DESCRIPTION OF DEFORMATIONS WITH CONSTANT
MILNOR NUMBER FOR HOMOGENEOUS FUNCTIONS

A, M. Gabriélov and A. G. Kush‘nirenko

In [1], V. 1. Arnol'd showed that the multiplicity* u(f) of quasi-homogeneous function f with isolated
singularities is not changed upon the addition of small terms of the same degree as in f, or of any terms of
higher degree. V. L. Arnol'd assumed that the small deformations of quasi-homogeneous function f which
do not alter p(f) are exhausted by the aforementioned deformations to within the action of the group of
changes of variables, and he proved this hypothesis for all 0- and 1-modal quasi-homogeneous functions
([1, 2], see [3] as well). We shall prove this hypothesis for homogeneous functions,

Definition 1. et f: CP —C be an analytic function with the isolated singularity £(0) = 0 at the origin
of coordinates. Let F(x, A) be a deformation of function f(x). We call the stratum p = const of deforma-
tion F(x, A) the sprout at 0 of the set of those values of parameter A for which F(x, A) has a singular point
close to 0 of the same multiplicity as f(x) with zerc critical value,

THEOREM 2. ILetf: CI — C be a homogeneous function of degree d and let u(f) < =, Let

1

Pl =f@+ 3 b (@) (1)

i=1

be a transversal to the orbit of function f in the space of those functions g such that dg(0) = 0 and g(0) = 0.
We assume that the ¢j(x) are homogeneous and that deg ¢; (z) >d & i = 1,..., ». Then, stratum p = const of
deformation F(x, A) is given by the equations A, = ... =X, =

COROLLARY 3. The modality of a homogeneous function equals its internal modality (see [1], defini-
tion 8.6).

For the proof of Theorem 2 we use the following result of Le Dung Trang, Saito [4] and Teissier [5].

THEOREM 4, Let G: CI x C — C be a one-parameter deformation of analytic function f: CR — C
such that, for sufficiently small A, G(0, A) = 0, dxG(0, A} = 0, and u(G(-, A)) = pu(f), Then, as |x| — 0,

| R ola g (2)
uniformly in A for sufficiently small A,
Assertion 5. Let f be a homogeneous function of degree d, p(f) < =, and let ¢,, . . ., ¢4-; be homogen-
eous functions, deg ¢; =i, dilcp #=0. Then,
- d—1
b (i + 2 o) <e.
=2

d—1
Proof. We set G(z,1)=f(z) + Z xd‘lqa ). Then, G(tx, A) = td G(x, tA), so that u(G(-, X)) = u(G(-, 1))

when A = 0. We assume that u(G(, 1)) = u{f). Then the conditions of Theorem 4 hold for G. At the same
time,

*Here and hepceforth, we dub the Milnor number of singularities the multiplicity.
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d—1 d—1
4,6 (ha 1) = M7 (df () + 3 do, @) , T e =2 Sa—ne @),
i=p =3
. d—1
and, if we choose a point x; at which_ 2 @—i)9; (=) =c=0 then, on the curve y(t) = (tx, t), as t ~ 0

i=2
126G OISO and | ey~ ey

consequently, relationship (2) does not hold, and this proves assertion 5.

Assertion 6. Letf: CR — C be a quasi-homogeneous function of weight « = (ay, ..., @n) and degree
d. Let

Fz,0)y=f@)+ DM 19, @, )

where the ¢ are quasi-homogeneous functions of weight « and degree dj, while the Aj(t) are analytic func-

tions, A(0) = 0 if di =d. Let h@=eif™ + o (111%). We set v= max 2%
i:di<d

Let

i

G =F{@+ D) 06,

id;<d
where
d—d,
d-d; . i
1 —
0 et , if ; =v,
0 otherwise,

Then, for sufficiently small t, we have p(G(, t)) = p(F(-, t)).

Proof, We set H(z,t, &) =e~4F (g% zy,..., n z,,¢' 1), Obviously, H(x, t, €) — G(x, t) as ¢ — 0. At the same
time, p(H(, t, €)) = u(F(-, ¥ t)) when €= 0. Assertion 6 now follows from the semi-continuity of i in the
Zariski topology.

Proof of Theorem 2, We assume that stratum p = const of deformation (1) is not contained in the set
by = oo =dyy g =0, Then, in this stratum there lies a curve of the form of (3) (where oy =...=an=1),

with D' 4; (8 ¢; (2) == 0. From assertions 5 and 6, for sufficiently small t # 0, we obtain u(¥(, 1)) = u(G(,
i:di<d

t)) < u(f), which contradicts our assumption. Conversely, as shown by V. I. Arnol'd [1], the stratum u =
const contains set A, = .. =4, ;=0
Remark 1, Letf: Ch — C be a quasi-homogeneous function of weight o = (o4, . . ., an) and degree d,
p—1

and let u(f) < =, Let F, b =f@)+ Z h%; (=) be transversal to the orbit of { in the space of functions having

i=1
at 0 a critical point with critical value 0, where each function ¢j is quasi-homogeneous of weight o and de-
gree di. Following Arnol'd, we set

_ t(d-d, . at
Ty hy )= (@ dgg e *—1’}»21_1), Ty (o, ...y = (e, .. e M)

Then, F (T, z, Th) = ¢4 F (. 1) for any t € C.

It follows from the last formulas that stratum p = const in space C¥™! is invariant with respect to
the action of flow {Tt:t € C} (ust as for all stratifications by ). In correspondence with the three possi-
bilities: 4; = 4 , space C*™! can be decomposed into the direct sum of the three subspaces €' = A*® A @ A
such that, as t — + =, flow {Tt} is stretched on A+, is fixed on A%, and is contracted on A~, It is geometri-
cally obvious (and is proven in assertion 6) that if the nonzero analytic curve y passes through 0 € ¢t
and is not contained in A’ & A-, then, in the closure of set “lEJC T,r , there is contained a nonzero curve ly-
ing completely in AT,
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