
Meeting 9.1 : Toric code

I . Kitaev 's toric code



Historical note :
Tonic code was introduced by kitaev AFTER

the stabiliser formalism was developed , by Calder bask
,

.ottoman
,
Knill

,
Raus

,

Shor
, Sterne , et al . . .

Toric code is nice b/c it gene -slices in different

ways

i ) Stabiliser codes
,
DIL chain complexes , systolic geometry, . . .

ii ) other
"

anyone models
"

fine . topological quantum field

theory ) and topological quantum computation
(hardware - based approach to fault tolerance

,
not

just error correction)



In a nutshell : stabilizer formalism is a way to convert
-nun

classical linear codes over {Oil}
"
= Ff for other finite fields)

into quantum codes
..

Code
space

is a common age- space

of
"

stabilizers
"

,
which are tensor products of X 's or Z 's

.

More precisely : isotropic subspaces of tf" w/

symplectic form correspond to stabilizer codes
,



I . Toric Code

type : nxn grid on a torus
. 7

A
od n

i
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quantumOutput: A code H with

-

length 2nd - distance n

* dimension 4 (two logical qubits)
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3. Codes space is

2ns
H -

- { 14) e I Kult) - 2- pH) -- IH) ftp.v }
So
,
H is common + I eigensp.ee of

all vertex and plague the operators



Claim : dim H -

- Y
.

Proof : Note all operators commute :

( j . stifled on
[Xy , Xy ) - ftp. , -2ps ) - [Xu , Zp) = O

.

next page)
So they can be simultaneously diagonalized . Note eigenvalues

of Xv and Zp are Il . Thus dim H *O.

Also note two relations
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Why is [Xu
, Zp) - O ?

If Xv and Zp have .

• BO BO Bo
pw
•

disjoint supports , obviously • • • • •
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Suppose V and P overlap X✓Zp
•
Fb

= X
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know It is some Hilbert space , and

dim,cH= k if and only if dim,cBfH ) Ek
2

So let's compute BIH) . General non
-

sense :

BIH ) I GDI

where for all u, P

D= { A- c- B
m) / CA

,
Xu) -- O -- CA, Zp)}

I = ideal generated by Xu - I and Zp - l
.

It

Keyport : Xu - Idf ⑦and

G has topologically meaningful generators !!



If c is a loop in 1- skeleton
,
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Note 2-
c ,
Xd E G for all aid . (why?)

Even better :

G is generated by Zc and XD .



Note
,
if c bounds disk D (more

• -• • joy •[cgenerally , isllhihomobgically trivial) the
-

2-c'- TT Zp .
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In particular , if c and d bound
,
then

Zc and Xd act by identity on H
,
i.e.

to =/ mood In and Xd = I mod I .

I





Corollary If c
-

- c
' in H

, (5×5,271227) , then

2- chg = Zar IH . (Upper bands
A d-- d

'
in Hirsixsr , 271227 ) , then dim BTH) Elf)
Xd IH '

- Xd - IH .

Converse also true . To prove this
, suffices to

CN di .

check that
i Conclusion
i
-

:

Ci , discards I dim Bht ) =D

yield 16 linearly I

, fly
independent operators

'

I dim 14=4
/ :

.

on H .

-
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What do code vectors
"really

"

look like? ¢2=sp- { 107117)

Suppose 147 EH . Then Zpht> = 147
. . .
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So
, Zp 147=14) for all p mens 847 must be in

span of basis States where sum of bets around each P is even .



-
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Suppose 147 has some nonzero amplitude along 144 . - - ban)
future bn tbrxbetbw -_ O mod for each plgquette P)2

Since Ault> = 147
,
then IT) must have same

amplitude along Av lb , by - ' ' bans).



Note : Au preserves
cod

.

'

.
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H
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Note: need plaguethe condition to prove
it!'



Conclusion : there's a basis of code vectors in bijection
with elements of H

, (5
" XS

"

, 27/227 ) More precisely,
there is basis where each element is an equal
superposition of ally cellular representatives of given class in

27/2 homology E.g . (ooo - - - o) is NOT in A-

c. i . .

But it reprises 927/2 Cellular
° i

r cycle fnanely the O cycle).0 I

° ! Can build a code vector by Sunny
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