MA 16010 LESSONS M -15: RELATED RATES

This space is left for you to take your own notes.
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Recipe for Solving a Related Rates Problem
Step 1: Draw a good picture. Label all constant values and give variable names to any changing quantities.

Step 2: Determine what information you KNOW and what you WANT to find.

Step 3: Find an equation relating the relevant variables. This usually involves a formula from geometry,
similar triangles, the Pythagorean Theorem, or a formula from trigonometry. Use your picture!

Step 4: Use implicit differentiation to differentiate the equation with respect to time t.

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3 can give
you and solve for the quantity you WANT. Do NOT substitute before this step!

Some Useful Formulas

Right Triangle Triangle Trapezoid
- 1 1
Pythagorean Theorem: 4= Ebh 4= - (a+ b)h
a’ + b?* = ¢
P=a+b+c
Rectangular Box Rectangle Circle
V = lwh A=Ilw A = mr?
S =2(hl + lw + hw) P=2l4+2w C =2nr
Right Circular Cylinder | Sphere Cone
= 2 — 4 3 1
V nr h V—ET[T' V=§T[T'2h
SA = 2nrh _ 2
S = 4mr SA = mrl + nr?




Example 1: If x and y are both functions of ¢t and x + y3 = 2.

(@ Find %When % =-2andy = 1.
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Example 2: A spherical balloon is being deflated at a constant rate of 20 cubic cm per second.
How fast is the radius of the balloon changing at the instant when the balloon’s radius is 12
cm?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

>

Step 2: Determine what information you KNOW and what you WANT to find.

KNOW: QL’\/_—__—_,QO 5,’!_\_(_):3 WANT: c_*l__f_‘.
&[-\- < 0(“' r=|4

Step 3: Find an equation relating the relevant variables.
V=41
3

Step 4: Use implicit differentiation to differentiate the equation with respect to time t.

du—(v\s/ﬁ( T‘r)

\ 2
i?_ ,-(’LT"(ZF )/—J—

= U™ AL
Step 5: A ;%F

stitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

0= L]TP(\EZ\:?_;Z{T"_

NN qm(1=a)

-5 _|Jr — =65
(2% At e




Example 3: A ladder 5 meters long rests on horizontal ground and leans against a vertical wall.
The foot of the ladder is pulled away from the wall at the rate of 0.3 m/sec. How fast is the top
sliding down the wall when the foot of the ladder is 3 m from the wall?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

|
< 9m

R _ >0 3m/s

Step 2: Determine what information you KNOW and what you WANT to find.

KNOW: 0( WANT: A\
3 m X |
g{ T 5 At ly=
Step 3: Find an equation relating the relevant variables.
2 R
x vy =5 =35

Step 4: Use implicit differentiation to differentiate the equation with respect to time t.

2 dx
dofr (<+Y) = 2 (35) K dx-- Ly dy

aM%_e.ayZ,;z 0 a{x:—_\éd:z

AX — —
AX = 273%

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT. . ‘v
Find x by plugyny
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%
S

i)sz —_-3_.03:’42:’— y-_~3 .nto

Jfl' X A x’+y’“=95
%:"D_ﬁ:‘——O- 25 x4 3*=25
& 4 )(1:'. A5-9=|C

x=Y



Example 4: A plane is flying directly away from you at 500 mph at an altitude of 3 miles.

(1) How fast is the plane’s distance from you increasing at the moment when the plane is
flying over a point on the ground 4 miles from you?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

500 mph —>

2 Z K

Pa
Step 2: Determine what information you KNOW and what you WANT to find.
know: L X _ 500 mPh WANT: 2
dt A+ 1x=\

Step 3: F|nd an equatlon relatlng the relevant varlables
Cr 302320 o x4z z”
Step 4: Use implicit differentiation to differentiate the equation with respect to time t.
Axdx =22 4Z | Jz X dx
oA | e
A+ At

Y SP T O
,g{% PR~

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT. , ng X =
Find 2 ky plagying =

L (500) = X000
:(__(5: ?(G Z LNt 2*“7 2%
= 2000 q247- z”
5 25 =2

H

Yoo L=2Z




Example 4: A plane is flying directly away from you at 500 mph at an altitude of 3 miles.

(2) How fast is the angle of elevation changing when it is /3?
Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

oo mph —>
3 K
g
P

Step 2: Determine what information you KNOW and what you WANT to find.

KNOW: &( - 50O mp\\ WANT: oi_@"
At At |o=14

Step 3: Find an equation relating the relevant varlables
Fan 0= Z = Ix°

Step 4: Use |mpI|C|t differentiation to differentiate the equation with respect to time t.

sec (’ﬂ_ﬁ-—?»x AX |40 _3 Ax
AF | 737 ;‘i“’/daf

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

woaing OF -

AT -3 <os(l‘”>>g(goo§ F(-n?‘i x by plugging o=
at __Xg 0) +an O /><
=(3) 0 tan(5)=2
= -325 5
l

Yl
=375 123 Fix=3
3

| |




HW 15.5: A cylindrical tank standing upright (with one circular base on the ground) has a
radius of 22 cm for the base. How fast does the water level in the tank drop when the water is
being drained at 28 cm®/sec? Note: The formula right circular cylinder is V = zrh.

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

>{":QQ
b

-

L

Step 2: Determine what information you KNOW and what you WANT to find.

KNOW: 4_(\/:/22 ij WANT: a”’\
At S dt

Step 3: Find an equation relating the relevant variables.
"X
) -
v=rr?h & V= (22) h

Step 4: Use implicit differentiation to differentiate the equation with respect to time t.
o)
%FK =(22)r 4p

Ah_ V4V
AT (' AT

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

dh _ \ =L = "M°7_:j:
z_l'. B (QD.):Tr( 3 Qz\\jﬁ” |21 1]




HW 16.3: A baseball diamond is a square 90 ft on a side. A player runs from first base to
second base at 14 ft/sec. At what rate is the player’s distance from home base increasing when
he is halfway from first to second base?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

90 deqo
3”‘<7\ | 4t — / Y
" Ho me%o 10 :
Step 2: Determine what information you KNOW and what you WANT to find.
KNOW: L{_\/ -y ii_ WANT: i?—)
AT : At (y=30- ySPy

Step 3: Find an equation relating the relevant variables.
90+ \/:7 =z
Step 4: Use implicit differentiation to differentiate the equation with respect to time t.

Ay 41=2z Az

A+

dy_ d
TR

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT. |

le( T |O7 Plbcdalor)& y: L,j
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