
Mynqeting 12.2
: Topological quantum computing , I

Universality from density of quantum representations
of braid groups



Fix a C - colored extended unitary TQFT Z and

a color X E C (secretly ,
X is a simple object

in the unitary modular tensor category determined by Z) .
For convenience :
a-

Assume X is
"

self dual : ' meaning 2- treats colored points
EIE + og

and -

•

×
as identical

and also

x¥gag and x¥¥f as identical .

E.g .

the "

special
' '

color ⑧ is self dual . But we will wat

X # I



Define Hilbert space
: CE C

do not need to orient b/c self dual

2- rnix.cl#Zf.f!.q....c: )
n

|Tp¥on a disk

this disk w/ n

colored points will

be denoted Dnc .



B
.

acts
on Z ki Kc ) : e.s. n

-

- y

•

•• Bo Boo Bo

l l l l

t÷÷÷::÷.
* framing

"

⇐ tf
•

i.e .

⇐ Boo Bo Boo BO

FEI X X X X
"

no twisting
"

'



TIE: blackboard framing convention

Problem : Drawing ribbons is annoying

solution :

I :=¥¥
.

Ip :-. qmaT3=ie:n*¥ff
Waging : No Reideeneiste - l - move :B

.



z
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Consider D E 52k
,
L - sphere -42k colored points ,

and this sphere
, E.g. K =L

as d of a 3- ball . :{good •¥ §
133 mastitis

L
-

X is self - dual .

Every K - tangle T in 133 yields a linear
map

2- IT ) : Q→ 2- ( 52k ) ,

hence
,
a vector IT ) (namely , 2- IT ) fl ) ) in

2- ( 52k )=Zf2kiX ,
')



Using this , have several vectors from
"

planar matching
"

tangles
""

K --3

V. V
. •

g q
.

••j •• q
.

•

qq.jp ••ga•



Fix your favorite two crossing less ¥ - tangles ,
e -g.

you
. . - u nd

s

such that IT ) and IS ) linearly independent. Write

Hk= spar ! IT ) , Is ) } EE 2- ( Lti Xii) .

Morally : want to use IT ) and Is > as computational
basis States .

2 issues : orthogonal ? normalized?



Of course Hk Zz E
-
=

spare { 107 , 117 }+. but choose

the isomorphism so IT ) is proportional to 107
, i.e .

109g := IT)
#

this will come back to

WTT haunt us !

Let 117 be any orthonormal
, e.g . Graham - Schmidt

on I -17 , 157 .

Hi
,

with these two basis vectors will be our

qubit inside of 2- (2K ; X , I ) .



Gates? Well
, my dense subset of Vic - ⑦ Cia )

will be quantum universal .

So : should consider Byt
,
acting on 2- (thx

,

- X. d ) ,
since

¢
'

Chitty
,

H# E Zfdkixi ) 2- Idk ix. 1) t Zftkixil )

::.::



If quantum representation

Z : Bye
,

→ Uf -214k .

-

X11 ) )
is dense

,
then

,
in particular every

"

binary gate
"

in

✓ (Ht
.

Hk ) can be approximately implemented by a

braid .

First difficulty :

Hi
,
Ht
, probably not an invariant subspace of Buck

under quantum representation Z : Bye
,

→ Uf -214k .

-

X11 ) ).

Even worse?

May not be Any braid be Byt
,
that preserves the Hk

and acts nontrivially .



Fortunately : while of pipracticallengineering importance , in

principle , these issues can be overcome by being careful

with Soloway - Kitaev theorem .

So
, we will assume there is a finite subset

GE Dyk that generates a dense subgroup of

Ulth
. Hk )



Evaluates Z on braids built from G 's acting on Dmt
,

and restricting to Hk - - - ⑦ Hk ttfnkixil ) yields quarters
circuit . en ich et

•...l..•. Dil
z I
isrgl

'mintiii.Ht
. the Hk

sake G kn:3 A- Bo ¥, if ida



This shows we can simulate arbitrary

quantum circuits of X particles in

the TQFT Z .

Examples?
F-ones

-Kauffman TQFTG

(proved by
Freedman - Larsen-

Wang )



How do topological invariants

of knots / links / 3 -manifolds

derived from Z relate to

this model of computation?


