
Meeting 10.2 : Topological quantum computing , I
I . Anyone from elementary excitations in tonic code

III. TQC and TQFT
go

hard in hand .



I . Anyone from elementary exudates in tonic code

Given a cello lotion w/ N edges of a genus g sofa Sg,
toric Code yields a 49 - dimensional code

space
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Xp 's and Zp's commute
,
hence so do

I - Xu's and I - Zp 's



Physics intuition : H consists of
"

vacuum
"

or
"

Zero -energy
"

States wit . Hamiltonian H .

Eigenvectors of H corresponding to NON - zero eigenvalues?

spec
H : OC * , CHL - - - c th

T
The eye- space is the state

space for (pairs of)
"

elementary particles
"

of this system . - -

In fact, spec H
: OL 428C - - .

What is Ey
,
,
the eiye- space corresponding to H?



More intuition :

suppose Xu 147=1147 .

We might say that 177 has a
✓

"

charge
"

or

"

particle
"

at vertex v
.

tho- zero)

Similarly , if 2-
p
1474147

, might say It> has

a (nonzero) flux through P
,
or 14) has a

"vortex"

an plaguette P
.

A lowest ene y state ,
i - e . It> C- Er

,
must violate

as few of the constraints Xv, 143=147 , Zp 177=177
as possible .

B/c IT X# = Id - PIT Zp , 147 eiler violates exactly
two Xu's or two Zp 's .



Recall :
If c is a loop in 1- skeleton
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The loop operators generate possible errors of the code
.

A loop operator implements an undetectable and natural error
if and only if the loop is nontrivial in

Hirsi xsii 27/2)



String operators :
If c is a path in 1- skeleton
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If 14> EH, then 2-ally and Xd 147 are in

Ey
,
.

For instance
,
talk? - ill violate the two Xu 's

at ends of c .
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Note : If he> EH.

2-
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Kitaev 's ($100,000,000 ?) idea :

introduce a small number of particles onto

the surface , and move them around in

controlled ways in order to intentionally manipulate
a code state of the for:c code

.
Because nontrivial

operations occur only after doing something "topologically
nontrivial

,

'

the probability of implementing the

wrong operation can be made small without much

Overhead .

In other words : " fault tolerance from hardware
"

if you can impfmet the toric code Hamiltonian in a
lab.



Two related ideas for how to process

information topologically using tonic code :

I
. braiding

2 .

"

Dehn twisting
"



Braiding in Kitaev 's mode ) I EH

start w/ state :
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Applying Xl d
to Xotclx)
is like moving flux in Po ground
one of the charges at the end of the C Stig



Xefxdtch's) = fl ) Xd Ze 147

Note : this is true only because

of the charge at the end of

the string C
.

Weird ! Moving flux along a

loop around a change implements
or nontrivial charge to the state .



The elementary violations of

the stabilizer ( i.e . the

particles) have Thon trivial
"

braiding statistics .

Such particles are called

any ons
→

.



Stat n) ht> EH .

"

Create particle
-

by

2-
c. tej

- Zcsl x

:÷÷÷÷:÷÷÷÷÷÷:*
Loop operators yield a representation
of 10 strand b -aid group !
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"

Dehn twisting
" 1007 t 2-

co
1007 ↳ 2-

c. Zeo 100)

start with oink -- 4
X

(x>
EH

No> Alo>

÷::÷÷. :*
.

in H by Recall :
creating pair TGgICo .

• -

Of myong, Loop Oporto,

move one around act on H like

to- us , then annihilate the Pauli X 's
and Z's



If I ①
2 Eh =$pas{ 10031017,1in,

loop operators got on H by
"" 3

X Id
,
Z Id

Id ⑦ X
, or

Id Z

So
,
can process quantum info in H

by applying loop operators .



Problem with toric code ?

With toric code
,
we can only

implement X's and Z 's

o- codespace Using loop

operators . So
"

Dehn trust
' '

idea is insufficient to generate
quantum universal op's on It



Similar issues for braiding



Are there other
,
similar setups ,

but where the topologically protected
operations are powerful enough to

implement a quantum universal

gate set?



Yes !!
This is what Freedman - Larsen - Wong

prove .



III. TQC and TQFT
go

hard in hand .

Once - extended (2+1) - dimensional
TQFTS provide a language to
abstract away the combinatorial

aspects of Kitaeu 's proposal ,
and focus on the topology
of

any ons and their interactions


