
Meeting 8.1 Some quantum algorithms

I . Simon 's problem
It

. Reducing factoring to period
-

finding
It . Phase estimation and period - finding



I . Simon 's problem
First

,
recall Deutsch 's problem can be solved in 0h ) on

quantum computer .

Input : a black box function

f : {oily→ { oil}
which is promised to be either :

i ) constant, or

ii) balanced , meaning # f-
' fo) = # f-

'( l !

Problem : Decide whether f is constant or balanced.

Classically , requires 2h
- '

+ I evaluations off.
"

Oracle separation
"

of BQP and P.



Since BPP is
"realistic

"

classical computing , can
we separate BPP and BQP?

Warning : PE BPPEBQPE PSPACE
,
and we don't

know if Pt PSPACE !

Is there an ORACLE separation of Bpp and BQP?



Simon 's problem replace w/ X s.t .

Given black boxyoracle function ¢ IXIEE 2h"

F : { 0,13 " -→ {0,13k
(k ? n- D

which is promised to satisfy

ffx ) -- fry ) if and only if X - y C- { O, s}
for some SE { 0113?

Problem : find s
.

Can 't be solved in BPPF
.

Even a probabilistic
algorithm requires at least 2h12

queries
to oracle

to find xtywiithfrxkf.gg) .



Simon 's algorithm
Suppose have usual

"

quantum oracle
"

for f

Uf :
A ⑦k→ ⑦ k

Ix , y ) ↳ Ix , yotfrx )) .
Use simple circuit

105*-1

no.DuIt x

-

Ifm)



Io )
"
-Dt- shorthand for

107

107 -tf-insist
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= # ¥
,

fifth> lfrxi

If we measure the y output in computational basis , then
probability of seeing a specific bit string ye { Oil}

"

is

III. Er- n
" ' Hexi > 11h

Now sum of I = Image (f )

III. Ern
" 'Hank It '£¥gf.

''
+ a

"Diz >11h
where f- 'A) = { xz , Xzts}



It 'zi¥g[fy¥''+ a#
¥)

z >1/2=>0 if y =/ mods

T⇒ :

"destruct"

it . on

In if s - On

Get uniform distribution on

"

Constructive interference
"

{o ,s3£= { xe { 0,13 " I x.s - O mod 23
Performing experiment l times, get x

, , Xz ,
- . . , Xe such

that x; s
- O mod 2 for all s . Generate { 01531

with probability ¥ I - Hogsett = I - Intef .



If Xi , . . . , Xe generate , can recover s as

(non - trivial ) solution to

X
,
-5=0 mod 2

X
,
-5=0 mod 2{

xe - s o moda



What the heck just happened ?

Not exactly clear , but it generalizes . . .



Hidden subgroup problem
-

Input : finitely generated group 6 , set X and
black b x function

f : G→ X

that is constant on assets of H EG

(and distinct on distinct assets ).
Problem : find generators of H .



Abelian hidden subgroup problems
well understood

.
( Solvable in BQP ?)

Many important special
cases among them , including

"

- Deutsch 's pride- } contrived- Simon 's problems
- discrete log
* order - finding {Useful !• period - finding



Basic idea : can implement Fourier transforms on

abelian groups on quantum computer

Rather than do this generally ,
let 's cut to the chase :

factoring .



I . Reducing factoring to period finding

Factoring Problem

Given integer N in binary , compute prime factorization
N =p ,

'T'
- - - peke .

reduces to

Factor finding
Given N> I

,
find k k CN that divides N

, or ,
if

not possible ,
return

"
Is Prime

.

"

Note : Miller - Rabin (BPP) or Agrawal - Kayal - Saxena re)

primality test allow us to assume N composite .



Factor - finding for composite integers reduces in BPP

to

Order - finding
Given N and ILXLN with god (xn ) - $

,
find

smallest r > I such that

x' = I mod N.

So
, r is order of x in ⑦ IND )×

.



Factor - finding → Order - finding
Two basic steps

:

I. +2=1 mod N but t # It mod N yields

factor (either gcdrx - I
,
N) or gcdfxtl , N ) )

2 . A randomly chosen y
C-⑦ IND) " has even order r

and
y "tf
It mod N w/ large probability .

If we have such a y , they

godly "- Il , N) will

be a factor
, by step l .



Factor - finding → Order - finding in BPP
Two precise theorems :

I . Suppose N has L bits , is composite, - d x satisfies

Ic x CN

x2= I mod N{×t±lmodN.
Then either gcdfx - kN ) or gcdfx -11N ) is a

nontrivial factor of N .



2 . Suppose N odd , composite, and N - pit" . - peke is

prime
factories. 'm

.
If It x EN- I is a uniformly random

integer w/ gcdfx ,N ) - I and r is order of ×

in INDY , then

p. .b( seven and x'ht - I mod N )Z I - Ye .

If
L .



The reduction .

I . If N even ,
return 2

.

Oh ))

L . If N - ab, all, b ? 2 , return a .
(ON))

3
. Choose random tix LN - t . If gcdfx ,N) > I, fora ))
return god .

4
.
Find r

,
the o-de- of x in ⑦IND) ? fuse quantum

computer)
5- If r odd, pick another X. form )

6 . If r even
,
test if gcdfx 's -11

,
N) or gcdfx 's -1 , N)

is a factor .

If neither is
,
then pick another X .

Shows Factor - finding in f- Bppo
-de - - finding

@R2))



Since FBPPEFBQP, if we can show

Ordering - finding EFBQP,
then factoring EFBQP too

.



III. Phase estimation and order - finding
Phase estimation is a general procedure
for estimating eigenvalues ofa unitary for Hermitian )

operator V when we have controlled - U operator
accessible as oracles for every j .

Unitary U + e.vector Iu) → Future Uke> a- edition,
Controlled -Uri:

C - ut : Ij) In > to Ij) Virtu) .



Quantum phase estimation protocol (sans protocol . .
Input :D Black box for C- UJ

KD eigenvector Iu ) with Ulu> = ed"
" the
fu )

fiii) integer n

so he .g . e
-

-

'
B )

Output : n - bit approximations Fu to Yu

performace-j.ae Dft 2) runtime
,
where t -- est flog (2x te))

- One call to C- Ur E- '- Orn ,
- Succeeds w/ probability at least A - E

.



I wont discuss circuits for phase estimation now
,
but

instead how to reduce order funding to it.

Want to find order of x in ⑧INE) !

Use

U : lyy)l→{ hey mod N) if of yen- I

fly) if Ney E 2h

where L is # bits in description of N.



Eigenvectors of V : (not all of them . . . )

Ius) -- If expf-dt.is#)lxkmodN)

for Oksfr - l . Eigenvalues : ed
"

T
,

Issues : C - V8 ? Modular exponentiation -
- -

i

Ius) ? Prepare #Ellis) = too -
- -ol)

instead
. . .



Sir → r ? Continued fraction trick. -
.


