
Meeting 6.2 : Reversible computing and quantum circuits

I . RSAT

It
.

Quantum circuits

Next time : Soloway - Kitaev ?



I . RSAT

Last time :
a (Boolean ) gate set G is a

set of bisections

{ 0,13km { 0113k. Ck variable)
A planar , reversible Boolean circuit R is a diagram like

this :

i÷7÷¥ .ie.

''

ai:iii: : it:
The circuit is a

n=5

"

planar G - factorization
"

depth :3 of this function
.



Note : every Boolean function hot necessarily reversible)
m n x

-D= X

f : { 0,13 → {oil } x

can be built out of AND
,
oh

,
and NOT

,
FANOUT

{AND
,
OR

,
NOT} is a universal set of logic gates .

If we want to find interesting computational problems for
reversible circuits

,
G better be

"

sufficiently rich .

"

%
Lots of wiggle

00lb !



Example :

D= { F } , where F is the freakin gate :

Fred Kin =

"

Controlled SWAP
"



Given any g
: { 0,13k → { 0,13k

can always build
"

C - g
"

or
"Controlled -

g
?



Just for fun : since F is
"

conservative
"

we can implement it with billiard balls !



If we allow extra
"

ancilla
"

bits
, can encode AND, OR , NOT :

AND Rt) CROSSOVER,
NOTH

o
SWAP

0 00 Doit!! 1¥
,
¥
, tiT

I
ANCILLA



Recall : De Morgan guy
=
- fix n - Y )

pin
=

I 1

Dying



Since NOT and SWAP are reversible
, might

as well include them on G for now

G={ F, NOT, SWAP}

E-- Ed Et

X t X X

is not linear !



We can
"

dilate
"

every
Boolean circuit to a reversible

circuit
, by replacing every AND with a Friedkin t

ancilla in 0 state :
*-junk !

I '

ihi⇒ME Def( l l -i
x. n b l l l B B

x
, ta Xs O O



RS AT (G) , variant l :
G -

- EF
, summons

.

Instance : reversible (planar) G
- circuit R , with input

divided into
"

data register
"

of width d

- d "ancilla register
"

of width n - dl
,
where

width (R ) - n , and all ancilla set to 0 .

Problem : Does there exist x # {Oil}d such that

the first output bit of Rex , O, . . . ,O ) is B ?
in

M- d

Lemma RSATG ) is NP-complete .

Proof : Reduce from CSAT using dilation as on previous page .
D



If we include COPY in G ,
we can build

a somewhat less contrived variant of RSAT .

Here copy is

X-D't Y COPY is
"

reversible

/ / copy
"

not "clone
"

or

"

fan out
"

f f
l l

Fft
× Y l

(If x -- O
, Copy copies y to X .) x

② = { f
,
SWAP

, NOT, copy}



RSAT (G )
,

variant 2 :

Instance : G - circuit R with width IR ) - 2n
,
with input

divided into data and ancilla registers both

of width n .

Problem : Do there exist x. ye { Oil )
"
such that

Rfx , Oy . . . , O ) = (y , O , . . . ,O)
win win

axillae ancilla

Lemma : This problem is NP - complete .



Proof : key idea is
"

uncoenputstiom; which is

also useful in quantum computation and in complexity
results in topology . See "Computational complexity and

3-manifolds and Zomfbies "
by Kupperberg - S .)

Reduce from first variant
.

Three cases

Noth, ) Xi - - - Xu 9, 9h

Y ' Tub, by if

4 / / - - - I f - - . I

/ . - - f f . . . ) an.io

⑦ Engine thy
and apply

f- - - II . . - I
an" ITI

X
,

X
.
9 9k I - - - I / . . . I

9kt , X
,

Xu 9 9h
Case 5 : n'- KH ←

new ancilla



Case ii : n
> KH

y
'

l b d ¥0'÷÷i÷i÷÷÷÷÷÷i÷
9kt , 9k, 29N

Tevere ) more
whose

T

padding
ancilla register "



Case Iii : n L KH

till
pod.

'

. .
. / . . .÷÷: ÷÷i÷÷÷
.

The
copying

at the end is to
bits

ensure a parsimoniousreductiom.mn IT



Why uncomputati.com is relevant to quantum computing :

we might work hard to
prepare quantum state 17)

so we can do useful things with it.

Potentially
'

;÷DuI÷¥
"

se

2K y
tangled w/ the

Seim . ) junk !
i - O



Interesting question
:

Given gate set G
,
what's the

complexity of RSATIG) ?

te :
"

How powerful is G?
"

Guess : Either its in P

or
its NP-complete?

(see Schaefer dichotomy theorem .)



II. Quantum Circuits

Call a unitary transformation

U : Gto - - ⑦ Eh → 62 . . . 62

¥
a K - any quantum gate .

qualm

Any set G of quantum gates is called
an gate

set
.



Examples:
I . Any classical reversible gate

g
can be

"

linearized
' '

If
g
: { oil)

#
→ foil ) #

(Xi , - nyxk ) to His . - Yt )

Then
Hi) HKD

f - -
- - l

is.

His txt)
The quantum gate g permute,

the computational basis
of €2)

k
^

Take - away : quantum circuits include classical
reversible circuits.



2
. ( NOT fake COPY)
Linearization of ( NOT

(NOT : { 013
-
→ { 0,132

OO OO

O l H 01

I O l l

l l l O

1×0--17 ly) lxoty )
hpl l

l ¥4
I / IN

ly >
1×7 1*7



3 . Single qubit gates pie . unitary operators on Ehf
, ie .

Lie group Wh). .Hada- -d
t , = Lug ( t

, %)
Phase gates 4"

( o
'

us

&
alo ) -15117 13 910> Tetley,)

.Ix)



A quantum circuit over G is a circuit whose gates
are elements of G .

Just as for classical reversible circuits
, quantum

circuits have a width and a depth .

E.
g .

C implements a unitary

^ a
n

on E
- ④ Et ⑦ EL :

C : tf ¢ CNOT)okNotQe")

t
t k t
depth : 2 width :3



Gate set G is
,

al if (for n large enough ..)

every unitary U : ⑧ 2)
An
→ (Q2)

n

can be expressed
as a G - circuit . (Every U EU (2h) can be factored as

a product of elements of G .)
V12) t CN OT is universal quantum gate set.

In fact : phase gates t H t CNOT is universal .

"

Precisely universal
"

is overkill !

Why ? Quantum computers are probabilistic and

States that are too close can not be feasibly

distinguished.



A better definition (but still arguably overkill. . .)

flour)A gate I is quantum universal if for all n large

enough ,
"

elements of G
"

in

^

Utero . - - * aye voi)
÷

( ie . , given g EG that is binary , we get a- I different

uniforms of the form 1%2, i ⑦ g Q Id
n-mi )

generate fas a monoid) a dense subset
-

( for all E>0 for every Ue ✓ (2h)
,

we can find

a G- circuit U ' sit . U - U 'll ke . )



Let

f : font → { 0,13M
be a function . A circuit U Imputes f to

precision . ,
E EE < "a ) if for any xe { 0,13

"

GREW.HU/x.oN-7Bf ? I - e .

⇒ Fy
O . . - O

(V has width N )


