BRIEF COMMUNICATIONS

FORMAL RELATIONS BETWEEN ANALYTIC FUNCTIONS

A. M. Gabriélov

In connection with the theorem on approximation of formal solutions of an analytic equation by con-
vergent solutions, Artin [1] formulated the following two questions.

(1) Suppose that between the convergent series t;(x), . . ., tN(x) (x = (%4, . » ., Xp)) there eusts a re-
lation that can be expressed by a formal series. Does it hence follow that these series are analytically
dependent ?*

2 Letx=(XgpH. o0 Xp,t =ty o0ty =¥y oo 0 VN Z =(2g, ..., Z0p and let fix, t,y,2) =0
be a system of analytic equations (f = (fy, . . .,/ m)). We shall assume that a solution (y(x, t), z(t}) of this
system is given in formal power series. Will this solution be a limit of convergent solutions (y(x, t}, z(t))
in Krull's topology ?

In this note we construct a counterexample of (1) for the case N = 4 and a counterexample of (2) for
the case k = 2. (In the case k = 1 the question (2) has a positive answer). Thus, in the general case these
assertions are not true. We can formulate, however, the following assertion.

THEOREM. Let us assume that under conditions (1) the dimension of the ring factor of formal power
series of N variables with respect to the ideal of the relations between functions tj(x) is equal to the rank at
the common point of the mapping t(x) : Cn —- CN Then all the formal relations between tj(x) will be gen-
erated by the analytic relations between these functlons. '

COROLLARY. Assertion (1) holds in the case N = 3.

Counterexample (1). Let x = (x4, x;). We shall find four analytically independent functions t;(x),
« « « t4(x), that satisfy the formal relation z(t, . . ., tp.

Let us write ty(x) = xy, to(x) = X3%y, t3(x) = x;x,e%2, It is well known (see, for example, [2], p. 115) that
there are no nontrivial formal relations between these functions. For k = 1 we shall write
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Let us write
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1t is evident that t,(x) is an analytic function. On the other hand
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*Here Artin refers to Abiancard.
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is a divergent power series of ty, ty, and t;, whereas the series z(t) = t;—P(t,, t,, t;) represents a formal
relation between tj(x). Let us show that there are no nontrivial analytic relations between tj(x). In fact,
let z(t) be such a relation. It is possible to assume that the function z is irreducible in a ring of analytic
functions, since if z = z4z,, then z;(t(x))z,(t(x)) = 0 in C%, and hence either z,(t(x)) = 0, or z,(t(x)) = 0.
Since z = t;— P(ty, t,, t;) it follows from the preparatory theorem for formal series that Z(t) = Z(t)g(t) +
E(ti, ty, t3). But since z and z are relations between ty(x), . . ., t4(x), the series h must be a relation be-
tween t4(x), t5(x), and t3(x); but since there are no such relations, we have h = 0 and z is divisible by z.
Since the function z is irreducible in a ring of analytic functions, it will be irreducible also in formal ser-
ies. Hence g is an invertible series and z ~ z. In particular, the function z is regular in t, of order 1,
and according to the preparatory theorem for analytic functions we have z ~ t,—P(ty, t;, t3), where P is an
analytic function. From the uniqueness of such a representation in formal series it follows that P = P,
which cannot be the case, since P is a convergent series and P a divergent series.

Counterexample (2). Let us note that in the previous example the relation between the functions
(%) = x4, ty(x) = x4xy, t3(x), ty(x) was written in the form zy(ty, ty) t3 + Zy(ty, ty) +ts. Let txy, Xy, t,) =
ty—~xy%,. Let us consider in c;‘c1 by the set X = it = 07, Since Zy(xy, tytslxy, Xy) + Zy(xy, ty) + ty(xq, X,) = 0
on Xj, there exists a formal series “y(xq, x,, t,), such that '

7 (r B) bs (ka, 20 4 25 2y, ) + £, (%1, %) + § (x5, Xa, £3) £ (xy, %p, £) =0 B C3.

This row is an analytic equation whose formal solution is (Z, Z,, §). If there exists a convergent solution
(24, 25, y) of this equation, with z; and z, being independent of x,, then the function zy(ty, ty) * ty + z,(t,, t,) +
ty will be a nontrivial analytic relation between tj(x); but we have already shown that there are no such re-
lations.

The author expresses his gratitude to V. P. Palamodov for his interest.
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