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Abstract

In this paper, we revisit the dynamical interaction among prey (bird), mesopredator (rat), and
superpredator (cat) discussed in [Courchamp, F., Langlais, M., Sugihara, G., 1999. Cats protecting
birds: modelling the mesopredator release effect. Journal of Animal Ecology 68, 282–292]. First,
we develop a prey–mesopredator–superpredator (i.e., bird–rat–cat, briefly, BRC) model, where the
predator’s functional responses are derived based on the classical Holling’s time budget arguments.
Our BRC model overcomes several model construction problems in Courchamp et al. (1999), and
admits richer, reasonable and realistic dynamics. We explore the possible control strategies to save
or restore the bird by controlling or eliminating the rat or the cat when the bird is endangered.
We establish the existence of two types of mesopredator release phenomena: severe mesopredator
release, where once superpredators are suppressed, a burst of mesopredators follows which leads
their shared prey to extinction; and mild mesopredator release, where the mesopredator release could
assert more negative impact on the endemic prey but does not lead the endemic prey to extinction.
A sharp sufficient criterion is established for the occurrence of severe mesopredator release. We
also show that, in a prey–mesopredator–superpredator trophic food web, eradication of introduced
superpredators such as feral domestic cats in the BRC model, is not always the best solution to protect
endemic insular prey. The presence of a superpredator may have a beneficial effect in such systems.
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1. Introduction

Recent history indicates that the oceanic insular ecosystems are extremely sensitive
to anthropogenic perturbation. Among those,successful introduction of alien species is a
major cause of ecosystem perturbation (Williamson, 1996) on oceanic islands. Introduced
predators frequently have a dramatic effect on native prey (Diamond, 1989), frequently
the cause of native species extinction (Atkinson, 1989; Moors and Atkinson, 1984;
Williamson, 1996). Many introduced species are highly adaptable, often find exceptionally
good conditions in these islands (Apps, 1986), and encounter few pathogens and parasites
(Dobson, 1988). Such introduced alien predation is the major cause of 42% of island bird
extinctions in the past and a major factor endangering 40% of currently threatened island
bird species (King, 1985). Among the most notorious and harmful introduced predators
are feral catsFelis catusand mongoosesHagolestes auropunctatus. Cat and mongoose
have often been introduced in attempts to control rats, which generally reach ashore from
either hitching a ride on sealing or whaling boats or from shipwrecks (Moors and Atkinson,
1984), had a devastating effect on ground nesting birds and tree nesting birds, and prey on
eggs, chicks and sometimes the adults (Stapp, 2002). However, these introduced predators
often attack native prey (Diamond, 1989; Moors and Atkinson, 1984), which have no
anti-predation mechanisms (Moors and Atkinson, 1984) and have not co-evolved with
the introduced predator (this is particularly true for seabirds, which must return to land
to raise their young, after nesting on islands). For example, feral cats are known to have
been introduced into at least 65 islands groupand to be a major threat to many island birds
species (Atkinson, 1989), and are responsible for the loss of numerous land and seabird
colonies, populations or even species (Atkinson, 1989; Rodriguez-Estrella et al., 1991).
Cats also constitute a major threat to many endemic reptile species or subspecies (Arnaud
et al., 1993; Caseand Bolger, 1991; Iverson, 1978) and mammals (Mellink, 1992; Spencer,
1991).

The feral domestic cat is a opportunistic predator, eating what is most easily available,
switching prey according to their relative spatial and temporal availability (Fitzgerald,
1988). When rats are more abundant than birds, reptiles or other mammals, the feral
domestic cats are known to prey largely upon them, whereas rats can constitute a smaller
part of the cat diet when birds, reptiles or other mammals are relatively more abundant
(Bloomer and Bester, 1990; Nogales and Medina, 1996; Nogales et al., 1992).

Invasive alien species interact with other elements of global change to cause
considerable damage to managed and natural systems and to incur huge costs in society
(Mooney and Hobbs, 2000). Invasive species are a major cause of extinctions, second only
to habitat destruction, and they exact a cost of approximately $120 billion per year in the
United States alone (Russo, 2004). In response, several measures have been developed and
deployed to control, contain or eradicate a wide range of invasive species in affected areas
(Zavaleta et al., 2001). Invasive species eradication is an increasingly important component
of the conservation and management of natural ecosystems (Zavaleta et al., 2001). Where
it is possible, eradication is the favored approach (Zavaleta et al., 2001).

The harm caused by the introduced predators on oceanic islands is widely known, and
control programs are largely recognized as the best way to restore ecosystems (Atkinson,
1988). Control of alien species has been recommended by both theoretical and field
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conservationists. In many cases, introduced predators and preys both occur together. For
example at least 80 islands have both alien cats and rats. Priority is then generally given
to the control of the predators, since they have the most direct and obvious short term
effects. Introduced feral cats have been the subject of many control attempts. Eradication
of those alien cat populations is required in many cases, has often been tried and several
cat eradication programmes are currently underway (e.g.,Courchamp et al. (1999)and
references cited therein). Successful cat eradication has been reported for several islands
(Domm and Messersmith, 1990; Rauzon, 1985). However, the ecological context of
eradication is very complex and there is also evidence that, without sufficient planning,
successful eradications can have many undesired and unexpected impacts on native species
and ecosystems. For example, ‘Paradoxically, in some particular situations, the presence
of a controlled population of cats might be, at least temporarily, more beneficial to their
endemic prey than its eradication. Such is the case on many islands where rodents have also
been introduced’ (Courchamp et al., 1999). Recently,Zavaleta et al. (2001)deliberately
discussed the possible secondary effects that result from the successful removal of invasive
species.

One typical impact among those resulting from the successful removal of invasive
species is the concept known to ecologists asmesopredator release(Soule et al., 1988) fol-
lowing superpredator (top predator) control or removal (an example of a top-down trophic
cascade), which has been suggested as the cause of decline and extinction of some endemic
prey species. For example, it has been shown that the rapid eradication of cats could trigger
an explosive increase in the rat population after the removal, and then could lead to a more
severe negative impact on the endemic species. Such a expansion of rat population would
be more detrimental for endemic small vertebrates (Courchamp et al., 1999). Attempted
reduction of the cat population of Amsterdam Island is alleged to have caused a compen-
sating rise in the number of rats and mice, and so has been abandoned (Courchamp et al.,
1999). In short, the threat of mesopredator release following superpredator eradication is
very real and has been extensively reported (Courchamp et al., 1999; Crooks and Soule,
1999; Rogers and Caro, 1998; Rogers and Heard, 2000; Soule et al., 1988).

On the other hand, in some situations, the eradication of rodents first is necessary,
which, historically thought to be impossible, has been proven feasible and is now being
achieved regularly, even on relatively large islands (Taylor and Thomas, 1993; Towns,
1996). However, the eradication of rodents such as rats and rabbits can cause problems by
forcing the superpredator (for example, cats) to switch prey, resulting in a brutal increase
in predation pressure on the endemic prey species, as experienced by native stoats and rats
in New Zealand (Murphy and Bradfield, 1992).

It is reported (Rogers and Heard, 2000) that the mesopredator release is most likely
to occur in food webs characterized by (1) efficient predation with prey held well below
resource limitation, (2) lack of extensive omnivory, and (3) either low diversity of top
predators, or all top predators removed together. These conditions are generally met by
the landbird–mesopredator–superpredator system, in which a top predator feeds on two
species, one of which is also a predator on the third (Rogers and Heard, 2000). Although
many field conservationists are now aware of the existence of such complex relationships,
theoretical demonstration and characterization is still lacking. In 1999,Courchamp et al.
(1999) constructed a mathematical model of the interactions among a prey species,



1084 M. Fan et al. / Bulletin of Mathematical Biology 67 (2005) 1081–1106

a mesopredator species and a superpredator species, which are referred to below as bird,
rat and cat, respectively. The model is governed by the following system of ordinary
differential equations:

dB

dt
= rbB

(
1 − B

Kb

)
− B

S+ B
ηbR − B

B + R
µbC,

dR

dt
= rr R

(
1 − ηbηsR

ηbS+ ηsB

)
− R

B + R
µr C,

dC

dt
= rcC

(
1 − µbµr C

µr B + µbR

)
,

(1.1)

where it is assumed that the superpredator preys upon both the prey and the mesopredator,
and

• B(t), R(t) andC(t) denote the number of individuals at timet in the prey, mesopredator
and superpredator populations, respectively;

• S represents the quantity of non-avian food for mesopredators;
• rb, rr andrc are the intrinsic growth rate of the prey, mesopredator, and superpredator,

respectively;
• ηb andηs are the predation rate of the mesopredator on the prey and on other food items

(denoted byS) such as seeds, leaves, invertebrates;
• Kb is thecarrying capacity of the environment for the prey population;
• µb andµr are the predation rate of the superpredator on the prey and the mesopredator.

This theoretical work presents several interesting features of direct concern to
conservation biology:

Conclusion 1. The presence of one predator only is sufficient to induce the extinction of
the endemic prey.

Conclusion 2. Whenboth the mesopredator and the superpredator are present, several
situations may arise, among which is the case where the three species are present
with stable dynamics. Another interesting case is that both predator species can coexist
indefinitely, even after the eradication of the prey species.

Conclusion 3. The superpredator causes the extinction of the mesopredator, but not of
the prey. The presence of the superpredator may preclude the elimination of the prey by
the mesopredator. In addition, the authors ofCourchamp et al. (1999)proposed that the
superpredator eradication practice should be carefully studied before its implementation to
prevent the mesopredator release effect.

Although the conclusions are plausible, the model formulation of (1.1) is problematic.
For example, if theprey species is absent in the three-species system, then (1.1) reduces to

dR

dt
= rr R

(
1 − ηsR

S

)
− µr C,

dC

dt
= rcC

(
1 − µr C

R

)
,

where the predation of the superpredator on the mesopredator depends only on the size of
the superpredator which is not natural or realistic. This situation also occurs in the case
when the mesopredator is absent in (1.1).
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Another serious drawback of (1.1) is that it fails to model the interference between
predator individuals, which has been suggested by large numbers of field and laboratory
experiments and observations (e.g.Dolman (1995)). One significant component of the
predator–prey interaction is the predator’s rate of feeding upon prey, namely the so-called
predator’s functional responses. The consumption process is potentially influenced by
many factors; it is unlikely that one mathematical expression can describe the function
response in all systems. There are about 30 proposed equations for the functional
response (collections inJost (1998)). In (1.1), the predator’s functional responses are just
prey–dependent, i.e.,B/(S+ B) (predation rate by rat) andB/(B + R) (predation rate by
cat) in the prey equation, andR/(B+R) (predation by cat) in the mesopredator population,
which fails to model the interference between the predators.

In order to model the predators’ interference, the functional response must be predator
dependent. Many empirical and statistical studies (Ariditi et al., 1991; Dolman, 1995;
Skalski and Gilliam, 2001) show that predator dependence in the functional response
is very frequent in laboratory and natural systems.Jost and Ellner (2000)carried out
systematically statistical studies and obtained significant evidence of predator dependence
in the functional response. Theoretical studies have shown that the dynamics of models
with predator-dependent functional responses can differ considerably from those with prey-
dependent functional responses (Fan and Kuang, 2004).

Oscillatory population dynamics is often observed in ecosystems that are subjected to
human disturbance (Hwang and Kuang, 2003). From this perspective, another possible
limitation of (1.1) is the lack of oscillatory dynamics.

Although the model (1.1) is problematic, the authors ofCourchamp et al. (1999)noted
thepossible occurrence of the mesopredator release in its dynamics and gave the sufficient
criterion for that to happen in term of the control efforts. The authors ofCourchamp et al.
(1999)also touched on the discussion of the control strategy to protect the birds. However,
the following importantquestions are yet to be answered:

Question A: For a prey–mesopredator–superpredator system (without control), when can
the mesopredator release occur?

Question B: When it does occur, can it cause the extinction of the endemic prey?

In this paper, we will (1): develop a more realistic model of the prey–mesopredator–
superpredator interactions; (2): obtain explicit conditions for the occurrence of the
mesopredator release phenomenon; (3): design control strategies to effectively restore
endangered endemic preys.

The rest of this paper is organized as follows. InSection 2, we derive the rat’s and
the cat’s functional responses based on theclassical Holling’s time budget argument and
formulate a prey–mesopredator–superpredator model.Section 3focuses on the equilibria
dynamics of this model. InSection 4, we systematically investigate several different
control strategies to protect or to restore the endangered native bird species. In particular,
we establish the existence of two types of mesopredator release phenomena in our
model: severe mesopredator release, where once superpredators are suppressed, a burst
of mesopredators follows which leads their shared prey to extinction; and moderate
mesopredator release, where the mesopredator release could assert more negative impact
on the endemic prey but does not lead the endemic prey to extinction. A sharp sufficient
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criterion is established for the occurrence of severe mesopredator release. We also show
that, in a prey–mesopredator–superpredator trophic food web, eradication of introduced
superpredators such as feral domestic cats in the BRC model, is not always the best
solution to protect endemic insular prey. In the discussion section, we examine additional
biological implications of our mathematical findings and state some biologically motivated
mathematical questions for future study.

Throughout this paper, extensive computational results are presented to illustrate or
complement our mathematical observations and findings.

2. Derivation of the model

For convenience, as inCourchamp et al. (1999), we will frequently refer to the
indigenous prey population as the bird population, refer to the mesopredator population
as the rat population, and refer to the superpredator population as the cat population. For
simplicity, we will often refer to them as bird, rat and cat, instead of prey, mesopredator
and superpredator, respectively.

First, we derive suitable candidates for the rat’s and the cat’s functional responses. We
will follow a classical Holling time budget argument (Beddington, 1975; Holli ng, 1965).

2.1. Cat’s functional response

We assume that the total time spent by a cat for gathering food from both bird and rat is
T , whichcan be divided into four parts:

• Tcs: thetime spent by cat for searching bird and rat.
• Tchb: the time spent by cat for handling caught bird.
• Tchr: the time spent by cat for handling caught rat.
• Tcw: thetime wasted by cat for interfering with other cat.

The number of birds (rats) caught per cat is then proportional to the bird (rat) density
B(R) and the search time. Then

• the total number of birds caught per cat(Ncb) = αcbBTcs,
• the total number of rats caught per cat(Ncr) = αcr RTcs,

where

• αcb is the searching efficiency of cat for bird,
• αcr is the searching efficiency of cat for rat.

The cat has a series of choices when it captures prey: it may kill and consume the prey
immediately; or it may ‘play’ with the prey before killing or eating it; or it might also catch
prey to eatlater (Fitzgerald and Turner, 2000). For simplicity, on average, we assume that
the total time wasted for handling caught birds (rats) is equal to the product of the total
number of caught birds (rats) and the expected handling timetchb(tchr) per unit bird (rat),
i.e.,

Tchb = αcbtchbBTcs, Tchr = αcrtchrRTcs.
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The wasted timeTcw can be partitioned further so that it is given by the product of the
number of encounters between cats(Nce) and the time wasted per encountertcw. Generally,
cats living on dispersed natural prey do not form groups and typically live alone (Liberg
et al., 2000). If the cats move randomly,Nce can be expressed as

Nce = αccTcs(C − 1),

whereαcc is the rate of encounter between cats, related to both their speed of movement
and the range at which they sense each other. The total time wasted due to encounters
between cats is then given by

Tcw = αccTcs(C − 1)tcw.

Hence,

T = Tcs + Tchb + Tchr + Tcw = [1 + αcbtchbB + αcrtchrR + αcctcw(C − 1)] Tcs.

Consequently, the cat’s functional responses are

Ncb

T
= αcbB

1 + αcbtchbB + αcrtchrR + αcctcw(C − 1)
,

Ncr

T
= αcr R

1 + αcbtchbB + αcrtchrR + αcctcw(C − 1)
.

2.2. Rat’s functional response

When there is no bird, rat can live on other food items such as seeds, leaves,
invertebrates and so on. In the following, weassume that the quantity of such non-avian
food is a constantS. The derivation of the rat’s functional response is similar to that of
the cat’s. The parameters used to derive the rat’s functional response and their biological
meanings arelisted in the following table.

Parameters Biological definition

T the rat’s total time spent acquiring bird and non-avian food
Trs the time spent by rat for searching bird and non-avian food
Trhb the time spent by rat for handling caught bird
Trhf the time spent by rat for handling non-avian food
Trw the time wasted for interfering with other rats
αrb the searching efficiency rate of rat for bird
αrf the searching efficiency rate of rat for non-avian food
αrr the rate of encounter between rats
Nrb the total number of bird caught per rat
Nrf the total amount of non-avian food caught per rat
Nre the number of encounters between rats
trw the time wasted per encounter of rat
trhb the expected handling time per unit bird
trhf the expected handling time per unit non-avian food

It is easy to observe the following.

Nrb = αrbBTrs, Nrf = αrf STrs,



1088 M. Fan et al. / Bulletin of Mathematical Biology 67 (2005) 1081–1106

Trhb = αrbtrhbBTrs, Trhf = αrf trhf STrs,

Trw = Nretcw = αrr Trs(R − 1)tcw.

The total time of a rat spent preying bird and non-avian food is

T = Trs + Trhb + Trhf + Trw = (1 + αrbtrhbB + αrf trhf S+ αrr tcw(R − 1))Trs.

By carrying out similar arguments as inthe previous subsection, one can obtain the
following rat’s functional responses:

Nrb

T
= αrb B

1 + αrbtrhbB + αrf trhf S+ αrr tcw(R − 1)
,

Nrf

T
= αrf S

1 + αrbtrhbB + αrf trhf S+ αrr tcw(R − 1)
.

2.3. The model

Let B(t), R(t), C(t) bethe densities of the birds, the rats and the cats, respectively. In
the absence of rats and cats, we assume that the birds’ growth obeys the simple logistic
growthlaw,

dB

dt
= r B

(
1 − B

K

)
,

wherer andK stand for the intrinsic growth rate and the environmental carrying capacity
of the birds, respectively. In the absence ofany preys, the rats and the cats grow (decline)
exponentially:

dR

dt
= −dr R,

dC

dt
= −dcC,

wheredr anddc are the death rates of the rats and the birds respectively. In the following,
we assume that rats and cats consume the birds, the rats consume the non-avian food, and
the cats consume the rats according to the functional responses derived in the previous
subsections. Letηrb, ηrf , ηcb andηcr be the conversion rates of prey biomass into that of
the corresponding predators. We obtain the following BRC model:

dB

dt
= r B

(
1 − B

K

)
− αrbB R

F(B, S, R)
− αcbBC

G(B, R, C)
,

dR

dt
= ηrbαrb B R+ ηrf αrf SR

F(B, S, R)
− dr R − αcr RC

G(B, R, C)
,

dC

dt
= −dcC + ηcbαcbBC + ηcrαcr RC

G(B, R, C)
,

(2.1)

where

F(B, S, R) = 1 + αrbtrhbB + αrf trhf S+ αrr tcw(R− 1),

G(B, R, C) = 1 + αcbtchbB + αcrtchrR + αcctcw(C − 1).
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For simplicity, we rescale the parameters in (2.1) by thefollowing substitutions:

a1 = αrb

1 + αrf trhf S− αrr tcw
, δ = αrbtrhb

1 + αrf trhf S− αrr tcw
,

σ = αrr tcw

1 + αrf trhf S− αrr tcw

a2 = αcb

1 − αcctcw
, c1 = ηcbαcb

1 − αcctcw
, c2 = ηcrαcr

1 − αcctcw
,

b1 = ηrbαrb

1 + αrf trhf S− αrr tcw
, b2 = ηrf S

1 + αrf trhf S− αrr tcw
,

b3 = αcr

1 − αcctcw

α = αcbtchb

1 − αcctcw
, β = αcrtchr

1 − αcctcw
, γ = αcctcw

1 − αcctcw
.

Then, the system takes theform

dB

dt
= r B

(
1 − B

K

)
− a1B R

1 + δB + σ R
− a2BC

1 + αB + β R+ γ C
dR

dt
= b1B R+ b2R

1 + δB + σ R
− dr R − b3RC

1 + αB + β R+ γ C
dC

dt
= −dcC + c1BC + c2RC

1 + αB + β R + γ C
.

(2.2)

If the bird and cat species are absent in (2.2), the rat equation reduces to

dR

dt
= b2R

1 + σ R
− dr R,

which is, mathematically, the same as the Smith single species growth model (Smith,
1963). If the rat or thecat is absent in (2.2), then (2.2) reduces to the so-called
predator–prey system with Beddington–DeAngelis functional response, which has been
studied extensively in the literature (Fan and Kuang, 2004; Hwang, 2003, 2004).

To ensure biological relevance, we will assume thatB(0) > 0, R(0) > 0, C(0) > 0 and
all the parameters in (2.2) arepositive.

3. Equilibria and their local stability

Before our systematic analysis of (2.2), we present below some preliminary results such
as positivity, existence, and uniqueness without proof. They follow from some careful but
standard mathematical arguments.

Lemma 3.1. For any B(0) > 0, R(0) > 0, C(0) > 0, (2.2) hasa uniquepositive solution
defined for all t≥ 0.

We now examine the condition for the existence and local stability of boundary and
positive equilibria. The possible equilibria or steady states of (2.2) arelisted below:

E0 : (0, 0, 0), Eb : (K , 0, 0), Er :
(
0, b2−dr

σdr
, 0
)
,
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Erc : (0, R∗
3, C∗

3), whereR∗
3 andC∗

3 solve

b2

1 + σ R
− dr − b3C

1 + β R + γ C
= 0

c2R

1 + β R+ γ C
− dc = 0; (3.1)

Ebc : (B∗
4, 0, C∗

4), whereB∗
4 andC∗

4 solve

r (1 − B/K ) − a2C

1 + αB + γ C
= 0,

c1B

1 + αB + γ C
− dc = 0; (3.2)

Ebr : (B∗
5, R∗

5, 0), whereB∗
5 andR∗

5 solve

r (1 − B/K ) − a1R

1 + δB + σ R
= 0,

b1B + b2

1 + δB + σ R
− dr = 0; (3.3)

Ebrc : (B∗
6, R∗

6, C∗
6), whereB∗

6, R∗
6 andC∗

6 solve

r (1 − B/K ) − a1R

1 + δB + σ R
− a2C

1 + αB + β R + γ C
= 0

b1B + b2

1 + δB + σ R
− dr − b3C

1 + αB + β R+ γ C
= 0

c1B + c2R

1 + αB + β R + γ C
− dc = 0.

(3.4)

In order to determine the local stability of these equilibria, we calculate the variational
matrix of (2.2). After some straightforward algebraic calculations, we obtain

J(B, R, C) = (ai j )3×3, (3.5)

where

a11 = r

(
1 − 2B

K

)
− a1R(1 + σ R)

(1 + δB + σ R)2
− a2C(1 + β R+ γ C)

(1 + αB + β R + γ C)2
,

a12 = − a1B(1 + δB)

(1 + δB + σ R)2
+ a2βBC

(1 + αB + β R+ γ C)2
,

a13 = − a2B(1 + αB + β R)

(1 + αB + β R+ γ C)2 ,

a21 = b1R(1 + σ R) − δb2R

(1 + δB + σ R)2 + αb3RC

(1 + αB + β R+ γ C)2 ,

a22 = (b1B + b2)(1 + δB)

(1 + δB + σ R)2
− dr − b3C(1 + αB + γ C)

(1 + αB + β R + γ C)2
,

a23 = − b3R(1 + αB + β R)

(1 + αB + β R+ γ C)2
, a31 = c1C(1 + β R + γ C) − αc2RC

(1 + αB + β R+ γ C)2
,

a32 = c2C(1 + αB + γ C) − βc1BC

(1 + αB + β R + γ C)2
,

a33 = −dc + (c1B + c2R)(1 + αB + β R)

(1 + αB + β R + γ C)2
.

(3.6)
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The stability of equilibria(B∗, R∗, C∗) is determined by the eigenvalues of the matrix
J(B∗, R∗, C∗). For E0, we have

J(E0) = J(0, 0, 0) =

r 0 0

0 −dr 0
0 0 −dc


 .

This yields the following theorem.

Theorem 3.1. (E0) is always a saddle node and there cannot be total extinction of the
system(2.2) for positive initial conditions.

Theorem 3.2. Eb = (K , 0, 0) always exists and is stable if

dr >
b1K + b2

1 + δK
, dc >

c1K

1 + αK
.

Er = (0, (b2 − dr )/(σdr ), 0) exists if b2 > dr and it is stable if

0 < dr < b2

(
1 − r σ

a1

)
, dc >

c2(b2 − dr )

σdr + β(b2 − dr )
.

Proof. The conclusion directly follows from the fact that

J(Eb) =




− r

K
− a1K

1 + δK
− a2K

1 + αK

0
b1K + b2

1 + δK
− dr 0

0 0 −dc + c1K

1 + αK




and

J(Er ) =




r − a1(b2 − dr )

σb2
0 0

(b1 − δbr )(b2 − dr )

σb2

dr (dr − b2)

b2
− b3(b2 − dr )

σdr + β(b2 − dr )

0 0 −dc + c2(b2 − dr )

σdr + β(b2 − dr )




. �

Theorem 3.3. Assume that

dr < b2, 0 < dc <
c2(b2 − dr )

σdr + β(b2 − dr )
,

then Erc exists, where

dc

c2 − βdc
< R∗

3 <
b2 − dr

σdr
.

Moreover, if

c2γ ≥ b3β, 0 < dr < min

{
b2,

a1b3

σa2

}
− rb3

a2
,

then Erc is locally asymptotically stable.
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Proof. Note thatErc solves (3.1). Under the above assumption, one can show that the
following curves

C = c2(b2 − dr )R − σd4c2R2

b3dc(1 + σ R)
, C = (c2 − βdc)R

γ dc
− 1

γ

intersect each other in the first quadrant of theR–C coordinate system and the coordinates
of the unique intersection are the last two components ofErc.

With the help of (3.1), (3.5) and (3.6), after doing some simple algebraic calculation,
we obtain

J(Erc) =

a11 0 0

a21 a22 a23
a31 a32 a33




where

a11 = r − a1R∗
3

1 + σ R∗
3

− a2C∗
3

1 + β R∗
3 + γ C∗

3
,

a21 = b1R∗
3(1 + σ R∗

3) − δb2R∗
3

(1 + σ R∗
3)2

+ αb3R∗
3C∗

3

(1 + β R∗
3 + γ C∗

3)2
,

a22 = − b2σ R∗
3

(1 + σ R∗
3)2

+ b3β R∗
3C∗

3

(1 + β R∗
3 + γ C∗

3)2
, a23 = − b3R∗

3(1 + β R∗
3)

(1 + β R∗
3 + γ C∗

3)2
,

a31 = c1C∗
3(1 + β R∗

3 + γ C∗
3) − αc2R∗

3C∗
3

(1 + β R∗
3 + γ C∗

3)2 , a32 = c2C∗
3(1 + γ C∗

3)

(1 + β R∗
3 + γ C∗

3)2 ,

a33 = − c2γ R∗
3C∗

3

(1 + β R∗
3 + γ C∗

3)2 .

We have

a11 = (rb3 − a2b2 + a2dr ) + (rb3σ − a1b3 + a2dr σ)R∗
3

b3(1 + σ R∗
3)

< 0,

a22 + a33 = − b2σ R∗
3

(1 + σ R∗
3)2

+ (b3β − c2γ )R∗
3C∗

3

(1 + β R∗
3 + γ C∗

3)2
< 0,

a22a33 − a32a23 = b2c2σγ R∗2
3 C∗

3

(1 + σ R∗
3)2(1 + β R∗

3 + γ C∗
3)2

+ b3c2R∗
3C∗

3

(1 + β R∗
3 + γ C∗

3)3
> 0,

which implies that all the three roots of the characteristic equation ofJ(Erc) have negative
real parts. Therefore,Erc is locally asymptotically stable. �

By carrying out similar arguments as that forErc, we derive the following sufficient
criteria for the existence and local asymptotical stability ofEbc andEbr.

Theorem 3.4. Assume that

0 < dc <
c1K

1 + αK
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then Ebc exists, where

dc

c1 − αdc
< B∗

4 < K .

Moreover, if

c1γ ≥ αa2, dr > max

{
b2 − b3r

a2
,

K a2b1 + a2b2 − b3r

K a2δ + a2

}
,

then Ebc is locally asymptotically stable.

Theorem 3.5. Assume that

b2 < dr <
b1K + b2

1 + δK
or 0 < b2

(
1 − r σ

a1

)
< dr < min

{
b2,

b1

δ

}

then Ebr exists. Moreover, if

a1δ ≤ b1σ, b1 > δb2, dc ≥ max

{
c1

α
,

c2

β

}
,

then Ebr exists and is locally asymptotically stable.

These theorems indicate that the simultaneous extinction of all the three populations
will never occur sinceE0 is unstable. The bird population tends to its carrying capacity
in the absence of the alien populationsEb while the rat tends to its carrying capacity
Er when there are no birds and cats. The more interesting scenarios include the possible
disappearance of the bird only(Erc), or the rat only (Ebc), or thecat only(Ebr). Numerical
simulations show that the bird, rat and cat can coexist together at an equilibriumEbrc (see
Fig. 3.1(b)); the explicit expressions of its components are too complex to be presented
here (one can obtain them with the help of a Maple program). For the same reason, the
stability criteria forEbrc are also too complex to be presented. However, the deterministic
nature of the model allows us to carry out a systematic numerical study.

In addition to the above equilibrium dynamics, the system (2.2) can admit cyclic
dynamics. In some cases, the attractor can be a boundary periodic solutionPbc :
(B∗

4(t), 0, C∗
4(t)) (seeFig.3.1(a)), while in some other cases, the attractor can be a positive

periodic solutionPbrc : (B∗
6(t), R∗

6(t), C∗
6(t)) (seeFig. 3.1(c)). The dynamics of (2.2) is

summarized inTable 1.

Remark 3.1. In this section, we explored only the local stability of various equilibria.
The global dynamics of model (2.2) is complex and very difficult to study analytically.
As mentioned above, the subsystem Bird–RatC(t) = 0 and Bird–Cat,R(t) = 0 are of
Beddington–DeAngelis type. For these subsystems, the complete and elegant global results
of Hwang (2003, 2004)apply.

Remark 3.2. Extensive numerical simulations suggest that both the boundary periodic
solutions and the positive periodic solutions come from Hope bifurcations (seeFig. 3.3).
However, this is not obvious mathematically.
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Fig. 3.1. Possible outcomes of (2.2): (a) Pbc is an attractor, where the rat becomes extinct and the bird and the cat
coexist cyclicly. (r = 1, K = 10, a1 = 0.7, a2 = 1, δ = 0.5, σ = 0.5, α = 0.6, β = 0.4, γ = 0.2, b1 = 0.2,
b2 = 0.5, dr = 0.3, b3 = 0.3, dc = 0.6, c1 = 0.7, c2 = 0.1) (b) Ebrc is an attractor, where the bird, rat and cat
coexist at equilibrium (r = 0.5, K = 10, a1 = 0.4, a2 = 0.9, δ = 0.5, σ = 0.5, α = 0.6, β = 0.4, γ = 0.2,
b1 = 0.2, b2 = 0.5, b3 = 0.4, c1 = 0.5, c2 = 0.5, dr = 0.3, dc = 0.7) (c) Pbrc is an attractor, where the bird,
rat andcat coexist cyclicly (r = 0.5, K = 10,a1 = 0.4, a2 = 1, δ = 0.5, σ = 0.5, α = 0.6, β = 0.4, γ = 0.2,
b1 = 0.2, b2 = 0.5, dr = 0.3, b3 = 0.1, dc = 0.3, c1 = 1, c2 = 0.1).

In the following, we depict the parameter ranges for the dynamic scenarios of (2.2) in
thedr –dc plane. Define

∆b =
{
(dr , dc) : dr >

b1K + b2

1 + δK
, dc >

c1K

1 + αK

}
,

∆bc =
{
(dr , dc) : c1γ ≥ αa2, dr > max

{
b2 − b3r

a2
,

K a2b1 + a2b2 − b3r

K a2δ + a2

}
,

0 < dc <
c1K

1 + αK

}
,

∆br =
{
(dr , dc) : a1δ ≤ b1σ, b1 ≥ δb2, b2

(
1 − r σ

a1

)
< dr <

b1K + b2

1 + δK
,

dc ≥ max

{
c1

α
,

c2

β

}}
,
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Table 1
Dynamics of bird–rat–cat model

Existence Locally asymptotically stability

E0 no condition unstable (i.e., saddle-node)

Eb no condition dr >
b1K + b2

1 + δK
, dc >

c1K

1 + αK

Er b2 > dr

0 < dr < b2

(
1 − rσ

a1

)
,

dc >
c2(b2 − dr )

σdr + β(b2 − dr )

Erc

dr < b2,

0 < dc <
c2(b2 − dr )

σdr + β(b2 − dr )

c2γ ≥ b3β,

0 < dr < min

{
b2,

a1b3

σa2

}
− rb3

a2

Ebc 0 < dc <
c1K

1 + αK

c1γ ≥ αa2,

dr > max

{
b2 − b3r

a2
,

Ka2b1 + a2b2 − b3r

Ka2δ + a2

}

Ebr

b2 < dr <
b1K + b2

1 + δK
or

0 < b2

(
1 − rσ

a1

)
< dr < min

{
b2,

b1

δ

} a1δ ≤ b1σ,

b1 > δb2, dc ≥ max

{
c1

α
,

c2

β

}

∆r =
{
(dr , dc) : 0 < dr < b2

(
1 − r σ

a1

)
, dc >

c2(b2 − dr )

σdr + β(b2 − dr )

}
,

∆rc =
{
(dr , dc) : c2γ ≥ b3β, 0 < dr < min

{
b2,

a1b3

σa2
− rb3

a2

}
,

0 < dc <
c2(b2 − dr )

σdr + β(b2 − dr )

}
.

For (2.2), Ei is an attractor in∆i , wherei = b, bc, br, r , rc. Fig. 3.2 illustrates thedr , dc

parameter ranges for various extinction and coexistence scenarios with other parameters
fixed. It is clear that∆r and∆rc in Fig. 3.2 are dangerous regions for the birds since the
bird component of the attractor of (2.2) is zero. In other words, extinction in these regions
is inevitable for the birds.

In view of the above analysis andFig. 3.2, we see that our criteria for the stability of
steady states have roomfor improvement.

4. Control of alien species

The harm caused by introduced species on oceanic islands is widely known, and control
programs are recognized as the best way to restore ecosystems (Atkinson, 1988). However,
the optimal strategy is not simple to find. In this section, we investigate the effects of
various controls of the alien predator species for model (2.2).

As in Courchamp et al. (1999), we apply control efforts on the rat population by varying
the artificially imposed death rateµr and control efforts on the cat population by varying
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Fig. 3.2. Herer = 0.8, K = 10,a1 = 0.8, a2 = 0.9, δ = 0.5, σ = 0.6, α = 0.6, β = 0.5, γ = 0.8, b1 = 0.7,
b2 = 1, b3 = 0.8, c1 = 0.8, c2 = 0.55 and letdr anddc be parameters. (a) Parameter ranges for extinction
scenarios and possible coexistence. (b)–(d) Bifurcation diagrams for the bird, the rat and the cat, respectively,
with dr anddc being the parameters. In the rest of thedr –dc plane, i.e.,∆brc + ?, the bird, the rat and the cat can
possibly coexist at a positive equilibrium or coexist cyclicly.

the artificially imposed death rateµc. The controlled bird–rat–cat system takes the form of

dB

dt
= r B

(
1 − B

K

)
− a1B R

1 + δB + σ R
− a2BC

1 + αB + β R + γ C
,

dR

dt
= b1B R+ b2R

1 + δB + σ R
− dr R − b3RC

1 + αB + β R + γ C
− µr R,

dC

dt
= −dcC + c1BC + c2RC

1 + αB + β R+ γ C
− µcC.

(4.1)

When we incorporate the control effort of the rat and the cat into the natural death rate of
the rat and the cat, respectively, (4.1) and (2.2) arethe same. The qualitative analysis of the
dynamics of (4.1) is exactly the same as those inSection 3except replacingdr anddc with
dr + µr anddc + µc respectively, so the details are omitted here.

In the following discussion,Fig. 3.2 is helpful for us to understand the control strategy
of the rat or thecat in order to protect the bird.
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Fig. 3.3. A bifurcation diagram generated by AUTO, using the parameter values inFig. 4.4(c). See alsoFig. 4.6.

4.1. Protect the bird population by controlling the rat or the cat

First, we consider the case when the birds are in danger:

0 < dr < b2

(
1 − r σ

a1

)
, dc >

c2(b2 − dr )

σdr + β(b2 − dr )
.

In this case,Er is an attractor. The rats have a low death rate while the cats have a high
death rate. The cats grow slowly. Consequently, the cats cannot effectively suppress the
rats. The rats have a rapid growth and exert a high predation pressure on the birds.Er

is the attractor of (4.1). The birds are thus in a very dangerous situation.Theorem 3.2
tells us that if we do not control the rats, the birds are doomed (see, e.g.,Fig. 4.1(a)).
In order to protect the birds, a effective control program shall be implemented. One can
observe that the control or the eradication of the cats cannot save or restore the birds since
any increased control effortµc of the cats cannot alter the fact thatEr is an attractor
of (4.1) (seeFig. 4.2(f)). The optimal and effective control strategy for protecting the
birds is to control the rats as much as possible. If the control is sufficient, for example, if
dr + µr > (b1K + b2)/(1+ δK ) anddcµc > c1K

1+αK , the rats will be eventually eradicated
from the ecosystem and the bird population tends to its environmental carrying capacity
(seeFig. 4.1(d) and (f)); if the control is insufficient, i.e.,dr + µr < b2(1 − r σ/a1),
birds will die out (i.e.,Er = (0, (b2 − dr − µr )/(σ (dr + µr )), 0) is still the attractor
of (4.1)) (seeFig. 4.1(b) and (f)); if the control is mild such thatb2 < dr + µr <

(b1K + b2)/(1 + δK ), then birds and rats will coexist andEbr is an attractor now (see
Fig. 4.1(c) and (f)). For this particular set of parameters, the extinction fate of the cats
cannot be altered by any control effort on the rats since the cats have a death rate too
high.
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Fig. 4.1. Restore the birds by controlling the rats. (a) Both the birds and the cats will become extinct when there
is no control on the rats. (b) Insufficient control of the rats cannot alter the fate of the birds. (c), (d) Sufficient
control results in the coexistence of the birds and the rats. (d) With the eradication of the rats, the bird population
tends to its carrying capacity. The fate of the cats is doomedregardless of the rat control efforts. The parameters
in the above numerical simulations arer = 0.8, K = 10, a1 = 0.8, a2 = 0.9, δ = 0.5, σ = 0.6, α = 0.6,
β = 0.5, γ = 0.8, b1 = 0.7, b2 = 1, b3 = 0.8, c1 = 0.8, c2 = 0.55,dr = 0.2, dc = 1.6.

Now, we investigate the following dangerous situation for the birds:

c2γ ≥ b3β, 0 < dr < min

{
b2,

a1b3

σa2

}
− rb3

a2
,

0 < dc <
c2(b2 − dr )

σdr + β(b2 − dr )
.

In this case, both the rats and the cats have a low death rate, and the cats have to spend
more time on interspecies interference than on searching and handling the caught rats (i.e.,
c2γ ≥ b3β). In this case, the birds undergo predation pressure from both the rats and the
cats.Theorem 3.3tells us thatErc is an attractor of (2.2), which means that the birds will
become extinct and the rats and the cats coexist (seeFigs. 4.2and4.3(a) and (f)). In order
to protect the birds, we have several control strategies: control the cats, control the rats, or
control both the cats and the rats.
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Fig. 4.2. Restore the birds by controlling the cats first and then the rats. (a), (b) Control the cats only. After the
control, the cats are eradicated but the control is uselessto restore the birds. (d), (e) Control both the cats and the
rats. The bird is restored even to its carrying capacity. The parameters used for numerical simulations are same as
those inFig. 3.2except thatdr = 0.1, dc = 0.5.

First, we discuss the control of the cats. If we increase the ‘death rate’dc + µc,
then, since the rats have lowdeath rate, one can observe thatEr will be the attractor
of the system. That is to say, the control of the cats has little effect in protecting the
birds. In order to protect the birds, along with a eradicative control of the cats, i.e.,
dc+µc > max{c1/α, c2/β}, an effective control of rats must be carried out simultaneously.
Mild control of the rats, i.e.,b2 < dr + µr < (b1K + b2)/(1 + δK ), may result in the
coexistence of the birds and the rats (seeFig. 4.2(d) and (f)). If the control of the rats
is strong, say,dr + µr > (b1K + b2)/(1 + δK ), then the rats are eliminated from the
ecosystem and the bird tends to its carrying capacity (seeFig. 4.2(e) and (f)).

We now consider the control of the rats. After mild control of the rats, the system results
in the coexistence of the birds, the rats and the cats, i.e.,Ebrc is an attractor (seeFig.4.3(b),
(c) and (f)). If the control effort is sufficient enough, saydr +µr > max{b2, b1/δ}, then the
rats are eradicated from the system and thebirds and the cats coexist atEbc (seeFig.4.3(d)
and (f)). After the eradication of the rat, the control of the cat is more beneficial to the bird.
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Fig. 4.3. Restore the birds by controlling the rats first and then the cats. (a) No control of the rats or the cats;
the birds are in a dangerous situation: the birds become extinct and the rats and the cats coexist. (b), (c) Mediate
sufficient control of the rats and no control of the cats: the birds, rats and cats coexist. (d) Sufficient control of the
rats and not control of the cats: the rats are eradicated and the birds and the cats coexist. (e) Following the control
of the rats, the eradication control results in the fact that the bird reaches its carrying capacity. The parameters
used for numerical simulations are same as those inFig. 4.2.

Sufficient control of the cat can help the bird increase toward its carrying capacity (see
Fig. 4.3(e) and (f)).

4.2. Mesopredator release effect

Although in some cases, the control of cat has been proved to be effective in restoring
some endangered ecosystems, such strategies arenot universally applicable. In some cases,
it may cause a disastrous impact to managed or natural ecosystems. The mesopredator
release effect is widely known to ecologists, and it is one typical impact among the
results of eradication efforts of a superpredator. For the convenience of discussion, we
define two types of mesopredator release effects:severe mesopredator release, where
once superpredators (cats) are suppressed, a burst of mesopredators (rats) follows which
drives their shared prey (birds) toextinction, andmild mesopredator release, where the
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Fig. 4.4. Severe mesopredator release effect. (a)–(c)r = 1, K = 10, a1 = 0.8, a2 = 0.7, δ = 0.5, σ = 0.5,
α = 0.6, β = 0.4, γ = 0.2, b1 = 0.6, b2 = 1, b3 = 0.7, dc = 0.2, c1 = 0.5, c2 = 0.5, dr = 0.15, dc = 0.2,
µr = 0.1. (d)–(f) the parameters are same as those inFig. 3.2except thatdr = 0.38,dc = 0.1.

mesopredator release could assert negative impact on the endemic prey (birds) but does
not cause the extinction of the endemic prey.

In order to locate and understand the conditions for the occurrence of mesopredator
release, let us start with some examples of (4.1), where the bird, the rat and the cat coexist
cyclicly or at an equilibrium (seeFig. 4.4(a) and (d)). In order to eradicate the cat from
the ecosystem, we increase the control effortµc from 0 toµ = 0.2 and then toµ = 0.5.
This will eradicate the cats successfully (seeFig. 4.4(b) and (c), (e) and (f)). After the
eradication of the cats, the birds are also eradicated by the rats as a result of expansion of
the rat population resulting from their predators being removed. That is to say, we have
theoretically proved the existence of the so-called mesopredator release effect.

We claim:
Severe mesopredator release occurs if dr < b2 (1 − r σ/a1).
In fact, if dr < b2(1−r σ/a1), the final destiny of (2.2) is a trichotomy: the birds die out

and the rats and the cats coexist; or the birds, the rats and the cats coexist at an equilibrium
or cyclicly; or the rats survive and the birds and the cats die out. Although the birds,
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Fig. 4.5. Mild mesopredator release effect. (a) Bird, rat and cat coexist at an equilibrium. (b), (c) Increase the
control effortµc, then the cat are successfully eradicated. Althoughthe eradication of cats does not lead to the
extinction of birds, the rats keep the bird population size at a lower level. (r = 0.5, K = 10,a1 = 0.5, a2 = 0.7,
δ = 0.5, σ = 0.5, α = 0.6, β = 0.4, γ = 0.2, b1 = 0.2, b2 = 0.5, b3 = 0.9, c1 = 0.5, c2 = 0.7, dr = 0.3,
dc = 0.7)

the rats and the cats can coexist, the bird population density is usually very small and the
birds remain endangered. So, the control strategy to save the birds must be carried out. The
control or eradication of the cats is among the choices. If one adopts the control strategy to
eradicate the cats, whendc + µc > c2(d2 − dr )/(σdr + β(b2 − dr )), Theorem 3.2tells us
that Er will be the attractor, that is to say, thebirds die out following the eradication of the
cat. Severe mesopredator release occurs.

On the other hand, ifdr > b2(1 − r σ/a1), from the theorems inSection 3and
Fig. 3.2, one can easily observe that, under any control strategies, especially the control
or eradication of the cat, the bird will not become extinct although it can be at a lower
level. That is to say, in this case, severe mesopredator release cannot occur.

The control or eradication of the cat does not always trigger severe mesopredator
release. In some cases, moderate mesopredator release does occur (see for example
Fig. 4.5). Although the mesopredator release does not lead to the extinction of the bird, the
control or eradication of the cat is still detrimental to the bird since, after the eradication of
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Fig. 4.6. This figure shows that the control of the cat can trigger a mild mesopredator release, and, in some cases,
it is positive to the bird. The parameters are the same as those inFig. 4.4(c).

the cat, the rat put the bird species in a relatively lower level. However, in some other cases,
the control or eradication of the cat is beneficial to the bird (see, e.g.,Figs. 3.2and4.6).

5. Discussion

In this paper, we have developed a plausible model (2.2) describing the dynamics of a
three-species prey–mesopredator–superpredator interaction. Our model overcomes several
model formulation problems arising in system (1.1) inCourchamp et al. (1999). We show
that (2.2) can admit richer and more realistic dynamics than that of system (1.1). Therefore
it provides much more information for conservation biology, especially for the design of
control programs. Based on (2.2), our study of the control strategies shows that the fate of
the prey sensitively depends on both the superpredator control level and the mesopredator
control level.

Whendr < b2(1 − r σ/a1), our findings strongly suggest that superpredator control or
eradication should be avoided since it will trigger a severe mesopredator release, which
leads to the extinction of the endemic prey (bird). This statement provides a set of reason-
able answers to the questions A and B posted in the introduction section. In the case of
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dr < b2(1− r σ/a1), theoptimal control strategy is to control the rats as soon and as much
as possible, and the control effortµr must be greater thanb2(1− r σ/a1) − dr . Otherwise,
the control strategy cannot save the bird. After the sufficient and effective control of the
rat, one can control the cat further since the control of the cat is now beneficial to the bird.

Whendr > b2(1 − r σ/a1), the bird will persist although the bird population size can
possibly be very small. Our suggestion is to control the rats first, then control the cats, or
to control the rats and the cats simultaneously.

In real applications, if the ecosystem on some island can be well described by
the prey–mesopredator–superpredator trophic web and the indigenous prey species is
endangered, in order to protect the endemic prey species, we shall carry out some well
conceived control strategy. First, we should determine the status of the ecosystem, i.e.,
determine the parameters in (2.2), then study the qualitative dynamics of the system. It is a
good idea to compute some diagrams similar toFig. 3.2and determine the positions of the
system in them. Then design the optimal control strategies based on the above discussion,
policy restrictions, financial constrains and so on.

Our simulation work shed some light on the following interesting question: assuming
that in some ecosystems rats are present and are capable of driving the birds to extinction,
can one introduce a superpredator (e.g., cats) to ensure meaningful biological control?
This study suggests that the answer can be positive since the removal of cats may have
negative aspects on birds. However, their introduction cannot be lightly recommended
in most circumstances since real ecosystems are very complicated and species are often
intricately linked.

A yet to beaddressed mathematical question on (2.2) isunder what conditions all three
species coexist. This is the so-called persistence question. Global stability of the positive
equilibrium will ensure this, but it is much more difficult to work on. In this paper, we do
not study this topic since the persistence issue is not directly relevant to biological control
applications and the mesopredator release effect. An even more intriguing mathematical
question is whether (2.2) iscapable of generating chaotic dynamics. Our intensive but also
highly selective computational efforts so far fail to produce that.
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