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Introduction
We talk of an algebraic differential equation if it is of the form
& . N W d]y

(0.1) F o, yko o oy, 2)=0, yP= 0 |
where F is a polynomial in the first k+ 1 variables, whose coefficients are
analytic functions of the independent variable z. If the conditions of
Cauchy’s theorem for the existence and uniqueness of the solution are
satisfied, then (0.1) determines an analytic function in a neighbourhood of a
given point z,. One of the most difficult problems in the analytic theory of
differential equations is that of the analytic continuation of the solution and
of studying it in the whole domain where it exists. It is natural, first of all,
to ask whether there are solutions of (0.1) that are meromorphic in the
finite plane C. A second important problem is to study the properties of
meromorphic solutions immediately from the equation, if it is known that
such solutions exist. This article is devoted to this second problem.
Throughout what follows, unless stated otherwise, by a meromorphic
function we mean one that is meromorphic in C. We always use z to denote
an independent variable, z € C.

For autonomous first-order equations

0.2) Fiy', y) =0

?



62 A.E. Eremenko

both questions were completely solved in the 19th century. A necessary and
sufficient condition for the existence of meromorphic solutions is given by
the Fuchs criterion (see §1). Every meromorphic solution of (0.2) is either
an elliptic function, or a rational function, or a function of the form

R(exp az), where R is rational and a € C (see §7).

The first result on meromorphic solutions of non-autonomous equations
was the famous theorem of Malmquist [41]: if the equation y' = R(y, z),
where R is a rational function of two variables, admits a transcendental
meromorphic solution, then this equation necessarily is of the form
' = a@)y*+ b(z)y + c(2), that is, it is a Riccati equation. Malmquist’s
theorem has many times been generalized and proved by different methods
(see, for example, [3], Ch. V; [22], §5; ([31], Ch. IV, and also [32] and
[69]). The simplest proof due to Kiinzi [37] is by the use of the Nevanlinna
theory of meromorphic functions. Starting from the papers of Yosida [69],
Kiinzi [37], and Wittich [62], [63], Nevanlinna theory became a fundamental
tool for the relevant questions.

Many papers have been devoted to generalizations of Malmquist’s theorem
to first-order equations that are non-linear in y'. As long ago as 1920,
Malmaquist proved the following general theorem [42]: if a first-order
equation

0.3) Fly', y, 2) =0,

where F is a polynomial in the first two variables with algebraic coefficients,
is irreducible and has a transcendental meromorphic solution, then this
equation satisfies the Fuchs conditions (see also [43]). For brevity, we call
Malmaquist’s theorems of 1913 and 1920 Theorems I and II, respectively. It
is easy to see that Theorem I is a special case of II.

The paper [42] has had practically no influence on the work of other
authors, although many results obtained after 1920 are simple consequences
of Theorem II. A typical example is {55], in which Malmquist’s Theorem II
in a weakened form is suggested as a conjecture. Apparently this situation
is explained by the fact that [42] is written very laconically, and many
essential points of the proofs in it are omitted. It is possible that Malmquist’s
Theorem II has aroused distrust. It should be mentioned that for an
understanding of {42] and [43] the review by Schmidt [53] is of great help.

Up to a short time ago, all the results on meromorphic solutions of (0.1)
have been obtained under the assumption that the coefficients of F are
algebraic or rational functions of z. It was thanks to the approach proposed
independently by Laine [38] and A.E. and V.D. Mokhon’ko [14] that it
became possible to study meromorphic solutions of equations with
transcendental coefficients. This approach consists, roughly speaking, in
considering “‘admissible solutions™, that is, those whose Nevanlinna
characteristic grows faster than the characteristics of the coefficients of the
equation. If the latter are algebraic, then the class of admissible solutions
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coincides with that of transcendental solutions (see §2). This accords well
with the classical point of view that one should consider solutions of
differential equations in a class of more “complicated” functions than the
coefficients of the equation (see, for example, [2], 171; [4], 37). In the
case in question, the growth of the Nevanlinna characteristic is a good
“measure of transcendence” of an algebroid or meromorphic function.

If F is a polynomial in three variables, then (0.3) can be regarded as the
equation of an algebraic surface F(¢,, £, #3) = 0. Another point of view
turns out to be more fruitful if F in (0.3) is regarded as a polynomial in two
variables over some suitable coefficient field. This approach allows one to
apply the theory of algebraic functions in one variable to (0.3), where the
algebraic dependence of F on z becomes unimportant. In this article we
show how the consistent application of this idea allows us to obtain almost
all the most recent results on admissible solutions for equations of both the
first and higher orders.

In §81 and 2 we gather all the information about algebraic function
fields, Fuchsian differential fields, and the Nevanlinna theory that is
necessary for what follows. In § §3 and 4 we give a new proof and a
generalization of Malmquist’s Theorem II, and also a survey of recent results
on the existence of meromorphic solutions of (0.3). In §5 we investigate,
with the aid of the theory set out in § § 1-4, the asymptotic properties of
solutions of (0.3) in the most interesting case, when the dependence of F on z
is algebraic. §6 is devoted to analogues of the results of § §4 and 5 for
equations of higher order, and also for solutions that are meromorphic in a
circle or a half-plane. Finally, in §7 we examine higher-order equations of
the special form F(y®™), y) = 0 with constant coefficients (equations of
Briot-Bouquet type). We have tried not to repeat results in the books [1],
{21, [31, [4], [27], and {31].

The author is sincerely grateful to A.A. Gol’dberg, who drew his attention
to the classical papers of Malmquist, proposed this article and gave
comprehensive help in writing it out, and also to V.E. Katsnel’son and
V.G. Drinfel’d for useful discussions.

§1. Algebraic function fields and the Fuchs conditions

1. It is convenient to regard the coefficients of (0.1) as elements of some
algebraically closed field. We choose the field 4 of all algebroid functions,
that is, the algebraic closure of the field of meromorphic functions. A can
be described in the following way. We consider first the field of formal
series of the form

(1.1) :20 ajZ("H_j)/", aj Ecv ao#()’ m Ezv U“EN'
i=

This field is algebraically closed. We always assume that the exponents of
the powers in (1.1) of terms with a¢; # 0 do not all have a common factor.
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We now pick out those series (1.1) that converge in some neighbourhood of
0 and can be continued in C to a finitely-valued analytic function without
singularities in C other than algebraic ones. These series also form an
algebraically closed field, which, as is not hard to see, is the algebraic
closure A of the field of meromorphic functions. By an algebroid function
we always mean an element of A4, that is, a series (1.1) continued in C. To
two distinct elements of A there may correspond identical analytic functions
in the usual sense of the word, for example, z'/2 and —z!? are, by our
definition, distinct algebroid functions.

We shall have to deal with inequalities of the form

“2) @ (.fl(z)’ fz(z): s ey ]n(z)) > 0'1 z Ecv f] E A.

Such inequalities must be interpreted in the following way. We consider
power series of the form (1.1), representing elements f;, ..., f,,. The germs
corresponding to these series can be analytically continued along a curve I’
to a point z € C, and the curve is the same for all the germs and does not
pass through the branch points of fj, ..., f,. The result of the continuation
must satisfy (1.2) irrespective of the choice of I'. An equation containing
f@), f€ A, z € C,is to be interpreted in a similar way.

2. Let A, be a field. We always assume, without specifically saying so, that
Ay is of characteristic 0 and algebraically closed. As a rule, 4, will be an
algebraically closed subfield of A. We use the usual notation Ay [#, ..., t,]
and Ay(t,, ..., t,), respectively, for the ring of polynomials and the field of
rational functions in n variables with coefficients in A,. We also use the
notation Blt,, ..., t,] when B is a ring.

Before examining differential equations, we must study relations of the
form F(x, y) = 0, where F € A, [#,, t,]. Suppose that F € A, [¢,, t,] is an
irreducible polynomial. Then the quotient ring Ag[t,, £,]/(F), where (F) is
the ideal generated by F, is an integral domain, and we can consider its field
of fractions 9, which for brevity we denote by A= Ay(t,, ¢,)/F. The
elements of 9 must be representable as rational functions in A (¢,, t,) whose
numerator and denominator are relatively prime to F. The pair (¥, 4,) of
the form indicated is called an algebraic function field in a single variable
over Ay. Since A, is fixed, we take the liberty of just calling 9 an algebraic
function field. '

If Ay = C, then 9 is the field of rational functions on the Riemann
surface of the function y given by the irreducible equation F(y, z) = 0,

F € C [, t;]. Information about algebraic fields that we need later is-
contained in [11], Ch. 1, [20], and [21] (for the case A, = C, see, for
example, [9]).

The field 9 has transcendence degree 1 over A,. This means that for any
o, p € Aithere is a polynomial Q@ € A4, [¢,, £,] for which Q(x, 8) = 0.

A ring V < 9 is called a local ring if Ao C V, % =V, and for every
either « € V or ! € V. The elements a € 9 such that both & € ¥ and
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o1 € V are called units of V. The set of all units in V is denoted by U(V).
The elements of a local ring ¥ that are not units form an ideal I = (V).
This ideal is maximal and has a single generator ¢t. Every element @ € V can
be represented in the form o = t™u, u € U(V), m € Z°". U is the field of
fractions of any of its local rings, therefore, each element a € 9 can be
represented in any local ring in the form

(1.3) o =t"w, u€cUYV), meZ,

where m > 0 if and only if « € V in (1.3). The number m in (1.3) is called
the order of a in V and is denoted by ord; .

It can be shown that the quotient ring V/I is the same as the field 4,.
Therefore, any element o € V can be represented in the form o = ay+
ay € Ay, oy € I, consequently, a; = to,, a, € V. Continuing this procedure
we obtain a formal expansion of & € V in a Puiseux series

(1.4) a = t"ay 4 t"a, + ..., a; € A,.
Here m 2 0. A similar expansion can also be obtained for any element
a € 9N, making use of (1.3). Here m = ordy« in (1.4) can be any integer.

When A, = C, a local ring is the set of all rational functions on the
Riemann surface that do not have a pole at a given point. Thus, local rings
are in one-to-one correspondence with the points of the Riemann surface.
The ideal I of a local ring is the set of rational functions that vanish at the
point in question. As the generator ¢ of / one can take any function that
has a simple zero at the given point. This terminology can naturally also be
used in the case of an arbitrary field 4, We sometimes refer to local rings
as points, and to a generator of I as a local parameter at the point. If m >0
in (1.3), we say that the element o has a zero of order m at the point V,
and if m < 0, that it has a pole of order —m. In the case of an arbitrary
field A,, just as for A, = C, an arbitrary element « € 9 has ordya # 0 at
only finitely many points V, and ZordVa = 0, where the summation is
over all points of .

3. A divisor is a point function that takes integer values and is different
from O at only finitely many points. The sum of all the values taken by a
divisor § is called its degree and is written deg §. The divisor §(«) of an
element o € 9 is the point function equal to ordy«a at V. Here deg 6(a) = 0
for any o € 9. A divisor is called non-negative if all its values are non-
negative. The divisors form an Abelian group under addition, which is
isomorphic to the free Abelian group generated by the points. We use the
expression §, = 8, if §,— 86, = 0 for divisors &, and §,, that is, §, — §, is a
non-negative divisor.

Let & be a fixed divisor. We consider the set L(§) of the elements of
with the property that 6(a) = —8. It is easy to see that £(§) is a vector
space over A,. The following theorem enables us to compute the dimension
of L(8).
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The Riemann-Roch theorem. There is an integer g = 0, depending only
on the fields Ay and A, such that for any divisor

dim £ (0) = deg 8§ +1 — g -+ A(6),
where A(8) 2 0,and A(8) =0 if deg 6 = 2g— 1.

Here dim £ < 0 means that £ is empty. The number g is called the genus
of % over A,.

4, As we have already said, any two elements a, f € 9 are connected by a
relation

1.5  Qla, B) = Qu@)p™ + ... + Qola) = 0, Q; € Aylt,].

We wish to find a connection between ord, « and ord g for those points V
of ¥ at which ordy-a < 0. The following classical method serves to do this.
On the plane we plot the points with the coordinates (j, deg Q;), 0 <j<m,
and two more points (0, 0) and (m, 0). We consider the polygon that is the
convex hull of this set of points. From the boundary of the polygon we
remove the vertical segments and the segment [0, m] of the j-axis. The
remaining part of the boundary is called the Newton diagram of the
polynomial (1.5).

The gradients of the Newton diagram, taken with the opposite sign, form
a finite set of rational numbers. This set coincides exactly with the set of
numbers ordy B/ordy«, where V ranges over the finite set of points at which
ordya < 0.

We also need the following well-known fact. Suppose that the polynomial
(1.5) is irreducible. For the existence of a point ¥ such that ord,,a 2 0 and
ordy B < 0 it is necessary and sufficient that deg Q,, > 0. More precisely,

(1.6) deg Qp, = —E ordy B,

where the summation is over all points ¥ such that ordya = 0 and
ordy B < 0.

5. The theory of first-order differential equations can be constructed
formally, without using the notion of a solution. To do this we must
consider, instead of a single equation, the collection of all equations that are
obtained from each other by a rational change of the unknown function and
its derivative. We give the precise definitions.

Let 9 = Ay(ty, t,)/F be an algebraic function field in one variable over A4,,.
An operator D: 9 — 9 is called a differentiation if it has the following
properties: D(Ag) C Ao D(a+ ) = D(a)+ D(B), D) = aDB+ Do

The pair (%, D) (more precisely, the triple (%, 4,, D)) is called a
differential algebraic function field in one variable over the base field A4,.

Suppose that the action of D is given on A, In order to extend D to the
whole field 9 it is sufficient to specify the action of D on one element
o € A \4y, and this can be done arbitrarily. For suppose that Da = §, and
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let ¥ be any element of 9\ A4,. We consider the irreducible equation
connecting o and v: Q(a, ) = 0, Q € A, [, t,]. We write Q' for the
polynomial obtained from @ by applying D to all its coefficients. Then D7y
can be determined from the equations

(1.7) iQ—Da+%%Dy+Q'=0

da
(the polynomial 8Q/9dvy is prime to Q, because @ is irreducible, consequently,

0Q/9y (a, v) # 0 on ¥, and therefore, (1.7) always can be solved for D).
It is easy to verify that this extension has all the properties of a differentiation.

Definition 1. A differential algebraic function field (J{, 44, D) in one
variable is called Fuchsian if all its local rings are closed under differentiation.
We give two criteria for a differential field to be Fuchsian.

Criterion 1. For each element o € 9 we consider the irreducible polynomial
connecting o and Da:

(1.8)  QDx, o) = Qu@)Da)™ + ... + Qy(@), Q; € Aq[t,].
The differential field is Fuchsian if and only if deg Q,, = 0 in (1.8) for all
a €. .

Proof. Suppose that the field is Fuchsian. Then ord, a =2 0 implies that
ordy, Do 2 0. Therefore, by (1.6), deg @,, = 0 in (1.8). Now suppose that
the field is not Fuchsian. Then there is a local ring ¥ and an elementa € V
such that Do ¢ V, that is, ordpa 2 0 and ordy Do < 0. Then, by (1.6), «
satisfies (1.8) with deg Q,,, > O.

The following criterion has the advantage that it can be stated in terms of
a single element of 9 \\ 4, and is, therefore, handy for verification in
practice.

Criterion 2 (the Fuchs conditions). Let a € I be an element such that o
and Do generate U over A, We consider the irreducible equation (1.8). For
the differential field (W, D) to be Fuchsian it is necessary and sufficient that
the following conditions are satisfied:
A deg O, =0,deg Q; <2m—j),0<j<m,in (1.8).
B. Suppose that in some local ring V
Do = by - u,, by £ Ay, u, € U(V),
o= ag + t™u,, a,€ A, uy€ U(V),
with m = 2 (such local rings are called branch points over o). Then
Dayg=boand n Z2m-— 1,
C. Suppose that at some local ring V
Da = t™u,, u, € U(V),
a = MUy, u, € U(V),
with m =2 2 (such local rings are called ramified poles over «). Then
n<m+l.
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The proof of Criterion 2 is no more difficult that that of Criterion 1 and
amounts to differentiation in local rings (see [4], [44]).

Fuchs obtained his Criterion 2 as a necessary and sufficient condition for the general integral of
the equation (0.3) to have no movable critical points. Here a critical point of a solution is said to be
movable if its position depends on the arbitrary constant in the general integral. In this article we do
not make use anywhere of the concepts of general integral and movable critical point, therefore, we
do not give rigorous definitions and a statement of the theorem of Fuchs [1], [4]. We remark that
condition C was omitted in Fuchs’ original paper. This omission was subsequently repeated in the
majority of books on the analytic theory of differential equations (for example, in (4]). The fact
that condition C is necessary was first noticed by Hill and Berry in 1910 ({1], 310; [44], 15).

One can also examine Fuchsian differential fields when A, is not
algebraically closed or has non-zero characteristic. The book [44] is devoted
to the general theory of such Fuchsian fields; it carries over to arbitrary
Fuchsian fields results obtained in the 19th century for differential equations
without movable critical points.

The importance of Fuchsian differential fields for the analytic theory of
differential equations is made clear by the following three results. Classical
proofs of these results are contained in [4], Ch. II. For modern proofs and
generalizations to arbitrary fields, see [44]. In the statements we give here
we assume that A, is algebraically closed and has characteristic 0.

Theorem 1 (Fuchs). If a Fuchsian differential field (%, A,, D) has genus 0,
then it is a Riccati field. This means that there is an element o. € 9 such
that o and Do generate Y over Ay and

Da = ay 4 a0 + aa?,  a; €4, 0Lj<L2

A differential field (3{, A4,, D)is called a Clairaut field if 9 is generated
over Ay by elements o and 8 such that Da = 0, DS = 0.

Theorem 2 (Poincaré). If a Fuchsian differential field (¥, 4, D) has genus
1, then it is either a Clairaut field or a Poincaré field. The latter means that
9 is generated over Ay by a pair o and D(a) such that

(D(w))2 = a{a—Ay) (e—hy) (2 —A3), a€ A,
Ay, Ay, A3 € Ay, the N are pairwise distinct, and D(N;) = 0.

Theorem 3 (Schwarz and Nishioka). Every Fuchsian differential field of
genus g 2 2 is a Clairaut field.

Suppose, for example, that A is the field of all algebraic functions in z. The equation
F(y', y, ) = 0 can be regarded as the equation of a family of curves depending on the parameter z.
Suppose that zq is a point in general position, that y4 and yg are the coordinates of some point on
the curve, and that F(yg, ¥, zg) = 0. It follows from the Fuchs conditions that the Cauchy problem
Y(zo) = Yo, ¥'(zg) = yp has a unique solution depending analytically on yg and yg. This solution
determines an isomorphism between the curves of our family. The classical proofs of Theorems 1, 2,
and 3 are based on this argument. For example, to prove Theorem 3 one considers the Weierstrass
points that are preserved under the isomorphism. :

We remark that the proof of Theorem 3 in {4], Ch. II, § 14, is incomplete.
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§2. Admissible solutions

1. In the preceding section we have described fields connected with
differential equations. We now pass to properties of the fields in which we
consider solutions of the equations.

Suppose that f € 4. We assume that f is continued to a finitely-valued
analytic function in C. Suppose that r > 0 is chosen so that none of the
branch points of f project into the set {z: |zl=r, z # r}. Over this set f
splits into single-valued branches f; (j = 1, ..., k). We set

21
mmfﬂ:3%51%+umwnm (a* = max (a, 0)),

0
kR

m(r, fl=— 3 m(r, f,).
j=1
It is easy to show that the function m(r, ) thus defined can be extended by
continuity to all values of » > Q. It is called the Nevanlinna proximity
function.
We consider the germ v of f over an arbitrary point zo € C. It can be
given by a series

o

]Zbaj(z——zo)(j“)/", a;€C, keZ, neN.
We assume that the exponents in the terms with a; % 0 have no common
factor. Therefore, the number k = ord » is uniquely determined by the
germ. (In §1 a similar notation had a different meaning, but this should not
lead to any confusion.) Let v; (j = 1, ..., [) be all the germs of f projecting
into the disc {z: |z |<Cr} such that ord v; < 0. We set

N f=a §(nt D—=n(, 1)) -+, Nlogr,
0

T(r, i=m(r, )+N(r, ).

In the second formula m denotes the number of branches of f. The
functions N(r, f) and T(r, f) are called, respectively, the number of poles
and the Nevanlinna characteristic. We list the chief properties of m(r, f),
NG, 1), and T(r, ). Proofs of these properties for meromorphic functions
are contained in [3], [8], [16], and [19]. For the case of algebroid
functions, see [15], [50] -[52], and [60].

1°. T(r, f) 4 o as r— oo. Here

I(r, /) = O(logr), r-— oo,

if and only if f is an algebraic function (over C).
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. Tr 1+ T )+ T, g +0(1), r—>oo.
F. T f<Tr H+ T, 9.
£.7 (rn+) =710 N+04), r—o,
is the Jensen formula.
5. T (r =) =T, ) +00), r—>co, aeC
is Nevanlinna’s first main theorem.

6°. I'(r, /*) = nT(r, ) +0(1), r— oo, neN.

. m (r,%) = o(T(r, f)) + O(logr), r— o0,

outside a set of values of r of finite measure is the Nevanlinna lemma on the
logarithmic derivative. This lemma is a fundamental tool in the investigation
of meromorphic solutions of differential equations.

8°. Suppose that f, g,, ..., g, are algebroid functions, and that
FEC [ty ty, ..., ty] is a polynomial such that aF/dty # 0. Then from
F(f, g1, ..., g») = 0 it follows that

T, ) =0T g)+ ... =T g)), r-—>oo.

More precise estimates are obtained in [13].
All the properties except 4°, 5°, and 7° follow easily from the definition
of the characteristic. If a € C, we set

N(,a f=N(r, =), arw; N, o, =N, §.

It follows from 5° that N(r, a, f) < T(, f)+O(1), as r = oo, for any ¢ € C.
The following theorem is often useful.

Valiron’s theorem. For all a € C, excluding an exceptional set of plane
measure zero,

Ny a, ) = U 4+ o) T(r, )y - oo

(See, for example, [8], 151.) The estimate of the exceptional set in this
theorem can be considerably improved ([16], 280).

2. The Nevanlinna characteristic is convenient for selecting subfields of A.
We consider a function g on [0, o) with the property that ¢ > 0, log r =
=0(p(r)), as r = 0. We write 4, for the set of elements of A for which
T(r, ) = O(r)), r— oo.
Here and in what follows the symbol = means that equality holds outside
some set of finite measure. This definition is required because later on we
have to make use of the lemma on the logarithmic derivative. It follows
from 2°, 3°, and 4° that A, is a field, and from 8° that this field is
algebraically closed. If ¢(r) = log r, then, by 1°, A, is the field of all
algebraic functions over C. We now write &, for the smallest field that
contains A, and all meromorphic functions. Roughly speaking, & consists
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of all algebroid functions that have few branch points. For example, if
¢(r) = log r, then &, consists of the algebroid functions with finitely many
branch points.

We are interested in relations of the form

2.1) Flzy y) = 0y  F g Ay, ],

where z, y € &, \ 4, We assume that F is irreducible. We consider the
algebraic function field 9[ in one variable over A,: A = A, (8, t)/F. If
X, ¥y € P4 \\ Aq, then x and y are transcendental over A,. The relation
(2.1) enables us to define a field homomorphism p: 9 — P4 that is the
identity on A4,. Under this map, an element o = R(#,, £;) € ¥ goes tc
R(x, y) € %,. The converse is also true: to every field homomorphism
w: 9 — ¢ that is the identity on 4, there corresponds a relation (2.1).

Definition 2. A homomorphism p: 9[ — & is called admissible if u is the
identity on A4,,.

Since any non-zero homomorphism of fields is injective, p(%) ¢ A, for an
admissible homomorphism. ¥ can be identified with some subfield of 7.
Henceforth we do not distinguish between « and u(a) if p is an admissible
homomorphism.

3. We consider the differential equation
(22) F(yli y) = 01 F EAq;[th tz]-
F is irreducible.

Definition 3. A solution y € & of (2.2) is called admissible if y ¢ A4,,.

The field P, is endowed with a natural differentiation g.. It is clear that

¥4
the differential equation (2.2) has an admissible solution if and only if there
is an admissible homomorphism of differential fields j: (%[, D) — (g‘a@, ;Z‘iz) ,
AU = Ay, t)F, FDa, a) =0,

M(Dv):d%u (v) forall ye¥.

4. We now show how Nevanlinna theory can be applied in investigating
admissible solutions of differential equations.

First of all we establish the following relation for functions in &,:

2.3) T, << @+ oI, ) + Ofelr)). 17— oo,

outside some set of finite measure. For this purpose we first estimate
NG, f)). Clearly, n(r, f') < 2n(, f)+e(r, f), where e(r, f) denotes the
number of branch points of f that project into the disc {z: |z |<{r}. Now f
has the form R(h,, ..., hy), where the h; are meromorphic, and R €
€ A, (t), ..., ty). The branch points of f are, therefore, the branch points of
the coefficients of R. Consequently,

r

[ et n— 0. ) F + €0, plogr = 00,

0
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and hence,
@.4) N, fY)K2NG, f) + O@@(), r— oo,

outside a set of finite measure.
By the lemma on the logarithmic derivative,

m(r, f)=m (r, —f}-,—-f)gm (r, —ff—) -+
+m(r, H+O0 )= m(r, H+o(T (r, )) + O (logr).
From this and (2.4) we obtain (2.3).
Using only the properties 2°, 3°, 4°, and 6° of the Nevanlinna characteristic,

A.Z. Mokhon’ko [12] has proved the following theorem:
Suppose that f is a meromorphic function and R € A ,(t,). Then

(2.9) T(r, R(f) = nT(r, §) 4 Ole(r),

where n is the degree of the rational function R (we have made an
insignificant change in the statement).

The first theorem of this type was proved by Valiron [60] (see also [2]),
for the case when R is a rational function of f and z.

We now prove Malmquist’s Theorem I in the form given by A.Z. and
V.D. Mokhon’ko [14] and Laine [38].

Theorem 4. Suppose that the differential equation y' = R(y), R € Ay ty),
has an admissible solution. Then R is a polynomial of degree at most 2.

Proof. By the change y & y™'+4, a € C, we can put the equation into the
form y' = P(¥)/Q(»), where P, Q € A, [t,], P and Q are relatively prime,
and deg P = 2+deg Q. Therefore, n = deg (P/Q) = 2+deg Q. Using (2.3)
and (2.5) we obtain

@+ degQ) T(r, y) +O0@M) = IT'(ry, Y)Y+ o) T (r, y) + Olg(r)
as r = oo, outside a set of finite measure. Hence it is clear that if y is an
admissible solution, then deg @ = 0 and y' = P(y) is a Riccati equation.

Since under a fractional-linear change of the unknown a Riccati equation
goes to an equation of the same type, the theorem is proved.

5. Our proof of Malmquist’s Theorem Il and generalizations of it is based
on the same idea. We wish to obtain a relation between the Nevanlinna
characteristics for functions x, ¥y € &, connected by (2.1). To do this we
suppose that we are given an admissible embedding of Y = A,(#,, £,;)/F into
. We recall that we identify elements o ¢ 9 with their images under this
embedding. By property 8° of the characteristic, for any a, B € 9\ 4,
there is a constant &£ such that

(2.6) - T, )<< kT(r, B) + Oe(r), r— oo,

outside a set of finite measure. We introduce an equivalence relation on the
set of all functions defined on [0, ) (not necessarily positive): ¢; ~ ¢, if
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for any @ € 9\4,
P1r) — halr) = o(T(r, @) + O(¢(r)), r— oo.

It follows from (2.6) that the words “for any” in this definition can be
replaced by “there is”. In connection with this definition we write {; > 0
if Y, = ¢, for some function Y, ~ 0, and Y, > ¢, if Y;— Y, > 0.

Introducing the notation ¢* = max(q, 0), ¢~ = (—q)", we can write any
divisor § in 9[ in the form & = §"— &, where 8" and &~ are non-negative
divisors.

Theorem S. Suppose that 2 is admissibly embedded in .. Then for any

o peA
deg 8=(@)T'(r, B) ~ deg 8-(B)T (r, o).

Remark. This theorem and its proof remain valid if #¢ in the statement is
replaced by the whole of A. The exceptional sets of finite measure also play
no part in Theorem 5. We have stated the theorem in a form convenient for
subsequent applications.

Suppose, for example, that 9 is a field of genus 0. Then there is an
element y € 9 such that A = A4 ,(y). If A is admissibly embedded in P,
Theorem 5 gives

I'(r, a) = (deg B + o(1))T¢r, v) + O(g(r)),

where o = R(y), R € A,(¢;). This is a little weaker than (2.5), but it is
enough for our purposes.

It is not known whether /D(p has a subfield of transcendence degree 1 and genus g > 2 over A¢.
If A, = C, then J¢ is simply the field of meromorphic functions, and there are no such subfields,
by virtue of Picard’s theorem that curves of genus g > 2 cannot be uniformized by means of
meromorphic functions. If ¢ = log r, then the question reduces to the following: can two
transcendental meromorphic functions f and g satisfy a relation

F(f(2), g(2), z) =0,
where F is a polynomial in three variables such that for a point zg in general position the curve
F(x, y, zg) = 0 has genus greater than 17

§3. Proof of Theorem 5

1. Let f be an algebroid function, and let f;(z), 1 <j < n, denote all the
values of this function at a point z € C. We set /*(z) = max | f;(z) |. The

function f* is single-valued, non-negative, and continuous ir]1 the extended
sense. We write £ for the smallest class of functions 6: C - R*U{{oco} that
contains all functions of the form f*, f € Aw and is closed with respect to
addition, multiplication, and taking the upper envelope of finite families.
For functions o € E one can introduce analogues of the Nevanlinna
characteristics. We set

2m
m(r, o) :—21? S log™* o (rei®) do.
0
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It is clear that m(r, o) = O(p(r)) for 0 € E. Functions in E can become
infinite at isolated points. In a neighbourhood of any such point z,
0(z—2) lz—2, P >C, z—2,

where k is a rational number and 0 < C < oo. We call k the order of the
pole of o at z,. Using this definition of order, we introduce quantities
n(r, 0) and N(r, o) in the same way as for algebroid functions. It is easy to
see that N(r, 0) ~0(¢(r)) for 0 EE.

If f, g € A and 0,, 6, € E, then the inequality

&) < 04(2) 18 (2)] + 0,0)
implies that T(r, f) < T(r, g)+O(p(r)) outside a set of finite measure.
Indeed, for example,
N(, A NG, g) + N, 0,) + NG, 6,) = N, g) + 0(e(r)),

and m(r, f) can be estimated in a similar way. In particular, for an
algebroid function f the conditions f € A, and f* € E are equivalent.

Lemma 1. Let R € A,(t,) be a rational function such that the degree of its
numerator does not exceed that of the denominator, and suppose that § € A.
Then there is a function ¢ € E such that from |8(z)| = a(z) it follows that

IR(B)(2) < a(2).

Proof. Let
_amPp™+...4ay __ am+ ...+ ap™
Rp)= bmﬁ’"+...+bz T bmt . FbP™
aj, bjEA(m O<j<m7 bmio‘
If

9 m-4 det
1B &) > (ZO (16 @)+ lay @) +1 )= 5, )

then

def
1R @) () <2128 +1=5,(2).

There is a function o € E such that 5,(z) < 6(2) and 5,(z) < 0(2). This
implies what the lemma asserts.
Lemma 2. Suppose that o, 8 € % and 6 (o) = 67(B); then T(r, ) ~
~ T(r, B)+0(p(r)).
Proof. We consider the relation between o and 8:
B.1)  QuPla™ + ...+ Q) =0, Q;€d.lsl, 0 i< m.

By the hypothesis of the lemma, from ordyf < 0 it follows that ordy o =
= ordy 8, consequently, the Newton diagram is a segment with the end-
points (m, deg Q,,) and (0, m+ deg Q,,). Therefore, in (3.1)

3.2) deg Qy = m + deg Qn,
deg O;<<m —j + deg Qry I1<<j<<m — 1.
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We rewrite (3.1) in the form
(3.3) (L) + Bt @) (£)" "+ .+ Ry =0,

R;€A,(t), 0<jsm—1.
From (3.2) it follows that the R; satisfy the conditions of Lemma 1.
Applying the standard estimate for the roots of a polynomial in terms of its
coefficients, we find that there is a function ¢ € E such that 18(z)! = o(2)
implies that 18(z)/a(z)| < 6(z). Consequently, we always have 18(z)] <
< o(2)(la(z)1 +1). Hence, T(r, B) < T(r, ®)+0(p(r)) outside a set of finite
measure. Interchanging « and 8, we obtain the assertion of the lemma.

Lemma 3. Suppose that o, B, vy €9, that the divisors 6 () and 67(f) do
not intersect (that is, 6 (a)67(B) = 0), and that §(c)+ 6 (B) = 67 (v). Then
1@, v) = T, &)+ T(r, B)+0(o()).

Proof. We consider again the relation (3.1) between o and . By the
hypothesis of the lemma, from ord ;8 < 0 it follows that ordya = 0.
Therefore, the Newton diagram has no sections with a negative gradient, and
so in (3.1)

(3.4) deg ;<L degQm (G =0,..., m— 1.
Now (3.1) can be rewritten in the form

am+Rm_1 (ﬂ) am—1+ e +R0 (ﬁ) =5 O,

where by (3.4) the rational functions R; satisfy the conditions of Lemma 1.
Hence we find that there is a function ¢; € E such that from 18(z)| > 0,(2)
it follows that la(z)| < 0,(z). Similarly, there is a function o, € E such that
from la(z)| > 0,(z) it follows that 18(z) | < 0,(z). We set ¢ = max(oy, 0,)
and show that

3.9) Ty, a)+ T, B) =~ I'(r, @ + B) + Ole(r)).
We write S; = {z: | a(z) |= 0()}, S, ={z: | p(z) |>=0()}. The sets S; and
S, do not intersect. We write N(r, S, f) for the numerical function in which
we count only those poles that lie in S. Then

N(r, Sy, @) = N(r, a) + O{p(r),
NG, Sa B) &~ NG, B) + O(CP(T‘)),

N(r, o + ﬁ) ~ N(r’ Sly a + B) + N(rv S21 a + ﬁ) + 0(([(7')) ~

~ N(r, S1e a) + N(rc S B) + 0((P(r)) ~ Nlr, a) + N(r, By + 0((P(r))-

Similarly it can be proved that m(r, a+8) = m(r, o)+ m(r, 8)+O0(p(r)), from
which we obtain (3.5).

We now remark that 67(y) = 6 («+ ). The assertion of the lemma
therefore follows from (3.5) and Lemma 2.

2. Proof of Theorem 5. In §2.5 we introduced an equivalence relation ~
on the set of all functions on [0, ). We write ¥ for the corresponding set
of classes. We recall that € is also equipped with the ordering >.
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On divisors of the form 6-(a), @ € 9, we define a function »(8-(a)) =
= T(a) = T(r, o). This function takes values in € and is well-defined by
virtue of Lemma 2. Our aim is to prove that the divisor function »%(6-(a)) is
“proportional” to deg 6 (). The proof consists of several steps. To begin
with we extend % to all divisors by linearity so that it becomes a non-
negative class function.

First of all, we remark that » is homogeneous in the following sense: if
8-(@) = nd-(p), then »n(6-(a)) ~ nx(8-(B)). It is enough to verify this for
natural numbers n. But §7(f") = n6(B) = 6 () and T(B") ~ nT(B) by
§2.1, 6°.

In order to extend % to all non-negative divisors we use the Riemann-Roch
theorem (81.3). We consider a non-negative divisor § that takes a value
k = 2g at a single point V and is equal to O at all other points (we write
this divisor in the form § = kV). We claim that there is an element a« € U
such that 6 (o) = 6. For if there were no such element in £(8), then we
would have L£(kV) = ((k— 1)V), which is impossible, because by the
Riemann-Roch theorem dim L£{(k—1)V) = k+g— 1, whereas
dim L((k— 1)V) = k+g— 2. Thus, if the degree of a divisor § is sufficiently
large, then there is an element o € 9 such that § (a) = §. Suppose now
that 6 is an arbitrary non-negative divisor. By the above, n6 = 6 («) for
some n € N and a € %. We can, therefore, set x(8) = n"'T(a). By
homogeneity, as already proved, this is well-defined.

We extend our function »'to all divisors of ¥ in the following way:

%x(8) = u(8+) — %(67). Clearly,

(3.6) x(8) > 0, if 6=0.
It now follows easily from Lemma 3 that
3.7 #(8;, + 83) ~ %(8;) + x(d,).

For, suppose that 6j:Z kﬁ-V,-, where the V; are points, | <j <3, 6§;+8, =
= §,, and kli—i—k; =k.. By homogeneity and Lemma 3 we find that
 (8;) =2 ki (V))(j = 1, 2, 3), which implies (3.7).

The last property of » we used consists in the fact that it is a class

function:
(3.8) x8(@))~ 0 forall a €9,

which follows readily from §2.1, 4°. Indeed,
% (8 (@) ~ % (5" (@) —x (6~ (@) ~ = (8 () ) —
—# (@) ~T () =T (@) ~ 0.
3. We can now complete the proof of Theorem 5. It is enough to prove
that if deg 8 = 0, then %(6) ~ 0. Suppose that deg 6 = 0. We claim that
(3.9) %(8) > 0.
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Suppose that (3.9) does not hold. This means that there is an element
@ € A\ A4y, a natural number 7, and a set X C [0, o0) of finite measure such

that simultaneously
(3.10) w(r, )< ~—x(r, 8 (@), rex,
(3.11) ¢r) = o(x(r, §)), rekX.

We consider the divisor 8, = (n+ 1) § + 6 (). Since deg 6, = deg 6 (x) > 0,
by the Riemann-Roch theorem there are a kK € N and a f € 9\ 4 such that
k8, = 6(B), that is, k6,— 8(B) = 0. Applying (3.6), (3.7), and (3.8) in
succession, we find that #(k8,) > 0, (8,) > 0, »(8)>— (n+ 1Y 'x(5-(x)), that
is,

%(r, )= — AL, 8 (@) +0 (9 ()

outside a set of finite measure; but this contradicts (3.10) and (3.11) and
proves (3.9). To obtain the reverse inequality it is sufficient to apply (3.9)
to the divisor —6.

The theorem is now proved.

4. Corollary of Theorem S. Let F € A, [t,, t,]) bean irreducible polynomial.
We write m and n for its degrees in t, and t,, respectively. If the identity
F(f, g) = 0 holds, where f, g €T, then
mT(r, f) = (n 4 o(1)) T'(r, g) + Ole(r)).
This is also true for arbitrary algebroid functions f, g € A. See also [70],
where estimates are obtained for the non-analytic branches of algebroid
functions.

§4. Malmquist’s theorem

1. Theorem 6. Let ¢ be a positive function such that log r = O(p(r)), and
let

(4.1) Fly', ) =0, F €Ay, tl,
be an irreducible differential equation. If (4.1) has an admissible solution,
then this equation satisfies the Fuchs conditions.
Proof. Suppose that (4.1) has an admissible solution. Then we can consider
the admissible embedding of the corresponding differential field ([, D) in
(&’3@, di)’ as was done in §2.3. Any element a € 9[ \_ A, satisfies an

y4

irreducible differential equation
(4.2) Qn@)(Da)y™ + . . . -+ Qyla) = 0,
Q; € A lt), deg QO = n.
By the change o — o!+a, a € C, in (4.2), we can achieve that
(4.3) degQ;=n+2m—7j) (G=0,... m.
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We assume that (4.3) holds for (4.2). We search for a relation between
deg 8 (@) and deg 6§ (Da). By (4.3), the Newton diagram consists of a single
segment with gradient —2. Therefore, if ord,a <0, then ordy, Da = 2ordyo.
Moreover, there are n points at which ordya 2 0 and ordyDa < 0 (see 1.6).
Thus,

deg 6-(Da) = 2deg 6-(a) + n.

By Theorem 5,
T(r, Da)~ (2 + n(deg §-@)) )T (r, o).

On the other hand, by (2.3), T(r, Da) < (2+0(1))T(r, a)+O(p(r)) outside a
set of finite measure. Consequently, n = 0, because a € A,. Thus, the
criterion 1 for Fuchsian fields is satisfied and we have proved the theorem.

2. Malmquist’s Theorem II is obtained from Theorem 6 if we put p(r) = logr.
Then A, = A\ is the field of all algebraic functions over C. If the
polynomial in Theorem 6 is linear in y', we obtain Theorem 4. It is worth
mentioning especially a slight generalization of Theorem 4, which we obtain
with the aid of Theorems 6 and 1:

Suppose that (4.1) has an admissible solution and that the field
A= A,(t,, 12)/F has genus 0. Then (4.1) can be transformed to a Riccati
equation w' = aw?*+bw+c, a, b, c € A, by means of an algebraic change
Qw, ¥) =0, Q € 4,14, t,].

Admissible solutions of the Riccati equation have been studied a great
deal ([3], [39], [45], [63], [64]) by methods of the theory of meromorphic
functions.

The special case of Theorem 6 when the degree of F in y’ is at most 2
and ¢(r) = log r was proved by Steinmetz [55]. His method does not
enable one to consider the case of an arbitrary polynomial F.

We remark that the Fuchs conditions are only necessary and not sufficient
for an equation to have even one meromorphic solution. In the case of
autonomous equations, the Fuchs conditions are necessary and sufficient for
the general solution to be meromorphic. But non-autonomous equations,
generally speaking, may have fixed singular points in the finite plane. In
this context a class of functions discovered by Steinmetz [55] is of interest;
their general solution is meromorphic:

W — b2)w)? = wla(z) + c(z)w)?,
where a, b, and ¢ are polynomials in z. The distribution of the values of the

solutions of these equations is studied in detail in [55].
It is profitable to consider the following example [57]:

w'? = —%—z(w2 — Dt

This equation satisfies the Fuchs conditions. It has w; = (cos z%/%) ! as a
meromorphic solution, and also the many-valued algebroid solution
w, = (sin z¥/?y1,



Meromorphic solutions of algebraic differential equations 79

3. A number of papers, beginning with [67], is devoted to the study of
meromorphic solutions of an equation

(44) @/I)m = P(yv Z)/Q(yv z),
in which P and Q as polynomials in y are relatively prime. The coefficient
field of P and Q is often regarded as being some algebraically not closed
field of rational functions or a subfield of A, consisting of meromorphic
functions. We remark that whether P and Q are relatively prime does not
depend on what field they belong to. This follows from the properties of
the resultant of two polynomials.

It is easy to see that if P and Q are relatively prime and deg Q = 1, then
all irreducible factors of the polynomial Q(y)s™ — P(y) are of the form
On(¥)"+ ... + Qo(¥), with deg Q,, = 1. When we now apply to (4.4)
Theorem 6 and the criterion 2 of §1, we obtain the following result: if
(4.4) has an admissible solution, then deg Q = 0 and deg P < 2m. This fact
was first proved by Yosida for the case p(r) = log r [67]. Thus, (4.4), if it
has an admissible solution, of the form

(4.5) G')™ = Ply), P €A,t] degP<2m.

Using criterion 2, we can select among the equations (4.5) those that belong
to the Fuchs class (the details of this are carried out in [1], §13.8). One
obtains the following types of equations:

A. The Riccati equation y' = ay?+by+c, a, b, c € A,.

B. Equations of the form (y')” = aP(y),a € A,, PE€C [#,]. All such
equations can be integrated by means of elliptic functions ([1], §13.81).

C. The equation (y')* = c(z)(y —a(@))y—b)y—d), a, c EA, b, d EC.
Thus, (4.4), if it has an admissible solution, belongs to one of the types
A, B, or C. In the particular case of rational coefficients (¢(r) = log r), this
was established independently by Bank and Kaufman [26] and Steinmetz

[54].

4. We now pass on to the investigation of properties of the solutions. Up
to the present time, a fairly complete investigation of properties of the
solutions has only been achieved for the equation (4.4), that is, effectively
for the equations A, B, and C. Suppose that the coefficients of these
equations are rational functions. Then the order of every transcendental
solution is either n/2 or n/3, where n 2 0 is an integer. If the order is O,
then T(r, ¥) = (c+o(1))log? [24], [25], [26]. The distribution of the
values of meromorphic functions determined by the equations A, B, and C is
studied in detail in [54], [55], and [57]. In [24] it is conjectured that any
transcendental solution of an arbitrary first-order differential equation with
rational coefficients has the property that T(r, y) # o(log¥), r = . With
the help of Theorems 1, 2, 3, 4, and 6 we can obtain a more precise statement.
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Theorem 7. Suppose that a transcendental meromorphic function y satisfies
the equation F(y', y, z) = 0, FEC [t,, t5, t3) Then y is a function of finite
rational order p. If p > 0, then the limit

(4.6) O<lmr-fT (r, y) < oo

r—>00

exists, and if p = 0, then the limit
(4.7) 0<<lim (log?r)™tT (r, y) < o0
T —+00
exists.

That the order is finite was first proved by Gol’dberg [5]; see also {71].
(Incidentally, {5] contains the only reference to Malmquist’s Theorem II
known to the author.)

The following example shows that the case (4.7) can actually occur:

(4.8) w = (22 — 1) w — e)w — e))w — e).

Here ¢,, e,, and e; are such that the Weierstrass elliptic function ¥ with
periods 2wi and 1 satisfies the equation (©')> = (@ — ¢,), (@ — ¢,) (® — e3)-

The general solution of (4.8) is given by the formula w = @(S (22 — 1)—1/'2dz).

It is not hard to show that w is meromorphic on C and satisfies (4.7) (see
also the following §5). This example was discovered by Bank and Kaufman
[24].

§5. The asymptotic behaviour of solutions

1. In this section we give a sketch of a proof of Theorem 7 and present
some related results.

Suppose that a transcendental meromorphic function y satisfies the
differential equation F(y', ¥, z) = 0, where F is a polynomial in three
variables. As usual, we regard F as a polynomial in two variables over the
field Ajog (Aiog = A, for ¢(r) = log r). Then y must satisfy an irreducible
equation over A,

(5.1) Q. y) = 0, Q€ Ayl L.l
A transcendental function y satisfying (5.1) gives an admissible embedding of
differential fields u: (9, D) — (3\,, diz). By Theorem 6, 9 is Fuchsian. By

Theorem 3, the genus g of X is 0 or 1 (in the case of larger genus there are
no admissible embeddings of % in $°;). We now consider the two cases
separately.

2. g = 0. In this case 9 is a Riccati field, by Theorem 1, consequently,
there is an element o € ¥ satisfying the equation

(5.2) w = aw* 4+ bw + ¢, a, b, ¢ € Ay
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By a linear substitution w = dx+e, d, e € A, (5.2) takes the form
2 = h(z) — 2, h€ A,

The latter equation in its turn reduces to a linear second-order equation, and
the asymptotic behaviour of its solutions is well known. For details, see [3].

3. g = 1. By Theorem 2, 9 is a Poincaré field, that is, some element w €
satisfies the equation

(5.3) (w')2=a(z) (4w®— gow —gs), &2, &3€C,

gy —27g; #0,

where a(z) is an algebraic function. We remark that by Theorem 5 it is
sufficient to prove (4.6) or (4.7) for any a € % \\ 4,,¢ in place of y. It is,
therefore, sufficient to study the asymptotic behaviour of solutions of (5.3).
The general solution of this equation has the form w = @(®©(z)), where the
Weierstrass elliptic function  satisfies the equation (g')? = 4¢® — g,@ — g3,
and ®(z) is an Abelian integral, d®/dz = (a(z)).

Suppose that 7, > 0 is so large that for |zI> ry the Abelian integral has
no branch points with finite projections. We fix an arbitrary connected
piece of the Riemann surface of ® over {z: |z | > r,} and we call the
restriction of ® to this piece a branch of the Abelian integral over oo. For
any such branch one of the two asymptotic equations holds:

(.4) D) = azt + o(|z }), z— oo, a €C,
where A is a rational number, or
(5.5) ®GE) =alogz + b+ o0(1), z—>o00, a, bEC.

It is clear that if there are branches of the form (5.4), then only those for
which A > 0 have an influence on the asymptotic behaviour of w. Let A, be
maximal among the numbers N\ corresponding to the branches (5.4), and
suppose that Ay > 0. It is not hard to show that then

T(r, w) = (const 4- o(1))rzhs, r— oo.

4. We consider in more detail the case when there are no branches of the
form (5.4) with A > 0. Then there must be at least one branch of the form
(5.5) (otherwise w would have an essential singularity at o0). We consider
any branch of (5.5). Without loss of generality, we may assume that ¢ = 1
and b = 0 in (5.5), since under a linear change of its argument ¥ goes to the
same function with another period lattice. The function ® is single-valued
on the Riemann surface of the logarithm in a neighbourhood of oo, and

@) = logz + o(1), z— oo.
It is clear that w has no branch points for |z|> r,, since ® is holomorphic
for such z, and g is meromorphic on C. Moreover, w is an algebroid

function, therefore, w is single-valued on the Riemann surface of z!# for
some n 2 1 and z 2 r,. We consider the new function

(5.6) uz) = wiz") = ¢,(E()),
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where ¢, is the Weierstrass function with a new period lattice, and
6.7 E(z) = log z 4 o(1), 2z— oo,
on the Riemann surface of the logarithm. It is clear that u is single-valued.

We claim that one of the periods of @, is 2mi. By (5.6), (5.7), and the fact
that u is single-valued, we have the relation

(5-8) (6‘71@ + 2ni + 0‘@)) = ?1(§)s

where a($) = 0(1) as Re($) = oo,

Let §, be arbitrary and let §;, ..., §;, ... be an infinite sequence of points
that are congruent to §, modulo the periods of g,, as Re §; = o. Substituting
§; in (5.8) and passing to the limit as j = oo, we obtain

©1 €o + 2mi) = ﬁol(go)-
In view of the fact that {, was arbitrary, g, has the period 2mi.

Let 7 be the second period of ¢,. To simplify the ensuing formulae, we
suppose that 7 is real. The case of an arbitrary 7 can be examined in exactly
the same way.

We consider the half-strip

II={: Re (>0, 0<Imi< 2}

Let a € C be a number such that @,(z) 4 a on the boundary of II, and let
(zx) be a sequence consisting of all the a-points of g, in II. 1t is clear that
dist(z,, oI1) = 6 > 0. Suppose that 7, is so large that 1E(z)—logz|<§/2 <1
for |z1> r,. We consider the image V(r) under E(z) of the annulus

ro < lzI <r with a cut along the positive semi-axis. We can choose a branch
of E(z) so that

{Er logry+1<<Rel<<logr—1; %<Im§<2n—-§—}=
=I'NncVrpycll"(r=
={§: logro—1<<Rel<<logr+1; —-%<Im§<231 + _g_}

Suppose now that b € C is so close to a that all b-points of @, lie in a
8/4-neighbourhood of a-points. Temporarily, we write n(D, b, f) for the
collection of b-points of fin D. Then for all b in the indicated neighbourhood
of a,

n(Il'(r), b, )< n(r, b, ©) + 0)< n@1"(), b, @) + O(1), r— .
Since @, has a real period,
n(l’(r), b, @;) = n(@l"(), b, @;) + O() = clogr 4 O(1),
¢ = const, r— 00o.
Hence, n(r, b, u) = ¢ log r+0(1), r = o. Therefore,

r

N bw={ 20l g 0()=(c+o(1) logtr,  r—oo.

To
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The last equation holds for all b in some neighbourhood of a. By Valiron’s
theorem (§2.1) we conclude from this that T(r, u) = (c¢+ o(1))log?.
Consequently, T(r, w) = (c+o(1))log¥, as required.

5. Theorem 7 does not settle the question of the growth of meromorphic
solutions of first-order equations with rational coefficients. It is not known,
for example, whether any rational number can serve as the order of a
meromorphic solution. The only examples known are when p = n/2 or n/3,
where # is a non-negative integer [26].

We present some results on the growth of entire solutions that are not
contained in Theorem 7.

Theorem 8 (Malmquist). Suppose that y is an entire solution of the
equation F(y', y) = 0, where F is a polynomial with rational coefficients
and irreducible in the algebraically closed field of rational functions Ay,,. Then

T(r, y) = (const 4 o(INr?, r — oo,
where n is a natural number.

This theorem is, in fact, contained in [42] (we have made an insignificant
change in the statement).

Theorem 9. Let F be an arbitrary polynomial with rational coefficients.
Every entire transcendental solution of the equation F(y', y) = 0 is of order
not less than 1/2 (see (177, 70).

The papers [5], [68], and [22] contain effective methods for giving upper
bounds for a meromorphic solution in terms of the coefficients of the equation.

§6. Higher-order equations

1. Up to now we have been concerned exclusively with first-order equations.
In this section we attempt to apply the theory set out in §§1-3 to
equations of higher order. For other results on higher-order equations, see §7.

We write H(y) for an arbitrary differential polynomial, that is, a sum of
differential monomials ayie(y’)ir . . . (y™)x, where a € A,. The numbers
k,d =jot+ji+ ... +ix, and = = jo+ 2/, + ... +(k+ 1)j, are called, respectively,
the order, the degree, and the differential weight of the monomial. The
order k(H) of a differential polynomial H is defined as the greatest of the
orders of the monomials in H. The degree d(H) and the weight »(H) are
defined in a similar way.

Suppose that H; is a differential polynomial over A,. A meromorphic
solution of the differential equation H,(y) is said to be admissible if y & A,.

Theorem 10. Let F € A, [t,, t;] be an irreducible polynomial and H(y) an
arbitrary differential polynomial over A,. If the equation

6.1) FH@Y), y) = Fu@H™@) + . .. + Foly) = 0, F; € Aylt,),
has an admissible solution, then deg F,, = 0.
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Proof. Let y be an admissible solution. Then there is an admissible
embedding A — &, where A = A (t,, £,)/F, under which ¢, goes to H(y)
and ¢, to y. As usual, we identify elements with their images. Suppose that
deg F,, # 0. Then by (1.6), there is a local ring ¥ in A such that y € V,
H(y) ¢ V. Let t be a generator of the maximal ideal  of V. We fix V and ¢
up to the end of the proof.

By the Riemann-Roch theorem, there is an element w € ¥ that belongs to
all the local rings of % except V, and in V

6.2) w=t%, u €UW), q€eN.

(We recall that U = U(V) denotes the set of units of V.) The following
equations hold:
6.3) P.wy + ...+ Pyw) =0, P;EA]L

6.4) Ql(w)Hl + ...+ Qw) =0, Qj€ Acp[t1]
(we assume, as always, that (6.3) and (6.4) are irreducible). Since V is the
unique point at which ordy,w < 0 and since ordyy 2 0 at this point, the
Newton diagram of (6.3) consists of sections with non-negative gradient,
therefore,

6.5) deg Pij<{degP, (i=0,...,r—1).

Similarly, since ordy, H < 0, the Newton diagram of (6.4) consists only of
sections with negative gradient, therefore,

(6.6) deg Q; < degQy (G =1,... 1.

We now consider (6.3) and (6.4) as identities between the algebroid
functions H(y), w, and y. We write X, for the set of projections of all
branch points of H(y) and w. Now let X, be the set of projections of all
zeros and poles of all the coefficients of £ and Q; and the coefficients of H.
Suppose that z, € X; U X,. If w has a pole at z,, then, by (6.3) and (6.5),
¥(z,) is finite, and, by (6.4) and (6.6), H(y) has a pole at z,. Since this is
impossible, all the poles of w are contained in X; U X,. Hence it is not hard
to deduce that

6.7) N, w) = O(p(r)).

We now wish to estimate m(r, w). For this we need the following notation.
We take any element x € 2. There is an irreducible relation

Sz, t) =0, S € A(p[tli tal

We define the elements 9x/9¢ and 9x/0z of 9 by the formulae

9z _ DS (z, 1) oz 8@ 1)

at DS (x, 1) ? 0z =~ DyS(z, t)?
where D; and D, are the operators of differentiation of a polynomial with
respect to the first and second variable, respectively, and S’ is the polynomial
obtained from S by differentiating its coefficients with respect to z. We
remark that 9x/0z depends on the choice of ¢, but this does not matter for
our purposes, since ¢ is fixed.
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It is easy to see that the decomposition (1.4) at V:
z=ag" + at™' + ..., a;€A,,
can be differentiated according to the usual rules:
% =mat™ t +(m+1)ag™+ ...,

ax_ day m dal miq
9z az "+t +.

Suppose now that
6.8)

We regard (6.8) as an equation between algebroid functions over C and
differentiate it repeatedly with respect to z ( =2

y=1t"u, u, €U, n=0.

o

)

, t ' du du ¢ .
y :nt”—-u2+t””—t— 6; na—;-—_—tn(t—ug—}‘ué)v Ug, ul.EV,
1 t(3)
y(]) th ( e ), QjEV[ti,...,tj]

for any j € N. We recall that V[¢,, ..., ¢;] is the ring of polynomials with
coefficients in V. Substituting these expressions in H(y) = H(y, y', ..., y®),
we obtain (

(6.9) H(y):t"dP(Lt,...,—t?—)), PEV Ly, ..., 4l
where d = d(H). From (6.2) we find that ™9 = wu,, us € U. Differentiating
this equation repeatedly with respect to z, we obtain

. (€)) ’ 9] .
(640) =M, (=, ..., Z2), M€Vt ...t JEN.

Substituting (6.10) in (6.9) and noting that H = t"Pu, us € U, and
p = —ordyH > 0, we obtain

’ (k)
t—p—nd:-yi(w_wq--'vww )1 giEI’[th---vthL
and finally, by virtue of (6.2),
., ! (R -
(6.11) ll)s:yz(wT,..., ww)), EZEV[ti,...,tk],

with s > 0.

We now estimate the coefficients of ¥,. If x € V, then the irreducible
polynomial

On@)z™ + . .. + Qo) = 0, Q; € Aglt), 0<i<<m,
satisfies the condition deg Q; < deg Q,,, therefore, we can apply Lemma 1
of §3 to the equation
m m—1 \W m w
TR ) ((w)) =

Consequently, there is a function ¢ € E such that |w(z)| > ¢ implies that
Ix(z)| < 0. Applying this to the coefficients of &,, we obtain from (6.11)

the inequality
wk) (z)

w (3)

v (@) *<ou ) (|5 +1)"

w (z)

+oo |
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which is valid for some g; € F and N > 0. Hence, by the lemma on the
logarithmic derivative, m(r, w) = o(T(r, w))+0(p(r)), r = oo. Together with
(6.7), this shows that w € 4,,, which contradicts the assumption that the
solution is admissible. This proves the theorem.

2. We now consider some consequences of Theorem 10. Suppose that the
differential polynomial has the form H(y) = y®. In the equation

(YN + Foeg () @)™ ... + Fo() =0, F;€ Ay [ty],
we make the substitution y = w4+ g, where a € C is a suitable constant.
The equation takes the form
u™H W)™ 4 P )(H@)™ ' + ...+ Polw) =0,
Pj € A«r[tllv

where H is some differential polynomial and n = max (deg F; — (k+ 1)(m —j)) =
i

= 0. Applying Theorem 10, we obtain the following result: for the

irreducible equation

(6.12) Fu@@®) " +... +Fy(y) =0, Fj€A4.1t,
to have an admissible solution it is necessary that
6.13) deg F;<k+1m—j (G=0,..., m.
For k = 1 this reduces to the condition 4 of criterion 2 of §1. It is

interesting that (6.13) is the same as the necessary condition given by Chazy
[28] for the absence of movable singular points in the general integral of

(6.12).
If F in Theorem 10 is linear in H, then the equation is
(6.14) Hy®, . ..,p=—2, P, QA

e’

to which [30], [40], [58], [59], and [54] are devoted. We assume that P
and Q are relatively prime. In [30] and [54] independent proofs are given
that for the absence of an admissible solution of (6.14) it is necessary that
deg Q = 0 and deg P < »(H). Various special cases of this assertion were
obtained earlier in [40] and [58]. [59) contains the same result, but with
a different definition of an admissible solution.

We deduce the result quoted about equation (6.14) from Theorem 10 and
the theorem (2.5) of A.Z. Mikhon’ko. By Theorem 10, deg @ = 0. On the
other hand, it is easy to show that

T, H@) < H) + o) Tl y) + Ole(r))
outside a set of finite measure (this relation is similar to (2.3)). It follows
from this and (2.5) that deg P <C x(H) in (6.14).
We now consider admissible solutions of (6.14) for which
(6.15) N@, y) = O@g(), r— oo,

in particular, entire solutions. If there is an admissible solution, then
deg Q = 0, by Theorem 10. Now let d = d(H) be the degree of H.
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If deg P > d, then after dividing (6.14) by y¢, by the lemma on the
logarithmic derivative we obtain the estimate

m(r, y) = Ogp({r)), r— oco.

Thus, if deg P > d, then (6.14) has no admissible solutions with the property
(6.15). This result was obtained in [66], and for kK = 1 in [67].

3. In the proof of Theorems 6 and 10, the fact that the relevant meromorphic
algebroid functions are defined on the whole plane is used essentially at only
one place, in applying the lemma on the logarithmic derivative. This enables
us to prove similar theorems for functions that are defined in the unit disc
and in a half-plane. Here for the case of the disc we make use of the
Nevanlinna characteristic, and for the half-plane we use the Tsudzi
characteristic (see [8]). We content ourselves with stating a result similar to
Theorem 6 for functions in the unit disc.

The lemma on the logarithmic derivative in this case takes the form

m(r, 2 )<+ 1+o()log (1 —r)t+o(T (r,w), rEX,

where X C {0, 1) is some set for which

(6.16) 5 1—r)""'dr < oo
x
(see [3] and [16], 256).

Suppose that a positive function @(r) is given on [0, 1) with the property
that log (1 —r)™! = o(p(r)). We write A, for the set of algebroid functions
on {z: |z | < 1} for which

T, /) =0let), r—1, reX,
where X is some set with the property (6.16), for any »>0.

Theorem 11. If an irreducible equation F(y', y) =0, F € Alty, t3), has a
solution y & A, that is meromorphic on {z: |z | <1}, then it satisfies the
Fuchs conditions.

An analogue of Malmquist’s Theorem I for functions that are meromorphic
in the unit disc was first obtained by Hille [32].
We define the order of a function meromorphic in the disc by the formula

R log* T (r, 1)
p=lim —log (1—r)°

Theorem 12. Suppose that a first-order equation with rational coefficients
has a solution that is meromorphic in the unit disc. Then the order of the
solution is a finite rational number.

This result follows from Theorem 11 in the same way as Theorem 7
follows from Theorem 6. Earlier, the assertion of Theorem 12 was known
only for solutions that are holomorphic in the disc [61]. Theorem 10 also
has an analogue for functions that are meromorphic in the disc.
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We do not linger to state corresponding results for a half-plane. Some a
priori estimates of the growth of solutions in a half-plane are contained in
{71, [18], and [22].

We also mention [72], which studies meromorphic solutions of
homogeneous second-order equations. Such equations are reduced to first
order by the substitution w = y'/y, after which one can apply the theory in

§81-5.
§7. Autonomous equations of Briot-Bouquet type

1. In contrast to first-order equations, the information available at present
on meromorphic solutions of higher-order equations is very meagre. The
only equations that have been studied with reasonable completeness are
certain special equations whose general solution is meromorphic: Painlevé
equations (see [1] and [4]). The properties of meromorphic solutions of
Painlevé equations are investigated in detail in the classical paper [73].

We consider a very simple class of higher-order equations, for which a
complete investigation of its meromorphic solutions is possible in certain
cases. These are the equations of Briot-Bouquet type

(1) Fy®, 9=Fn@ ™™ +...+F,@y)=0, F,eCil.
F is an irreducible polynomial. For k = 1 these are the classical Briot-
Bouquet equations mentioned in the Introduction. If (7.1) with k = 1 has
a non-constant meromorphic solution, then all its solutions are meromorphic.
For k > 1 this is no longer true. Picard [47] has studied meromorphic
solutions of (7.1) for k = 2 (see Theorem 15 below). Even now, 100 years
after [47], the equations (7.1) continue to arouse interest [31], [33]-[36],
[10]1, [74]. But it is clear from [33], [35], and [74] that Picard’s result
has been forgotten.

First of all, we remark that every transcendental solution of (7.1) is
admissible, therefore, (6.13) is a necessary condition for the existence of
transcendental solutions. We give more precise necessary conditions. For
this purpose we consider the Riemann surface # of the algebroid function
s(y) defined by the relation F(s, y) = 0. We write M for the set of points
of this Riemann surface that project to y = oo. For each point V € M we
set (V) = ordys/ordy y.

Theorem 13. Suppose that (7.1) has a transcendental meromorphic solution y.
Then:

i. q(V) =1 for at most two points V € M; for all other points V € M
we have q(V) = 1+ k/n, where k is the order of the equation and n is a
natural number.

ii. For y to be entire it is necessary and sufficient that q(V) = 1 for all
VeM.

iii. If y has at least one pole of order n, then there is a point V € M for
which q(V) = 1+ k/n.
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iv. If there is a point V € M such that q(V) = 1+k/n, then every
meromorphic solution has infinitely many poles of order n.

The condition (6.13) is obtained from this with the aid of the Newton
diagram.

Suppose that (7.1) has a meromorphic solution y. Then the pair of
functions y®) and y gives a covering map 7: C - .#. The following
theorem holds for 7.

Picard’s theorem. Suppose that w is non-rational. If the genus of % is O,
then every point V € ¥, with the exception of at most two, has infiritely
many inverse images in C. If the genus of ¥ is \, then every point V €¢ ¥
has infinitely many inverse images in C. If the genus of ¥ is greater than 1,
then there are no such maps.

We write W for the set of all elliptic functions and functions of the form
R(exp az), where R is rational and ¢ € C.

We claim that for ¥ = 1 all meromorphic transcendental solutions of
(7.1) belong to W.

We consider a point V € # that is not a branch point and has infinitely
many inverse images z;, z,, ... under . The Cauchy problem for the
equation F(y', ¥) = 0 with the initial condition m(0) = V has a unique
solution, therefore, the meromorphic functions y(z—z;) (j = 1, 2, ...)
coincide. Consequently, y is a periodic function. Without loss of generality
we may assume that its period of least modulus is 2wi. If every point V € &
has finitely many inverse images in the strip {z: 0 << Im z << 2n}, then it is
easy to see that y = R(exp z), where R is a rational function. If some point
V € # has infinitely many inverse images in this strip, then the preceding
arguments are again applicable, consequently, y is an elliptic function. This
argument seems to be due to Rellich {49], although the assertion we have
proved was already known to Briot and Bouquet (see also [74], where
another proof is given).

It can happen that a similar argument is applicable to certain equations
(7.1) with k > 1.

Lemma 4. Suppose that k is odd. Then there are only finitely many
meromorphic solutions of (7.1) with a pole at 0.

This lemma is proved by substituting the Laurent series with undetermined
coefficients in (7.1) and successively computing these coefficients. Making
use of Rellich’s idea, Theorem 13, and Lemma 4, we can obtain the
following result.

Theorem 14. Suppose that k is odd and (7.1) has a meromorphic solution
with at least one pole. Then this solution belongs to W.

For a proof, see [10].
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Lemma 4 is not true for even k (there is a mistake in [36] at this point).
But for k = 2 the following theorem holds:

Theorem 15. If (7.1) with k = 2 has a meromorphic solution y, theny €W.
(See {471, and also [33], [35], and [74].)

When the genus of # is 1, there is a complete description of the
meromorphic solutions of (7.1) [10]. In this case, by the uniformization
theorem [9], we must have

(7.2) y® = @,(gk), y = D(gle)),
where ®, and ®, are elliptic functions and g is an entire function.
Differentiating the second equation in (7.2) k times and substituting the
result in the first equation, we obtain the relation

(7.3) 2 @;(g2)h;z) =0,

where the &; are elliptic functions with a common period lattice, and the #;
are differential polynomials in g. Using Valiron’s theorem (§2.1), it can be
shown that the equation (7.3) is possible in just one case, wheng =az+b.
Thus, the only transcendental meromorphic solutions of (7.1) when .# is of
genus 1 are the elliptic functions.

This result, and also Theorems 14 and 15, make plausible the conjecture
that transcendental meromorphic functions satisfying (7.1) always belong to
W. But this has not yet been proved even for the equation yvV = y3,

2. Identities like (7.3) arise in other problems of the analytic theory of
differential equations. The following interesting result was obtained by
Steinmetz in an investigation of the factorization of meromorphic solutions.

Theorem 16. Let F,, ..., F,,, and h,, ..., h,, be arbitrary meromorphic
functions, m 2 1, F; # 0, 0 <j < m, and let g be a non-constant enrtire
function such that

2 T (r, hj)<KT(r, g, K=const.
=0

If
Fol@hy + Filghy -+ - - + Fulghn =0,
then there are polynomials P,, ..., P,,, P; ¥ 0, such that
Py(@hy + Pil@hy 4+ . . . + Prlglhm = 0.
We now consider a differential equation of the form
(7.4) H{y) = Hy®, ..., y) =0,

where H is a differential polynomial over the field of rational functions.
From Theorem 16 we can obtain, for example, this result.
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Theorem 17 (Steinmetz [56)). Let f be a transcendental meromorphic
function and g an entire function. If the meromorphic function y = f(g)
satisfies (7.4), then f and g satisfy, respectively, the equations

H](f):()v Hz(g):07
where H, and H, are differential polynomials with d(H,)<< d(H),x(H,) < x(H).

Regarding the factorization of solutions of differential equations, see also
[45] and [46].

In this survey we have not touched on questions of the growth of
meromorphic solutions of higher-order equations. Results in this area are of
an extremely special nature; see, for example, [6] and [23]. In the case of
entire solutions, a great deal more has been done; in this case one can apply
the Wiman-Valiron theory and the modifications of it set out in detail in
{21, [31, [29], and [17].
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