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In this paper, we consider knots and links as represented by link diagrams and
take the crossing number as the measure of input size. We can now formulate the
computational problem of recognizing unknotted polygons as follows:

Problem: UNKNOTTING PROBLEM
Instance: A link diagram &%
Question: Is 9 a knot diagram that represents the trivial knot?

See Welsh [1993a-1993c] for more information on this problem. The main
result of this paper is the following:

THEOREM 1.1 The UNKNOTTING PROBLEM is in NP.

The UNKNOTTING PROBLEM was shown to be decidable by Haken [1961]; the
result was announced in 1954, and the proof published in 1961. From then until
now, we know of no strengthening of Haken’s decision procedure to give an
explicit complexity bound. We present such a bound in Theorem 8.1.
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A polynomial upper bound
on Reidemeister moves

By MARC LACKENBY

THEOREM 1.1. Let D be a diagram of the unknot with ¢ crossings. Then
there is a sequence of at most (236 ¢)'* Reidemeister moves that transforms D
into the trivial diagram. Moreover, every diagram in this sequence has at most
(7¢)? crossings.
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using at most k Reidemeister moves is NP-complete.

Advances in Mathematics 381 (2021) 107648

Theorem 1. Given an unknot diagram D and an integer k, deciding if D can be untangled
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Knottedness is in NP, modulo GRH

Greg Kuperberg !
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Theorem 1.1. Let K C S2 be a knot described by a knot diagram, a generalized triangu-
lation, or an incomplete Heegaard diagram. Then the assertion that K is knotted is in
NP, assuming the generalized Riemann hypothesis (GRH).

Together with Hass—Lagarias—Pippenger, we can restate the result as

Unknottedness € NP N coNP,
W
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Our proof of Theorem 1.1 quickly follows from major results of others. Kronheimer
and Mrowka [20] showed that'if K is a non-trivial knot, then there is a non-commutative

2/[0 /'-c7

“ /.""7 qd S-P
pc ;T (53 \ K) — SU(2) c SL(2,C). ©

representation of

PC, 4 Nrem 9&/'%

Then, simply because the equations for the representation are algebraic, the complex
numbers can be replaced by a finite field Z/p. Koiran [19] showed that if a polynomial-
length set of algebraic equations has a complex solution, and if GRH is true, then there
is a suitable prime p with only polynomially many digits. Thus, the certificate is a prime
p and a 2 x 2 matrix over Z/p for each generator of the knot group. The verifier must
check that the generator matrices satisfy the relations of the knot group; and that they
do not all commute, or in the Wirtinger presentation, that they are not all equal. This
confirms that K cannot be the unknot.

Knottedness is in NP, modulo GRH

Greg
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THE EFFICIENT CERTIFICATION OF
KNOTTEDNESS AND THURSTON NORM
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