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In this paper, we consider knots and links as represented by link diagrams and
take the crossing number as the measure of input size. We can now formulate the
computational problem of recognizing unknotted polygons as follows:

Problem: UNKNOTTING PROBLEM
Instance: A link diagram &%
Question: Is 9 a knot diagram that represents the trivial knot?

See Welsh [1993a-1993c] for more information on this problem. The main
result of this paper is the following:

THEOREM 1.1 The UNKNOTTING PROBLEM is in NP.

The UNKNOTTING PROBLEM was shown to be decidable by Haken [1961]; the
result was announced in 1954, and the proof published in 1961. From then until
now, we know of no strengthening of Haken’s decision procedure to give an
explicit complexity bound. We present such a bound in Theorem 8.1.
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A polynomial upper bound
on Reidemeister moves

By MARC LACKENBY

THEOREM 1.1. Let D be a diagram of the unknot with ¢ crossings. Then
there is a sequence of at most (236 ¢)'* Reidemeister moves that transforms D
into the trivial diagram. Moreover, every diagram in this sequence has at most
(7¢)? crossings.



Cubtle warn: "y

using at most k Reidemeister moves is NP-complete.

Advances in Mathematics 381 (2021) 107648

Theorem 1. Given an unknot diagram D and an integer k, deciding if D can be untangled
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Knottedness is in NP, modulo GRH

Greg Kuperberg !

Department of Mathemat: ersit; aliforn. ‘A 95616, ited States
rematics, University,
'ty of California, Davis C.
3 Un;
3

Theorem 1.1. Let K C S2 be a knot described by a knot diagram, a generalized triangu-
lation, or an incomplete Heegaard diagram. Then the assertion that K is knotted is in
NP, assuming the generalized Riemann hypothesis (GRH).

Together with Hass—Lagarias—Pippenger, we can restate the result as

Unknottedness € NP N coNP,
W

LF(OQ{@MS M lare are
belie\/e() HoT "Q L-Q/ A/P"")qro),



Our proof of Theorem 1.1 quickly follows from major results of others. Kronheimer
and Mrowka [20] showed that'if K is a non-trivial knot, then there is a non-commutative

2/[0 /'-c7

“ /.""7 qd S-P
pc ;T (53 \ K) — SU(2) c SL(2,C). ©

representation of

PC, 4 Nrem 9&/'%

Then, simply because the equations for the representation are algebraic, the complex
numbers can be replaced by a finite field Z/p. Koiran [19] showed that if a polynomial-
length set of algebraic equations has a complex solution, and if GRH is true, then there
is a suitable prime p with only polynomially many digits. Thus, the certificate is a prime
p and a 2 x 2 matrix over Z/p for each generator of the knot group. The verifier must
check that the generator matrices satisfy the relations of the knot group; and that they
do not all commute, or in the Wirtinger presentation, that they are not all equal. This
confirms that K cannot be the unknot.

Knottedness is in NP, modulo GRH

Greg
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To René Thom on his 65th birthday.

In recent years there has been a remarkable renaissance in the relation between
Geometry and Physics. This relation involves the most advanced and sophisticated
+ ‘,, ideas on each side and appears to be extremely deep. The traditional links between

+0 Po )Q o) e ) ?Vm'}uuh ‘Ft ‘a) 1. Introduction

° (T . or in Maxwell’s Equations for Electro-Magnetism are concerned essentially with classical
fields of force, governed by differential equations, and their geometrical interpretation.

the two subj as embodied for ple in Einstein’s Theory of General Relativity

The new feature of present developments is that links are being established between

M * ‘_7 ” - / quantum physics and fopology. It is no longer the purely local aspects that are involved
- . . ..

but their global counterparts. In a very general sense this should not be too surprising.

athevolica 7190 ro~s o o o i 1y i

Both quantum theory and topology are characterized by discrete phenomena emerging

from a continuous background. However, the realization that this vague philosophical

view-point could be translated into reasonably precise and significant mathematical
u F statements is mainly due to the efforts of Edward Witten who, in a variety of directions,
S e > C~ v e 3 A (v has shown the insight that can be derived by examining the topological aspects of quantum

field theories.

The best starting point is undoubtedly Witten’s paper [11] where he explained
the geometric meaning of super-symmetry. It is well-known that the quantum Hamil-
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Quantum Field Theory and the Jones Polynomial *

Edward Witten **

School of Natural Sciences, Institute for Advanced Study. Olden Lane, Princeton,
NJ 08540, USA

Abstract. It is shown that 2 + 1 dimensional quantum Yang-Mills theory, with
an action consisting purely of the Chern-Simons term, is exactly soluble and
gives a natural framework for understanding the Jones polynomial of knot
theory in three dimensional terms. In this version, the Jones polynomial can be
generalized from S3 to arbitrary three manifolds, giving invariants of three
manifolds that are computable from a surgery presentation. These results shed
a surprising new light on conformal field theory in 1 + 1 dimensions.
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Proposition 2.3. D € BQP if and only if there is a quantum circuit C = C(x) with poly(|x|) unitary gates
acting on n = poly(|x|) qubits, such that C itself can be generated in deterministic polynomial time FP,
and such that the probability

p(x) = |(0"|C|0")[? 2.1)
is at least 2/3 if D(x) = yes and at most 1/3 if D(x) is no.
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