
D E S C R I P T I O N  O F  D E F O R M A T I O N S  W I T H  C O N S T A N T  

M I L N O R  N U M B E R  F O R  H O M O G E N E O U S  F U N C T I O N S  

A .  M .  G a b r i ~ l o v  a n d  A .  G .  K u s h n i r e n k o  

In [1], V. I. A r n o l ' d  showed  tha t  the  m u l t i p l i c i t y *  #(f) of q u a s i - h o m o g e n e o u s  func t ion  f wi th  i s o l a t e d  
s i n g u l a r i t i e s  is  not  changed  upon the  a d d i t i o n  of s m a l l  t e r m s  of the  s a m e  d e g r e e  as  in f, o r  of  any t e r m s  of 
h i g h e r  d e g r e e .  V. I. A r n o l ' d  a s s u m e d  tha t  the  s m a l l  d e f o r m a t i o n s  of q u a s i - h o m o g e n e o u s  func t ion  f which  
do not  a l t e r  #(f) a r e  e x h a u s t e d  by the  a f o r e m e n t i o n e d  d e f o r m a t i o n s  to wi th in  the  a c t i o n  of the  g roup  of 
c h a n g e s  of  v a r i a b l e s ,  and he  p r o v e d  th i s  h y p o t h e s i s  f o r  a l l  0 -  and  1 - m o d a l  q u a s i - h o m o g e n e o u s  func t ions  
([1, 2], s e e  [3] a s  wel l ) .  We s h a l l  p r o v e  th i s  h y p o t h e s i s  f o r  h o m o g e n e o u s  func t ions .  

De f in i t i on  1. Le t  f: C n ~ C  be  an  a n a l y t i c  func t ion  with  the  i s o l a t e d  s i n g u l a r i t y  f(0) = 0 a t  the  o r i g i n  
of c o o r d i n a t e s .  L e t  F (x ,  X) be a d e f o r m a t i o n  of func t ion  f(x). We c a l l  the  s t r a t u m  # - c o n s t  of d e f o r m a -  
t ion  F(x ,  X) the  s p r o u t  a t  0 of the  s e t  of t h o s e  v a l u e s  of  p a r a m e t e r  X f o r  which  F(x ,  k) has  a s i n g u l a r  po in t  
c l o s e  to 0 of the  s a m e  m u l t i p l i c i t y  a s  f(x) wi th  z e r o  c r i t i c a l  va lue .  

T H E O R E M  2. L e t  f: C n ~ C be  a h o m o g e n e o u s  func t ion  of  d e g r e e  d and l e t  #(f) < oo. Le t  

F (~, ~) = / (~) + ~ ~% (~) (1) 

be  a t r a n s v e r s a l  to the  o r b i t  of  func t ion  f in the  s p a c e  of t h o s e  func t ions  g such  tha t  dg(0) = 0 and g(0) = 0. 
We a s s u m e  tha t  the  q~i(x) a r e  h o m o g e n e o u s  and tha t  deg q~ (x) >~ d #¢ ~ = t ..... m. Then,  s t r a t u m  p -= c o n s t  of 
d e f o r m a t i o n  F(x ,  k) i s  g i v e n  by  the  equa t i ons  ~+~ = ... = k~_~ = 0. 

C O R O L L A R Y  3. The  m o d a l i t y  of a h o m o g e n e o u s  func t ion  equa l s  i t s  i n t e r n a l  m o d a l i t y  ( see  [1], d e f i n i -  
t ion  8.6). 

F o r  the  p r o o f  of T h e o r e m  2 we use  the  fo l lowing  r e s u l t  of Le  Dung T r a n g ,  Sa i to  [4] and T e i s s i e r  [5]. 

T H E O R E M  4. Le t  G: C n × C ~ C be a o n e - p a r a m e t e r  d e f o r m a t i o n  of a n a l y t i c  func t ion  f: C n ~ C 
such  tha t ,  f o r  s u f f i c i e n t l y  s m a l l  X, G(0, X) = 0, dxG(0,  X) = 0, and  p(G( . ,  X)) = #(f). Then,  a s  lx [ ~ 0, 

lOG (~, k) 
[ = o I df i  (z, ~) l (2) 

u n i f o r m l y  in  X f o r  s u f f i c i e n t l y  s m a l l  k. 

A s s e r t i o n  5, Le t  f be  a h o m o g e n e o u s  func t ion  of d e g r e e  d, p(f) < ~,  and  l e t  ~2 . . . . .  q~d-1 be h o m o g e n -  
d--i 

eous  func t ions ,  deg % = i, ~, ~ 0 .  Then ,  

Proof. 

when X ~ 0. 
time, 

d--1 

We s e t  G (x, ~) -- ] (~) + ~, ~ a - ~  (~). 

We a s s u m e  tha t  ~(G( ' ,  1)) =/~(f). 

d--1 

Then,  G(tx,  X) -= t d G(x, tk),  so  tha t  #(G(. ,  X)) = #(G(-,  1)) 

Then  the  cond i t i ons  of T h e o r e m  4 ho ld  f o r  G. At  the  s a m e  

*Here and henceforth, we dab the Milnor number of singularities the multiplicity. 
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d--1 

d - - t  

and,  if we c h o o s e  a po in t  x 0 a t  which  ~ (d-- 0-~ (=0 = c 4:0 

Oa 
l a f i ( ' r ( O ) l . % C l t l  a-~ and --~-- (-r (0) I ~ ctd-~; 

c o n s e q u e n t l y ,  r e i a t i o n s h i p  (2) does  not  hold ,  and th i s  p r o v e s  a s s e r t i o n  5. 

A s s e r t i o n  6. Le t  f: C n ~ C be  a q u a s i - h o m o g e n e o u s  func t ion  of we igh t  ~ = 
d. Le t  

d--1 
OG ~,)= - ~ -  (~z, xd-~ (~__~ (d-- 0 (~i (~)) , 

then,  on the  c u r v e  y(t) = (tx0, t) ,  as  t - -  0 

( a  1 . . . . .  ~ and d e g r e e  

F (z, t) = I (~) + ~ Xl (t) (p~ (=), (3) 

w h e r e  the  ~ i  a r e  q u a s i - h o m o g e n e o u s  func t ions  of  we igh t  c~ and d e g r e e  di ,  wh i l e  the  ki(t) a r e  a n a l y t i c  func -  
d - -  di 

t i ons ,  X i ( O ) = O i f d i  < d .  Le t  Xi(t)=c3 ~ i + o ( I t l  ~ ) .  We s e t  ~ =  m a x - -  . Le t  
i : d i<d  k i 

a (z,  t) = ~ (z) + ~ *, (t) % (z), 

i:di<d 

w h e r e  

d - d .  d - -  dl  
z i ( t ) - ~  cit ~' if ki 

0 otherwise. 

Then,  fo r  s u f f i c i e n t l y  s m a l l  t ,  we have  p(G(. ,  t)) -> t~(F(., t)). 

P roo f .  We s e t  H (x, t, e) = s -d  F (s d' x 1 .. . . .  e dn x~,, e ~ t ) .  Obvious ly ,  H(x, t ,  e) - -  G(x, t) a s  e - -  0. At  the  s a m e  
t i m e ,  ~(H(.,  t ,  e)) = # ( F ( ' ,  a v t)) when  a~ 0. A s s e r t i o n  6 now fo l lows  f r o m  the  s e m i - c o n t i n u i t y  of ~ in the  
Z a r i s k i  topo logy .  

P r o o f  of T h e o r e m  2. We a s s u m e  tha t  s t r a t u m  t~ e c o n s t  of d e f o r m a t i o n  (1) is  not  con t a ined  in the  s e t  
~+~ . . . . .  k~_~ = 0 .  Then,  in  th i s  s t r a t u m  t h e r e  l i e s  a c u r v e  of the  f o r m  of (3) (where  a t = . . .  = ~n  = 1), 

wi th  "~ k~ (t) ~ (x)~  o. F r o m  a s s e r t i o n s  5 and 6, f o r  s u f f i c i e n t l y  s m a l l  t ~ 0, we ob ta in  p (F( . ,  t)) -< ~(G(. ,  
i : d i ~ d  

t)) < p(f), which  c o n t r a d i c t s  o u r  a s s u m p t i o n .  C o n v e r s e l y ,  a s  shown b y  V. I . A r n o l ' d  [1], the  s t r a t u m  g 
c o n s t  c o n t a i n s  s e t  km+~ . . . .  - Xv_ ~ = 0, 

R e m a r k  1. L e t  f: C n ~ C be  a q u a s i - h o m o g e n e o u s  func t ion  of  we igh t  ~ = ( a t  . . . . .  ~n) and d e g r e e  d, 

and l e t  ~(f) < ~o L e t  r(x,k) = / ( x ) +  ~ ~.~%(~) b e  t r a n s v e r s a l  to the  o r b i t  of f in the  s p a c e  of func t ions  hav ing  

a t  0 a c r i t i c a l  p o i n t  wi th  c r i t i c a l  v a l u e  0, w h e r e  each  func t ion  (Pi i s  q u a s i - h o m o g e n e o u s  of we igh t  ~ and  d e -  
g r e e  di.  F o l l o w i n g  A r n o l ' d ,  we s e t  

• ~ n  t T t (h i  . . . . .  ~.~-1) = (e!(d-d~))4 . . . .  e t(d-dF--1) ~ix_x), T~ (Xl . . . . .  Xn) ~ (ea3x~ . . . . .  e Xn) .  

Then,  F (r '  t =, T~k) = etd F (z, k) f o r  any t ~ C. 

It fo l lows  f r o m  the  l a s t  f o r m u l a s  tha t  s t r a t u m  # -= c o n s t  in s p a c e  C p - i  is  i n v a r i a n t  wi th  r e s p e c t  to 
the  a c t i o n  of f low {Tt :  t E C} ( jus t  as  fo r  a l l  s t r a t i f i c a t i o n s  by  p). In c o r r e s p o n d e n c e  with  the  t h r e e  p o s s i -  
b i l i t i e s :  d~ ~- d , s p a c e  C #-1 can  be  d e c o m p o s e d  into the  d i r e c t  s u m  of the  t h r e e  s u b s p a c e s  c ~-'-1 = A* G A ° • A 
such  tha t ,  as  t ~ + ~o, f low {Tt} i s  s t r e t c h e d  on A +, is  f i x e d  on A °, and is  c o n t r a c t e d  on A- .  I t  i s  g e o m e t r i -  
c a l l y  obvious  (and is p r o v e n  in  a s s e r t i o n  6) tha t  if the  n o n z e r o  a n a l y t i c  c u r v e  7 p a s s e s  t h rough  0 E C t~-I 
and is not  c o n t a i n e d  in  A ° • A- ,  then ,  in  the  c l o s u r e  of s e t  U Tg t h e r e  is  c o n t a i n e d  a n o n z e r o  c u r v e  l y -  

tEC 
ing c o m p l e t e l y  in A +. 

i. 

2. 
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