FA25 MA165 Study Guide Exam 3

Tuesday, November 4, 2025 10:42 AM

MATH 165 Stupy GUIDE EXxAM 3

Please show all your work! Answers without supporting work will not be given credit.
Write answers in spaces provided.

S ol U\\."\ov\s

Name:

1. You are supposed to know how to find the absolute maximum and absolute minimum of a function
f defined on the closed interval [a, b], by comparing the values on the end points f(a), f(b) and the
values on the critical value(s) f(e). You should know what the definition of a critical value is.

Example Problems

(1.1) Find the absolute maximum/minimum and local maximum/minimum of the function defined by
f(x) = 32" — 162” + 182% on the closed interval [—1,4].

f’(x) - l'zx’- 43 x'-o 3tx =0
12x[x™=4x+3] =0

12« (x-1)x-3)=0
X< 0/ ‘/3 '3°“r“|""3'f'8"”

Abs o /min Conclusi Y 3-16-164118]

£(n onclusien _

%%Jﬂ_— ¥ y-1e +18] =32

310118 = .

_

—17

_;\u \c -—\‘.\x

33
Rel manjmn . £'= (12x) (-1
- u + n o U + Absolute Max at: X =-)
(. ,fh L2 } 'l‘a £’

0 ] J Absolute Min at:

x="3

-
Local Max at: x. '

£'(-1)=0-H05) ]
f I(”): (4,)(—)(—) Local Min at: X: o/ 3
¢'(2)z (DEX-)
£/ W)
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(1.2) Find the absolute maximum and absolute minimum values of the function f on the given interval.
(1.2.1) f(z) = 2% on [-1,8]

- - ..2“_..—3
-f'(x)--;x Y3 =3 0

x7s
b} This never lnc-,),xnf
X ';(x) Conelusion

-l (-l)"'-— 1821 Min

2| 8% 21: Y Ma X

Absolute Max at: xc 2
el

Absolute Min at:

(1.2.2) f(z) ==ze " on [—4,6] v
£1(x)= ¢ 4 ¥ )
-X - - 0
=e¢~*(\ x)
N‘Mr X’-O
=0

x | $6) (Concluser
Y [(-D)e-103) Min

e
Meax

0 .
¢ e 6(,5) 0-0.0)

Absolute Max at: X

X~ =Y

Absolute Min at:
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(1.2.3) f(x) = 2% * on [-4,6]

£v)= 2xe ™+ 52" -9

= xs;’:(Q-X)ﬂ’

Newv
=0
So x=0, 2
X | 4() Fanc lusicn
-4 [16e"a873]  Max
°] O Nin
-2 W - -
2 ‘e :o‘ s Absolute Max at: x - q
G 36l n0d X=0
Absolute Min at:
(1.2.4) f(x) = (z* — 1) on [-1, 3]
£(x)=3(x*-1)(2)=0
x=2I 1,0
X £(x) Com.luS-' o
~| o
0 =1\ Jn
| o
3| 8§ ma
Absolute Max at: x : 3
X0

Absolute Min at:
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(1.2.5) f(z) = 2cos(r) + sin(2z) on [0,7/2]

£(x)= - 28inlx)+ Cos(2) 220
' _28ia(» +(\on.‘.n"(x)) «2%0 SIA
sinlx) +|- QSM‘(("\)’ 4:
0= 25int(x) =S¥ =
(25000 4 1)(sinl - 1)
Conclusion 2s50a(x) 4 I=0 Sinly)~1=0

. nix)=|
> ‘;T) Max Mﬂn(xh/)%'l/, sm\t:)"‘/z
g
| O | M ey
in E@‘"/a;
Absolute Max at: X< o
Absolute Min at: x - ‘f/c
(12.6) f(z) = Ina® + 2 +1) on [-1,1]
‘f’(ﬂ" ._QL"l =0
X' x4l
2Ax+1=0
x=-Y [ R S
-T‘ z +' = Y "’i -
x | £(x) Conelusion
-1 w1 )=0
Ty [C) 003 | Mia
| [1n(3) 2109 | [lax
xz |

Absolute Max at:

—|
Absolute Min at: x < /2-
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(1.2.7) f(z) =e " -sin(z) on [0,37/2] " S I ,A ‘
£lx)=-€"sin() + € cos(X) =0

o
¢ Psintr4 €ss(0]=0 AT
Cos (M= SNk g
I(‘=¥ /l'; +W= "{
X £ lx) Comclusion
O 0 o Min
3 Va ) ¥0.
Ty |l
5‘;/;' ¢’SWA'(:I;/2) M Absolute Max at.__ X - 3“/1
/2 -3 W ax
l e v Absolute Min at: x: d

(1.3) Let f(z) be the function given by
f(x) = dsin®(x) + 21 sin () — 24 sin(z)

Find its absolute maximum value and ahsolute minimum value on the interval. [—w/2,7/2].

£1x) = 1250 (D cosP + Y25inlv)cos(x) - 2¥ cosly) =6
6cos (x)E!s.‘n'(x) + Fsin(x)-4] =0
e Ccos (x) [Qs'm (x) - l_] [f n(¥) 4""]

5\ A
5 : Y. Sinl)=-9
e T Cos %= 0 S.ﬂ(*)’ 2 n
'\ x:fz‘l" ;

- “/’ x% '%l} MVCf

X |4

7Y ETPETECEL )
T Yt ANL.,242 - QHO.SLHM Absolute Max at:

Y2 Yenn -2y=| x= 5%

Absolute Min at:

K= »77/1
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2. You are supposed to be able to use the 1st Derivative Test, as well as the 2nd Derivative Test, to find
the local maximum and local minimum of a function.

Example Problems:

(2.1) The first derivative of a function f is given by

7'@) = 2w+ Do~ 1)@ —5) = O
Find the values of @ for which the function f takes .Q x S 2’ “, ./ ; s

(a) Local maximum and (b) Local minimum

U N

—‘4

A‘Iq IS{’
Y . 7/ socal Max at:

c—-.a -\ \ 3 5 Local Max at

X=5

x= -

Local Min at:

(2.2) (a) Find the critical numbers of the function f(z) = z%(x —4)7?
£(x) = 87 (x-4)%+ x8(3)(x-NY)*= o
x’(x-‘l)‘f&t +#(x-4)] =0
-0 (52920 vy

Critical number(s):
e

(b} What does the Second Derivative Test tell you about the behavior of f at these critical

numbers? s L " .
£x): Jx‘(x-'-l)‘(l‘h-?&* x?(6) (x -4)°(15%-23) +x7 (x-4)*15

#(4): o + o «@En 5,

Wy s a rel Mmin

Answer:

(¢} What does the First Derivative Test tell you that the Second Derivative test does not?

/ nSWer: x=° is ad ’t’ W
. 4 —f ' X=4 is & rel min
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3. You are supposed to be able to draw the (rough) graph of a function, given the graph of its derivative.

Example Problems:

(3.1) Below is given the graph of y = f/(z).

Tncreosing (-2, 2

——T ] |

5

Which of the following can be the graph of y = f(z)?

%
(A) \
_____ =SS!
(B)
THN ,ﬂ\(<
(©)
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4. You are supposed to tell whether the graph of a function is concave up/down, and find its inflection
points, by looking at the second derivative of the function.

Example Problems:

(4.1) Determine how the concavity changes for the function
flx) = %:r — sin(x)
on the interval (0, 3w).
fi(x)= i" cos(x)
p(x)? sinlx) =0
x= 1,2
ne (01 )

+ -~ +

L%, ’Xlsﬁs);f”
o° T oF x=W,

Concavity changes at -/

(4.2) The second derivative of a functiow is given by

‘ +
£ = (@ +5) (e~ 2= 3§ Z O

Find the z-coordinates of all the inflection points. ’) x - 5’ - 2/ 2, 3 > ‘
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(4.3) How many inflection points does the graph of the function y = f(z) = 2° — 5z + 252 have?

fl(,‘)onq.. 20;(3-}225 RlWMM ’.””(Cwm /’,:
Fx)= 20x3- ‘o" =0 VWPP"' when Coheavily

20x (X“ : cma(.

X%°/3

+
L4

i

b S

Number of inflection points:

=0
(4.4) We have a function whose first derivative is given by the formula f'(z) = (z — 1)®(z + 3). Find
the local extrema and the inflection points of the function.

\ x=1,-3
m'm" = + <+ !

qu ° 2547
o
Tehech®” e 3 * :
£7(x )= 2x-Dlx +3)+ (x=1) (Yx43)
= (x-1) (x4 3)'[1(”‘3) +3(x1))
= (x=-1)( )6‘-3)2(5)(*3) <o -

Local Max: ”/A

‘.+ "" ~ -+ Local Min: X= 3
‘L". - ! g : L> f v Inflection Points: x b &;’: '
9
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(4.5) We have a function whose first derivative is given by the formula
F@ = =1 e+2?

Find the value(s) of the z-coordinate of the inflection points of the graph of the function y = f(z).

£7:(x) =3(x-l)2()“7)’+ (x-)?(2)x+2) =0
(x-1)(x+2)[30+2)+ 20x-0)]=6
(x-1)'(x42)(5x+ N =0
x= |, - 2, - Ys

+ - 4 ¢
'3l-'5°:2)f”

Lo

\‘2' "95 | =—2! "1/5

+. -

Tnflection Points:

You are supposed to know how to compute the limits using L'Hopital’s Rule, under the provision that
. 0 +o0
the limits are formally of the form —, —.

0" +o0

o

Example Problems:

(5.1) Compute the following limits.
. In(x) 20
Y - as—
(5.1.1) 4.1320 NG <o

S
BYLHopM 2R lim 2 g

lim IU(TTJ = o

E—00 T

10
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o €T —cos(2T) -
(8.1.3) _PE{J tan(3x)

By L’Hopits),
X0 3 sec(3x) 3

L
o

e™ — cos(2r) ;/3

lim — =

z—0  tan(3z)
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sin(sc) > -2

(5.14) lim =—=3 | =0
_osin(z) O
) 1—a?
3z — sin(3z o
(55, By A2 SAD) — 2
z—0 Hx — tan(ba) P))

B)( L/ HOPH'G ',

lim 3-3cos(3x) _ 3-3_o0
¥20 g 5sect(5x) 5-5 ¢
L Hopitel o ==

BY\\'M -I-P‘3-3$""(3") “-5.2.1-1-0-5 o
X930 Ls-Qxc(éﬁ 5“(5“)"‘”‘&;
lim 4 gin(3)
X20 =50 sec(5x)en(5x)

% LIHOP.. la' . 3z —sin(3z) ":?;0
lm 9> Co$ ‘?X) = 5z — tan(bx) 2 b

%50 — 100 5¢¢ 5 scclolan(se) Fan (%) 5 ~ S05ec ) $c*(5%) 5 g0 5
12
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L’ Hopitel
BY lim PQ-?«‘“‘);’; - ©
X0 Y-cos(iy) -4 O

Hopihal |
By l?.-t:.o‘)-zfz e (25) seclax) 4an(22) A o
20 Ty ysin(Md o
Rewrile
b — 2 sec’(22) tar (22)
=20 - .
q Sl“"‘ X) ‘(2’)“" (zx) . 2‘4
L’“lp‘k" 2 (2 x) k,,.(‘!x)‘a - lkc
hm =& 2 TR —y
X0 ' 6C" ("‘X) a — sin(4x o

tan(z) = _ @

(5.7) lig S22 = O

By L'Hopikel,
4 I'm Pfcc’(x)-l=
%20 3xz
L/Hopial

QY lim PQS«(!) ton(x) sec(x) - ©
X0 Gx )

Rewrite

him sgc:gr) Fan(x)
xX20 3rx

o
o

*Hopi sl y
BY Llllv"' "2‘5‘“"0 sec(x)fan(x) + Sct'(*”:fz 072’(3_"’ <

X0 3

‘ 13

3

-
-
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i (sm(:g))
. xr
(5.1.8) }13}] =

W

Rewri'te

lim n(sin(x)) = \n(x)
*0 %2

By :;Haf‘t“l cosby =1 fim  X<OS(¥)-sinlx) . ©
' —— -

x0 $nlx) x oy zxz;o'ﬂ(")
Ax
ﬂ’ L,H*'h‘ 0‘)""“" ) limm — Sin(x) T

O
‘o Swgth) =X Sw ; ¢
';}::; (s in(x) 4 Ax® casCR) X0y sinlx)¢2xCus(®)

L Hoas s )
9{“'" H‘fnk’; ~€05(X) -l m‘(;)  -Y%
%50 Yeasl) + Icas -~ Axsinlx) 6

= . In(cos(5x))
(5.19) lim =—5— = &

By L Hopitel, , 6) 1. —-Sdan(sx) - O
4 l‘_mof'_c_oﬂl;).—sm@x)( ): ',:—';Z —=2x O
x0 2x
L'Hopike |
@ Jim P"‘S«z(sx) '5, 2 ’-%s

Y0 2

o) = 29/

x—0 2 o

14
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(5.1.10) lim

Bx L/Hdri"‘ 'I x? -
lim —'— lim -~ —_— =
-}/xs

B,L ‘H opihs |,

'm —ax = —"
X~ Ax

-1

tan~1(z) —

L]
|

lim
E—rco

8|~

6. You are suppose to know how to compute the limits of the form +oo x 0,00 — o0
Example Problems:

(6.1) Compute the following limits.
(6.1.1) limx-ln(?z =0. 00

Bl ""‘ 'IM !(QX) w

X0
L’Hopitel, A -
Hoﬂ lim -X_ = hm =X=0
"m < x.,o X W0
X0 -y;,t

o

.llgtl'r -In(2z) =
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(6.1.2) liI{]l+ z-In (3 + é) =20 %

Rewribe. lim |a(3¢%) - 20
7H del

ﬂ’ ;"_m e ' .4?5, lim —— =lm .
sev0? 31¥x = xo0t 349 X0

- '/xc

(6.1.3) lin(}D 2 - tan (L) =0-%

Rewrilt; fm __"'“L(.'ﬁ") +2
—— 20 Vix o
By LHopithl, 3
/ |,-m0f sa'(’?x)‘%'l( :_2
200 V.- 3

+#
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lim z-In ('3 + §) =
r—0t &

lim 2z - tan (i) =
z—+o0 3z

s)

2/3

16



lim (27 —7) -tan(z) < ©-00

(6.1.4)

: Po
Rawrik: Iim 4”(‘) "3
~@ o
bl " )
‘» L ’-{m ’ $ec(x) _ lim - s’ (1) - _;_{,o

= — Y- )‘ a
2%

x~>(“' ) -2
2 (‘1x~lr):

i (o) tan(e) = o
(6.1.5) l(im) (7 - 20) - tan(z) = € * OQ
Rewrike . .
l.m +‘m( X) =
X"(E)Q / a5
B L’HU I+d| 12 2
£ hm F $¢C g") = Im (ir-2x) Sec 0‘):;9
o) T E x> () 2
- (w-2x)
o

17
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FA25 MA165_Study Guide Exam_3-33-52

Saturday, November 8, 2025 7:39 PM

(6.1.6) lim (va® =5 +7 — ) = Po-—-00o

Rewnile

lim .Ix—Sx"7 -* -bxe7 X - |

D47 ¥ X

@ L/ Hopﬂa -

X300 ]

Iim x-3%°
o 4 (x ,5,,4;) 4 (ax- S) 2 5% +?

- \'m 'O(X 05844)__,

T Ax-5
8 Ll-lopikl "
i - ] 2 -5 - K
,‘,Z"o. o) sad) “(r-8) - £ N, B = 2 M,
01 ) 2 0 g2
lirm K"'(")-(x—ﬂ_ hn xin(x) - x+l "o
X2 (x-Dn(x  ) (x-Dinlx) 0
L Hopis! i )
?'7"‘ ntr- <4 _ Il =2 ";’T.g-""za
NV inlo +(x)-4 ¥ Il 2 i
- o9

18
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(6.1.8) Iligi(ﬁ 4 ) = o9 = O

'I;V‘\‘ —J_J'.-‘—;-l———r -i' "—;V)LI%T;zx"V x-Y
x= +3) (-

(6.1.9) lim o7 tan( . ) < Se. 0’

lim *‘"(suz)_ o
= 0

XD0e ‘/x ' -
By L’Hopite ‘ﬂ
+V___(0x) oy
)|t|‘;h”' “ (6"”’) n ‘(53 t‘n) = l'-:;’v sec (58 %a x-D‘O 5':: i?)‘
x3

By L’H‘Pl"‘"‘/ 2 xl 2

i - lo‘;z‘ ET’.T, oo

x""“ 2(5x 2. 2)(10%) X X

lim z? - tan 2/5-

‘3’ L,HO""\"'/ o0 (5.1: +2)
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(6.1.10) zli_r&]ﬂ-tmm(ﬁ 2+2) = +an( 1) 0

O

lim 22 - tan S
0" Bz 42/

7. You are supposed to be able to compute the limits lil% [f(2)]9®) of the form 0°,00°, 1%,
T—H

Example Problems:

(7.1) Compute the following limits:

(7.11) lim (1+ ) | -1
. ) lim In(l+3x )J = ¢ =
exp x':;:o Ix 'n(|+%)J- e"r x-)0w %?x) "P[ J
By L/Hopitel, ’
! IimP -—'—‘(‘3"'1) s = . -f”),]
€XP | o e — 20 (14 ") x® 7
N

By L Hopic. | |
—ex [lim 3 49X ] [—'—"] im M2 )= 2
=€Xplysar " 7 9w ]" exp | o ‘ exP| x-00 — J ¢

In (x+3) = In(x-2)

[r a2\ - /5\“ n
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n (&}) “ o s
' 3 - W x-2 = —
e lim (x+9) "‘(%)J“"V iy
L' Ho Hal <
B)’ "mp_?;_;‘j__{ o x=2=x3 (7x5)
exr’[x-”" : =3) -?]zvF X200 (x43) (x-3) -7
(Fx16)
%45) 35
- exg| m +5(7x45). ]: — e
o> J%x-6) ) =
L Hophal
S g2 [ 2 o
EXP x> Alax+ 1) oo
(7.13) lim (1-52)"/" = L
i M(I-SX) = <
‘Hopris |
Y i g9 Jeenpfim ] exp[ 5]
P nge 22— P| x>0t 1-5x .

L5 oo\
, Tz+5 -
(7.1.2) lim (jfg) ~ (3)

lim
a—0+

21
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(1—5z)t/= = C




o

(7.1.4) ml( + )/ = o

expf tim ln(e"u)] = exp| s 'ﬂ%‘)] e [£]

L ] o]

Mrf'ﬁm% o] %]

B,";E'G;;‘T‘é}] :axp[;g:;;_
R B

' n(e*+x) ~
exp| lim liym __h(ex‘,x)] exp x\::z. \ (e +¥ exp[ ]

L’H 'hl x -
B/exp of;; —— (¢‘+|)] exp[‘ ::‘.’,”,,, :x:;] =e,.,{f- 2'5]

'
=€

lim (e + z)'/® =

(4

37 L H vhal, D
exP[a \‘t.'% rrrall R i e
L'Horihl,

22
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(]
(7.1‘6) ]ir# 7(5tan(m))'°°*(‘“) > m

=) M |nl§"‘m("))
m - [ -
expl h (" Y a,;(x) In‘ Shu(x)l ’ = exp ’(")- ™ i,c,‘rl [ ’

/ N |
87 L de *‘J S .xuct(x)]— ) [“ME)- %&:f__ﬂm .m

o =€
exp| 50 Plas Sintd
P x"(:f)‘ aetﬁf ton(x) & )
vim  cos(x) 0]- |
L= expl2]=
= €xp X>(Xy (sinte)) Pl 5
]il;[rl (5 tan(x))c=® = '

= —

(7.1.7) Ir:l( /7 _8r)*/? = o0

exp[hm X |n(e** v&x exr["{:,, ’{ ln( ‘/X( |—8x¢"”‘»

= exp| lim "('ne""+ ln(l-8xe"/"))

ot A
Zexp ;1331- _é. t3 X n(I- Jye é/x )]
:exp[3+ 0- "'("")J‘-e .

lim (8% — 82)*/2 = c
=0+

23
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8. You are supposed to know the statement of the Mean Value Theorem as well as its meaning, and also
to know under what conditions you can apply the Mean Value Theorem. You are also supposed to be
able to know how to apply the following corollary of the Mean Value Theorem to compute some value
which is seemingly difficult to determine otherwise:

If f'(x) = 0 for all values of z € (a,b), then a continuous function f on the closed interval [a,b] is ME re

actually a constant.

' iHerentisb
Example Problems: r" con*‘ "W"S A J #e 4 k
(8.1) Consider the function f(z) = z* — 2z? + Tz — 2 over the interval [-2,2]. Does it satisfy the

conditions for the Mean Value Theorem to hold? If it does, find the value(s) ¢ € (—2,2) such that M V r

sy = 1= £ holds

2—(-2)

\

£r Y- Uyx +7 1
f(2)+£2) = a)* 2(2) ™ #2)-2-(-2* 2(-2) + #-2)-2)
- g -V~ (o-A-14-2) =28

3.
Hf—'(xf}/= %"l
Yx’-Yx =0
Yx (x*1) =0 o X2 % 7l
YX (x-Dx+1)20 %20, -1,) sincc all in (-2/2)

(8.2) Consider the function y = f(z) = 2?/* over the interval [—1, 1]. Does it satisfy the conditions for

the Mean Value Theorem hold? Do we have any value e € (—1, 1) such that f'(c) = M’)

F ) OONHnuM on E.|/ |] 1= -
- 2
A ’(’()‘5 %X !’3= 30
Note £/ doesnt exist
at x=0. So not diHerertiable

ever (-1,1).

= MVT doesn’t hold

24
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(8.3) Determine the exact value of sin™

1 + co a—1
5 208

(5)

Note sin (%) andl €o57( ape continuas w (-1 1] and

diFferentiahie on (-4 1). Let | Let x=0. iy
'P‘x)f- S.'y:" (X) *CO‘S-‘(*) ‘F(O);s(.)n* {;;:CO‘ 0)
‘P’(X)“' ——1 — =0 ="/a
l-x Jl—x ' £ %) -,
B/c #'(x=0 Hun by IV, e
Unow f(x) is constant,
Se choosc & point in 7] "
bo evaluakt $(x), and that = (3) o () - /2

constant w/ be the valuc over

(8.4) Determine the exact value of sin (?) -

Nole $in'(x) ond cos—(x) arc

di flerentiable on (-4 1), LeA

$(x) = Sin~'(x) ~cos (%)
Nok cos'(~x) = - cos ™ (x)

£(x) = 5in~'(x) - T+cos~'(x)
#l)e == - —= =0

B/e £/(x)z0 Huen by IvT,

we kpew f(x) is consdant, o

S0 choose a p¥ n C—','J to N
evalunie £(x), and thet constant

Quick Notes Page 8

all vajues in (-4,1),

'(-3)

con tinuous on I:—l,l] and

’ Let X=0

£(0) = sin”'(0) ~i7 +cos™'(0)
o-m+%

(@) (2

w/ be the value in (-1 1),



(8.5) Determine the exact value of tan™!(7) — tan™! (—%)
Nok; —+an™"(-2) = tan~!(e)
e "y
So fan™ (714 tan”'(3)

Ndte. Jan'(a) + tan~'(b) =E if a-b=|

L=
t-3=|

So tan~'(#)+ tur™ %,)‘-JE

(8.6) Determine the exact value of tan~1(—5) — tan ! (%) =

[ So =[+an'(6)+ '(4)]
= -TiA
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(8.7) Consider the equation f(z) = % + r — 1 = 0. Determine how many solutions are there for the
above equation on the interval [0, 1], using the Intermediate Value Theorem and the Mean Value
Theorem.

MVT: £1)=3¢™ |
O f)-F)
Ix+1 3‘_% . 77 (o)

Nole enly x: h3 €
3x"+1= 2 Henee theve is only one

3x?*= | Solution,
x*= 3

£

1% 1-1-(0*40-1) = 2

Answer:

27
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(8.8) Consider the function y = f(z) where f(z) is a cubic polynomial (i.e., a polynomial of degree 3
of the form f(x) = az® + br? + ez +d with a # 0). We know f(5) = 0 and f(z) = 2°+ 1. Choose
the correct statement from below about the number of solutions (i.e., roots) for the equation
flz)=0.

(A) Since a cubic polynomial should have 3 distinct roots, we should have two more roots other
than 5.

(B) A cubic polynomial should have 3 roots counted with multiplicity. That is to say, it can
have 1 triple root, one double root and 1 simple root, or 3 simple roots. So from the above
information alone, it is possible to have one more or even two more roots other than 5.

(C) We cannot conclude anything about the number of roots for f(z) = 0 only from looking only
at the 1st derivative f'(z)

(E) Since f'(z) =22 +1>0, sans that the function f is always increasing. Therefore, we
should have one more root r < 5 with f(r) = 0 other than 5.

£/(= X4l 20 for every v
2 £ s stncHy in(,ms.‘nJ everywhere

= The funchin can cross He x-axs at
most once.

5‘"\“ $(s)=0 Hhat cros“"j
arl e oher  real rootS.

is at X=5, there

28
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9. You are supposed to be able to sketch the graph of a function by computing the 1st derivative (increasing
or decreasing) and 2nd derivative (concave up or down), and also by determining the horizontal.vertical
asymptotes and x-intercept (y-intercept).

Example Problems:

- 4
(9.1) Draw the graph of the following function: x=-Y "
- [}
(9.1.1) y = f(z) = 1,2_115 = (X" “) ' '
e Wl (L - C = pZ A )
VA; x-M=e  HA y=0 < T

x=%y

. =

: ) -
y‘inkrch- Y’-o‘—“’ 2 (6, 1)
Lo
Y— i"k’cl"’. O.xz"‘ .ﬁ NCW(

y's = (x-1e) ()= 22 -0 2D X70,

(x*-1¢ g‘l _
S '

29
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-I’ “
VA! x*—u 0 ! :
ty ' .
é ll ’; )>
y -inkereept’ y=_2 =0 \ / !
o*-l6 | '
(0,0) ! "

‘F’(x): I(x’—l‘)" X(Qx)‘ -x =16 - 0 which nevey

Gyt G-’ happes
: X _ lim X
B al—';: Xl x> X
.5 " ., - '.m _1-_-' o
<— ° Tsr ‘)'f. X.’”' X’
1 lim — = J'.ﬂ. X 0

30
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iiii

x=*1 xr\‘./7 y:X 'S5 SA

SA: )(2"‘ x3+0xc*0x 4+ O ' -y Y Y‘;‘
~ -4)(3 ~16x) J ’irf_f 7
IBX‘PO | ,
< ' )
£10)=3(*10) - x3 (%) ‘: |
(x*16)* g ‘
LY v (
- (3%~ 48-2¢)  vex '
P
(x*-16)* ﬁ3
(x*-1¢) a
= g,
+ — = =) = -F
-F 5' 1§ -F,,
< ' +— f
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x
22 4+ 16

A’ None s.nec X 4[6#£0

(9.14) y = f(z) =

y-intercephs y=-2 =0

0™ (¢
(0,9)
End iov. I X \. \
- IiM == °
hm ——Xo=2!m o= X
> M0
. 4+l X
e X4l lim _lim -';-.-0
!(“;h-oo X’*\b= XIpy X X=-20

£/(x) = x 2416 - "(Q") - _|i“_":___.(, ¥ x=1 Y
19T ()’

32
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1693
2416

-6-0

(9.1.5) y = flz) = —

y-mkfccp"-' 'o"-tlc-o
(0,0)
End Behavior: 16
I'm ~II.X = lim -16 ’l:_o;r;_;:O

X500 X 416 X x* \ 6
-.‘ X - |||m - lex = M T
lim e = xoem e X
£/0= -1 (x+e-x(29) _ - lele—x" )0 if xot
(x*+16)" («*+10)°

N =Y+ 1
5, 0° 247

-y Y
& >

&

. V
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y: X
S
X

SA x4(|x34 0x*+ox+o

%140
\IA None sinee X A 7

yomkroegl y* S <6 Tavs

(9.16) ¥ = (o) = o=

(0,0)
Em) Behovigi
|‘nn X 2 lim x=%0
Im X3 = lim X _\um X=~720
xo-00 X4l X% P S
£(x) = 3041 = X (2x) | (343 - 2 )
(x’*‘) (x’-tl)2
2
- X(x +3)=0 f x=0
(x240)? .
+ +
PR &
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-x'/?yﬂ.‘x

(9.1.7)y:f(x):1f312 SA: "X’-\ |J;3¢oxr+0x1 0,
VA 1§20 L
- X=tlI EX~0
End Be havior.
lim X’ _him ) \o:;n ~X = =0
X500 T_;g - X% ,xi X9
v -y = O
|‘m X "‘m X :“m X=
x1-00 |=x* X3 XTE 3'zl?
2 2
£1(ey= 3N-X)- X2 _x (3-3+2x%)
(1-%*)"
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(9.1.8) y = f(z) = e Tsin(z) on [0, 27]

y- iﬂkr‘a‘ﬁ: y=e °¢'n(0)=0
- (O/O)

2 C-XSl'n (x) )
0= Sn(x) b/e ¢ #0

K-inkerceph: O
x=0,1,27 i (o, 27)

y'=e ~Xein(xy + e cos b =0
e"‘(- Sinlx) +cos(%))=0
Cos(x) =S (x)

I ((x-00x-0) = I (X7€) + nlx-Y)
h

Domain of f‘(x).

(9.1.9) y = f(z) = In(z* — 10z + 24)
| TN a d A °an q q\
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n

(9.1.9) y = f(z) = In(z* — 10z + 24)

y-inkercept y__wo;ofaw)
(o, In(24))

y-inkereept. 0= In (x*-10x+ 24)
)= x2-lox+29

O= xz’“)X +2\
x=51§2

Ax

Doyml'n a‘f 'F(X)

o BoHt x=-10 and
X-6 20

whim ¥ 26

" x—." <° ”&
Both (<O a

when x-4<O0
X<y

So (-2 4)U (¢ 00)

o, In(24))

B/c Domain of #

Not -+
O , induded,

v (4

’

& >
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10. You are supposed to understand the idea of the linear approximation of a function f(x) at z = a

fl@)= L(z) = f(a) + f(a)(z — a)

and apply it to approximate the value of a function at a given point.
Example Problems:

(10.1) Find the formula for the linear approximation to f(z) = v/ at = a = 1 and use it to approximate

_Va )= #0) + £00(x-1)
)= IR = =14 £ (x-D

f‘(X)s-;‘—Ja— £zt -;: (L1-1)

f()=1 =41 (o)
#(0°4 h

(10.2) Find the formula for the linear approximation to f(z)

e —0.05

=¢* at z = a = () and use it to approximate

x 4(0) +4/0) (x-0)
M Ui
=i+ X
f(0) =\ £ (-009= |- 0.05
£/(0)=1 =095

. 0.95

[
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(10.3) Find the estimate of V/8.012 using the linear approximation of the function f(z ¥rat x =8

£6)= == x” £60<£(8)+ 1¢) (x-8)
"X)'—'X ~¥s2 :/, -2"]!&("")
$6) =241 (3.012-8)
2
Fl!)“3r1‘2 :2""_2’-0‘%
2 _|
l(s) 8,,3 3 2 E =24 12
laooo
- 2 + .000
/8.012 ~ 2‘ oo ‘
(10.4) :i:dr;t: estimate of sin(46°) using the lin S A S . i
£(x)>Sin(x) £00- f(l,r ) +#F) (x-l‘
_Pl(x)%COS(Y) - J..' (X'I)
J‘“ N Tr - Your
'H M)“’ 'r’k -’(%) J—'( 80
_FI(WA):J% ‘:},—’ J:' ‘80
°- Y6 ° Aor
Ye '_}o =

sin(46°) mﬁ + J-Q-.r
L 360

39
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(10.5) Find the estimate of sin(29°) using the linear approximation of the function f(z) = sin

a=m/6. o 3
U0 sinl) %ywww
B/(x) =cos (%) =g+ 3 (x -7)

‘ = 29 30
)2 "3 2 (56 %
HT) % 14 (Z

19°=29°X _ 29w
w (80
RO B F 1§
%X 30
(10.6) Find the estimate of sin(61°) using the lin R ———
a=mw/3. . " .
£(x)z=sinl? (8) 'f“’ ) H’ ( /¢)£:< IE)
$'(x)=cos®) =+ 7 (x- ¥)
= 13, ¢ _¢oir
‘c(‘rls) ) A (") i.’ zl(m .80
f(%): 4 =3, 1. %
cir=6l%-0_ el
(%0° (80
sin(61°) = Jj . ﬁ
- 8 360
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11. Total of 3 Optimization Problems will be given in Exam 3 in PIN.

(11.1) A farmer has 400 fect of fencing to build a rectangular pen to contain chickens. The pen needs to
be in shape of a rectangle with a straight divider in the middle that separates the pen into two
congruent rectangles. What is the maximum possible area inside the pen?

€T

Answer:

41
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(11.2) A farmer plans to make four identical and adjacent rectangular pens against a barn. Each with
an arca of 100 m? what are the dimensions of each pen that minimize the amount of fence that
must be used? (Consider the sides as the lengths as x and y with y being the side parallel to the

barn.) /N
T NN

u A:m y A»-‘-lOo Y A=|w y A:.” Y

p:ax-f Sy loo = Y(‘E-)
P=2(100y")+S5y  yoo=xy
= %00y~ 45y Y00 y~'= X

P’z -800y+5=0
<0 F!h:o;;xy w/ ys Y5
-?’ doo H00 = Y Jio! x
4 100 = Jio? X
loo

Y: \NTS‘ y&@:x

Answer:
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(11.3) A rectangular box has to be made with the width be mg twwc as long s the length (with a bottom

Quick Notes Page 26

butth‘ﬂ:g?gﬂ joltﬁgl)&?lf the surface arca of the box is 400 em?, what is the height of the box
) w=24 Y0o:A- wil+ 2Lh1 2wh
e v=wd-h oo <200+ 2Lh +2(2)h
@ QlLh  Hoo=2L*+2Lh+ Utk
w + = Q.L‘h lloo:Q.,["J cLh
200=L"+ 3Lh
2=34h
V=24 ) 200-A
( 200-4"_
=24 (aoo-.c ) 37
E 3
=%[Qoo.l -4 J Find h. sov
V"—a‘-[doo- 34%]=0 h=200- (%
(")
200-34L*=9
QOO 3&1 s 20232’0
it ZTo
,|29'-.-Jl -y 3
] )
= YgoJei-lo
3 680
A H0J6' - 2007
\ 1



(11.4) A cylindrical barrel is to be made that has a volume of 67 ft*. The material for the top and
bottom cost $ 4 per square foot and the material for the side costs § 6 per square foot. Find the
radius of the barrel that will minimize the cost of pro

e V= Tr*h ¢- y(airr) 4+ 6(27rh)
5'- Gr=vr h = 81 + 127rh
6=r"h = 8irr + 12 n‘r(_:_’)
—&1 =h =8%r +¥p !
c’= &ir- 32w =0
(=200
r‘l
& rr= 320

r‘2= q
r:3

Answer:
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(11.5) Suppose a rectangular area is to be surrounded by a concrete walkway that is 2 meter wide on
the East and West and 5 meters wide on the North and South.

Wi y+ 10
A:\oo y
— BT —

If the area inside the walkway is to be 100 square meters, what should the interior width of the
enclosed area be (labeled x in the diagram above) in order to minimize the amount of concrete

used.

C = (x#4)(yt10) - xy
- (.'L;hq)(yﬂo)—- 100

C": Y -looo y'2=0
Y= 1000
y‘v
3_
qy = (000

2_ 250
Yy = 58w’

Answer:

100 = Xy
100

—:x

4

M*‘ly" o .f&';o_ -160

= Uy + 40 + 1000y~

Find x.
X=100 . ———-'oom
5 610
= 28!

250

(11.6) Liz is standing on the bank of 3 kim wide river. An ice cream shop is located on the opposite bank
10 km down the river from the point right across Liz. Liz plans to get to the ice cream shop by a
combination of swimming across the river to a point z km down river on the opposite bank, and
then jogging the rest of the way along the bank. She swims at a rate of 2 km/hour and jogs at a
rate of 3 km/hour. Find the point where Liz should reach by swimming on the opposite bank in
order for her to get to the ice eream shop in the least amount of time.

nay
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kL ll'llJ &N‘D b L5 ML Wﬂ.’y dll}llb LG Balii. WODUC DWLLLD &l a Lalts UL L Kl l,‘ Jul A J b @l
rate of 3 km/hour Fmd the point where Liz should reach by swimming on the opposltc bank in
order for her to get to the ice eream shop in the least amount of time.

e fi /'\‘:;x\ @

\
aGm 2
Ix=25x+q?
(3x) @)
= Y(x™+4)
qx‘e Yx*+ 36
5x’=36
x*= lsﬁ

X= J‘;?'l a‘?‘ Answcr:ﬂs'

46
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(11.7) Liz is standing on the bank of a 50-foot wide river. An ice cream shop is located 100 feet down
river on the opposite bank. Liz plans to get to the ice ercam shop by a combination of swimming
across the river to a point & feet down river on the opposite bank, and then jogging the rest of
the way along the bank. She swim at a rate of 4 ft/s and jogs at a rate of 5 ft/s. How many feet
downstream of Liz on the opposite bank should she swim to reach the ice cream shop in the least
amount of time?

00—
x fi ~NAVN

it ﬁ“‘p

T(x) = ! xtf ngo ' IOO‘X

~§
T'(%-= ‘;(x"‘ 2500) Hlx)  _,

*—

m S

(Sx) (q Jx*+ 2500 )1
25x*= 1¢{x*+ 25 00)
25 =6 x‘-} 6 2500
qx* = |6 2500

x’g u o st Answer:
1

X= Y-50
3

200/3

a7
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(11.8) A cone-shaped drinking cup is made from a circular piece of paper of fixed radius 2 = 5 by cutting
out a sector and joining the edges CA and CB. Find the maximum capacity of such a cup.

HINT: The volume V' of a right circular cone with radius » and height A as illustrated in the
picture above is given by

ho. +¢225 2 V= %\I‘ (15“"):‘
r" Qs_hﬁ =%(Q§‘|°'\ )

Answer:
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(11.9) Find an equation of the line through the point (5,3) that cuts off the least area from the first
quadrant.

T (5;9) _
R )a!: 4.% = |

-

This line n,ads to pass ansh (5,3). 30
=

5.3
a b b
4+3aza
bb 3:=ab-5b
3a. = ba-5)
da_. .
a5 0 L 2 2
A,=-§- Qa(a'fb)'ﬂ) lo-
A= §ab 3( L6 S Sohecqis
= 06 -~
a&) T xaee
. =3(a-l0a)\.0 6x +loy=60
:2(25) (s o ox 160
@ -0a =0 = =6 x40
ala-0)=0 Y 19
, -
b:/’o then
-} +X=| will have a O 0 Atnemuater
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(11.10) Matt is building an open top wooden box for his cat Rupert, who likes to play with boxes. Matt
is using wood on all four sides and the bottom, and is covering the wood on the bottom with
carpet.

Matt would like the bottom to have a square base. The cost of wood is $ 2 per f{? and the cost
of the cost of the carpet is $ 1 2. Rupert requires 48 ft* to have a satisfactory play in the box.
What is the minimum total cost of this box.

Ve xty €3y 1<)
| = 3%+ 3x
Y yg=x" A
A ‘;:8x—1=,’ = 3);14 SX(“sx 2)
X =3y 24848 %"
C’=Cx-8-48x7170
b= bt
(

X

6x3= 248

x3=3-8
%z 2-23M

Co) 3+ 48
=316 12-18 = 14y

Answer:
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(11.11) A Purdue student goes camping with a square tarp, each side measuring 10 feet long. Since the
sky get darker, he decides to make a storage place by folding the tarp in the middle as shown
in the picture to avoid the rain. What is the largest volume of the storage place he can create

underneath the tarp?

L
5= h™+ (%)
Q5 = h*+ h;
100 =4h"+ b’

J1oo-1""=b vy

V= (arca o rimgle) ¥ lengih
=L ph (V0)
]
=5b) B
= ShJ100-4h*" -,
V7= 5 fioo 145k 4 (1oo-4u?) " C2h)

?
S Jioo- " = =m0
20h"
J Ioo-%“ =
5 ﬁ

loo -4

2| 2 2

2
'oo-qh1 = qh‘ h:i Answer:
a
100=8h"
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(11.12) What is the largest area of the rectangle inscribed in an ellipse

- Yx’ +‘ly' =36
A= Uxy q, e 36-Yx?

/\-.;1; 342 y®= 34 '-(x
7 J

A’ -"'-(fo X (3¢- ‘(x‘) 2(“ 8}()): o y:

3
- - = J3c-2¢"
J -x T'ﬁ?‘ .
\‘36"“" = ‘-lx :J3“‘8|
NS 3

3¢-Ux - Yx' = 3_,?

X8 - o
T =X

& )
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