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F O R M A L  R E L A T I O N S  B E T W E E N  A N A L Y T I C  F U N C T J O N S  

A .  M .  G a b r i e l o v  

In connec t ion  with the t h e o r e m  on a p p r o x i m a t i o n  of f o r m a l  so lu t ions  of an  ana ly t i c  equa t ion  by con-  
v e r g e n t  so lu t ions ,  A r t i n  [1] fo rmula t ed  the fol lowing two q u e s t i o n s .  

(1) Suppose that be tween  the conve rgen t  s e r i e s  tl(x) . . . . .  tN(x) (x = (x 1 . . . . .  Xn)) t he r e  ex i s t s  a r e -  
l a t ion  that  ban be e x p r e s s e d  by a fo rma l  s e r i e s .  Does i t  hence  follow that  these  s e r i e s  a r e  ana ly t i c a l l y  

dependent  ?* 

(2) Let  x = (x 1 . . . . .  Xn), t = (t 1 . . . . .  tk), Y = (Yl . . . . .  YN), z = (z i . . . . .  z M) and l e t f ( x ,  t ,  y, z) = 0 
be a s y s t e m  of ana ly t i c  equa t ions  ( f  -- ( f t  . . . . .  f m ) ) .  We shal l  a s s u m e  that  a so lu t ion  (p(x, t),  ~(t)) of this  
s y s t e m  is g iven in  fo rma l  power  s e r i e s .  Wil l  this  so lu t ion  be a l imi t  of c o n v e r g e n t  so lu t ions  (y(x, t), z{t)) 
in K r u l l ' s  topology ? 

In this  note we c o n s t r u c t  a c o u n t e r e x a m p l e  of (1) for  the case  N = 4 and a c o u n t e r e x a m p l e  of (2) for 
the case  k = 2. (In the case  k = 1 the ques t i on  (2) has  a pos i t ive  answer ) .  Thus ,  in the g e n e r a l  case  these  
a s s e r t i o n s  a r e  not t r ue .  We can  f o r m u l a t e ,  however ,  the fol lowing a s s e r t i o n .  

THEOREM. Let  us a s s u m e  that  u n d e r  condi t ions  (1) the d i m e n s i o n  of the r i ng  fac to r  of fo rma l  power  
s e r i e s  of N v a r i a b l e s  with r e s p e c t  to the ideal  of the r e l a t i ons  be tween  funct ions  ti(x) is equal  to the rank  at 
the c o m m o n  point  of the mapp ing  t(x) : Cx n ~ C N. Then a l l  the f o r m a l  r e l a t i ons  be tween  ti(x) wil l  be gen-  

e ra t ed  by  the ana ly t i c  r e l a t i ons  be tween  these  func t ions .  

COROLLARY. A s s e r t i o n  (1) holds in the ca se  N = 3. 

Coun te r example  (1). Let  x = (x 1, x2). We s h a l l  f ind four  a n a l y t i c a l l y  independent  funct ions  tl(x), 
. . . .  t~(x), that s a t i s fy  the f o r m a l  r e l a t i o n  ~(t 1 . . . . .  t4). 

Let  us wr i t e  tl(x) = xl,  t2(x) = xlx~, t3(x) =xlx2eX2. It is wel l  known (see ,  for example ,  [2], p. 115) that 
t he r e  a r e  no n o n t r i v i a l  f o rma l  r e l a t i ons  be tween  these  func t ions .  For  k -> 1 we sha l l  wr i t e  
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I k k W + ,  Let  us note that  ~k(t,(x), t~(x), t3(x))= ~, t~+])l xt~' " 
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Let  us  wr i t e  
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t, Ix) = kt @~ (h (x), t.., (x), t, (x)) = ~ ' r '2  " 
k = l  = ' 

It is ev iden t  that  t4(x) is  an ana ly t i c  funct ion,  On the o the r  hand 

k ~ l  k ~ l  i ~ l  ~- -~ 
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is a d i v e r g e n t  power  s e r i e s  of t~, t 2, and t 3, w he r e a s  the s e r i e s  z(t) = t 4 - P ( t  I, t2, t 3) r e p r e s e n t s  a fo rma l  

r e l a t i o n  be tween  ti(x). Let  us  show that  t he re  a r e  no n o n t r i v i a l  ana ly t i c  r e l a t i o n s  be tween  ti(x). In fact ,  
le t  z(t) be  such  a r e l a t i on :  It is poss ib l e  to a s s u m e  that  the funct ion  z is i r r e d u c i b l e  in a r ing  of ana ly t i c  
func t ions ,  s i nce  if z = zlz2, then zl(t(x))z2(t(x)) --- 0 in  C 2, and hence  e i t h e r  zl(t(x)) -= 0, o r  z2(t(x)) -= 0. 
Since ~ = t 4 - ~ ( t l ,  t2, t3) it  follows f r o m  the p r e p a r a t o r y  t h e o r e m  for  f o r m a l  s e r i e s  that 5(t) = ~(t)g(t) + 
h(t 1, t 2, t3). But s i nce  z and 5 a r e  r e l a t i o n s  be tween  tl(x) . . . . .  t4(x), the s e r i e s  h m u s t  be a r e l a t ion  b e -  
tween  tl(x) , t2(x) , and t3(x); bu t  s ince  the re  a r e  no such r e l a t i o n s ,  we have h --- 0 and z is d iv i s ib le  by z. 
Since the funct ion  z is i r r e d u c i b l e  in  a r ing  of ana ly t i c  func t ions ,  it  wi l l  be  i r r e d u c i b l e  a l so  in fo rma l  s e r -  
i e s .  Hence  ~ is an  i n v e r t i b l e  s e r i e s  and z ~ ~. In  p a r t i c u l a r ,  the funct ion z is r e g u l a r  in t 4 of o r d e r  1, 
and a c c o r d i n g  to the p r e p a r a t o r y  t h e o r e m  for  ana ly t i c  funct ions  we have z ~ t 4 - P ( t t ,  t2, t3) , where  P is an 
ana ly t i c  funct ion .  F r o m  the u n i q u e n e s s  of such a r e p r e s e n t a t i o n  in f o r m a l  s e r i e s  it  follows that P = P,  
which cannot  be the case ,  s ince  P is  a c o n v e r g e n t  s e r i e s  and P a d i v e r g e n t  s e r i e s .  

C o u n t e r e x a m p l e  (2). Let  us  note  that  in the p r ev ious  example  the r e l a t i o n  be tween  the funct ions  

tl(x) = x 1, t2(x) = xix2, t~(x), t4(x) was  w r i t t e n  in  the f o r m  zl( t l ,  t 2) t 3 + ~ ( t l ,  t 2) + t 4. Let  t(x 1, x 2, t 2) = 
t 2 - x l x  2. Let  us  c o n s i d e r  in  C3 x ~ + the se t  X = i t  = 0L Since ~l(xl,  t2)t3(xl, x 2) + 52(x~, t 2) + t~(xl, x2) - 0 
0 " I ':~2'L2- n Xi, t h e r e  e m s t s  a f o r m a l  s e r m s  y(xl ,  x2, t2) , such that  

zx (xl, t~} t3 (x,, x~) + ;t (xl, t~) + t4 (xl, x2) ÷ y {xl, x,, t~) t (x,, x~, t,) - 0 B c' .  

This  row is  an  ana ly t i c  equa t ion  whose  f o r m a l  so lu t ion  is  (52, 52, ~). If t he r e  ex i s t s  a conve rgen t  so lu t ion  
(zl ,  z2, y) of this  equa t ion ,  with z t and z 2 be ing  independen t  of x2, then  the funct ion zl(t l ,  t 2) . t  3 + z2(tl, t2) + 
t t wi l l  be a n o n t r i v i a l  ana ly t i c  r e l a t i o n  be tween  ti(x); but  we have a l r e a d y  shown that  the re  a r e  no such r e -  
l a t ions .  

The au tho r  e x p r e s s e s  h is  g ra t i t ude  to V. :P. Pa lamodov  for h i s  i n t e r e s t .  
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