An estimate for spherically p-valent functions

A. Eremenko

October 1998

Let us call a meromorphic function in a region D spherically p-valent if the
spherical area of the image of this function, counting multiplicity, is at most 7p.
In other words,

[P, <mp, where # = L
D (L+171?)

This class is related to mean p-valent holomorphic functions as defined in [1].

Theorem 1. The family of all spherically p-valent functions in a region D is
quasinormal of order p in D.

Proof. We may assume without loss of generality that D is the unit disc.
Let f, be a sequence of spherically p-valent functions. Write f,, = g, /h, so
that g, and h, have no common zeros. Let

un = log \/|gnl® + |hn|?.
Then u,, are positive subharmonic functions, and
Au, = 4(f, f )2

by direct computation. (This identity expresses the fact that the spherical
metric has curvature 4). Fix arbitrary r» < 1. Let

Uy = Up + Wy,

be the Riesz decomposition, where v,, are the least harmonic majorants of w,,
in the disc D(r), and w, are Green potentials. As the Riesz measures of u,
and wy, in D(r) are uniformly bounded, one can select a subsequence such that
the corresponding potentials w,, will converge to some subharmonic function
w* # —o0. Let k, be analytic functions without zeros in D(r) such that v, =
—log |kn|. Then we have f,, = gnkn/hnk,, and

log /| gnkn|? + |Pnkn|? = w, — w*.



So the sequences g,k, and h,k, are uniformly bounded on compact subsets
of D(r) and by choosing another subsequence we obtain that g,k, — ¢* and
hnkn — h*, where g* and h* are holomorphic in D(r), one of them is not
identical to zero. Then f,, — ¢*/h* uniformly on compact subsets of

D(r)\{common zeros of g*, h*}.

As r < 1 is arbitrary, we obtain the statement about quasinormality. Now, the
number of common zeros of g* and h* cannot exceed p, (each common zero
contributes 7p to the Laplacian of w*), so we have quasinormality of order p.

Remark. Simple examples show that a family can be quasinormal in the
unit disc with an irregular point at zero, but the functions of the family are not
uniformly spherically p-valent in any disc centered at 0.

Theorem 2. Let f be a holomorphic function without zeros in the unit disc,
which is spherically p-valent in the ring A = {1/2 < |z| < 1}.

(1—[2]2)f#(2) < 9plog2 +3log2 +2/y/e~6.24p+3.31, |z| <1,
where f# stands for the spherical derivative.

Remarks. 1. The example f(z) = az which is univalent but may have large
derivative at 0 shows that our additional assumption that f has no zeros is
essential.

2. Our estimate is of interest only when p > 1 because it does not tend to zero
when p — 0. When p < 1 in fact no assumption about omitted zeros is neces-
sary and the best possible estimate for this case, due to Duffresnoy, is given in
[2, Theorem 6.1]

3. A theorem of Montel ([3, p.66]) shows that a quasinormal family of holo-
morphic functions omitting one value is in fact normal. It follows that under
the assumptions of the Theorem there exists a bound for the derivative. Our
purpose was to obtain an explicit bound.

4. A similar result with the same proof holds for holomorphic curves in n-
dimensional projective space, omitting n + 1 hyperplanes, the estimate depends
on the omitted hyperplanes and dimension. This also applies to Duffresnoy’s
theorem mentioned in 2.

Proof. A standard argument reduces the problem to the case when f is
continuous in the closed disc U. In view of conformal invariance it is enough to
prove the estimate for z = 0. We also assume without loss of generality that

|f(0)] < 1. (1)

Let h be the least harmonic majorant of log™ |f| in U. Then h = —log|fo| for
some holomorphic function without zeros in U, and we set f; = f fo, so that

= fi/fo.



Now we define harmonic functions u; = log|f;|, 7 = 0,1 and notice that these
functions are negative and their least common harmonic majorant is 0. We

also put v = ug V u; (pointwise maximum) and u = log +/|fo|? + | f1]?. Both
functions v and v are subharmonic and satisfy

v<u<v+ (log2)/2, v<0 and v(z)=0,lz|=1. (2)
In addition we have
Au = 7.
Thus applying Jensen’s Formula to u we obtain

I " 1t odt 1 [T,
i ? — — > v
o | u(re’) df + W/r A(t) e u(e') do,

where A(t) is the spherical area of the f-image of the disc |z| < ¢, and r € (0,1)
is a number to be specified later. Thus we can find a point zg with |z = 7,
such that

u(eo) = [ ule) 37— plog(1/n)

—Tr
where we used the assumption that A(t) < pw. Using the unequalities (2) we
conclude that

v(z0) > —plog(1/r) — (log2)/2.
Thus for some j € {0,1} we have
u;(z0) = —plog(1/r) — (log2)/2,

and using the assumption (1), which is equivalent to uo(0) > u1(0), and Har-
nack’s inequality for negative harmonic function u;, we obtain
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uo(0) > u;(0) > T Tuj(zo) > -

T (plog(1/r) + (log 2)/2).

One can optimize with respect to r, but let us just put r = 1/2:

uo(0) > —3plog2 — 3(log2)/2 =: —C(p).

Lemma. For negative harmonic functions w in the unit disc

gradw(0)] < 2|w(0)].

This follows from the Poisson formula. O

Now we consider two cases.



Case 1. |f1(0)] > |fo(0)|?. This is equivalent to ui(0) > 2ug(0). Thus by the
Lemma |grad ug(0)| < 2C(p) and |grad u, (0)| < 4C(p). We have

wr Al A
FO=1merae % ™

fo S
and f#(0) < 3C(p) follows.
Case 2. |f1(0)| < |fo(0)|?. In this case we write

1
< §(|gradu0| + |grad uy])

f#(0) < ||J})OJ|2| (lgrad ug| + |grad u;|) < ‘%‘ lgrad uo| + V|J|t({|1| /| f1]|grad us |,

which gives in view of the Lemma the estimate

FH(0) < 20(p) + max (215 log(1/2)) = 20(p) + 2/ VE.
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