
Meeting 11.2 : Topological quantum computing , EITI
I. Quantum circuits inside extended TQETS

,
continued

II. Which TQFTS are BQP - universal ?



Laettner : can try to use quantum representation
of mapping class group of fcbsed) surface determined by a

unitary TQ FT to process quantum information
.

Probert : don't have
any clear way

to decompose Hilbert space

2- ( S ) into tensor product of subspaces .
So

, unclear how to encode quantum circuits . . -

One (unhelpful ) idea : use disconnected surfaces?

Quantum representation won 't generate entanglement . . . .

2- I z)oxz)

Solution : use extended tQFT !



EXTENDED TUFTS have even nicer cut and paste

properties
In addition to computing 2- (M ' ) by cutting M 's

slung
a surface

,µ
we can cut surfaces along curves to compute

their state paces .

* e
will assume

To make precise , extended TQFTS come equipped with

a finite set of
"

colors
"

C ⇒ { 42 , - "

* r} .
We then define the C - colored

, once
extended (2+1) - dimensional

cobordism category C - Cobbett )
.

Contains Cob ( Lti) as a subcategory .

Note : what follows is imprecise and incorrect , probably . Why? Don 't want

to define extended TQFT or modular tensor category in full detail . . .



C - Cob (Lti) includes new objects :mmmm

surfaces with ( oriented . . . - ) boundary and oriented

marked points , with all boundary components ad marked

points
Objects are

⑦ N "
C - colored surfaces

+ w/ marked points
"s.
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C = { 1,2 ,
3
,
- - nilo}



Anywise :

] -manifolds with properly embedded
,
C - colored trivalent

,
oriented

ribbon graphs

,tt*x↳ Kei!
"

:*
T f with

"
corners:')

¥÷:÷÷÷. I
, "•4¥. iii. on

,
"
"° " 3 co-pose when

- boundary colorings

are compatible



Ribbon graph?
Ribbon graphNormal graph

ft ¥En
Why? Up to isotopy Kel boundary

H±¥¥.
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As for usual / unextended TQFTS
,
an extended VTQFT is

unite
,

a ④ - functor

Z : C - co (2+1)→ Hills
.



In addition to all the axioms for Atiyah TQFT, an extended TQFT

includes axioms that require functor.is/ityu.r.t.cuftiy/past.ig of
C - colored surfaces . Most important for our purposes :

←
natural ④- isomorphism

f- i

tf .I=¥H
GLUING AXIOM



Cutting fpast.ms
"

commute
"

:

*
otzfozt.IE/oxzrgY9
d lls

-
. commutes !to one:* i
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.
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Gluing axiom allows to specify elements of Zfs) by
labelling a complete desk system of S with orientations

and elements of C

.:÷nn?÷
2- I-)



Note
,
e -g .

2- (⑦g) is I - dimensional .

Why?

glue together.

This yields , C -colored surface

homeomorphic to S
.



The ,

2- (s) E Zfs) 2- FOIX)
-

must be l - dims
.oil !!



Another axiom : the color l is special

zi¥¥±÷)
points labelled

by l

tf l¥zf)
Cap off

boundaries
labelled by I



Gluing axioms allow us to bald models of

circuits . Here's
one based on closed surfaces .

S
, Ss Sn

g{A¥ A¥ s

in
h

Given Z and S
,
we
"
focalize

"

quantum rep of
MCGFS)

along the Sis .



Via skins 's torte in Zfs ) lies in a subspace of the form

2- (S , ,c , ) 2- (S2
,
ca ) - - -

⑦ Zfsn .cn/QZfT,cnc2i---,ca)

s
, Ss Sn

g{¥A A¥ s

di t dy
un
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spire w

Ly m disks removed
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Zfs) is spanned by subspaces of form

2- (S , ,c , ) tfsz.cn ) - - -

⑦ Zfsn .cn ) ⑦ ZIT, Cuca , - -ya)

as we vary Ci 's in C = { 1,2 , - - - r} ,



setfiagupeirc.at#
Various ways

to do it . - .

Let's fix one subspace , i.e. this one:

2- (s , ,c ) 2- (S2 ,c .

) - - -

⑦ Zfsn
, c) ⑦ ZIT, er , -

. -r )
Look at f -- Pfc ) E MCG (s) , the subgroup
that preserves

this subspace .



Dem twists along orange curves generate MCGfs)

s
, Ss Sn

¥.



Another approach : use
braids
-

Consider disk Dnf ) n point. all colored by c

and boundary colored by l :

I

+Ei• Duk )

Bn acts on 2- (Duk) )



Fix k ,
and consider n copies

of D.Kfc )
glued together alms boundary

Erg - K -

- 3

Drink )

- -

Bk
.

A Dk . K) .



Z (Dk, K ) ) contains of Q 's

of 2- (Dkesfc ) ) - -

2- (Dkk) ) - - ⑦ ZIDKKDEZIDK.ru ) .

Can use subgroup of Bks that preserves
this subspace to build circuits .

What circuits can we simulate?



II. Which TQFTS are BQP - universal ?

⑤bald assume TQFT is unitary and extended .)

Interesting question in all dimensions
.

Has received most attention in dimension 2+1
.

Why ?
• In dimensions.

* 3
, too weak

. . . .

• In dimensions 73 , poorly understood. Expected
to be too weak if

"

fully extended
"

. . .

• In dimension 3
,

extended TQFTS all come from

modular tensor categories via Reshetikhin - Turner

construction
.

"

Combinatorial
"

- ish



Key question
:

given 2-
,
are the colored

surfaces Sorbose quantum representations are

dense in putzes))?

If answer is yes, you can simulate/ approximate
(via Soloway - Kit gov and additional tricks ) arbitrary
quantum circuits

.


