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1. Hermitian matrices in C?. The general form of an Hermitian matrix

is
( To+ T3 T — 1T9

. To, X1, Ta, T3 € R.
1+ 1T xo—x3>’ 00 172523

So these matrices make a real vector space of dimension 4. The natural basis
is {00, 01, 09,03}, where og = I,
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These o1, 09,03 are called the Pauli matrices. Thus we can represent every
Hermitian matrix as

H = ToOo + X101 + X202 + T303.

Notice that
det H =z} — o7 — a3 — a3,

the quadratic form that defines the Minkowski metric on R*, and
tr H = 2xy.
Exercise 1. Check the following multiplication rules for the Pauli matrices:

2_ 2 _ 2_ 2 _
0y =0]=05=03=1,

01092 = iOg = —09201
0903 = Zb’l = —0302
0301 — iOQ — —0103



Let us denote
1=0p, 1= —t0y, j= —t0oy, k= —io3.
Then the rules of multiplication become
i’=j=k*>=-1, ijk=—1.
These rules are carved in stone on the Broom bridge in Dublin, Ireland.

2. Hermitian matrices with trace zero. Stereogrphic projection.
These matrices have the form

. . T3 T — il‘g
f—$10'1+$20'2+;€30'3— ( l’l—l—ixz g )
so they can be identified with vectors in x = (z1,29,23) € R? and this

correspondence is one-to-one. Note that —det f = 3 + 23 + 22 = ||x]| is the
standard norm in R3. As the trace is zero, eigenvalues of f are 4,/|det f|.

We denote them +|f|, where |f| = (/2% + 23 + 23.

To each eigenvalue corresponds a one-dimensional eigenspace in C?, and
the two subspaces corresponding to the two eigenvalues | f| are orthogonal.

Let us assign to each non-zero Hermitian operator f with zero trace its
eigenspace with positive eigenvalue. In this way we obtain a one-to-one
correspondence between rays in R® and one-dimensional subspaces in C2.
(Subspace corresponding to — f is the orthogonal complement of the subspace
corresponding to f).

To make this correspondence explicit, let us find eigenvectors (2, z2) cor-
responding to the positive eigenvalue. Multiplying f by a constant does not
change the eigenvectors, so we may assume that that |f| = 1. Then we have
the equations for eigenvectors corresponding to the eigenvalue 1:

(x5 —1)z1  + (z1—ix2)2ze = 0
(131 + iIQ)Zl — (.133 -+ 1)2’2 = 0.

We can take for example
21 = 1+I‘3, Z9 :I1+iI2. (].)

Thus to each ray in R?® with directing vector z, |z| = 1 we put into corre-
spondence a line in C? which contains the vector (z1,29) € C? given in (1).



The inverse map can be written as
2Rz 232 1—|2]?
= y L2 = Y )
L+ 727 1+ 7 142

€

where we set z = z5/z;. Verify this! In particular, if we normalize
[21]” + [z2|” = 1, (2)

then

* * 1 k% *
Ty = 2129 + 2125, To = 5(212’2 —2123), 3= |z]* — |2 (3)
These formulas give |z| = 1.
The map from the unit sphere in R? to the complex z-plane given by
equations (1) is called the stereographic projection; it can be visualized as

seen in the figure.

N

What happens to the angles under this correspondence? The angle be-
tween two unit vectors in R? is defined by

cost = (z,y), 60¢€l0,n]. (4)

Suppose that z = (21, 22) is a unit vector obtained by normalization of the
vector in (1), and w = (wy,ws) a unit vector corresponding to to y € R?
via (1). Then the angle o between the lines through z and w satisfies

cos v = |zjwy + z5ws. (5)

3



We claim that
a=0/2, thatis cosf =2cos’a — 1. (6)

To check the claim, use (5), (4) and (3) and the similar formula for (y1, y2, y3)
in terms of (wy,wsy). We have

costl = xiyi + T2y + T3Ys3
= (2122 + z125) (Wiwy + wiwd) — (2122 — 2125 ) (Wiwy — wywy)
+ (I = |22 (Jwr]? = Jwe]?)

= AR(z1zowiwy) + |2 [wal® + |21 [Pl [ — [z |ws]? — |2 *fun *.
and

2co8’a—1 = 2|zfw; + zZwy|* — 1

= 2|Z1|2|wl|2 + 2|z2|2|w2|2 + AR (2] 20w wy) — 1.

After a simplification we see using (2) that these two expressions are equal.
This proves (6).

3. Unitary matrices with determinant 1 in C2. Let

o-(17)

Q is unitary if Q! = Q*. Together with det () = 1 this gives

at ,Y* B ) _6
ﬁ* 5* - _7 o ’

so 0 = a*, v = —(*, and the general form of a unitary matrix with determi-
nant 1 is

Q= ( _Oé* f* ) where aa® + 55 = 1.

The set of such matrices is called SU(2), which means “special unitary 2 by
27,

4. Action of SU(2) on R3. Let us represent points x = (z1, z2, x3) in R?
by traceless Hermitian matrices

P = x109 + 909 + 1303.
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Let us fix a unitary matrix @) € SU(2) and consider the linear operator

P Lo(P) = QPQ" = QPQ™,

the last equality holds because () is unitary.

Then det L(P) = det P, and tr L(P) = tr P, because both the determi-
nant and the trace do not change under a similarity transformation. So L
is indeed well defined: it maps the space of traceless Hermitian matrices to
itself. Moreover, as we've seen in section 1,

det P = —a] — x5 — 23,
which is —||z||, the Euclidean norm. Thus our operator L¢ is orthogonal
(with respect to the standard dot product in R?).
Thus to each unitary matrix () with determinant 1 corresponds an orthog-
onal operator of R3. Let us find the explicit 3 x 3 matrix of this orthogonal
operator.



