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O p i n i o r  

Real Fish, 
Real Numbers, 
Real Jobs 
N. J. Wildberger 

The Opinion column offers 

mathematicians the opportunity to 

write about any issue of interest to 

the international mathematical 

community. Disagreement and 

controversy are welcome. The views 

and opinions expressed here, however, 

are exclusively those of the author, 

and neither the publisher nor the 

editor-in-chief endorses or accepts 

responsibility for them. An Opinion 

should be submitted to the editor-in- 

chief, Chandler Davis. 

T here's good times ahead for bi- 
ologists. The electronics revolu- 

tion will plateau in the early decades of 
the new millennium, and quantum 
computing, gene manipulation, and pet 
cloning will kick in. We'll see bumper 
crops of biology graduates pouring 
into expanded university departments, 
research institutes, and biotech com- 
panies. Some decades later, however, 
with hemoglobin-monitoring wrist 
watches and desktop chicken mu- 
tators as plentiful a nuisance as mobile 
phones and laptops are now, the 
spotlight of public attention and funds 
will inevitably shift to consumer 
applications. Where will that leave the 
ranks of theoretical research biologists 
amassed by universities? 

My advice is to think now about sav- 
ing the job prospects of future genera- 
tions of academics by reconsidering 
and expanding the entire subject. 
That's where, I humbly suggest, toaster 
f ish come in, and where mathemati- 
cians can provide some friendly help. 

A toaster fish is of course a creature 
with the head of a toaster (the pop-up 
kind) and the body of a fish. Thus 
Figure 1 shows a typical toaster fish. 

Toaster fish come in (at least) two 
different varieties--the North Ameri- 
can kind, which operate on 120 volts, 
and the European kind, which use 220 
volts. Already I hear a lot of you ask- 
ing the obvious question: Can North 

American and European toaster fish 
mate? This is typical of the important 
new research problems in the brave 
new world of biology I'm proposing. 

Biology needs to embrace the study 
of life in all its possibilities. There is no 
need to restrict attention to those crea- 
tures actually living, or having lived, or 
with the potential of living on planet 
earth and its immediate environs. 
These creatures are but a happy cross 
section of all possible life forms! By 
widening our consideration to arbi- 
trary creatures, we can formulate new 
theories, create intellectual challenges, 
unleash our wildest imagination; and 
best of all, create jobs. 

Let's call this emerging field Life 
Theory. Toaster fish, baby universes, 
and slimy galactic superoctupi will all 
be embraced by this far-sighted new in- 
tellectual endeavour. 

But it won't be easy. There'll be col- 
leagues who ridicule Life Theory. Those 
who call it a "theory about nothing" or 
"quasi-religions speculation on things 
which don't exist." Already one of my 
friends protests that Figure 1 amounts 
to little more than a poetic idea, since I 
have not "specified the internal work- 
ings" of the toaster fish figured. 

Fortunately, mathematicians have 
already encountered and triumphed 
over similar obstacles in their historic 
struggle to place real numbers squarely 
in the centre of all modern mathemati- 
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cal discourse.  The Modern  Biologist  
can gain from a careful s tudy of  this im- 
por tan t  achievement,  which  we  turn to 

now with an eye to the main  principles.  

A Short History of Numbers and 
the Importance of Terminology 
The Neanderthals  gave us 1, 2, and 3. 

The ancients  added on 4, 5, 6, and so 
on, d iscovered  zero and negative num- 
bers,  and employed ra t ionals  like 22. 

3 
They d iscovered  that  o ther  useful  quan- 

t i t ies like ~/2 and ~r were  not  of  this 
form and could  only be  specif ied by al- 
gori thms, which subsequent ly  a l lowed 

writ ing them in binary expans ions  like 

V ~  = 1.011010100... 

7r = 11.00100100... 

The Europeans  a d d e d  some  more  

useful  numbers:  complex  numbers  like 
5 + 2i, and infmitesimal numbers  like 
1 + 3dx. It wasn ' t  c lear  exac t ly  what  

these  numbers  were, but  thei r  use in 
the calculus  was undisputed,  so they 
remained.  Until the n ine teenth  century, 
that  is, when new s tandards  of  r igour  
revealed  that  "an infmitely small  quan- 

tity" was only a grammat ica l  construc-  

t ion beref t  of  any real  mathemat ica l  
meaning.  So infinitesimals were  aban- 

doned.  But complex  numbers  were  jus-  
tiffed and construct ible  i r rat ionals  
abounded,  so we still had  numbers  ga- 

lore for every conceivable  problem.  
Then came the greatest,  the  boldes t  

leap of  all. We in t roduced numbers  so 
abs t rac t  that they couldn ' t  poss ib ly  be 

needed  for any concrete  problem.  How? 
We considered binary expans ions  that  
couldn ' t  be c o n s i d e r e d - - b y  defimtion! 
Al though this  may sound  contradic-  

tory,  it  is not. Jus t  cons ide r  a s l imy 
galact ic  superoc tupus  wi th  an infi- 
ni tely large brain, an infmite number  of  

arms,  and  an incl inat ion to  wave  them 
all s imultaneously and independent ly  ei- 
ther  up or  down. Looking at  the config- 

urat ion of  arms at  some random time 
gives a generally unconstruct ible  se- 
quence. As an aside, I ment ion that  such 
a creature  would be a useful friend, be- 

ing able to solve the Goldbach Conjec- 
ture or  the Riemann Hypothesis  simply 
by  computation. And in an infinitesi- 

mally small  amount  of  t ime to boot. 
More mundanely,  an uncomputab le  

b inary  expans ion  is s imply  a b inary  ex- 

pans ion  tha t  is not  computable .  It does  
seem cur ious  that  such a s imple idea  
had e luded  all the great  th inkers  unti l  

the la t te r  hal f  of  the n ineteenth  cen- 
tury. To envision such a number  we  
p roceed  as  follows. Randomly wr i te  
down a s t r ing of  zeroes  and ones;  a 

dozen usual ly  suffice, but  if the  audi-  

ence is skept ica l  I l ike to include more;  
and then  add  three  dots. Thus 

a = 1.011010111101... 

shows a typical  unconstruct ible  num- 

ber. These new objects,  when added  on 
to the col lect ion of  rat ionals and con- 
structible irrationals, gave us a whole  

new domain  of  mathematical  discourse.  
Now a key point. What did we  call 

this new number  system consist ing of 
largely chimerical  creations of  our  imag- 

ination? Did we call them Arbitrarials? 
or  Way-out  numbers?  No. In a f lash of  

br i l l iance any PR person  would  be  
p roud  of, we  cal led them real n u m -  
bers, and  des igna ted  them by the solid- 
looldng R. 

This inspired terminology is wor th  
emulating. I suggest  you call the  new 

area  o f  Modern  Biology concerned  with 
toas ter  fish, refr igerator  fish, and so on 
the field of  real f ish.  Those real fish ac- 
tually found in the solar  sys tem will 

then have a special  designation, subt ly  
reinforcing the idea  that  it is unnatural  
to cons ider  them separately; let 's  say 

observable real f ish.  How much  more  
of a bo the r  it  is to consider  the latter. 

"Let a be  an observable real fish," you 
begin your  lecture. Where's it from? Is 
it green? What  does it eat? someone  im- 
mediately asks. The preferable "Let a be 

a real fish" protects  you from such un- 
necessary  questions, which you can ' t  an- 
swer  anyway! 

In mathematics,  restriction to com- 
putable real  numbers  is a dec ided  nui- 
sance. Fi rs t  one must  worry  about  wha t  

"computable" means. Which machine? 
Which language? About  whether  or  not  
programs halt. Simple operat ions like 
adding or  multiplying two numbers  give 

us headaches.  Real numbers  free us 
from these  hassles, which we prefer  to 
leave to the computer  scientists anyway. 

Training the Young 
How do we  get future genera t ions  to 
take  the  val idi ty of  real  number s  for  

granted? We indoct r ina te  them early in 
their  ca reers  when  they  are  eager bu t  
impressionable undergraduates.  Here's 

how we do it. F i rs t  we  sof ten  them up 
with a "Construct ing the Real Num- 

bers" b lurb  in the i r  first  calculus 
course.  Needless  to  say  we don ' t  really 
cons t ruc t  real  number s  as they  are by  
definit ion unconstruct ib le .  But the  

phrase  s t icks  in the i r  minds  long af ter  

the  details  a re  forgotten.  
Somet ime la ter  w e  expose  them to 

the  definit ion of  a 1:1 correspondence ,  
Cantor 's  wonder fu l  p roof  tha t  there is 
no list of all b ina ry  sequences,  and  
voil&! With a bit  o f  hand-waving about  

wha t  a set  ac tual ly  is, a vas t  and glit- 
.tering new universe  of  ordinals,  cardi-  
nals, h ierarchies  of  infinities, and con- 

t inuum hypo theses  opens  up before  
thei r  eyes. The confus ion  and  appre-  
hension of  mi l lenia  cas t  aside,  our stu- 

dents  are soon fear less ly  manipula t ing 
arbi t rary  unions  of  arbi t rar i ly  many  
powers  of  uncountab le  ordinals.  

I t 's  a heady  exper ience ,  this first  

grasping hold of  infinity. 
But be warned;  there  will  be some  

s tudents  who  won ' t  buy this. After  all, 
young peop le  a re  a t ad  cri t ical  at this  

age. We expla in  to  them tha t  ff they  
want  to get  into "foundat ional  ques- 
tions" then they  had  first  be t t e r  mas te r  
the  "predicate  ca lculus  of  f i rs t-order  

logic." Having ba re ly  mas te red  the or- 
d inary  calculus,  t hey  seem to find this  
a convincing argument .  

A fur ther  point .  We don ' t  s tar t  with 

younger  s tuden ts  s ince  they  get too  
easi ly confused.  They want  to know 
specif ics  l ike "How does  one add or  
mult iply real  numbers?"  In fact one 
can't add or  mul t ip ly  real  numbers,  but  
of  course  this  shouldn ' t  and  doesn ' t  

p revent  us f rom using these  opera t ions  
on a dally basis.  Immature  learners  a re  
l ikely to get  s tuck  by  these  subtlet ies.  

The snag is the following. Suppose 

we want  to add the unconstructible real  
numbers  1.010101101000110 . . . and 
1.100010010111001 . . . .  Clearly the fLrst 
digits of the sum are  10.11, but  the nex t  
digit requires  more  information.  How 

much more  informat ion?  Possibly  jus t  
one more  digit, poss ib ly  a tri l l ion more  
digits, and he re ' s  the  r u b - - p o s s i b l y  in- 
finitely many  more  digits! The comple-  
mentary  pa t t e rn  of  zeroes  and ones  
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might continue to infinity, but if so we'll 
never know it. This prevents us from 
ever specifying a procedure to add real 
numbers. One might hope that trying 
some different definition of the reals us- 
ing continued fractions or Dedekind 
cuts or Cauchy sequences of rationals 
might solve the problem, but it doesn't. 
It just transforms it to an equivalent one. 

But here's where religion, or Modern 
Biology, comes to our aid. It may be im- 
possible for us to know whether a given 
complementary pattern of zeroes and 
ones continues indefinitely, but it is 
clearly not impossible for God, or a slimy 
intergalactic superoctopus, to know. So 
we are blessedly free to go on talking 
about adding arbitrary real numbers. 

Convincing the Professoriate 
This is a question primarily of critical 
mass. Once enough of the Academy ac- 
cept and profit by the new bounds of 
the discipline, a critical momentum 
will prevent opponents from stemming 
the tide. First of all a leading luminary 
must be taken on board. In our case, 
that was David Hilbert, whose oft 
quoted "No-one shall expel us from the 
paradise that Cantor has created for 
us" becomes our motto. 1 

Furthermore, we must convince our 
colleagues that opportunities for re- 
search are rife. In mathematics, the kind 
of free thinking that allows the pleasant 
contemplation of real numbers (I like to 
think of them as basking in the sun) also 
revels in more complicated abstrac- 
tions. Unlike earher more squeamish 
generations, we are quite comfortable 
with arbitrary functions from ~ to 
(not just those given by formulae or 
computer programs but all the others 
too), with arbitrary operators on spaces 
of such functions, with arbitrary func- 
tionals on algebras of such operators 
and so on. Non-measurable functions, 
Banach-Tarski paradoxes, various ver- 
sions of the Axiom of Choice, inacces- 
sible cardinals---none of these ruffles 
our calm in the brave new world of 
twentieth-century mathematics. 

More than just jobs are opened up 
here though. Our easy attitude to sets 
can be extended to other mathemati- 

ca] objects too. This liberal approach 
is captured by what we might call the 
A x i o m  o f  Freedom--an  object is con- 
structed, or specified (same thing), by 
simply stating it. To give but one of a 
multitude of possible uses of this prin- 
ciple, suppose you've fmally con- 
structed a quasi-barrelled inverted 
amorphous fibre scheme S and all that 
remains is to exhibit the space P of all 
coherent quadratic functors from S to 
its dual. In years gone by this would 
have required fretting about precise 
definitions and concrete realizations. 
These days, you need only say, "Let P 
be the space of all coherent quadratic 
functors from S to its dual." Voile, the 
construction is complete. 

Setbacks and Recovery 
At the turn of the century, with mathe- 
maticians divided in controversy over 
the validity and meaning of Cantor's 
new theory and the role of real numbers, 
disaster struck. In one of the most em- 
barrassing intellectual deflations of all 
time, the entire new theory came crash- 
ing down with the discovery of funda- 
mental new paradoxes. These weren't 
just the niggling kind of inconsistencies 
acknowledged from the start even by 
Cantor, they were the full-blown ~r = 
V2  type of contradictions that ruin 
one's entire week. A dark time indeed, 
but ultimately only a minor setback. 
After some hesitant and unconvincing 
attempts to shore up the subject, we 
now see that worrying about such issues 
is largely a waste of time. Foundations 
are not really all that necessary. 

If pressed by philosophical types, 
we have a fall-back position. Mathe- 
matics is based on Axioms, and the 
Axioms for Set Theory were spelt out 
by Zermelo and Fraenkel. This is the 
Formalist position, also pushed by 
Hilbert, which got rather badly bruised 
by G6del's results in the 1930s, As a re- 
suit, most of us closet Platonists aren't 
so keen on this official explanation, 
but who really wants to get embroiled 
in philosophical hair-splittings? An in- 
tellectual discipline reflects the spirit 
and values of the times, and these are 
times of pragmatism and expediency. 

If pressed by our own ldnd, by math- 
ematicians who try to point out the im- 
precision of our cherished fundamental 
concepts, we respond politely. We al- 
low them their say, listen patiently, and 
then point out that they're basically only 
repeating Brouwer's critique of 1918. 

And what about those who obsti- 
nately refuse to understand? Who keep 
on insisting that you explain "What ex- 

act/y is a real fish?" Sigh. These people 
are quibblers---philosophical quibblers 
at that--and they are best ignored. After 
all, you've got a job to do. 

Looking to the Future 
As pragmatism and expediency don't  
look to be departing the modern world 
anytime soon, I'm confident that the 
lessons mathematicians have learnt 
can be fruitfully applied to biology. 
Don't expect to convince your con- 
temporaries about the importance of 
real fish. Recruit a few top names, 

1Naturally we don't advertise, for example, that Gauss wrote, "1 protest--against the use of infinite magnitude as if it were something finished; this use is not admissible in 

mathematics. The infinite is only a fagon de parler; one has in mind limits approached by certain ratios as closely as desired while other ratios may increase indefinitely." 
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work on the future generations, keep 
the employment prospects firmly in 
view, and Life Theory will take its 
rightful place in the scientific world. 

As for me, this little advice-giving has 
got me to thinking. Mathematicians are 
themselves a bit hard pressed these 

days for employment. The huge amount 
of time and effort required to rewrite 
modem mathematics using only com- 
putable numbers, computable func- 
tions, computable everythings would 
keep us busy for decades. What an un- 
pleasant lot of hard work that would be. 

But hard work means jobs, grants, 
and pensions! Maybe Aristotle, Ar- 
chimedes, Newton, Euler, Gauss, Kro- 
necker, Borel, Lebesgue, Poincar6, 
Weyl, Brouwer, and the others were 
right. There is something fishy about 
real numbers. 
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