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MA 16020: Lesson 18

Volume By Revolution
Shell Method
Pt 2: Rotation around any non-Axis

By Alexandra Cuadra

RECAP: When should | use Shell Method?

How do | use Shell Method?

If you find solving for x or y, for either Disk or Washer Method, is hard
= Shell Method

For rotation around x-axis:

d Axis of
V= an y - (Right — Left) dy Rotation
c

For rotation around y-axis: - ax dy
DSREE o

b
V= an x - (Top — Bottom) dx dx
a




What happens if we are

revolving around non-Axes
(ikex =aory=1>0)7?

For the most part, everything stays the same except for the
RADIUS.

How did | find the radius, r(x), last class?

O Tofind r(x), we need to find the distance of
the shell from the axis of rotation

O The shell is x units away from the y-axis.
So,

r(x) =x

O So, the formula:

b
V= 27rf r(x) - (Top — Bottom) dx
a

b L
V =2m [, x-(Top — Bottom) dx https://www.geogebra.org/m/jafyndpu
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How did | find the radius, r(x), last class?

O Tofind r(x), we need to find the distance of
the shell from the axis of rotation

O The shellis x units away from the y-axis.
So,

r(x) =x

O So, the formula:

b
V= 27'[f r(x) - (Top — Bottom) dx
a

V=2m f:x - (Top — Bottom) dx

https://www.geogebra.org/m/jafyndpu

What is r(x) when we are rotating around

something other than y-axis?

O Again, to find r(x), we need to find the distance of
the shell from the axis of rotation

O From the picture we see, # is the distance from
the y-axis and the line of rotation. So,

x+r(x)=# = rx)=#—x
O If the axis of rotation is on the right of your
region,

b
V= an r(x) - (Top — Bottom) dx
a

V=2 f;(# —x) - (Top — Bottom) dx
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What if the axis of rotation is on the left of

the region? Is it the same formula?

Take the example below:

o Ifr(x)=#—-xthenr(x)=-3—x.
* Choose a value in the region
(i.e. friangle).
* Isr(x) still positive2 No.

What if r(x) = x — #? Yes.

O Almost.... If the axis of rotation x = # is on the

O If the axis of rotation is on the left of your

left, then
r(x) =x—#

O Why? The radius needs to always positive

region,

b
V= an r(x) - (Top — Bottom) dx
a

V=2n f:(x — #) - (Top — Bottom) dx

Overall, the Shell Method Formulas

around any non-axis are...

O Rotating around x = #
O If the axis of rotation is on the right of your region,

b
V= 21rf (# — x) X (Top — Bottom) dx
a

O If the axis of rotation is on the left of your region,

b
V= 21rf (x —#) X (Top — Bottom) dx
a

O Rotating aroundy = #
O If the axis of rotation is above of your region

b
V= an (# — y) X (Right — Left) dy
a

O If the axis of rotation is below of your region,

b
V= an (y — #) x (Right — Left) dy
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Example 1: Using the Shell Method, set up the integral that represents
the volume of solid obtained by revolving the region defined by

a friangle with vertices at (0,0), (2,0), and (2,3)
about the line indicated

B (}X ‘(‘Qb\?m ah/(- Y= /g Draw the region. -
q) oboUT@ - E» the (‘(ﬂlrfr ot our :
regm HigEeEsE
Sy \I= «'Nﬁg (3-%)(T lép — Bottom) dx : ?OP

£ 0 e avaph, the bounds are 0H =~

\J;QWSz (3= (Fx ~6) dx

https://www.geogebra.org/m/knnfviub#material/abjaakfk
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Example 1: Using the Shell Method, set up the integral that represents
the volume of solid obtained by revolving the region defined by

a friangle with vertices at (0,0), (2,0), and (2,3)
about the line indicated

>JY93rvb1am and X==130

Draw the region.

S0 N= A (= 1)) (Top— Patam) < lop

[
the pasnds 4 O 4o 9 ek

A ‘f)
Frym the graph- ond Top=3x and Betfomp

b) Obou’r® le T ot sur mﬂmﬂ ooooo

https://www.geogebra.org/m/knnfviub#material/kcw32ctc Boﬁ-%

217 C (i) (Zx-Oelx e S
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Example 2: Using the Shell Method, set up the integral that represents
the volume of solid obtained by revolving the region defined by

a friangle with vertices at (0,0), (5,0), and (5,6)
about the line indicated

' 0{ TOb'Cm and =5 1S Draw the region.
o) Abou@% beﬁ AN r‘cﬂl}/h‘ . i i3
$o V= ATG (ey ) (Rght-Lo Ay B 7;%><
From e 4r aphy e bhounds are O +o 6 Loty s \lf Lk
and Right=S and Left=%y 5 R'\\/M
= C c ! g
NZRIGE (e )(5-Fy)dy

https://www.geogebra.org/m/knnfviub#material/e7hwecfx
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Example 2: Using the Shell Method, set up the integral that represents
the volume of solid obtained by revolving the region defined by

a triangle with vertices at (0,0), (5,0), and (5,6)
about the line indicated

> 4y g)r'oblﬂm af\l y=-2 Draw the region.
o) AboUly = =27 Ktlpw our reqiom’ oy
So VEATK (y- () Rignk-Le dy 174
From the 3”63\”/ The bq\m& are 0 to & . L—””;" =g \l/g
ond @|5|r\‘|’=5 an { LH"\'—Ty : R
V=2 (5= 5 )y =

https://www.geogebra.org/m/knnfviub#material/hgkkjw3b
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Example 3: Consider the region bounded by:
y=+x, y=0, and x=4
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method
> A prodem ad x=5 s
a) ObOUT®>W Prkghf of our regiamn.

30 VZQTrg@*X)(ToP—BOﬁ'J"”B Ax Draw the region.
Ye pounds are o 4 U . ﬁTvP

dn(l_ TA[J:W an d Rittom =2 y=vr
\(:&ﬂS: (5-0(Ix"-0y dx ‘

From The 3"°*PL‘/

0

2 3 4
[1=0] > Pottom

hﬁps://vvvvw.qeoqebro.orq/m/knnfviub#mo‘rériol/oiknmv4é
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Example 3. Consider the region bounded by:
y=+x, y=0, and x=4%
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method
=) az)(x‘:/lg\tm and xX=-11¢

b) CIbOUT an et A sur (Ei,){on Draw the region.

Se V= S?TTS (x—[—l))(TAqD‘QJoﬂ“W\ A x - _Top
Fam b 7 2 D
\/:;Trg:(xm(m—b\a@x §iISSESISnuSSERcSSED
- [v=0]-> Rattom

https://www.geogebra.org/m/knnfviub#material/eb3gfpja
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Example 4: Consider the region bounded by:
x=y2+1, and X =2

Set up the integral that represents the volume of solid obtained by

the rotating the region using the Shell Method

470Q>/ Pmb\zm ant }/73' 1S &bove
a) abouty =3 Lur reyi o

Draw the region.

S (=20 (3-y) (Roghi- L) dy et
Hhy h, The Ibpun /QJ art = to | T a=4 gkt
from B g™V oL Rigni=0 amd Lbte )%

= AT g—j] (K‘Y\IQ’(yQ—I'\\]OQ)/ \\

https://www.geogebra.org/m/knnfvjub#material/agxjnwfd
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Example 4. Consider the region bounded by:
x=y*+1, and x=2
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method
d{\j U)(*c)bLgm é\nﬂ\ 7/1/; 13 boelow Draw the region.

=
b) about(y = =2 uur requn i

and R;S\/)T:Q ard ledf=v"+] :

S \[:Q\\TS (\/—(’1})(&{4%‘}-\_\4{-}‘3%7 ’ ,/
From he yo\qﬂv/w bounds arc -1 to | \

\(f:mg_‘\ (y+2(2-(y+)dy i ]

https://www.geogebra.org/m/knnfviub#material/hjhswuca
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When do we apply Disk Method or

Washer Method or Shell Method?

O When the region “hugs” the axis of
rotation

. h Axis of

= Disk Method Rotation

O When thereis a “gap” between the
region and axis of rotation

= Washer Method

dy

[ev—

O But if you find solving for x or y, in either
method, is hard

= Shell Method
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Formulas from Lessons 14 and 15 and 17

Rotation around x-axis or y-axis

For rotation around x-axis:
O Disk Method:

For rotation around y-axis:
O Disk Method:

b
|4 =1rf [f(0)]? dx

O Washer Method:

b
V=Tl.'f (R? = r?) dx
a

O Shell Method:

d
V= an y - (Right — Left) dy
c

d
V=nf[mmrdy

O Washer Method:

d
V=1rf (R2—r?)dy
c

O Shell Method:

b
V= 27rf x - (Top — Bottom) dx
a
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Formulas from Lesson 15 and 18

Rotation around any non-Axis Formulas

For rotation around the line x = #:

O Disk Method: O Shell Method:

b
V= n'f [f(x) — #]? dx O If the axis of rotation is on the left of your region,
a

b

V= 27rf (x — #) x (Top — Bottom) dx
a

O Washer Method:

b
V= nf [(R—#)?—-(r—#)*dx O If the axis of rotation is on the right of your region,
a

b
V= an (# — x) X (Top — Bottom) dx
a

Note: That these formulas work for the case of x-axis (y = 0) and y-axis (x = 0).
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Formulas from Lesson 15 and 18

Rotation around any non-Axis Formulas

For rotation around the line y = #:

O Disk Method: O Shell Method:

d
V= nf [g(») — #]? dy O If the axis of rotation is below your region,
c

b
V= an (y — #) x (Right — Left) dy
a

O Washer Method:
d

V= n'f [(R-#)?—(r—-#dy O If the axis of rotation is above your region,
c

b
V= an (# — y) X (Right — Left) dy
a

Note: That these formulas work for the case of x-axis (y = 0) and y-axis (x = 0).
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GeoGebra Link for Lesson 18

O https://www.geogebra.org/m/knnfvjub

O Note click on the play buttons on the left-most screen and the
animation will play/pause.
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