
Meeting 4.2 : The complexity of unknot recognition
I. In NP via normal surface theory (Hass - Lagan's, - Pippenger, after Hated
It

.
In NP via Reideneiste - moves hacker by )

TI . In coup
, modulo GRH ( Kupperberg )

II. In CONA (Laeken by )

Next week : quantum mechanics and quantum computing



Problem : Unknot Recognition
Instance : knot diagram K

Questions. Is k the unknot ?

K is an unknot if :

I . it's equivalent under a sequence
of Reideenesst- r moves

to a diagram Yat crossings
2 . if K bounds am embedded disk

3 . it, ( S3 - K) =D ,
infinite cyclic group



I . In NP via normal surface theory (Hass - Lagares - Pippenger )



Given T, triangulated 3 -manifold , we can describe
"

normal surfaces
"

using certain vectors 277T
, where

t is # tetrahedra in T .

Inside each tetrahedron T, we have 7 types of elementary
disks :
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A vector ve 277T determines a normal surface if
• Vi 70 for each i =L
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matching condition
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for each pair of faces that are

glued together of the form

Vin
,

+ Vi
,

= Uh
,

t VR
,

•

"

quad condition
"

: for each tetrahedron , see at most one

quad type
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Basic idea : effective' zing Haken 's normal surface theory
I
. Given k

, a
knot diagram with a crossings , can

build triangulation of Mh :
'

- S'-Nfk ) in time 0k log n )
with t -- Orn ) tetrahedra

,
in standard way .

Certificate A vector VE 727T
,
and a list of ft - I

me

:

linear constraints , with u ;
E Ltt - l

L .
Test that v encodes a normal surface by verifying
it satisfies :

•

"

matching equations
"

}
Define Hakeem 's normal

! positivity
: v;

20 fit
,
. . . ,7t

'"e Cm in 11277

quad conditions
"

←Nahear
,
but easy to check



3 . Verify the 7-t - I dine. - constraints are independent
✓ satisfies them

,
and gcdfvi , -Nyt )

-

- I . This shows

v is a

"

vertex minimal
"

integer point in Cn .

4. Vertex minimality ensures V represents a connected

normal surface . Now check v represents a

disk compute X) and has correct boundary
on 2Mk= 5×5 female Dv) - fo , 1) c- Hal 5×5 )) .

Procedure works by theorem of Jaco - Tollefson saying if K is

unknot
,
it has a vertex minimal dish . HLP shoved there

exists one w/ u;
E 2*-1

.
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In NP via Reideneiste - moves hacker by )



Subtle warning :

( no::÷÷::::
moves is

NP- ha
-d

.



TI . In coNP
, modulo GRH ( Kupperberg )

Opposite question fknottedne.rs detection)

Instance : knot diagrams K

Question : Is K Not the unknot?

-

←
Problems in here are

believed not to be NP- hard.
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⑦Ip i. e. image of
\ Pe is no- abelian

.



II. In CONA (Laeken by )
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