7/6/2023

O NO CLASS ON MONDAY 7/3 or TUESDAY 7/4

O CLASS RESUMES ON WEDNESDAY 7/5

O 1-WEEK REMINDER
OExam 2 on FRIDAY 7/7 @ 9:30-11 am
O Location: HAMP 3144
O Duration: 1 hour

By Alexandra Cuadra




Sofar...

O We have learned how
to find the volume of a
solid of revolution by
intfegrating

O In the same way,
we calculate the
area under a curve

O Running a line
segment of
varying length

across the region,

and adding
them up

In other words,

O We learned to find the
volume of a solid of
revolution by

ORunNnning some area
across a shape and
add them up.

OLike in the case of
the cylinder shown
on the right.

https://www.geogebra.org/m/tgceabb2#material/tnnhu7gz

https://www.geogebra.org/m/tgceabb2#material/gcwutumt
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Sometimes it was a disk Sometimes it was a washer

Whose area is mR? Whose area is m(R*—r?)
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Example 1: Find the volume obtained by revolving the region
bounded by the curves

y=2x?—x3 and y=0
About the y-axis.

Example 1: Find the volume obtained by revolving the region
bounded by the curves

y=2x2—x3 and y=0

About the y-axis.

Draw the region.
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Example 1: Find the volume obtained by revolving the region
bounded by the curves

y=2x2—x3 and y=0

About the y-axis.

Technically, yes. It is a Washer Problem.
But there are two issues:

Given we are revolving around y-axis, we want fo solve
our equations for x.

i.e. Solve y = 2x2 — x3 for x.
But that is easier said than done.

For washer problems, we need two equations for each
radius.

Here we have both radius depend on the same function.
https://www.geogebra.org/m/jafyndpu

ANSWER: SHELL METHOD




7/6/2023

O Before we would find the volume by
taking cuts perpendicular to the axis,

O In Shells, we take cuts parallel to our
axis (as shown in the image in the
right)

O The reason is USEFUL is that

O For this problem, we no longer have
to solve for x in terms of y.

O What's the formula of that shell?
https://www.geogebra.org/m/jafyndpu

Circumference = 2w Ax

4

Radius = Ax

https://www.geogebra.org/m/jafyndpu
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O So the volume of the green image is
V = circumference x height x thickness
V=2mAx h-Ax

O The height is determined if you have one or
two functions.

O i.e.Top - Bottom or Right — Left

O So, inthe dx case,
V = 2nx (Top — Bottom) dx over [a, b].

ie. V=2m f:x - (Top — Bottom) dx

Circumference = 2m Ax

B e e ——————————————

4

Radius = Ax

Since we are just cutting out parallel to the axis, we choose dx or

dy in the following way:

O Rotating around y-axis
= “dx “ problem

b
V= an x - (Top — Bottom) dx

a

O Rotating around x-axis
= “dy “ problem

d
V= an y - (Right — Left) dy
c
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O To find the volume of this hollow cylinder, we
used the same idea when washers were first
infroduced.

Viotat = Vouter — Vinner

O Remember the volume of a cylinder is mr2h. So

Vouter = ”(rz)zh and Vinner = 71'(1'1)2}1

O Hence Viptq = nrih —marfh

= ”h(rzz - T12)

=nh(r; —r)(r, + 1)

So let's be clever

O Let's take the sum r, + r; and express it as an
average.

ie. (n+mn)/2

O To do that multiple the equation below by 2/2.

Viotat = mh(ry — 1) (12 +11)

= 21mth(ry — 1) (rzzi)

O Since we have the average radius in our
: +
equation, we can now call r = 2172,

Viotar = 2mh(ry — )7




O Note that the difference of the radii

gives us the thickness of the cylinder.

OLlet Ar be that difference
Ar=1r,—n

O Hence we can say that the volume
of the hollow cylinder is

Viotar = 2mrh - Ar

—_

2

]
=
-t

o

O One way to remember this
Viotar = 2mrh - Ar
is to see that 2xr is the same as the

circumference, C, (as shown in the
image) of the cylinder.

O So this is just the
circumference x height x thickness.

7/6/2023
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O The reason is USEFUL is that

O For this problem, we no longer have to
solve for x in terms of y.

O If we picture one possible shell, it will have a
O height = f(x)

O circumference = 2rx

O As this shell spans the volume, we then have - i
) ;
V= f 2nx - f(x)dx e
a

https://www.geogebra.org/m/jafyndpu

Since we are just cutting out parallel to the axis, we choose dx or
dy in the following way:

O Rotating around y-axis O Rotating around x-axis
= “dx " problem = “dy " problem

b d
V=2ffx(ﬂm—Bmwmﬂ& V=2nfy-mmm—Ldﬂdy
C

a

7/6/2023
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Example 1: Find the volume obtained by revolving the region
bounded by the curves

AbOU”he@—«>;Q;_x\(\;?b6U;:
j)JFM b olnd S %é (
SZJHr ng e 6@&5 glual
&KQ{Q B
X:O/ 3

Example 1: Find the volume obtained by revolving the region
bounded by the curves

. y =2x?—-x3% and y=0
Abou’r’rh@j>&@>( %D\(\o“]/gﬁm
= &fgo? X[ ) dx

12
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Example 3: Consider the region bounded by:
y=4x, y=0, and x =10

Set up the intfegral that represents the volume of

solid obtained by the rotating the region about

the y-axis using

Interesting Question: Which integral is easier to
compute?

A)Disk/Washer Method

V= nf40(10)2 — (X)2 dy
0

4
B) Shell Method

10
V= an x(4x) dx
0

https://www.geogebra.org/m/f3wrypfh#material/cb7tfa8n

For the most part, everything stays the same except for the
RADIUS.
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O Rotating around x = # O Rotating around y = #
O Ifa = #, then O If a > #, then

b b
V= an (x — #) X (Top — Bottom) dx V= an (y — #) X (Right — Left) dy
a a

O Ifb < #, then O Ifb < #, then

b b
V= an (# — x) X (Top — Bottom) dx V= an (# —y) X (Right — Left) dy
a a

where a is the bottom bound of the integral and b is the top bound of the integral

Remember radiis are
always positive, so we
need fo ensure that.

7/6/2023
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Example 4. Consider the region bounded by:

y=+x, y=0, and x=4
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method

a) obou’r@ } OQX WDYOBMM

Example 4. Consider the region bounded by:

y=+x, y=0, and x =4
Set up the integral that represents the volume of solid obtained by
the rotating the reglon using the SheII Me’rhod

) aboutx = 2 >< PUb
ez O F F ()

R ound s e P SaMe &3 FW“
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\/:@TT gz (%—(*\3}@ VQX
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Example 5. Consider the region bounded by:

x=y*+1, and x=2
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method

a) aboutly = 3 :’5/“” ﬂﬁrObszv\

Test PE oy =0
>(—:_/v7+\;> X?\\DLZE%

X= 2 S X=2-Right

Example 5: Consider the region bounded by:

x=y*+1, and x=2
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method

a) abouty =3

Sinee N =3 14 \aﬁaéf Th an E\/Jj
W = Q\)Tg | (?—75(;24724 I\> Ay
= |

7/6/2023




7/6/2023

Example 5. Consider the region bounded by:

x=y*+1, and x=2
Set up the integral that represents the volume of solid obtained by
the rotating the region using the Shell Method

b) abouty = -2

A e haunds art the Janle
\] ‘ y =R < dalbee Than E“\/lj

\’{\SJ\ [y-(2)) (Q/ (Ymb Jy

https://www.geogebra.org/m/f3wrypfh#material/wz7rénx

O When the region “hugs” the axis of rotation
= Disk Method

O When thereis a “gap” between the region and axis of rotation
= Washer Method

O But if you find solving for x or y, in either method, is hard
= Shell Method

21



For rotation around x-axis:
O Disk Method:

)
V= nf [f(0)]? dx

O Washer Method:

b
V=T[f (R? —r?) dx
a

O Shell Method:

d
V= Zﬂf y - (Right — Left) dy
Cc

For rotation around y-axis:
O Disk Method:

d
v=r| eI &y

O Washer Method:

d
V=1Tf (R? —r?) dy
c

O Shell Method:

)
V= an x - (Top — Bottom) dx
a

For rotation around the line y = #:
O Disk Method:

V=71:fb[f(x)—#]2 dx

O Washer Method:

b
V=7TJ [(R = #)% — (r — #)2] dx

O Shell Method:
O Ify=#and a = #, then

)
V= an (x — #) X (Top — Bottom) dx
a

O lfy=#andb < #, then

b
V= an (# — x) X (Top — Bottom) dx

a

where a is the bottom bound of the integral and b is
the top bound of the integral.

7/6/2023
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For rotation around the line x = #:
O Disk Method: O Shell Method:

d O Ifx=#and a = #, then
v=r[ l90)- 47 ay b
c V= 27'[f (y —#) x (Top — Bottom) dy
a

O Washer Method:
O Ifx=#andb < #, then

d
v=nf [(R - #)2 — (r — #)2] dy

)
V= an (# — y) x (Top — Bottom) dy
a

where a is the bottom bound of the integral and b is
the top bound of the integral.

O https://www.geogebra.org/m/f3wrypfh

O Note click on the play buttons on the left-most screen and the
animation will play/pause.
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