Lesson 23. Power Series

oo

Y an(z —20)" = ag + a1(z — z0) + ax(z — 20)° + ...
n=0
where zg is center and a; are coefficients.

oo
Example. Geometric series Z 2"
n=0
converges absolutely for |z| < 1, diverges for |z| > 1.
@) Zn
Example. The series Z — converges absolutely for
n—=0 n:

all z (by ratio test).

oo
Example. The series Z nlz"™ diverges for all z except
n=0

z = 0 (by ratio test).



These three examples illustrate the three cases that can
occur for a power series.

oo
Theorem. If ) an(z— 2p)" converges for z = z1 7 zg
n=0
then it converges absolutely for all z in the disk |z—zg| <

|z1 — zp|. If it diverges for z = z, then it diverges for
all z such that |z — 2g| > |20 — 2zg|. Thus a power series
converges either only at zg, or for all z, or it converges
in some disk |z — zg| < R and diverges for |z — zg| > R.

Remark. This theorem does not say anything about
convergence of a power series on the circle |z — zg| = R.
The series may converge (absolutely or not) at some
points of that circle, and diverge at some other points.
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o
Proof of the Theorem. If the series >  an(z1 — 20)"

converges then an(z1 — 29)"

n=0
— 0 as n — oo. Thus

an(z1 — zg9)™ is bounded. Let |an(z1 — 20)"| < M, for
some M > 0. Then, if |z — zg| < |21 — 20|, we have

lan(z — 20)"| = |an(z1 — 20)"
Let p=|>— 29 < 1. Then
zZ1 — 20

z—z0 |" z—2z0 |"
0| < 0

1 — <0 1 — <0

an(z — z0)™ < Mp"™, thus

o
the series Z an(z — zg9)" converges absolutely by the

n=0

O

comparison test, since the geometric series MZ p"

converges.

n=0



oo
If, on the other hand, Z an(zo — 2z9)" diverges, then

n=0
00

Z an(z — zg)" cannot converge for any z such that
n=0

|z — zg| > |20 — 29| by the first part of the Theorem
which has been proven already.

The radius of convergence R is defined as follows:

o0
R=0if ) an(z—20)" converges only for z = zp,
n=0

o0
R=o0 if > an(z—20)" converges for all z,
n=0
Otherwise, we take R to be that value for which the se-

@)
ries Y  an(z—zp)" converges if |z—zp| < R and diverges
n=0

if |z — 20| > R.



Cauchy-Hadamard formula. If the limit L = lim |—"
n—oo

Ap4-1

exists then L is the radius of convergence of the series
O

Y an(z — zp)". This follows from ratio test.

n=0

.on . 2%
Example. For the series —z", L = limn—oco # = %
n n—+1
2n—|—1zn—|—1
Using ratio test, liMp—oo |—ii—| = 2[2| < 1 = |2| < 3.

n

Warning. Using Cauchy-Hadamard you may have trou-

o0
ble with a series like ) 212N \nhere limit does not ex-
n=0
ist, while ratio test easily gives you 2|22| < 1 = |z| < \/Lﬁ
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X nlzn
Example. Applying ratio test to ) ,
n=1 n’
(n+1)1z7 11
R (- LM
| ,T - 1 - - n
T R s A T 1+ D)

]

converges to — asn —o0o0. Thus R=e.

€

X In
Example. Applying ratio test to ) —;(z —2)",
n=1 n
In(n+1 1
—(éil)z)(z—Q)”Jr In(n 4+ 1) < n )2| o)
- =z —
I?r;;,(z_Q)n Inn n-+1

converges to |z —2|. Thus R=1.



oo _nl
Example. Applying ratio test to »_ Z—I (note that
n=0 "V
Cauchy-Hadamard does not work!)

»(n+1)!

(n+1)!

|
Zn.

n!

(Zn!)n—l—l

|
ZTL.

1 &
n+1 n+1

converges to 0 if |z <1, to oo if |z2| > 1. Thus R=1.



