
Meeting 9-2 : Toric code It
,

and stabilizer formalism

I. Toric code code vectors and distance

II. Stabilizer formalism
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I. Toric Code Codevectors and distance

Finish claim from last time :
r

e.

There's a
basis of H in natural bijection with

Hp (six S
'

; 27/2) . The basis elements are equal
superpositions of all cellular coracle representatives
in given homology class

.

Prot : Identify computational basis vector

lbibz-i-ba.DE €2) 2nd

with a 27/2 cellular l - chain . That is
, lb.ba . - - band

encodes a formal 27/2 linear combination of edges

in cell elation of 8×5 .



From last time
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Distance ?

Recall , a code can detect all k -qubit errors

if and only if it can detect all products
of Xi and 2-

j supported on at most k qubits .

Suppose
F- ⇐ Xiii. . - xiiiziizii . - - ¥" ki , Bj - oil)

is such an error.

If E is a product of Xu 's and Zp's ,
the E

acts trivially on H
,

hence is not as error.! If E

takes It outside itself
,
then we can detect that

because one of the Xu's or Zp 's will be violated.



Main issue : if E preserves H setwise but not

pointwise. Tl t is
,
if E) It is nontrivial . In this

case , we know from last time that Elk must

be a product of loop or dual loop operators
.
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Such a product can act nontrivially if and only if

its support contains a cycle that is nontrivial in

H
,
( sixties ) .

So
,

distance RH )=min{ # Supp IN CE
"

(5×51-27/2) , FOEH
,}

=
n .



Toric code can be generalized to:
- htt homology of any cell complex
-

ay 271L chain complex.



It . Stabilizer formalism (after Calderbank - R s
- Shor - Sloane)

Toric code is an example of a stabiliser code
.

Mr

Givin n qubits, define error ' roup

F- '- Ent V ( 2h ) -- U 2)
n )

to consist of a tensor products of form

I w
, ④Wz '

- - ⑦ Wu or
II w, WL - -

- ⑦ Wn

where w;
¥ Id

,
X

, Y ,
or t

Recall
ya f?

-

io ) -- ite
F- is a finite 2- group . 2^+2



Know if we can detect all errors from E supported
ion k qubits , then we can detect all errors from

✓ (2h ) supported on at most k qubits .

(More precisely , the stabilizer formalism presumes X. Yet

each occur with same probability .
However

,
without too

much overhead
, implies ability to correct errors in

other models
. . . )



Classical warm - up

Classical 27/2 linear code is subspace
C '

- (27/2) ?
⑦12) " is of course space of all possible states

,

but it is also space of all possible errors.

Error EEC iff e is undetectable (Cis - subspzace )
( corrects set of errors S iff for all

sites
,
either set -- O [

disjoint from S
.or set Etc

.



In quantum setting , a nontrivial operator may
have trivial effect

on Code space (e -g . Xv in tax code) .

So
,
we look for tug subgroups of E

Sfsr

J T
Analog of Analog of C ,
{03

,
the the undetectable

"

trivial errors
" errors

For this to work
,
need S

'
to be centralizer of S . In particular,

want S abelian
.

How can we construct ?

Compare toric code !)



Order (E ) = 22-+2

Center ) '- CIE) = { II , Ii I }

E :=E/CrE ) E (27/2) 'm

tf ee E
,
can uniquely write

e = it Xk ) 2- (b)

where ft 27/4 and
bitwise addition

X(a) Bc) = late) (bit tip errors where

9J FO )

2- (b) Ic ) I f- 1)BY ITB ( phase errors where
qbcct 125 dot product mod 2



If e
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So e and e
' commute if and only if

a. b' tear .b =D .
fin 27/2 ) (H)

Write e- = fadb) , E- (a' Ib ' ) for images in EF .

e and e
' commute iff E and E. orthogonal in E wrf th)



S E E will be abelian if and only if

e- 1Er orthogonal for all e-ie
' EE EE .

In other words
,
S abelian if and only if 5- is

totally isotropic . Lagrangian
er is

E.
g. { Ha ) Is c- 27/2) or { Zfs) I be 2712} .

Beware 'll ft) is a symplectic inner product on Hm

IF falls) . ( a'Ibd) = a.b' ta ' -b , then

(a) b) • (a) b) = 29.5=0 .



Centralizer of S is exactly the
pre image

of

5th (Note: F E -5$ if 5
is isotropic !)

Let codespace be

H '
- { 147 / elm> = It> for all ee S }

.

Define the symplectic weight of falls)E 2)
2h

is # of nonzero pairs (ai ,b; )
when we write

(alb) = far
,
. . .

,
an Ibc

,
- - - ibn )



theorem If dingy 5 =n - k is isotropic art symplectic
form

,
then It is a 2K dimensional code with

distance
D= min wtsym (V ) -

✓ C- 5h - 5


