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Logarf Fhmic Ru '(J

Tﬁ'g I den fi?l/rj

Q) x“xb: X“""’ @an):o ﬁh&:w
@ _X_O: - x“"b @ \n(cx)’-‘X cos @
Xb @ e\n(x),_.x. Cot6 = cos &
® (X“)b‘—xab @ Inlxy)=lnlx) + ln(y) Sin(®
-
@ x'=x ® \n (iy): In(x)- )n(y) CSc O - —
® x°=I @)n(xm>: ) e
@ X-’: |/X Cos &
O L Ty | s .
Sin 0=10, [ Y IV, I/, K2 T,z | A
ws | 1= WA PhA| FalET, s S
A -
o O ! '/ﬁ | U 33 T widefined v
l2sson Q!

6Findin3 Limits Nuwr{call)/
Definition: IF §(x) approaches (=) Las x>C we sopthat fle
imit of £(x) as x> C s L.
e lim £0)=

xX>C

Note: That £ does not need to be detined @ x=C for e limt

o ex:er.

De?ini‘rion.' TP $(X) increases or decrecses withad bowmd s x> ¢,
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Debinttion: TP £ increases or decreases without bowmd as x->¢,
ten lim s an infinik limit.
X>C

. 1f F(X) increases  wikout bow(l/ o TP (%) decreeses witheut bowad

'lAVY‘ 'F(K) el jlhm ‘F(X) 2 e OO
xX>cC X->c

S whon  wWo hone  lim ‘P(X)/ we evealuale F(x) at values of X
0 x> ¢

Fhat  are Sc'H'fnj closer and closer to ¢ and See whay haﬁ/""f

with He valwes of Fhe valws of Lbe Fuaction,

Ex . Evaluode lim (2x -3) huneri cally,
- XY

Recall Lim POV, What s $(x)? Ax -3 = #k)

2C
x 34391 |39 4 ol | ol 4l
1O(X)\ 4.8 | 4.98 [ 4,998 [— [5.002 ][5, 020 5.2

> 5

Heree lim (2x-3) =5
x>\

\ 3_ ’2

Ex 2. Fualuade P m )‘__31— hwnerica/l)/,
X=>3 x-3
~_,—/\,\_/

f(x) = >§_3;}’_‘/
=

2.99 | 2.999| 3 | 3.00 |3,ol’3,l
X | 24|29 \ }_}q,wé 2,001 9. ¢l

P | 841 [3awor|8.9740
>q e—
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2
Hence Lim w2-3x . q
X73  x-3

% Xq“-(—l l? X‘# -y ‘ Eva'wd'c l'\m ,P(K) nWV(W'C‘a/b,

Ex 3. Given Px) = :2 oy e

-

2
What s £ when w#-4? f0)= x +\

« \-41 | Mol | Yoo |
£ 1781 17,0801 [i748p |

-4 1-3.999] -3.99 | -3.9
_ |1¢,,qqalw.61201 Y

|7 «—
lim $(x) =172 Neke f(=%)=2. So lim T 2
x>-\ x>-Y
Moral! Jim f(x) doesn™ necessdrily equal P(c)
- x->C

. . \ .
Ex ' Evaluak \;m = nwner/cqll/v

No match = ) —X:DN:

D One- Sided Limit
Definidion. A one-sided Limit is Hhe value Hat the Puaction opn Plx)—> L
As x>c Ffrom e (et or r‘iJh},

| b -Sided Limit: lim  $l0=L

X2
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L o84 =Sided Limt. [im  Flx)= L
X"

Qiaht-Sided Linh: lim  f0)=L

o ¥

\ \ ‘ )
Ex 5. What is lim L and I'm hunerical [, ?

l
x>0~ X X0t X

x_| -o.l | -0.01 | -0.001 | O |0.,00 |001] 0
£(x) \ -10 \ 100 [=1060 1~ [loos lioo T 10
. ) 95445@3 =
im | _
im L =-0o x>0t 5 =%

New Section 1 Page 4



aaaaaaaaaaaaaaaaaaaaaaaa

Lesjoh 3. ]:mdm Liynits Anql,erl‘CaQZ
There are 3 A'Freﬂ'”'} cases do consider.
(D f(e) returns a H (H— could be 0)

".f. F(ﬂ is conl-inuaus @ x=c¢C

e, lim R =40
X>¢C

Ex \. lm:l (ax-3) =2(1) -3=3-3=5
X2

@fCC) returns hon ?e(;; #

i e, \ertical AS/mPh;k @x=c

e |im f(x)= 120 or ONE
» C

Ex 2; Iim |

x>-1 (x+)*

| | We weed o check Ye lett and
DT 0 7 right limids, <o

B |
/’.
]lm ] = 00 Il
& / >
v

xo== (x+1)" S, |
I|W\ l -~ 09 X5~ (X'f[)"‘g0 !
X =1t (1) - '

Ex 3 1i - ftim )=
x 3. lim T [m | = oo by Ex 2

X-I x>- (

Ex 4 lim L
- X»0 X
‘f(O)“ ] \A/a need bo check the lett and rgtﬁ i nils
l
bm =729 ) BUT Hey don®
)’m _L: 00 me'cb)
=0t X Iy - “DNE
Y0

@ Ple) refums %
QF N bne o hole ((\0 a Lackor cancels ouﬂ or VA @ x=c (mo factor caneels)
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Q) ) refums  ~
e, $(x) hos o hole  (ip & factor cancels oud) or VA @ X=C (no factyr canels)

EX5; lwn Xg‘3>(2

x23 X3
3 _
#= 3E3 T G o Fachr!
Q \
[im x> 3x2 lim M: llm %2 = 32: 7
)(’73 X 3 - x23 M X23
i Jx1-2
Ex G L'-V:Q X-Y Dierence ot Spuares

fdy= J¥'-2.23 o > Fachor’ a’-b*= (a+b)(«-b)

-y U-y o
! X-Y-= x-22
5= lim P2 = (G-
x>u (I 2)(=2) - (74 )R- 2)
_hm
XY X1+
- ) - _‘_ :._l
\rlrl-fl T 242 Y-
Ex# lim X=% _lim X2 iy, x - 2.2
¥ (k-2 X2 (x-¥  x22 x-2 22 ©

Rut now i looks like Case 2. So we needl to Cheele  the lef#

and. rig ht Imits.

X oxrd X2, 2 4L
X -2 i %-2 X" x2 x-2
By the graph,

hw X=X _ lim X - DNE
elo) (x—fl)’l XD X2

Ex® Plo=4 % # x2-2
—-X o x<=2 (4 l

~ .. -



hm  £0x)= \; ) =S, =
x|'~>o* (x) \;‘r’no_“Sm(x) =$n(0) =0

o ( —-X i ox<=-2 (4 - l —"-f >4
-2 1)
@ lim _£63)
X—v:&
lim f6p=lm -x=-(-2=2
¥9-9" X9-2"
im f()=lim 1 | %ONE
¥-2* X»-2- X =2
i £6) = lim L =
®x->o XI”O x ~DNE
Ex 4 #(x)- % Sn(x) if x20
2 2 .
X Poxco XSt
: >
Find lim 4()
X206 )
im £=)lim x° = 0%
X0~ X0~ 0 0\),/ lim #(x)=0
X->0



Wednesday, January 21, 2026 1:32 PM

LﬁSSGW ¢ onﬁmvf/’\/

[
A

A funchion 1S comtinuous i +here 15 1o oQisru,oHan n Hu 3mfh,
F\”S S}\OW ‘F(K) iS JiSCOh‘}l'nu@uj @X:C.

The ‘Po”owiyg Y gr

©)
\,\o\(
|
& Cl ) X ) )
These Qsmphs have £(c) undefined.
O @
(_4;—9 S Jé; )
£00) is dufined £(0) s dLefined @_(,(_T lim L) 7 fCe)
M !(\Q £(x) :DNE )li;r?: £00) exists X>C

\Ae can See a “W)C}ion *)(X\ 1S COwHVluouj @ X=C if ﬂ\z ‘Poﬂawiy\nj s 71,“;

(0 £00) dedined (has a value)

@ lim £ exisis It any o 3 conditibns aren’t met,
X 9C

Hen we Sy £(x) s di's continuous

- N
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@) “m T UART UANIDITD - vt / R S A
X 2C

H’*?H "% 4 jﬁy -F(x) 'S C’) SCOW'L/VI(AG(,{J

@ lim 200 =4 ol
X¢
X e QK
Ex I Discuss Coh"hnw)?/ o £(x) N .
When s £OO undeined 7 When denominater = 0.
w*=x=0
x(x-1)=0

X=0,1 we hawe discontinuitics @ x=o0, |

Rud what Uind of oeiscohﬁnuﬁy are Htc/,? J-um/b.?/'/a/(.? VAT

| ot’s Simp\ Fy er Auaction

fx)= O
X *X )((xﬂl) X

What factor camel\w(? X = X=0 Hole

What factor pemains 9 | = x= V
' (in (ﬂulammmjrar) S | A

L‘?\)

E 2 (Dscués C’.omlmud)/ of ﬂx) X +2x

X*+5x — é
When 18 £(x) umqeﬁan? De nom pador = 0.
x2+5x-6=0 ——/%
X2~x+€)("é=0 -1+6 =5

x(x-1)* C( x-1) =0

(x+6) (x-1)=0
x=-6 1 = Henet we hawe discantinuities
@ x=-6,|

R R R VR I J DS I P e 'Huv? \Tuknn.? M W
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~

B(A’)‘ \/\/LW\"’ MI\V\A of J;SCOV)"‘;VLM;& anre ’Hu),? O‘umP? }'M W
‘P(X) = XQ+ 2% -3 let’s foctor the humeratov

(x+6)(x-1) % 2x -3
(x+3) (1) = (x+3)(x")
(x4 6) (1)

= X= | Hv'f

What fackor ancelfoq? x=1

\/\/'/Wﬂ' ""O\C"'()Y V‘&’hams ? X‘("Q _—__-'> X= - é VA
m denominater

EFx 3 Discuss ccn’rmui*)f of .
£(x) = % e~ X f x<o0 ¢ e - R
Jxt-1 f x>0 o

To dete rine Com\inuﬁy,w( need Yo cheelt
lim  Px) = lim_ £00

X207 X->0"
lfm f(x) = ’im e‘x = = | Discon'h'»w'iy @ x=0
~ - ) -
T,)O xmo \S-‘" =0-|=- »\ cinel Mmoreso D’Mm’a ®x=0
L Y
Ex Y. Diseuss Con‘}unud?, of
00 bx+9 it X0 6x+4 Ax¢9 -2"“2\'
QAxtq f 0dx<l & | ; e
-2 it x> ©)

To J\L“‘Cfm)r\(. continu

hm (X)) = |nm
x>0~

lim f(x) = Hm £(x)
X217 x| *

| iy X =6 +9= No discontin
@llm £(x) lm‘ N D conlin b

1y we need o cheelt
o
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@ 'lm ’f‘(X) = ,'m exl‘f‘q :é(O)q+q: C())l/ = Ne clI'SCon)ihwl‘I?/

X0~ XS0~ @ x=0

lim 40 = him Ax+9 = 2(0)+9= 9

X207 x>0t

‘m R = lim (2ad)= A1)+ = s Jump @ X=|
® !(“?l‘ ><'—>)~( * D P

lim L= lim (-2x-2) = ~2()-2% ~H

x-* x|t

Ex 5. (D[scu55 the com‘inuiy of
o £(x) = L itxy 2 =

X"' 1 )

n it x£0 0

’
\

To Akerming continuty, we neeed Yo Checle

[im #6) = i £0) y:.)'?
X0~ x>0t ¢ l%

lim f=lim 2 =22 =>J’ump@x=0 —
Y20~ X0~
: * R e B
L‘?O-L 60> )lJ.%+ %I o-l =1~ |
Checlt is —— when x>0 it it is continuous in that ideral 7
x-!

1 Tn addition VA @ x= |
T.Eé_—) \/)(:,.‘\ Wn& X220 =D | lives in X>0

- *I =)\/A@ X:[

This VA wont matter i f Hx):% _)<l—' 4 x> |

Q P x< )
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Friday, January 23, 2026 9:37 AM

L€55°Vl 5. The Berivakrive
esson 0. W T —
Tangszr lines Cne Tmpoﬁaﬁ n Calculws /&
What 15 @ Tay\ap/n)— line”

TMHWJ-UM 1S CTW\()I” od flx) of a Po;‘m‘- P that
4(x) 1S S)rrm'sln/’ ine Fhat Touches

$(x) af Poiml P/ but dees net cross

£(x).

A Note that this det’ dsesnt work all the Fime

—0
1 ! / "l, \#"
T'DB- KA ] EJT
" 2
V] V= SinX

B/C, lool @ how ‘qusc green lives Cross

We need. chISc Hefinition for all Scenarios. Before we do 56

let'’s recap  sccant lines.

A cecont line of £6 is o shaight line Tt gee through 2

d(s“n'nd r)oimLs oh P(x),
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N f(x)

Secant hl"‘-C

IF we move B along
The curve 'F(N) fowad
A, then the secant
> x  |ine becomes
+anfani‘ \ine

e o o e—

X
s
=
>

N £(x)

SEC&\M ]inﬁ

: | S x

If we bt Yo Rind the JF‘V'W live Fo f(x) o < S,chipic /oa;'h*/ W
con do that with +the secant.

How can we aChieve Fhat ?
TP we Wnew S\af)c of ng/' ’fwe, the we Can usc /)@'n%*;l@e
Yormala to dind e egn of +q/]9“}, e,

Recall point-slope Formula 1's
r/);.m.n v:ricsloﬂff ond (X./y,)'pam},‘ y')’/:”?(X’X;>

New Section 1 Page 13



Recall point-s)opc formula 15
r()r')wn VT;CSJO'O'( ond (Xi/y,)'f)aiml,' y')’/:”?(X’X,)

/‘) Qlso Umown

‘ “HX+AX)"1C(X) as the dff
‘ Sl Cf = )Im ( ) e,
§|0p£ of = Jl;:go ;eP;M ine  Bx0 ™ Zecotiont ce

)Cmaxrﬂ' Y3
How 1s the $|0Pz of He tangent line related 4o the derivative ¥

Tl/wyaw. Hhe Same!

Q_(’,_ﬂ The derivative oA fx) & X, dendcd T, is

- l ‘“X"’A)"F(X) here L):AX
‘F/(x)—h'_?”o e he

avuﬁ provioQJ bhat Hue limid ex; sts,

i Ferent Nebations: y', G2 4709, £i{7 6]

' T’ ypition of
GGame Plan. To P0d derivetive Usm\c) the Wit defrpition

o b oy HE i)
O Find #(x+h)

ind -$() '
%;m] {’(x*h)—f’(x) by adjmj (D"'@

 Find Hm;i’@ by divig @ by b

Fi ) - ' 0 of (4
©®Find t;r; Plx+h) hf ) by luka ;!-:3 C/
x 1 Find the derivative of £0x)=x+5 using W{‘(f‘n”/ﬁ‘m&éiﬁz:)}fm,
. Skep 3! x+h) ~
| Plx+h) 2P 2.
—+

e P(x)= X*+5 /Z/+ L,j/g

2(xeh) > () £ 5 =X +h5
h

e ’ﬁ((:)): X+5 flx+h) —f(x)=h
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Step & ’ﬁ((xx))i e cpab) — £00= h

,-F(x):—X’S
) ~f(x fg]"”—.:
Shsg%ﬂ%*j)?_la . \

Shep 5. i Lxth) 200 5@ Vi (1) = | =F )

_
—_—

h>0 L, h>0

ULse ful Fomulaj.‘
’o( ath)=a't b+ h?

® a,a-]og“ = (d.‘ 'o)(a«l- b}

Ex Q. Given #(X)‘—”XQ-& | /
Find the Slopc of The kmam} lire . (Ze. £ (x)j
Skep I: £(x+h) = (xem) "= 3= 5+ b+ 7§§
SJ-CE 2, —Flx) = *[xq- 3] = 2
Step 3. £(x+h) 000 . AL O — QAxh+h
Step Y. Divide ©) ;)), b o get

Llx4h)- $00_ Qxh+h? M x+h) _ 2x41,
L L —

MI Talte +h l!‘nm of @

=0

= &x+0=2x =f(x)

Game Plan; To find T egn of the tangerd hve 4o £60) at +he poin’
7X=C, follow the 'Pol’owin:) Skeps:

O Find #/(x).
@ Caleulate £7(c)

(I LN\
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@ Caleulate £7(c)

@ Caleulake £ ()

® P|u3 @D +@ into Pffi""“S’oPt formula
y~ f(c)= m(x-¢) m= 1)
y—q"(C)"‘f’(C)(X-C) Aluny s

Ex 20 Given £(x)=x"-3.
) Find the quw\%on oF  the 7L0v19,ur} e 1o
5@ I, Find #/(x).
By PO\V‘} a, '\0/()()::' R x
&eﬁgi Find #/(2).
’F/(Q) = g(i}: Y

Step 3: Find #(2)= 2% 3=2Y4-3=|

Lx) ot Xx=2

5*6@ Y. Point- 5!0()( Formala
- (D= #12) (x-2)

y- | = Y (x-2)
y-1= Ux-2
+] +)
y= HUx -7

Ex 3. Qetermine what 1‘?(x) S g?veg
i (@+h)*@th) =
h0 h

lim ﬂx—ﬂn) -£0) _ ¢4 x) Lt x= Q.

h=0 h lim f(2th)-$(2) _ p/
h>0 h = #702)
(2= (24 )+ (24h)°

Let X=2th

2
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T(LT™N) ~\&'NJ "~ V7 e
Let x=2th
£(x)= X+ X
Checlt Hhat £(2) is actually 12,
$(2)= 28+2%= 8+ 4= 12
T Unow £0x)= x4 x2 So F1x)=3x + 2
wky? Inq fufurc
lesson T soy Why



LeSﬁ(/V\ é B(AS\C Rules of DsFerentiation
VTANKTAA d Sive o«hi Cosine

e
D/(,F\V”\)[IWS of the NGJ‘W““I EXpoanfm/ Fuacticn s

Rasi e Rules & ) Hevertiation
© C””S*W’* Rule: Por any constont ¢,

Somttime next wee
caIculaM

_Ec] 0
IWTLW%V“)'/ this maless Sense beewuct Hre 3’“‘%1« of fl)sc s checlk
G hOY‘i“tO/\J-ﬂl (¥'V2
Proa?. Let’s Yalte derivative (/LS\‘V\\() e limiF < _’S\W,S?(XJ'«G

S >

Ao Rintion o Qerivatives.

L.y $(x)=¢
@Hxﬂq) = C

@-f)>-¢
DAL O+ =¢-c=

@) Divide by _f, -0
H=)me=0 2 Z[J=0
@ Power Rule . For apy real mamber, n,
%(x%) = nx"
Ex i Find e derivative  of £y =X

n=2
d (x*)> 2x' ™= 2x * Ax

Ax

,EX‘Q; Find the durivative  of £0x) 2 X

I

Done’



Ex o Find e quriwwe <
h=-4

< (x") = eyt L
X

©) Constant NbLH'hBla Rule:
Lletw] = o f: o)

@+® Sum /0ifference Rule
%B(X)’l S(X)] = %D(x)] 1%&(0}
Ex 3. Pad The derivetive of £(x) = x°+56x2
‘F/( )24_ %) | = —éé &, 2
X d(xB( )] » E 5" |

AT+ Ae.
e [ AT (b Rele )
gald #5037 (by Rude 9)

:5x5"'+6.:2x2-' (b/ Power Rule)
= qu-l'(())(
Ex Y Find He derivetive of

‘F(X):% “qu—l- (y)g_{.:;

-m

)
-

*
X"

We want Yo rewrite £(x) with 1o fractions
px)= 3x - 2P+ byt 7
P(x) = d%(]‘(x)] :_&[3 M0y + c,xf;]

*Bx"’] L AGd LT (by e 19
_gé[ 1]-a40] &BJ.(@M )



- —'l B l ; CXQ ) +6 DH :! —" 7 ” (b Rule 3}

(o) (b)l Rule 1)

=30 x @) T+ O

1 xS U LG DR

= )P~ x+0

=12 _yy 4+ ¢
XS

Ex 5: Find fle denwatie o F(x)=Ix ' E A= x‘a' .
37 = (x?) = x
Rowrle 1o have numerieal  powers:

2
‘(X)"‘ XVQI X/3
/3

‘F'(x)zo%‘;[x%q‘ X J

Ax Ax
I S
-2 3 %
VRGN, -3
=1l x4 =X
2 3

orivotives_of Sine and_Cos;

A (Ginx) = cos(x) %(cosw) = = sin(x)
X X

Fx 6. Find >/ of y:San(x)’LICOS(x)
y/: d_\d,: [3 Sin (x)j - % [‘{co&(x)]

~ 2 AT —ud (e
-3 gl g L)
Co$(x)

~Sin(x)
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AR _ v N—
Cos(%) ~sin(x)

= 3cos) ~H(=si(x))
=3cos(x) + Ysin k)

De/r'uvaﬂw of the Natural EXPOVKVH‘EOLI Function

A (,x) = X
;—;(6) e

Fy 7 £od Hhe w-value at which the derivative of vy [0e X is .

. Solue I | for X
e ) J' )
/:d%[me":l- 0 Ii[CX} =0 eX
T want )//:(
le* = —solw For x.
_ |
e’(-—'a
In(e*) > ,V'(Tl(?)
X= lV) (%)

Ex g (C\no\H@/\ﬁOf?_( Find Hhe derivative of
) = A+ 37 - 3 2500 G cas() + e

—~—

e the function
e 060> x4 3x 2= X+ sinle) = beas () e

=0 A2 - /i ‘
#1092 25050+ 38| - £ [T 2 & [5in 0] -5 L eosicy]
—r‘n‘%[ex]

_ 9. Qxl"+3(»3>x"3"—75 T 2 o500 - 5 (- sint) + e
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= 2. QX2-|+3(’3>X~3-|—'175X9A‘—'+ Q‘COS(X)-5 (-S;n(X))‘f‘ 7}/\e><
= ‘4)('~ ‘fx—bl‘— x'/”+ 2cos (x) +55sin(x) +TeX

Y
=4y ‘—qu 'qg‘tj}’\&cos(x) +5sin(x) +Te”
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Lcs:son 7 Lhstantancous Rates of Chonaes
Ny £(x)

Secant line

I
: F(x+ Ax) = +(x)
]
ik Ax TC Ss':f: :F < Fldn)- o
} } > X wn
X‘\_Ar__/x_f A}( lin€ AX
AX

This quanh)ty is also Unown as He average rale of
Cho\na(.
AVCV'O\%L rafe of chamo),( qPP roaches & $uqn~/1'b/ Is

called inS‘}an’MCaué red¢  of CW'
ie. 13 the derivalive of f(x),

EX 1 The inifiel POPU\o\ﬁon o culture of bacteria s 000,
The POI(MIOVHCH atbee + howrs, P(3) , is given by
PH)= "+ &+ t1000
@ Find The numlper  of bacteria Pﬂ;m# afler 5 hrs,
P(5) = A9 +3(5)+ loga



P(s) = A9 +3(5) + logo
= 2(25)+ 1o+ (000
S50+ Yo+ (0co = 1090

@ Ffm@ H\QW of e PO'/)u l&han atter 6 :(N.
d_:(xn):nxn-l

e, iy derivative
Wt P7(5)
P(1) = %[2+1+2>++(000J9 D-2t’ 4340 - Y4B
P(5)= Y(5)¢8 = 20+ = 23

pOS;Hon & \/C\()cf}y Functions
o Position Fuction [SH)} ells s how Por Giwey
. W,locin Punctien E\/H):’ lellg ws Sf)eceé of Gh ab/eCJ wi My respec £

to directon.
To find velocH?, we Yale the derivative
_ 4 _ds o
V(1) = G (sth) = G5 = $TH)

an object is

cf the /OGS'I‘/‘/‘G/] .

E_A_Q_; AV) 0b)€C+ N Sl’)a‘}' ULP\AMrd from 'HLC Suri}’aee of @WEGU‘H)

The POS{H(M funckion is
s(4)z - 1.94+7+ 48+

@ find v 4. N
V> 5 = S e 8] 42k 9
=~7.83++938
@ Fl‘m& \/('3)

By @, v(#)=-9.84 1493
v(?)=-9.3(3)+94%= (3 ¢
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’ v(3):-9.8(3)+ 8= 63, ¢

@\/\/LVA}' is the \/e,lociP)/ of the object wi

)1 ¢ Solve stH=0 Hor +. P)u& + ks v(4),
sth)=0 viF) =-9.3++93 mﬂ““"‘fr
“ Lty

v(20)=~9.8 (20t 18

-4.94’+ 984 =0
~4.1 +(+-20) =0 - qg
~4,q9+=0 | t-2070
t=0
@ When is Hhe object at its h.‘@heat Pom%?
Solve v() =0 for +, -
)z~ 3t B0 vz =o
3=1.8¢ 0
.8 413

lo=1
_E)ﬁ—:. et C= Q. What 1s The ratt oF chowg,(, of C with respect o
ri

e, Fin _ L
e | oﬂ_ﬁé. %';{';EC]

f} [c]= ;é [2‘.?»']

de o df
oJlr*Q\HAI r
do
F,QW

Ex 4 Let p=39-5

@ What is the mit( of le)a/;@{ 6?P<®quai- s He rebt of Chan?g of g wiith

respect 4o o 7
irp.



ol
Iz

T,
with V‘f’S‘pech to 7Q

g’q[P] [34’ ‘]
-3 - 3%
dp

=3

Az-pb



Friday, January 30, 2026 1:24 PM

| ossomn 8 Product Rule
Product Rule says the denvative of i) =wlx) vix) s

L] & [uovin]
:5(% [u(x)] vix)t wx) j(-; [v(x)}

= (%) v w (x) v (x)
Ex 1 Given hin= 2 eX. Compuk h 6o
"N\ - X
| et wulx)= xS vix)= e
u'(x)= -~ ><: viy) = eX

By Pmonc% rule,
W (%)= W (2 v+ wlx) v’ (%)

:éxqe" + Qx3€
= (GXQ+ 2x°)eX

Ex2 Given h(x= X sin(). Compade W(76)
2 = sinl)
b ulos= X V0o = sinlx
L) - 2 >< v/(x)= Coslx)

B a& '/’V‘(AL?
as hu?X /><>v(x)+u(x)v/(><)

= dxsinlx) + x % cos (x)

() =2 sin( ) ¢ (£) e ()
:,\_”I\—o.l.‘f'-‘—l— E
3 g C, L

\/\9

New Section 1 Page 27



- ,._I— ° LIV Y
3 2 L X
IR RN
A 72
Ex 3. Given h(x)= i 264y . Compude hx).
Methed 17 Usc Pro&ud’ rule Me Fhod 2 Exlocvm( h(x)
Lt ulx= x"2  v(x)=2x*+Y W)= x72 (x4 Y)
ey Do d fr

= A x e

By Power Rule,

”
)25 2y Ly 2
h’(x) 2 x 17 %

By prooeuzl— rule,
(%)= WO v+ uldv (%)

= ix*/’(Qx £+ X2 Yy

' 3 Q /2+ L‘Xg/Q

3 -1
=0x 7 *2x

Moral: Just bse there is a ,roa(uef

3/9 Q "/9.
- T &X
SX Adsesnt mean you neeel fo usc

product rule.
Ex 4. Given h(x)= (x™#5)(-3x%¢) Find h),
Expand h(x) h(x)? - 3x7—15% ©+ 6x  +30X
e E Rule
xi|-3x7 | 6x” @7 Power / . ]
5x |15%¢ | 30 h/(x)= —LIx = 90x7+|2x + 30
E 5 Given L‘(XB (X *XH)(X +|) Find h7(x).
x|\ hix)= X6+X+x+><+x~fl
__’s_——);(;——z;j—— :x—{-Qx_fx-f—X'("
b ¢
T x’ | o B POWCf RM[(/

h’(x)=5x"+ bx L Ax
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E\( (oan‘V\(l X*Valws ot wlm'olfl y:L{xéeX l’W\S a l’lori?orﬁ'a/ ngﬁ
TOH%&H*’ =) _F/(X) %-f'/()‘) IS a Sla{){,% -F/()():O

Hovizontal lines
have S)oFC 26

Hori zonkal ¢

irst find v Selve y =0,
DS w(:) ‘YL{X vix)=e” e*(Ux°+Yyx)=o0
)r L= AUx° v e eX(Wx°)( ¢+ x)=0
c*= Yx*=0 é*Xﬂ-‘—O
B Pr*o&uc} Rule 5oy -t

\/ u/(x)v(x)Jru(X)v(x) - o
Q"(X X+ foé’e |
5 Ané, X=-6o0

- e X(x+ Yx¢)

NEVE R/
7 Lok hix) = e¥cos(x). Find b0
o (x) = e¥ v (x)= cos(x)
ulx)= ex v/(x)= —Sin(x)
Pr\d&ud‘ r‘u‘{/

2 6) = WO v+t ()
= eX eos(x)~ €*sinlx)

= QX[COJ(K)— Ss\n(x):l

Ex 8. Lk h(x)= (XQ"' *QX"")(COS X—Sin X +e") . Com/ouk

| ob wlx) = X+ x4 v(x) = cos(x) = Sinlo) + €
w'(x)= Qxf(— 2 v (x)==-Sin(x) - coslx) + &%
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- \V S Via ¥/ 4

W)= Qe 2 vIx)==sin() ~ cosb) t €

B}’ Fro‘M rule,

h/(x) = W (x)vix) +uw(x) vix)
= (242) o5 x - simse +€%) + (2t 1) (- Sin &) ~cosl) +e* )
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Monday, February 2, 2026 1:16 PM

Caleulaber  Checle on a/w} 12 Questions
T_L BOYOL Mu,-’-/PLC Cl/w;c@

Le/%ons 2-10
8 om- 2/16
[9 7/9737 /Mesaev?/

- T

| esson 9 Quotient Rule; Derivabives of Other Trig Fuactios

Quotient Rule:
Quolient Rule Says Ve dorivadive of h(x) =« (x)

vix)

v (x) L300

E)( \ L-CJ' l’\(X) :__:(—2 , Pllmcﬁ l’)/()()

Method 1 Power Rule He%o& 2. Quotient Rule
weike h () Let u(x)*l vix)= x?
. J:(K)(Xz X—Q’ U= Oxv (x) = 2x
h [(X) . Qx—Q-I BY g{,cwhcn# rule,
= -—QX’S h’(x) = W) vix) = w(x) v ix)
= -’_Q’ \/QCX)
. =0x -l L Ax -2
(xq>1 M X3
Ex 2 Lot h(W= XH Find h'6).
x>=3X
3
Lot wl)=x?+1  yvlx)=x'-3x
u’(x) =X (/V /(X) = 3X2‘ 3

By C_{,uO)LijJ‘ rule,

NS~ TN N~ [N \//(\,\
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By qpuo+f6w+ l"(A.LC/
W)= UV (x) = wlx) vTx)
VQ(X) /'\.d

_ Oy (x3x) = (1(3x7-3)
(x*~3x)?

= Ax(xX*-3x ) - (3x"-3)

(x3-3%)*

= Qx"«éxlf3x”+ 3
(x3=3x)°
= —x1=6x*+3
(x*-3x)*

S 3 Lk W)= Sinl Fid bl
X+t Sin(x)

vix)= X+ Sin(x)
v/(x)= )+ cos(x)

L?)' u(x)'-‘ S\\n(x)

' (%) = cos(x)

q(_t,mHemt rule,
/()= Lx) v (x) - ulx)v(x)

Vv2(x)
COS(X)[X + S)'n(x)] - Sfm(xy[l + Cos(x)]

\

(x+ sin(x))?

= XCos(x) + Coslsrt=I— Sin (x) = s ()eest)

(x+ sin (x))*

X cos(x) = sin %)

(V..L <in lv\\’l

p—
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= X cosx) = sin (x)
(x4 sinlx))”

Ex U Lok W)= X *#2x Find (%)

oX

| ot u(x)=>(2‘* Ax 1T Vv (x) = exx
u’(x): QX-(—Q V/(X): (4

B Q{,MHCH(}' rule/
%/(X)"- u'(X>V(X)—u(><)v;()_<_)

v 2 (x)
= (x+2)eX ~ (x* ¢2x+7) e’
(e)*
- (e - x"- 5 ~T) £
(e¥)®
= (' x*4+2 -T)
eX
@(y{‘; \/aHv‘es oF OH'LN TV@ FU/ICﬁG/oS
Fanl) = L ot S0
SCC(X) /(,05(,() Scx )

Ex 5 Lt h(x)= +an(x) = Sinlx) | Frad b (%)

ces(x)

Lot wlx)=sinx)  u(x)> costx)
u/(x): Ccos (x) v(x)= —Sin(x)
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BY g{,upHen+ rule,
/() = L)V (x) = ux) v/ ()

v (%)
= Cos (x) Cos(x) — sin(x) (—Sin(x))

cos* () ICos"(*)*S"""'\')” ""@

~ Cog 2 + sin203)
c08(x)

= | = Sec Q()() @ A%E}an(x)] < SCCQ(’()

cos>(x)

2
%Ec.ﬂl (x):lz - cse () Can he derived using Quotlent ral,
o—é-[uc(x)] = See (%) fan (x)

% [CSC(x\] = = ¢scx)cot (%)

Fx 6: Giwea h(x) = 3sin(x) Jan(x). Compurt h’6),

| o+ wl)= 3sin(x) v(x) = tan (x)
W)= Bcoslx)  VI(x)= Sec 2(x)

03) 0&%4’ mh’/
! Pl:’(x)z W/ (x) v (x) + u k) vix)
= 3605 (x\ Jmn (y) + 3sin (x)Sec?(k)

= 36}(63 %:((_Y)_) + 3 S\‘n(x) Seczfx)
X

_ Bsin()t 3sin (x) sec X(x)

Ex 7. Given hix) = +an (x) _ Pind h“(x),
e*+ sec (x)

T TR b £ v(x)zex-l-Sp((x\




e"+ sec (x)

Let w(x)= Yan(x)  VIx)=e™+ sec(x)
L (x) = sec’(x) vilx)= eX+ sec(x) an (x)

Gy QP(w‘HCn" PMI{/
I ()= w6 v(x) - ulx) v/(x)

vi(x)
> 5ec?0) [ ¥+ sec(x) ] ~ +onlo) [ e sect) Fan(x) |
(e¥+ scc(x))”
_ o¥ sec *(x) +sec 00 - Jan(x) e X = sec(x) dom “(x)

(e + sec (¥)?




| ssson 100 The Chain Rule

Recall Compa5,‘7‘ia1n of {’wncfims

Lot v= £(alx)) D g-inner fanction
! ’ 3F-ouJ€v function

E/xL Dedermine £ and. 9 For y = (3><+|)Q
fho= ()" () 3t

Cheele = F(900)~ £(3x¢1) = (3x<1)" -

' 2 N2
Ex 2 Bedermine { on ok 9 for y=S8n X = (S'WX)
3

Plx) = X gx)= Sinlx)

2

Cheelt y=F(g60)= £(sinx) = (sinx) v

Ex 3. Dedermine + and 9 for v Fan (3x)

f(x) = fon (x) g()\) = Sx
Ex V. Determine f and 9 for Y- 3,)JZ><+/
£(x)= 35_;1 9(x) = Ax + |
Chain Rual 2
Lot y= 4’@(&))

d
1 F0)]= #7199) - 4700



a\%[”ﬁ(’())j: 10/(3 (X)) - j/(x)

Ex ) Find -y of y=(3c¢ )]
Method |.'EXPW,\(£ anel. then use power ru
Recall (aﬂo)’l:az-l' Qab‘”oq

So y:(Bx)Q+Q(3x)(I)+ IQ
=4y +6x+ |

Y/: Q(Q)x‘—(- é
=5 x+6

Medhod 2. Chain Recle
)= x* 9= Sxt |

£/(x) = 2x 9'(x) =3

%y chain P(,LLe/
V7= 47(40x)) §lx)

= {/(3x+1)+ 3
= (3x41) ¢ 3
= ((3x t1)
~18x+ ¢
2

Ex 2. Find >/ of y = (3><a+ 1)

et f(x)= x7 (x)= 3x~+2x+]
f1(x)= Fx° g7(x) = bx tL




chain rule,
\,//:WL)/(S(X))-S/(X)
= §7(3x% tl) « (Cx+R)
= Z(3x* Qx+l)£(éx+ 2)

Fx 3. Find y/ of = Qcos’x,
=2(cosx) >

LM’ P(x) = ng 3()0: Cos X
P 6x” 8/(>():"Sin><

By chain rule,
y'= #7(4(x))- )
= p/(cos(x)) « (- $inx)
= é(COSX)Q (—'wa X)

2 :
:*GCos X $in X

Ex : Fird o' of y=5ton(e”)
Lot £x)= 54an(x) 3(><) = @X e—To find this I need another
chain rule.
h(x)= e* | (x)=3x
hi(x)=e* ;Ux)=3
/4= 5sec’(x) 9'(x)= h'(5())- j )
=h'(3<)-3
= e¥*. 3
chain Y‘LALZ/
y'= £/ (4(x) -97(x)
= _F/[Q3x>' 333X



)/': T ka()g}}'J \7Y )
=/ (e*)- 3™

- 55@62(63)() . 3e3x
=15 ¢ e *(e ™)
v 5 Fi a =[x
I:_X___ Find )4 1 Y <3X°+X
-3
Rowride: = [ 2K N Lt F00=8x " glx)= 3x+]
ke v (e ) -89 g0 3
:< 2 )3 :"QYX—L‘
3x+ 67 chain rule,
= 23 )’/3 f/(g(x)).a “( x)
(32‘?[)3 - 'F/(ZX'”)' 3
B = ‘Q‘{(B’X*')sq‘ 3
(3X‘H) S - ___;2
:8(3)(1—’) (3x+1)1
E G RVAY = 15 . /
Ex 2 Given y= — 5 Fied 10,
fewriie so o guwﬁemL rwle.,
3_,,_514-—-— = . BE
/ (x*t 1) 5 (1)
Lot f0)= 15x7%  gex)=xt
Fl= 15(-0)x %™ 970 = 2x

5y 7

4 —_—

By chain rule,



By chain rule,
/ y's f/(g(x))'g/(xy
= ‘F/( XQ‘('O' QX
- —S(XQ—H)’% ()

= '-S'QX ~ -0 x
(X2+‘)'4/3 (xq-{- |)'V3
1T wwit y’(\)
(y=-lo(y _=-lo__=lo =10

(,Q,H)”/s B
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Friday, February 6, 2026 1:21PM

lesson 11 The Chain Rule P+ 2
Perivabive P Natural Logarithmic Fuchioy

Recall Wwhen A F(S(x)) then Y /- 4\/(5(x)) 'q )

Tﬁo) g E)(a:)gim,) Vo | Functions w/ Chain Rule
¢ 3 ~
J\JO)‘C S;WQX = (SH’I X) (/_\ C’/LZCL( b)/ Flujgl‘hﬁ X:g nto

$in(x?) (\/

Ex | Fimd ),’ whe n >/3 Sin (X )

2
LH‘ WP(X) = $n(x) 3(;(\ = X
Pl - cosl) 909> 2

BY chain rule,
y = 'F/(j(x)>.3/(x)
= £/ x?) - A
= Cos (xq) e AX
= X Cos (xq)

Fx 2.Find Y/ whe v ySS-ec(‘QX“) tan (3x)

Product Rule.  ulx) = sec (-2x+1) v (x)= Fan (3x)
(>Cl'm.’n Raule > Chain RM{(

() = sec (=2x+1) tan (-ax) (-2) v (x)= Sec 2(3x) - 3

(By f)r‘ooqud ru\L/



BV ProoQud rulL/

"= v+ uv

Y
= Sec(-2x +1) Yan (x4 l)(—Q) tan (3x)
4 sec (- 2x41) Se e (3x) - 3

= - Qsec(-2x+1) Yan (~2x+1)Fan (3x)
+ 3sec(-x+1) Sec“(3%)

/

(1-2x) !

Fx 3 Find y/ when s e

B?, Chan Rule,
y'= o 2 04 [(| Qx)]

(1- 20"
e (- 29)° "(D x |
@(I—Qx) . q(,_;z)(} (-g)
~_3 (,_agse(lfax)"

DUW&JT]W of qujari+hm}c Funcliens

Q&Cﬁll ex QV)J |Vl)< ayve ‘VYWYZS{S 8/(: ‘f’h)/ are /nwpé_cj
/‘\, e>(l ’0

\)

0 /nx-
SIOPcF (x) o/xaf'e

7 T /e S %OE x>0, J
v 4 a‘&’[’”(xﬂ > —
&V




Ex 4. Find yl when y:xln(x)

 —

ProoQuc} Rule; w= X \//:qlnl(xy
o= 2
So - v+ uv’
= |- ln(x)+ X"lz
= ln(x) + |

Ex 5. Find y/ when >/= In (3)(2-% x+l>

\ /: ' % 2 +
Chain Rule Y 3t xel  dx <3><*’f 1)
|
= o (6 [
3x+ x+| ( o )

- Cx + |
B x4 |

Re call
n X Y- \H(X "\n( )
| (y) )Ty

lVI(X)/) = ‘VI(X)"' ll’)()’)

lm(xm) = m |i’] (X)

ln(1)=0
ln(e¥)= X

Ex 6. F\‘m(ﬂ >// when >/: \V) ]_x:i_l_
3] Ax-1

Rewrike y with Logar)ﬁf;mic Rules to avad double chain W/ quotient

s



l(’(ﬂWf‘l“k 7 Wd’l’) L()Saf')ﬂ/,m,‘c LS to “Avoa xROUgLe “rrrr v 4.4,@,;\“,@

>/ In <2x l>/3]:-\,|§)n(§j::> 5}‘[ (x%1) = In (2x ~ l)j

:—BLIW(X-H)— In (2x - /)

6%\/6140\1‘/1 P(ALZ , &
/5 | | p_@_ 14-[ ~ —.,‘_ ._.(Qx~l)
Y T3 %] Ax () 3 2Ax-1 X
| | _ _—L )
T e A
L 4X 2

Ex 6! Find y’ when = o (sin (x)'éx>
R@Wf‘fk Jm avoi& cham ml(, W/ f)rao?ucjr ru le,

y: In (s1n(x)) + |n(€2)<)
_nlsin(x)) + 2%

BY chain Y‘(ALL

y/“ Sm) x) OCiQ (sin0)) ¥ 2

L Leos () t R
Sin(x)

cos(x) L 2
5|V7(X)

= Cotlx) *+ 2

(
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Ex 4. Find yl of Y= )V)< X(::;f;?)

[Rgwri \/: I (X3/2(x+ \))— |n[(x+ 3>2] 1
o () + I () = Inf0xe )]
ECI N Iy (x41) — 2ln (x+3)

L
| |
BY Cl’WA'“ Puu/ I J' ,” - _;2—'_ i 3
/- 3 —_—
= S = X+3



Question 9 of 54

For
nday, February 9, 2026 1:22PM

Choose the correct statement(s) below.

@ Macmillan Legming
—
—~
&
Il
rm——,

I. lim_ f(x) does not exist.
X=r=2
IL. f(x) is continuous at x = —2.

IL lim f()=1

Only I is true
Only IIT is true

Only II and III are true

O
O
O Only I and II are true
O
O

Only I is true

—4x+1, x>-2

)(2—-3 J|~L(X+(>
-1

im  #(x) = lim

X9~ x> -a*

S

f(x) = 4‘(—2)

Continuous
(y3) = (-2)-3 -—‘1-3?@%%

(‘L(X"") = (FU)ER) (=& [P

lim
x> -2
lim
x>-2°

f x m o

Question 14 of 54

Find f'(2x) if f(x) = (x* + 4)(x + sin x).

o 16w +4

Oﬂ;r

E Macmillan Learning

1272 + 27 +4

8m + 8w

O OO0

=16

o= (e ) (x4 sin)

Product Rule,
U x4 Y vz X+Sinx
w'= 2x v’= |+ cosx
B}’ ()Hd\u} rule,
/

F-wv+tuv
= Ax(x+Sinx )+ (x+Y9)(1+cos X)

0
f{(an) = 200m) (2 esntT)
+ ()% ¥) (1+ cost?7))

Yt (20)+ (4n’ ¢)(2)

2 2
ot AT+
= 1o P+ g @

I

"
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Question 18 of 54

The derivative of a function f(x) is found by computing

Jax+hE—1-vx2-1

1) = lim

@ MacmillanLearning

+0 h . {l lq) _
Which of the following could be f(x)? p / ( X) = \ im (X+
h>0 \h
J)=v(x+hy -1 . 7
/ 3 -1 -
1 = Fly= lim { (e
e p— 20 h

o+ h2—1

f(x)=€’(x1+_h)3 | ¢47%s guess f(x)= 3}><7—l ] @

fx) =

OO0 00O

Jar-1 Cheelc 'HX‘”") ; 3‘()”;,)7/[’ "

Question 19 of 54

=T}

§ Which of the following is NOT equal to oo?

E

= |

rELé O L Srams

" O 1im -

X (4 — X)z
Question 20 of 54 9 "x)= O
X

2 3 (X) = Xe <

E Find the x value at which g(x) = xe* has a horizontal tangent line. v V= €

.

(:% ® - \V/ /: 6)(

E O

0 - 5}(><)=€Y+X9X:O

X b
O > eX(1¢x)=0
e X< 0 |+ X=0

oo NEVER
O 1
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Question 22 of 54
Hole @

LoLE = Fadkers fo cance(. = x4

Which of the following functions has a hole at x = 4? x-4=0

X B CRERX U

© Macmillan Learning

O jw=—
....... @43()()3 NCT! ) (w)(x-(rq): ety
" x = X~
O joj=—22
e ORy: xal L X ’(7
O s=2 Xl (x=v)(xed) X
O f@=x-1
O s
z X ¢ 3
Question 23 of 54 >/ = (—3 ~+ ?3
3
. [ X -
£ & (3 tox )a
= : 6\ oy
S o Py
g = _X. é Q. ("L"QX~2>
§ 1 3(3 +’>?> 3
= A 2 ) _ 6
= -3 z‘l‘é_ - _Q'>
(3 ><> (3 X

Question 32 of 54

lim ¥ X+1/1)—1c()<)

X
u cos (x) S -
= Which of the following is equal to cos x? |
o /
= PU(x)
E‘
g ﬂ(x) = S iy) (X)

M —sinx £'(x)= Cos (X)
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—F(x) = Si/n (x)

= Macrn

O -sinx $'(x)= cos (x)
O 3 ms(x"'h;'mm — lim Sin(x+h) = g.ﬁ
- . h0 2
O lim s:n(x+1:1t:|+smx @
. sin(x+ h)—sinx
O = h
. cos(x+ h) —cosx
o
Question 35 of 54 >/ = (qi/q)‘»z
—X
@ 2\~
S Findye. Rewrile = 3(9‘><)
= 3
s Y=y
T G Rl 3
¢ o y=3(-:z)(w—x) e
. -3
O =% = (4=") (-2
O & = 2x (4=x7)"3
O =% - I2x 5

(y-x*)°

o —12x

@ —x2)?

Question 36 of 54

Which of the following statements is TRUE:

£ Macmillan Learning
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Question 39 of 54

@ Macmillan Learning

Choose the number of correct statements regarding the piecewise function below.

6x*+9 x<0
f)=1 13x+9 D<x<1
—13x+9 xz1

It lin:lJ fx)=09.

I x!]gl f(x)=22.

I 1i11]1| f(x)=-4.

IV. f(x) has a hole at x = 0.

V. f(x) has a jump at x = 1.

(O Only one statement is true.
None of the statements is true.

All five statements are true.

Only two statements are true.

o
®)
@)
®)

Only three statements are true.

New Section 1 Page 50

/zeﬂ‘q, 13x+4  —I3x+9
0 [
v P
. 2 Z lim (|3X‘fq)
@ ! (éx-f‘i)_ x>0%

X20~
V=G~

e
D lim (13x+4)=13+97 A
x|~

@ |im (-13x49)= 1319 = 71

X |*
Y lim_#09-li #09 749
9= 9 = $(0)
@ lim $(x) # 1im fix) o —
x2 |~ x>t

8, Ot @
©

\



Wednesday, Febru

L(,SSOV\ \2 kl.glw Ordtr  Rervatives

The der vattve of a fuckion, £(x),
/ A
\/// $7(x), %{{( by [P(x)]

1 we lalg H\é d.Lriva\/C of e first derivalive oF y:{’(x)/
Hun  we o()/e) second Jinw\}/v*@
// OQ,Q —”
\/ / (x), & Y m [wc(,(}

1S alse C'Ol”{d, ‘Fl“rg{- J‘g""‘/ﬁf‘/'ve,

Tale Yhe &eriva’r}ve n Hmes, We %evt the nth derialive
{l(n)()( " &/ [p(xi}

EX lu' ani H/'L F/’Y“S)' H/'M GozeV/‘Vd‘I‘VCS o P
\
R(x)= 3x + 3 Pie”
4 -V /1 ~ & -3 X
® RO = 3(Q)X*3(~'2)X teX | ®R /(X)’(R—EL«QX + eJ
—;éx+‘4x"/2+ex - O—Q(’a§>x_5/2+e"
= -5/2
@Q//(X):&%[GX‘{'L{X-VQ‘{'eX] 3X
= 6+‘((‘7}'>X~3/2+gx

-3/
= -2y TP +e”

teX

E?x& Find the first five deriyatives of /vtS/m(’(),

Reeall A1.. 7= d 7= - sinx
sinx [=Co5 X cos X
w [: J A Denvatives of scax
& ccs X

o 0 WC .
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e Qenivatives of siax

. & ces x
@ y’zdé[s.‘n xj? cos (x) /Sm x}

“ . -CoS X 0
@ Yy = 0%— [:a)s(x)] == Sin(x) Cos X

(G,

///_ &, .
@ Y ‘ZC‘SM)(J = "j%[ﬁm(x)} == Cos(x)

Oy L Lewstn] == £ [casth] == (5in)= sinta

@ y (5):

%ES?n(x):\ = cos(x)
Nok if y=CosXx, a simi lar Pa#crn 0CCUrs

o (3)
Cy 3 Given ()= Xe™ Find £7(x) and £ 7(x).

@ Find JF/. )
Product Rule U=Xx Vv=¢
\,(,/:l V/:@X

/
P = wveuy

= |.eX+4 xe”
= (,1‘ X) €X
@Fin& £ .
Produdt Rule.  u= |+ x \/;'e
u/: l \V4 =e¥

£7(x)= wvt uv’
o |ex+ (14x)e”
= (|+|+X)€X
= (2+x)eX
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A Find 7" .
G)ro&ud' Rule N VEN AL \//—8

uf;l v zeX
-P/'/(x):u,/\/'é UV/
= e+ (2*X) ¢”
= (1+24x)e”
= (3+x)e”
Ex 1 Find $76) of {’(X)‘( ,

X —f|)
Rewrite £(x)= Y (x* fl)’

Or}n& £
B Chain Rule,
20wy = U(-2) (x ) *(2)
= ~6x

(XQ“' |)3

@ Fih& ‘f’/_
Gy Quotient Rule, X
= _lbx \J= (xq-{—l)
o == 16 v’z 30N (2x)

27(x) = Wv- w’ . e (™ 1)3——(7t€x)(3)(x24 1) (2x)

v? ((x=n*)*
= 10 LN ) - x(3)(20) ]

(\(1"' ,)Zq

- - |é<x1+l —6xP)
/u@4l\q
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- - l(v()(ﬁi-l -6x")
(x*1)1
— 6 (-5x%+1)

(x41)"

$(1) v .
POS\Jr\on Q/ V\&\OCH')' Z¢ Acce\cm‘nom chc e

Reeall That V() = S(H)
Acce ler otien Fuaction Ea(nj lells us how Rast the ve /Ocii/v C/W;@U

\d\(/\a 0\,(_‘,) = v /(_‘3 - [S/(-ﬂ]/: c //(_]’)

FXS m FOS:'H N ‘FMC','/O/) OF G qu* Cl{ I'S
5(+):—*Jr ,___7L o - Lyt

What is He accelration of the par; de @ +=2°
a(H)=s"() @ =2

Syt Lo 821 ¢y

:—3’-+3~LI+Q+ 64— 64

O U@ F4 100 a(2)=s70)2 2% 8(2)7 (¢
- ']'9’87[*(@ =1
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onday, Febru PM

356n |3 Im liei b D.Fper(h{-;ahon
P

Explfcﬁ Form . y= £(x)
Impl;c.‘{- Form. When o Punchicn i NOT ot

I'h Ck/o,/c'/ f ﬂorm

ex. O y-ax=| @ x*+y%a @/+/1-

To ditferentiate funclicns of +hrs WM(/ WY Use 4 k’cﬁm/?u called

im'o“ci} di Meren Liatien,

Use this kcl"h/‘(f(/é when Solvir\;j for Yy s MESS)’,

EX . Use /m‘o\»c/"' di Wemnhaflon to Fmoﬂ Jla/x of {"W?(,n# ,/n,{ of

—)/ = l(x+8), at (00)
R f%f(o/o)
é(x2~ Q):i(qX*%)’)
4 (4x) + (8),)

GQ’(X) @Q(y) Ax

&x% Qy -q%wg

-2y dy _ d

X /Z;/_l(atés;(_)}(!
Solwe for OQ//oLx.

dx =Y = 82&)’-{- Q)/QQ’

AXx

2)(»- ¥ = (8-‘-2)/_)/
Ax

A N. U | ..
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/ T T

Ax
dy . Ax-H o M (og 2O S|

—

[
AX 3+ 7 K 320 3 Z

Ex 2. UWse 5vn'o|~'cf¥ A rferentiakica to Prnd Ly ol of

yXZfC;Y: X
iaéyx"wf ev):f@ (x)
& (yxz) t & (cv) (x)
__’\,\/
IS this o functien of x or /? BO‘H)

Is it a Pr“luc& or quotient ? Product = Product Rul,
J(y)Xer (2)+0((e7) J(x)

’iz x+y'axjf(/+ey§1=l'd1‘

dx o
XQé—Y-(—QX)/-Fey_QQ/:,
A x A x
ve dy/dx
X %{ *ey%{ = I‘QX/
(xﬂe”)%{ = |~ 2xy
Q(Z- [~ 2xy
AX  x'+e?
Fxbra Gredit L

(Dd-trm»rw
@ d(xy) x)-7+ x'jf—(y) @4@_(1)
-1/". A - o
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T AT At T A Y 5 ()

- l- A .y-f'x'l 'iQ—X Hint: Quotient RV(C
X Ax
=Vv+ de
4 Ax
\_’/\/ —

Bus: CAH/ produck rule

Ex 3. Use imr&”chl J'Fperenjr'/qf'm o Pind 0()’/0{)( of
L‘lSm(X)COS(y) <
OQ(‘ISM(X)COS (y)) = 0@(3)

Oﬂ (‘45m()<)) COS()() + {sinlx) - & (cosCy)) = OQ {3>

Hcos(x)/;% COSM + Ysin(a [ s.n(,)j
Ycos(x) cas(y) = Ysinlx) sin(y) ;(O_ey
X

HeosCcosb) Ay
A

Ysin(x) sin (y) X
co+(x) cot(y) = 99’

Ax
~ of
Ex Y. Use ’W’Flml- AiPeventiakion T Find 0{//”(’(
Q+am(2x+3>/)“ [l x
~O—( (6 ﬁm(?x-‘f)’)/ )r i(“ﬂ
Ax dAx
-

Chain Rule
b5l (axe3y) & (1439 = & (11
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bsec (Axe3y) £ (2x+3y) == (11 x)
|

bsec”(2x+3y) QZX’+3J] Hé&”'

Gsec (2 3[ dy7 -
Sec (dx+ )/) 2+3Z{] [l

2+ 3dy. 1
Ax  6sec(2x 1-3),)

2+ 39_('2 - ~u—Cos Q(l)(fg)z)

AX
3dy - AL eps (Q’(*3y)‘2,
Ax 6
Ay - AL os(24+43y) ~
Adx | 4 3

FOYYYMI PP@OP OF WL\?/ d%[:’” X] = .;_(

Let y:lnx. N ol )/:lnx ) ey:x
()i fPerentiate



SP26 _MA16010 L14+15 Handout

Wednesday, February 18, 2026 1:31 PM
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MA 16010 LESSONS M-15: RELATED RATES

This space is left for you to take your own notes.

QQ/ICJC@Q 7‘9\468 awe \aord prab‘(mj “}’LloaL ule

imyplici} di Heentiation.
I

W@ \/V““ be J—quinq Hu aﬁzm‘vaLiV( of ean‘fahJ
WV

with vespeed 4o Hme , +,
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Recipe for Solving a Related Rates Problem
Step 1: Draw a good picture. Label all constant values and give variable names to any changing quantities.

Step 2: Determine what information you KNOW and what you WANT to find.

Step 3: Find an equation relating the relevant variables. This usually involves a formula from geometry,
similar triangles, the Pythagorean Theorem, or a formula from trigonometry. Use your picture!

Step 4: Use implicit differentiation to differentiate the equation with respect to time z.

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3 can give
you and solve for the quantity you WANT. Do NOT substitute before this step!

Some Useful Formulas

Right Triangle Triangle Trapezoid
Pythagorean Theorem: 4= % bh e % (a+b)h
a? + b? = 2
P=a+b+c
Rectangular Box Rectangle Circle
V = lwh A=lw A=mr?
S=2(hl+ lw + hw) P=2l4+2w C =2nr
Right Circular Cylinder Sphere Cone
= 72 _4_ 3 1
V=mrth Vs g V=§T[T2h
SA = 2mrh — 2
S = dmr SA = mrl + nr?
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Example 1: Ifx and y are both functions of t and x + y3 = 2.

(a) Find whe@ d@

i(x+y3) '4(2 3%}': 2
& 4 dy . 2
d+(x) d+7) (2) ;[f/ 2

dx 2 Ay _
' +3XI I"Y~.O

1]

-L y:l
_2+43(0)" dy oy

At

(b) Find%whe@ndx = i /\,

d(xip)- 4
ey )= g () b dermine y remember

doi()-# o((ys) oQ() )(-(73’2 and x=|

3
1. d YN Ity~=
ff—;dy 7 y3=l

WANT Lg/\ y:.‘
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Example 2: A spherical balloon is being deflated at a constant rate of 20 cubic cm per second.
How fast is the radius of the balloon changing at the instant when the balloon’s radius is 12
cm?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

D r

Step 2: Determine what information you KNOW and what you WANT to find.

KNOW: d;\/ - =720 cm3 WANT: i‘

d‘i’ T d'i' rz12em

Step 3: Find an equation relating the relevant variables.
y 3
NN
V=2Tr
3

Step 4: Use implicit differentiation to differentiate the equation with respect to time z.

(v) (5LW )
\-gl_v
d+

dV _ yirrdr
o li\lv‘%[

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

_Qo 4 (|Q) dr‘

+
26 - dr
EOSL
-5 _ dr
Y47  dt

-—")‘-3r'2 dr
d+

]
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Example 3: A ladder 5 meters long rests on horizontal ground and leans against a vertical wall.
The foot of the ladder is pulled away from the wall at the rate of 0.3 m/sec. How fast is the top
sliding down the wall when the foot of the ladder is 3 m from the wall?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

?\L X 15 how tall Prem the wall
Sm )/ 'S -Far 'Pr‘ﬂm the f‘ﬁ l/
X
—2 03 m/sec
4
Step 2: Determine what information you KNOW and what you WANT to find.
KNow: dy_ 0.3 M waNT: dx
d+ S d+ y= 3 m

Step 3: Find an equation relating the relevant variables.
2_¢? 2, 2,
><9+y=5 < x+y =5

Step 4: Use implicit differentiation to differentiate the equation with respect to time 7.

L (2 2L Find x by pleaqing y=3 int
EIT(X+>/) d*(zs) nd x ,pun:ay °

X“" yt: 25

Qx%;} + if 0 x't 3% 25
wr 37 X492

Trneed 03 x =l6
X. X= 1,

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

dx  -2(3)(0.3)
209 4 296090 ( 5+ 2R

-0.9 |
) dx - ~2(3) 0. 3) —r o -0, 225
oAF
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Example 4: A plane is flying directly away from you at 500 mph at an altitude of 3 miles.

(1) How fast is the plane’s distance from you increasing at the moment when the plane is
flying over a point on the ground 4 miles from you?
M

Step 1: Draw(a picture. Label all constant values and give variable names to any changing quantities.
miles) 2  >500 :
fx e n: mph z ~disturce

I miles smet

% X (M miles)

Step 2: Determine what information you KNOW and what you WANT to find.
KNOW: ,0L< - 6500 MPH WANT: ‘0_(_ z
1 df | x=v miles

Step 3: Find an equation relating the relevant variables.

X+ -2’

Step 4: Use implicit differentiation to differentiate the equation with respect to time #.

d (x*+ 32) 20_(‘2% () Find & with x®+3°= 22 ond x*Y
d+

z*3z= Za
- 2zd= 1
‘Q"%*O o o Lt1= 2"

- ?
_RBd= 28 =&
-0 O 2= 6

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

=6 d= -
H(Soz g %g = Y400

Y (500) -
160 - g2
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Example 4: A plane is flying directly away from you at 500 mph at an altitude of 3 miles.

(2) How fast is the angle of elevation changing when it is 7 /3?

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

X - 500mph

| |

Qi les 5
S

Step 2: Determine what information you KNOW and what you WANT to find.

kvow: d X =500 mph
i

Step 3: Find an equation relating the relevant variables.

o= X
Yon &= X

WANT: i@'
dF o=

Step 4: Use implicit differentiation to differentiate the equation with respect to time 7.

d iy
6do_ 1
See 7% = 3y
/3

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3

can give you and solve for the quantity you WANT.

(sec()) 4 = 3757

ar 3
Je’: 6_—00 - :’Z_S—O :ié
¥ 2- 3.2 3
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HW 15.5: A cylindrical tank standing upright (with one circular base on the ground) has a
radius of 22 cm for the base. How fast does the water level in the tank drop when the water is
being drained at 28 cm®/sec? Note: The formula right circular cylinder is V = nr#h.

Step 1: Draw a picture. Label all constant values and give variable names to any changing quantities.

D=2

R

Step 2: Determine what information you KNOW and what you WANT to find.

kvow: AV, _ Qngs want: &th
s ot

Step 3: Find an equation relating the relevant variables. lO/ C raJ us do ésh /"
n 2
Vevie h @ V=W (22) h Chorge

Step 4: Use implicit differentiation to differentiate the equation with respect to time 7.

(\;) <’((.. 22 h)
dv .17 dh

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

2}
_ng = 722 dh
28 = 0 o
J«l’): 'Qg-—: —}f? :,:i
o (5 U R N S TEI 51 B
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HW 16.3: A baseball diamond is a square 90 ft on a side. A player runs from first base to
second base at 14 ft/sec. At what rate is the player’s distance from home base increasing when
he is halfway from first to second base?

Step 1: Draw a piimre. Label all constant values and give variable names to any changing quantities.

J”
A‘m ) q0 y - Home Feo lS’-
ed /o SF S
3 ‘:‘! ! _/9 2 2 ~distmee frm heme
10Ny 10 4 Yo halt vy pf
Home 75 7

Step 2: Determine what information you KNOW and what you WANT to find.

KNOW:J, - ﬁ WANT: J___"z'
E}X.— Iq S d+ }’:19:‘15

2
Step 3: Find an equation relating the relevant variables.
2 2
A0+y =
Step 4: Use implicit differentiation to differentiate the equation with respect to time 7.

o'~ (qo ‘y OQ 2?) To find @ rememyber

9Q¢ty =2 & }'=V5.
Q?@ QH& Q0%+ ys=2°
(—\qspjz

Step 5: Substitute in what you KNOW from Step 2 and any information that your equation in Step 3
can give you and solve for the quantity you WANT.

2(45)(10) = 23530857 de
4 _ d=

—_— O ——

5 At
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Monday, February 23,2026 1:29 PM

Lesson 100 Relobive Bxtrema & Critrcal Newnbers

(D-CP O 17 () > -F(x) for all ¥ 'n an 0/34#/7 ‘'nterval T Con‘fa/‘nﬁfy

¢, Hun £0) s a reladive max,
@TP “(C) ‘F(K) 100r all X n o 0}0{14 ’V'J‘Vl/a/ T COM'?‘”I/}/)/(?
o veladive minimam

B(C'z/ Wcz)) = Ma % ,
-I’?t)‘o P (C‘l) DNE

D(cy #le) ¥

C/ Hen #(c) s

Sl)ar,,
P’l.llf‘

=

N TR e, ) ONEg

—/./4761/{(‘4))

Overall, all re (ative extpemas occur ab points where Aeniva +ve
w 2ero of  ONE,

Queestion. Tg the reversg Hue ?
e I8 Hu derivabive s o or ONE, do we e A relative Cxlrremq )

No. Refer bacly +o Poinks A od E fron He 3’“"\/3)',

C(e3,4¢cd) => My

Def: Lek ¢ be w t#in te domain of ﬂ’,jpwarw
at x=C, Hur ¢vs A eritial Paimk.

Ex |\ Find the eritical nwnbers of y T X 1-x3

i~

e vlwe y’(x)=o for x.

/. 2 n o 2 _ 11 2 /.. - A
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e olwe y’(x)=o for x.
y/: '/!x3~ 2-3x% = Yx3- (x5 =0
Lx‘(2x-3)=0

X=0, 2,
Sinee the domain of phAyaomial s (~00,00) Her X=0, % we ;;i:/m/
' - ¥,
E x 2. FMA e critical nwn bpers of ¥ =b x /5
e. dulwe )/’(k):O for X.
>//: 5.gx~'/5;_(il_:o
sJx"
»—L{/ .Sj?: 0. 5\/;/‘

X

Y=0 = y/7f0 for all x

y'= L ONE when x=o0.

5/x’
Ex 3’ fi.d the crtical hwwbess of y=3xtex,
Solwe )//(X)ZO for ¥, L) Do o
I s Pound b7/ praoncF rule,
y 3 y x So Cf‘ly'fcc‘[ /,‘}. ane
U= oX V= e T
u/: ,2K3 \//= eX X 0/ {

\//: (,b/v+uu//

= |2x3%eX + BXL'eK = O

3>< eX[‘“X] o

X - 0 Newr -
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E)( Y. ng He CV‘:"HCQI Vlwwb(ng af’ P(x): M

Solwe y /()20 for X :|V,((X+\)1)
>//= ‘b_d.i(xz-r,’lx—f{)

X+ x4 X
_o (@t2)

x o4 Ax]
B N x+ L

X 24 2x+|
- QD 2 -0 NEVER

(DT ] Jrs

£/(x)=0,

OWowy 50 when dloes  PAx) ONF

Y/: 2 ONE wher x=-1,
X+ ’

Bud not in domain of £(x),
Se ho critical Po}yy}—g,

=¥ CTs /8 a critical nunher For y: RSn (Qx)-Q\YTx?

?
Checke 17y (78) 20
y /: 2 cos (27() 5% (2x) _Q\FQ:'

= Qcos (2x) 2 ~ 22

P(\A@ X:’E‘
y'(g)= os(2F )2 -2
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\

"(c.os(%>~ 27!
HQ%_QJED
T -2JT =0 v

\

I ' —~ 7
% G, Ts x= l'_’i a eritical Pmyﬂ' of Y: 3t (3>< > Cos ( 3x) '
FMA Y mi Huea Puﬁ Y\ , Checlt }o see 1 =0,

v'= 3sec(3)3 - (=5in(30)- 3
=9 SCCQ(gx) + 3sin (3X)

(Q Usec”(3F) *+ ¥ %) sec(¥) - |

* cos("%)

' [
_ BN ST _
—CIS€C<L,>+3 ( ) s
= ‘ + 3\}? = &
= 9-2 2 2

2T\ _ /2 2-= Y
‘# O Sec 7) *(—\Fz:') ?:2.
\(:w/ll is no a critlcal poiml.
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