Section 7.6: Impulses & Delta Functions
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Consider tHhe NdiMferential &({,w‘h’cn
>/”—I by/-f Cy = FH’)
We have seen Fhat e Laplace transform is useful when bhe forcing #<rm

FG) i$ W(CCCW"% Conf»jnuous'/ We row Cons der Gnother /'le( o¥ ‘FGPC«'ng 7‘1-""”/

n(xmel}/ im,ou,% Puree,
An impulse force aris<s when an object is dealt an instmtancovs blow, ik

when an objeck 8 hit b)/ a  ham mer,

Def: An impulse of thic forec, I, is :
1 g: 209 df

B Ll

Note hased on this imagz, we Cah Sa)/ £0) is zero oulside interval [a,b j J6
1= g z -FG) dt

0

Sound s £omi lar T T+ is like Hhe wnit st fuction .

Def: The wunt impulse L, ,(h) is Lefined b
Vet P g Ve
5 Ve i adtcatg
Ao (D* ¢

© oYher wisc
So e Smph looks like +hic
45(4-‘0) ¢ Ao :_6’_ N
7
2 pwy; )+

/

N

This means we can inkrf)rd‘ O(g G-0) as rel)rejenﬁy\,j a force of /mjn//-ucée
Nove Hhat Hhis force does bave wunit imlou/(;( hecauge of the 'QG/IOW/‘Vj side nofe:
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Sf‘,’\")‘ . First let%s check for vt impulse
ok

¥ | é
17 +é a
T = Adt = (5 14 :i] _ (adg)-G _ £
SO - S,oo Ja/g( ga E 6 4 g {_. - ‘
Second Hhe idea oA instantanews force 15 caplure when we falw the limiF

as €0F, i.e N .
lim g (= lim f Ve asteote i ““

L o 0 obherice o tua
This has G .r,«.‘al name.
Pef! The Dirac delta Function is defined by S (4 )
%(+~a)={’f L: and. g:" S (+-a)dt = | J

Nole g(-}—_a) is not /\ea”)a Ol\\'p(A/)CH.OVI” bul its Concept is useful For the
fo ”()w\‘nj PWPmL/
S% 3(-‘) S(Jr-ﬁ\) OU— -‘3((,«)
o

i«é: 6(” a. — SDOSG'%\)S(-DA’L Y S(a) a
furchion 0 nun bar

So What i A%g(+_a)§? )
A gz G e st-Ddh = e

terms  Haat ore Dirac e B Fuaction

sa

Now let’s solve TVPs with Forc.'r\»j

Ey I Solwe TIVP 7+ Yx = S(i——ﬁ")
x (0) = x"(0)=0
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Ex I Selve TVvP (x“+Yx = S({-—W‘)
x(0)=x"(0)=0

Lilke normal , telte Fhe Laplcwe TransBerm of beth sides
A4 x7 b+ ud g = L4 SO

Romemloer .
ddxhss X6 - sx0) - xlo) =5 X(5)
S~—1s S~
0 ©
b/ x(0)=x 0)=0
dix}: X6
So  $PW(s)+ UX() = 44 SM4-1)3

~—S—
:e-?f bk =7 'H\ll't is an ins"'an-‘qncauj fam

I(S)Bh L{} = e-TrS
76y~ LS

s*+4

Now let’s Hdale mverse Laplaze Transferm
x(1)= J(“{ “‘f :J"{e-‘ﬁ‘s. | );

s+ Y s*+Y

The  Trans|cdion  Theorem
XMa[% ”Sngzwhnuw>

I Fls) = ! 2 sl e
go a-= i ah& '—(S‘) ‘3'_' ° 514{,22 _5- Su’)(?-}))

XA#)= w (=) F(+ -T)
_.u'(-,--”) —5511’)(2(4"7?))

/ ~ ~o L7 ST

Hence
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=u (+-7) °—:'1- $in (A -1))

O , O<Ct+C T
- %s.‘n(%-a\,r)/ 45y

Now \et’s Consider ah apph‘ca’riow.
dor <« Phys)'CaI S)/skm reph.’&ml-f(/ b/
ax”+bx'+ cx = £(t)
{ x(0) = x/(0) = ©
where  x(B) i Hhe output or responsc to "
well lets dry fo solwe e Syshm like Ve have done v

Talwe e L(;\PIW Transform of bdth 5;&(5
L b ) b dbx e L < A4
And since x(d):x//O):()
Abx7y = &9
J%x'§=SX(S)

Cons

the in,M/— Puacion 1G),
other LVA;,

m e Il
&5 k&;:”% . 2 K(s) - sx10) ~X0)

7 = X ~ X(
d{x} $X(s)~ xo) J{mzzm
dixy = X .
Ai4n3= FGs) Qe Fls
Sy as'X() + bsX)+ (Xl)= Fls)
Solve for X ().
() [as™ bsre] 7 F)
= F6) L F© |
X (5) oo (as“wsw )
Now let W(S) = !
s+ bs +c

So X(S) = F(;) W(s) by convelution ()/‘ap(r-ly

N
I Y A Y S B N N o ARWI AL -)ﬁl*w\/ﬂ
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SO X(S) = F(f) \"/(S) by convslution Property

U g HF@WE)y Lerw) )
w4 1X6)7 4 e s

= S '} W(a) 'P(‘/"%)O[% 0",7 hapfw

¥ x(0) =x @)
<0

This result i¢ called He Dubamels Principle.,

O . |
Add tonal names : W(s)= - is the transfer function of
as™+ bs+ ¢ Hhe
Syskm

Wi g W)y s the weight fuschies

Ex 2. AM)\/ Duhame s Principle fo wrike an "Vh‘cgml Pormrla
Poy Hhe solution To the IVF:

)(”,4. éy/_]. | 0¥ =¥ (4)
Y(O) = X/(O)‘:O

Noke § x” 0y +lox =f(H) s the same as {ax”.f bx"+ ex=~f(4)
x(0)= x"(0) =0 x(0)=x"0)=0
where a=1, b=6, c=10,
l
Wis) =
SO () s+ bs 10U

NO‘\'C 514,@5_(.[0 1S irrecfuu'b)e- SO ’ejr@ ComPIe/c HLL S‘?WV‘C 4o -/’,’mf +S
\nverse La'/)lw& transform
Fibs+ 4 4109 = (s+3)" +1
by He table

So wis)s L sowweyg 1y -k
(s+ 231 {(SJ(QQH 3 ~ e sSin(¥h)

Rememper Hhat when our TVP is of this form He soluticn s
w(4) = A4 FOWDY = (f40)(H)
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[AS P

X = A7 FOWNY = (F4w)(+)
‘S: e Vsinlw) t(+-)du



