
Meeting 10.1 : From TQFT to TQC
, a brief history

I
. Atiyah + Witten

II. . Reshetikhin - Turner t Tu aev

TIE
.

Turner - Virat Barrett -Westbury
II . Kitaevt Freedman

I . Freedman - Kitaev - Larsen - Wang

FI
.

Levin - Wen



Kita . v 's motivation for introducing toric code

(and generalizations to other finite groups
I will

mention later ) was to address fault tolerance

problem USING HARDWARE .

He doesn't use language of TQFT directly , but

was clearly inspired by it, since any ons were

understood to be th. "

particles
"

that can arise

in certain exotic (topological ) QFTS .



I. Atiyah -1 Witten

1988 - Atiyah defines

topological quantum field

theory .
Mathematically rigorous !
Uses language of
cobordism , and functors

'

pub . IHES (1980 )Inspired by work (esp.
of Witten ) on (general,
not -entirely - rigorous) supersymmetric quantum
field theory , and Segal 's axioms for conformal field theory . . .



TQFT in a nutshell

IK :
a field for other unital commutative ring . . . )

( obfd ) : d - dimensional oriented cobordism category

Objects (cob Id) ) : oriented , smooth , closed d-manifolds
Mor (cob (d ) ) : oriented

,
smooth fdtl) -manifolds M ,

w/ 2M -

- Colt [
,
.

M is a morphisms

M : So
.

→ El
⑧ : disjoint union

A fddtl) - dimensional TQFT is a

"

④ -

respecting linearization

of Cobh)
,

"

i. e. a
- functor Z : Cob was Vecht)

x
might as well assume finite dim .



Schematic d-
- 2 , Ik = Q

uE t 2- (E) ← f. do etf space

-

⑦ t ZIE
,
UE
. ) * zreilaz

E
.

En

mini "m÷÷
.

⑦ ⑤



Hermitian and unitary TQFT
If IK -- Q

, we can ask

my ,
#
adjoint.

2- f-m ) = z
T
M w/ reversed orientation and swapped

boundary pieces
for all M .

If this holds
,
call the TQFT hermit.

It is unity if moreover
,
the pairing

lots



[¥¥①D$
2- (Ext) : 2- (E) ⑦ Zf,

-E)→ 2- road

2- (E) Fda , vector space
If this

pairing is positive definite and Z is Hermitian
,

then we say Z is unitary .
If Z is unitary , the ZK) is a Hilbert.*



(Tor :c Code)F
2- ( E ) : = Spang Hp (Si 27/2 ) if I connected

2- (C. us , 2- Is
,
) 2- ka )

IF dm = Cow I , ,
then

2- rn ) : 2- (E.) → -2K . )
linear ites the correspondence

M
# EH

,
(Coiner)xH , Kii 2712$

M*={ Kip ) $ ④ '

- Ep) in Hilmi 212 ) }



Also in 1988
, Atiyah asked

Is there an intrinsically 3 - dimensional explanation
for why Jones polynomial is an invariant of

knots?

Jones had discovered it in 1984 .

Understood only

diagrammatically at that time
, e.g . as a normalization at

Kauffman bracket.it

(O ) = -

q
's
-

q
's

EX > = - que ) ( ) - q'
'

Mfk )



19 ' 9 - Witten argues (not 100% rigorously) that
for of a root of unity , the Kauffman bracket

can be used to build

a (2-11) - dim TQFT
.

Based on quahtiz.mg
Chern - Simons theory w/ -

gauge group 6=542) .

Different roots of unity

yield different TQFTS
.



It . Reshetikhin - Turner t Tu #nev

Witten's construction net rigorous. Eventually made

rigorous , but in the meantime Reshetikh.in and Turan

did give a mathematically rigorous construction

using quasi - triangular Hopf algebras and

diagrammatic for skein ) co-structures of TQFTS
.

The Witten - Reshetikhin - Turner uses the category
of finite dimensional representations of a quasi - triangular
Hopf algebra .

When one uses Uofslz , one recovers

the Josey - Kauffman TQFT for that specific of .



Turner generalized further to arbitrary

Modular Tensor Categories .

(If His g. tri . Hopf algebra, then Rep FH) is
a modular tensor category . )
It turns out

, once
- extended (2+1) - dimensional TQ FTS

are entirely determined by a modular tensor

category (w/ one additional small choice)

Recent ish theorem of Douglas , Schoene- - Priess
,

Vicary , et al . . .



A once
- extend TQFT is a

"
usual

'

Otb - dives: oral

TQFT that also associate, data to every X-D -Maiko

in functor.at way . .
.

Making this precise involves
"

higher tensor categories.
"

Era

µ3 to 2- rn) : 2- ( zero ) → 2- fam
, )

←
linear

wrap

Its vector space Z

S
'

↳ category 2- By
it is a modular tensor category . - -



One can study even further extended TQFTS . - .

e-g . fully - extended TQFT

dtl manifold - linear mop

d manifold M vector space

d- I manifold → category
d-2 manifold → 2 - category

C

:

port → d - category
" '

Baez - Dolan cobordism hypothesis proved by Lurie .



TIE
.

Turner - Vico + Barrett -Westbury

Turner - Vira showed ( 1993 ?) how to Construct

a fully extended 3 - d TQFT from a

modular tensor category .

Don 't get anything that Restetikhin - Turner construct.es

doesn't already provide .

Barrett - Westbury defined spHso-
categories , and showed Turner - Vi-o "

works ' '

For
any spherical terser category



Turner - Vi- o t Barret-Westbury :

• Is spherical
t-

Eategory C

S
'

t bridal 'd center Zfc )
(always a modular tensor category)

I ↳ Vector space 2- (E)
(agrees R - T castration for

Zrcgg



Eg
C - G - Vec

the category of G -graded finite dins...) vector spaces

Over Cl .

Object in C looks like

✓ = Vg
geo

where Vg is a
Fd

. Vet . space .



Morphism

F. V=¥Vg. → W - town
MEG

is a sum of lunar
maps

Fg : Vg → Wg ,

i - e . f= to fog
GEG .



Vox W -

- Vg) ox (ft Wn )
= (Vox W)

×

④ Ox W)
×

= to Vg ⑦ Wh
g ,
h

g
h = x

= got Vg ⑦ Wg- ' x



Kitaev 's
paper , esp .

2nd half
,
is essentially

building the Turner - Viru Barrett- Westbury
TQFT associated to G - Vec.

Toric code is special case 6=27/2
.


