MA 16010 LESSONS 24+25+26: OPTIMIZATION

Optimization Problems: Often this includes finding the maximum or minimum value of
some function.

e e.g. The minimum time to make a certain journey,

e €.g. The minimum cost for constructing some object,

e e.g. The maximum profit to gain for a business, and so on.

How do we solve an optimization problem?
o Determine a function (known as objective function) that we need to maximize

or minimize.

o Determine if there are some constraints on the variables. (The equations that describe
the constraints are called the constraint equations.)
o If there are constraint equations, rewrite the objective function as a function of
only one variable.

e Then we can solve for absolute maximum or minimum like we did before.
0 Using either the First Derivative Test or Second Derivative Test.

Recipe for Solving an Optimization Problem

Step 1: Identify what quantity you are trying to optimize.

Step 2: Draw a picture (if applicable), corresponding to the problem, and label it with
your variables.

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

Step 5: Identify the domain for the function you found in Step 4.
Step 6: Find the absolute extrema of the variable to be optimized on this domain.

Step 7: Reread the question and be sure you have answered exactly what was asked.



Led x and y e Swch F<

Example 1: Of all the numbers whose sum is 50, find the two that have the
maximum product.

Step 1: Identify what quantity you are trying to optimize. PféA-‘L ('{-

Step 2: Draw a picture (if applicable), corresponding to the problem, and label it with
your variables.

None

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

P=xy
Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

X+ Y=20
Step 5: Identify the domain for the function you found in Step 4.

All number< = (-6o, o)
Domain » & y - (—&O/wo)
Step 6: Find the absolute extrema of the variable to be optimized on this domain.

Solve @ for Y- Find P and cer =0. Check x=25 gives wbs

y= 50-X P'=50-3x=0 Y_’FM; ‘37 "7 Depivative
: = €
Pluﬂ Y \nYo @ 53___3; P”/:—g
P:\((GD-X\ p'(as8)=-=2 9o
= Gox-¥" | = abs max

Step 7: Reread the question and be sure you have answered exactly what was asked.

X = A5 = Yy = 50-X
Y= 25




Example 2: A carpenter is building a rectangular room with a fixed perimeter of

54 feet. What are the dimensions of the largest room that can be built? What is its
area?

Step 1: Identify what quantity you are trying to optimize. A L= ‘L’/ A‘

Step 2: Draw a picture (if
applicable), corresponding to

the problem, and label it with Y
your variables.

Al
Step 3: Express the variable to be optimized as a function of the variables you used in Step 2
A=xy

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

U= P=2x+y & QF=X+Y

Step 5: Identify the domain for the function you found in Step 4.

no lengtrh = X=0,7=0 Domann . 27)
no width = X= 12, y=27 K &y (O/
Step 6: Find the absolute extrema of the variable to be optimized on this domain.

<olve @ for VY Find A and seb=0.  Check x=277& gives wbs

y=3F-x A'=23-3¢=0  max By 3% perivative

P ) @ 27 =2AX Te 51-/
luﬂ y g x-;,-%? A //:_g

A = (#7-x) Al@y=-2 0

=87 x =" = abs max

Step 7: Reread the question and be sure you have answered exactly what was asked
X 2 VEITX ) hrea= 27, F - [FHT_ 4

T2




Example 3: An open-top box with a square base is to have a volume of 8 cubic
feet. Find the dimensions of the box that can be made with the least amount of
material.

Step 1: Identify what quantity you are trying to optimize.S-( f‘-‘:dé € Af@a/ A
open ’\’0\0

D
Step 2: Draw a picture (if ,/

applicable), corresponding to the g Yy
problem, and label it with your
variables. %<

X

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.
2
A': X+ Yx Y

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

_ o
g=V=x"y
Step 5: Identif_\;:tlfr:e domain for the function you found in Step 4.
=S d=02 Dbma v . /0//0}
L=0 = iy bi #]
Step 6: Find the absolute extrema of the variable to be optimized on this domain.

<ove® for vy Find A and seb =0 Check x= L gives wbs

).-_—.)% A= 2x-3ax” =0  mn. Q)« Al Derivative
. A% - 32:0 TZS'I'
Plag y oot O o A fe 2-3ADKT
A=x+"l><(,@) e = 2+ £4
= X:z’l‘ %(2 Q)(3='32 X
= x*+32x7 x>=1L Ale)= 2+ B 5o
x=Y1£7 Té_
=>abvy min
Step 7: Reread the question and be sure you have answered exactly what was asked.
x=3W0 Dy=2D_ D Drmensions
)’ b} /3 pa)
X lg 3@ X 3@ X I—GT'/?




Example 4: From a thin piece of cardboard 20 in by 20 in, square corners are cut
out so that the sides can be folded up to make a box. What dimensions will yield a
box of maximum volume? What is the maximum volume?

€
Step 1: Identify what quantity you are trying to optimize. Vd \ um
Step 2: Draw a picture (if 4 A

applicable), corresponding to the 7). 5 (| % K20
problem, and label it with your X X

variables. X -

Ao-ax
Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

V= % (20-3x)?

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

None Since Vs in terms of x gn\y.

Step 5: Identify the domain for the function you found in Step 4.

ho 1CV\6T\V1 =) ¥X=0 D vrmer n of x: (016)
no width = 20-2x=0
X= 10
Step 6: Find the absolute extrema of the variable to be optimized on this domain.
Find V' and get =0. So anly chedt x=1b/2 qWVes
V= (20-2X) + ¥ 2(20-2(-D=0  abs max.
(ao_;,q[ao—ax ~4x1=0 v'= —D(ao-5><)+(-t)(ﬂa-2(>)3) .
- = “ U _ -L _
(g 203078070 VI4)=-a Py o)) <o
s = abg max

Note x=10 \wmH in o doamain .

Step 7: Reread the question and be sure you have answered exactly what was asked.

=10 —y W= 20-2¥ mension |’ L0y 30 x
X o ) -0 Dimension | xR x5
3 Volume: V= 1b000/27F




Example 5: A company’s marketing department has determined that if their
product is sold at the price of p dollars per unit, they can sell g = 2400 — 200p
units. Each unit costs $5 to make.

1. What price, p, should the company charge to maximize their revenue?

Step 1: Identify what quantity you are trying to optimize. ﬂe'\/e’n Ke

Step 2: Draw a picture (if
applicable), corresponding to the
problem, and label it with your
variables.

Naone

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

9.=2 Yoo -3 DOP
Step 5: Identify the domain for the function you found in Step 4.
chea PPS'\' P> =0 (freebies)
= Domain of pis [0/00)

Step 6: Find the absolute extrema of the variable to be optimized on this domain.

P\\Lﬁ q wts A usmj P:d,e we <hedt for abg
R= p(240o :woP) ma\
= 9400(3 :zoa(, D% [(2700)‘ O o
R(¢)= C[2T00-200
F\M R 4nd St =0. :Q(IQOO)—IQDO

R/:al.\oo — ‘400&:‘0
p=t

[tence P=6 i) abs max.

Step 7: Reread the question and be sure you have answered exactly what was asked.

o=4



Example 5: A company’s marketing department has determined that if their
product is sold at the price of p dollars per unit, they can sell g = 2400 — 200p
units. Each unit costs $5 to make.

2. What price, p, should the company charge to maximize their profit?

Step 1: Identify what quantity you are trying to optimize.

Step 2: Draw a picture (if

applicable), corresponding to the

problem, and label it with your NJV\B
variables.

Step 3: Express the variable to be optimized as a function of the variables you used in Step 2.
= R-c7pa-54=(p-5)g

Step 4: Find relations among the variables from Step 2 and express the variable to be
optimized a function of just one of the variables from Step 2.

9= a‘l00~9.DOP

Step 5: ldentify the domain for the function you found in Step 4.

Cheapest p=0 (freebies)
—, Domain o P 'S fa/oo)

Step 6: Find the absolute extrema of the variable to be optimized on this domain.

H‘*& @ intv @. Ui p=9, 35 we chedt for abs
P= (p-0) (2100-30%) X
= -100(P—§)[\0—12) < P(o\= -9 (- 5)(— 1R) = - 12000

= -\ 00 ('oQ~ 1Fy+ 60) P(85)=-200(9 .6~5)(&.5-12)
Eind P and sef =0 =—200(3.5)\-3.5) =QUS0
P’._-_ _30()(:),3_;.7.)-:0 H@nce P=8‘/D IS aby W4 Xx.
P: |?/1: %5

Step 7: Reread the question and be sure you have answered exactly what was asked.

p= .50



Example 6: A Norman window is constructed by adjoining a semicircle to the top
of an ordinary rectangular window. Find the dimensions of a Norman window of

maximum area if the total perimeter is 10 feet.

O Arew Find A and Set =0
@/\\ A =¥t rlo-Yr-2TWr=0
~ \O==ir & Y
W 0= Ur 30
_ 0
® A= J@"TWQ-I- Arw r= v+
@ (U:P:QW-\.Q‘--HW‘ Ched r= Ll\'f')TT j.l\/CJ ap obs max.
O I r=0 A= - U-art
(0= 1\2_’ — -y
Ww=
) A”( H\fw> = Yr<o
1+ w=0Dy
\D= 2r 7T =abl may
0= (2+70) . \0
= _\o @ = e
paU
. Ay L0 w=[0-3r-Trr - _10
Doma-a ﬁ'“(a' zTn) 2 N +r

Doman of w. (0:6)

© Solve © For w
(0 ~Lr=1tr = 2w
10— Jdr-T _

ol




Example 7: A rectangular box is to have a square base and a volume of 800 ft3. If
the material for the base costs $2 per square foot, the material for the sides costs $4
per square foot, and the material for the top costs $1 per square foot, determine the
minimum cost for constructing such a box.

@D Cost, < x- 12300 o
@ .
’ 6X = 12209
Y ' a2
A bx = 12800
. =
= cM00/3
8 C=Ax + U(L{Xy)+x‘2 ;: e
=3x7+ [bxy 400
& L00=x"y Check x T gues an b
| ' MmN,
© @oma{\:)\ i)x Ay = [ 12800(-D 3
/

= (+ 25600
® Solve @ For v.

xq
A5606D
V= 501 (’é‘éqga ’)z L+ Sou 20
K 3

Plug y into & 2 aby mmn
C= 3%+ bx (2%‘2-) @X__,E(ﬂg‘@”

= 3 4200 - %00

= 3>+ 12200% (e N

Find C/ and set =0, c=%¢21Y

Cl= bx— 100%™ =0




Example 8: Find the point on the graph of f(x) = 2x + 4 that is the closest to the

point (1,3).

(D D.\S‘b\hce/ D
N J
@ h ’._/.[j 3)

& e: — >
z// L
& 0= (x-1+(y-3)"
B y=ftR=2x+Y
6 From the 3mPh/
Y,ys Adomam 1

ﬁ—OO/K’\

OP\U @ s &

D= (y 1) -\-(ay+\«l*3)
_(X_\\Q (&x—l-\)

Find D' and sct =0.
n'=32(x-1) +2(ax+1) 2=0
D -2 + Y(AXH)=0
Ox—a+ E2x+4 =0
[DX +R =0

Xz

Chec\ y:—,'s_ 3ivcs abs
rnin.
= 10
D//( '/6) =\0>b
Qab.s min




