduce to analytic functions by writing z = |2|?/2.

Then
/ Z"dz = 22m/ z "dz.
|z|=2 |z|=2

The last integral is 0 unless —m = —1. When m = 1, the last integral is 27
and we obtain the answer 8.



4. Evaluate the integral

cos 2z
/ 5 dz,
lz—1)=1 2% — 1

where the circle is oriented counterclockwise.
Hint: apply Cauchy’s integral formula to an appropriate function.

Solution. Following the hint, we choose
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fz) =

Then our integral equals

d
/|Z_1|1 f;fz_) 12 = Qﬁif(l) = Tt cos 1,

because f is analytic inside and on the contour of integration.



5. Find a bounded harmonic function in the first quadrant which takes the
boundary values 1 on the positive imaginary ray, and —1 on the positive real
ray.

Solution. 4
—Argz — 1.
T



6. Find all values of 3.

Solution. By definition,

i(Log |i|+iArg i+2mik)

i ezlogz —e ]

i
As Log |i] = 0 and Argi = /2, we obtain

eIk =0, 41,42, .. ..



7. Find all possible values of the integral

/ dz
'yZQ+1

for all closed curves v which do not pass through +i.

1 _i(l 1)
221 2\z—i z+41i/)"

So the integral around little positive oriented circle about ¢ equals 27 times
i/2 that is —pi, and about similar circle about —i it equals m. A closed
curve can wind about ¢ and —i arbitrary number of times in positive or
negative direction, thus the possible values of the integral are km, where
k=0,£1,£2,....

Solution.




