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INTRODUCTION 

In this paper we shall study sets which are the images of real semi-analytic sets under analytic 

mappings. 

It is known that the image of a complex analytic set under a proper mapping is an analytic set. 

On the other hand, according to the Tarski-Seidenberg principle, the image of a real semi-alge- 
braic set under any algebraic mapping is a semi-algebraic set. 

An analog0us assertion is not true for the images of real semi-analytic sets, even relative to com- 
pacta.* However, for some problems in analysis, it is necessary to have information about such sets 
(called, in this paper, ';~f~ sets). 

The fundamental result of this paper is, essentially, that the class of ~ sets is closed with respect 
to set-theoretical operations (specifically, with respect to taking the complement; the others are trivial). 
On the other hand, it is known that each .~ set on the plane is a semi-analytic set (see [1]). This makes 

it possible to study the metric properties of ~ sets by using the Pyuize expansion. In particular, it is 
possible to establish regular expandability, the Whitney property (near points of a closed .J' set can be 
joined by short curves), etc. 

Another use of the basic theorem is the proof of the finitude of the number of connected components 
of a .~ set, depending on a parameter. 

In this paper, we also give a local description of a J~ set, similar to the local descriptions of analy- 
tic se t s .  

Fo r  our proof~ we make  essen t ia l  use  of the r e su l t s  of Lojas iewicz [1] as they apply to s emi - an a ly t i c  
se t s .  

1 .  D e f i n i t i o n s ,  N o t a t i o n ,  R e s u l t s  

Set L in n-d imensional  rea l  space  Rn , i s  said to be  s emi -ana ly t i c  if, in the neighborhood of each point 
x0 E R n it is  the finite union of se t s  of  the f o r m  {f(x) =0,  gj(x) >0,  i = 1 . . . . .  i0, j =1, . . . .  j 0 } w h e r e f i  
and gj a r e  analyt ic  functions in the neighborhood of point x 0. We give the name ~ se t  to a se t  in n - d i m e n -  
sional  space  of the fo rm {xER ~ I~y~ P~": (x, ~/)~ L}, where  L is a re la t ive ly  compac t  s emi - ana ly t i c  se t  in 
Rn+m. 

Note. It is obvious that the image of a relatively compact semi-analytic set under any analytic map- 
ping is a :~ set. 

The dimension of a :~ set in n-dimensional space is the number k such that the image of this set upon 
projection onto some k-dimensional subspace is dense somewhere, whereas the image upon projection 
upon any (k + 1)-dimensional subspace is a nowhere dense set. 

In the'sequel, we shall consider only semi-analytic sets of the form {x E I n [fi(x) = 0, gj(x) > 0}, 
where I n = {x ~ R n [ [ xi-- x, ? [ ~ e} is some cube in R n. This limitation is unessential, since any rela- 
tively compact semi-analytic set can be represented in the form of a finite union of sets of the specified 
form. In this case, the corresponding :~' sets have the form (x f. I n ]~I y E I m: fi (x, y) = 0, g;- (x, y) > 0). 

*It  is s imple  to obtain counterexamples  f rom the r e m a r k s  to T h e o r e m  10 of Chapter  4 of [2]. 
i 
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If M is  a ?f~ s e t  in cube I n,  we  then  deno te  by  CM (the c o m p l e m e n t  to M) the s e t  I n \ M .  If  I n = I k × 

I n - k ,  w h e r e  x '  = x 1 . . . .  , x k is  the  c o o r d i n a t e  in I k and x"  = Xk+t . . . . .  x n is  the  c o o r d i n a t e  in I n ' k ,  we then  
deno te  b y  (x")~0, x~ EIk ,  the  s u b s e t  {x'0} × I n - k  in I n. I f  M is s o m e  s e t  in I n,  we then  deno te  b y  Mx~ (x") 
the  s e t  M n '~ ' (x)x0" 

In the s e q u e l  we sha l l  f r e q u e n t l y  no t  s p e c i f y  e x p l i e i f l y  the cube ,  I n, in which s o m e  s e t  o r  a n o t h e r  i s  
con t a ined .  In such  c a s e s ,  when we s a y ,  for  e x a m p l e ,  tha t  s e t  M is  d e n s e  in  R ", we u n d e r s t a n d  tha t  M is  
d e n s e  in the  c o r r e s p o n d i n g  cube  I n . 

The  i m a g e  of a s e t  u n d e r  the  p r o j e c t i o n  R re+n-, R n w i l l  u s u a l l y  be  c a l l e d  s i m p l y  the  p r o j e c t i o n  of  

t h i s  s e t .  

We s h a l l  need  the fo l lowing  p r o p e r t i e s  of  s e m i - a n a l y t i c  s e t s  [1]: 

(1) Unions  and i n t e r s e c t i o n s  of s e m i - a n a l y t i c  s e t s  a r e  s e m i - a n a l y t i c  s e t s .  

(2) The  c l o s u r e  of  a s e m i - a n a l y t i c  s e t  i s  a s e m i - a n a l y t i c  s e t .  

(3) E a c h  s e m i - a n a l y t i c  s e t  is  the  l o c a l l y  f in i te  union of  c o n n e c t e d  s e m i - a n a l y t i c  s e t s  ( i t s  c o n n e c t e d  

c o m p o n e n t s ) .  

(4) Any two p o i n t s ,  a I and  a 2, of  a connec t ed  s e m i - a n a l y t i c  s e t  L C I~ ~ c a n  b e  j o i n e d  by  a s e m i - a n a l ~ ; -  
t i c  c u r v e .  Th i s  m e a n s  tha t  t h e r e  e x i s t s  s o m e  e m b e d d i n g  f :  [0, 1] --* L whose  i m a g e  i s  a s e m i - a n a l y t i c  s e t  
in I~ ~, wi th  f ( 0 )  = a 1 and  f ( 1 )  = a 2. We  note  t ha t  a s e m i - a n a l y t i c  c u r v e  i s  a n a l y t i c  e v e r y w h e r e  wi th  the  e x -  
c ep t i on  of a f in i t e  n u m b e r  of p o i n t s .  

(5) The  i m a g e  of a r e l a t i v e  c o m p a c t  o n e - d i m e n s i o n a l  s e m i - a n a l y t i c  s e t  u n d e r  an  a n a l y t i c  m a p p i n g  i s  
a s e m i - a n a l y t i c  s e t .  

(6) The  i m a g e  of a r e l a t i v e l y  c o m p a c t  s e m i - a n a l y t i c  s e t  u n d e r  p r o j e c t i o n  onto a t w o - d i m e n s i o n a l  
p l a n e  is  a s e m i - a n a l y t i c  s e t .  

(7) A c l o s e d  s e m i - a n a l y t i c  s e t  in t h e  n e i g h b o r h o o d  of  each  po in t  h a s  t he  f o r m  L =- U Li, w h e r e  Lk  = 
k ~ 0  

{xlfik(X) = 0, gjk(X) - 0}.  

F r o m  t h e s e  e n u m e r a t e d  p r o p e r t i e s  t h e r e  i m m e d i a t e l y  f low the  fo l lowing  p r o p e r t i e s  of  ~J~ s e t s ,  which  
we s h a l l  h e n c e f o r t h  u t i l i z e  wi thout  e x p l i c i t  c i t a t i o n :  

(1) Unions  and i n t e r s e c t i o n s  of :~ s e t s  a r e  3 ~ s e t s .  

(2) The  c l o s u r e  of  a !~:, s e t  i s  a J~ s e t .  

(3) Each  & s e t  is  the  un ion  of  a f in i te  n u m b e r  of  c o n n e c t e d  22 s e t s  ( i t s  c o n n e c t e d  c o m p o n e n t s ) .  

(4) Any two p o i n t s  o f  a c o n n e c t e d  Y' s e t  c a n  be  j o i n e d  b y  a s e m i - a n a l y t i c  c u r v e .  {This fo l lows  f r o m  
p r o p e r t i e s  (4) and (5) o f  s e m i - a n a l y t i c  se t s .}  

(5) Each  J~ s e t  in !~ ~ i s  a s e m i - a n a l y t i c  s e t .  

(6) A c l o s e d  ~P s e t  is  the  p r o j e c t i o n  of  a c o m p a c t  a n a l y t i c  s e t  ( s i n c e  a s e m i - a n a l y t i c  s e t  of  the  f o r m  
{ f i  = 0, gj -> 0} i s  the  p r o j e c t i o n  of  the  s e t  {f i(x)  = 0,  gj(x) = ~ } ) .  

In th i s  p a p e r ,  we sha l l  p r o v e  the  fo l lowing  a s s e r t i o n s :  

T H E O R E M  1. The  c o m p l e m e n t  of  a 3 ~ s e t  is  a .~ s e t .  

C O R O L L A R Y 1 .  L e t  M(x ,~ )  b e a  3; s e t  in R ~ + k , x = ( x  1 . . . . .  x n ) , ~  =(~1 . . . . .  ~k)- L e t N ( ~ )  be  the  
n u m b e r  of c o n n e c t e d  c o m p o n e n t s  o f  s e t  M~(x). T h e n ,  N(~) < N, w h e r e  N is  s o m e  c o n s t a n t  which does  no t  
d e p e n d  on ~. 

T H E O R E M  2. In cube I n o f  s p a c e  i~ n l e t  t h e r e  be  c h o s e n  a b a s i s  {x '  = (x I . . . . .  Xk), x "  = (Xk+ ! . . . . .  
Xn)}, and l e t  M b e  a k - d i m e n s i o n a l  5 ~ s e t  in I n. T h e r e  then  e x i s t  open .~P s e t s  ~p  (p = 0 ,  . . . ,  N) in s p a c e  
ix ' )  such  tha t :  

(1) U ~ p  i s  e v e r y w h e r e  d e n s e  in Ik; 
P 
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(2) s e t  M [] {~20 x X  (x")} is vacuous ;  

(3) s e t  M n {92o x (x")} (p = 1 . . . . .  N) co inc ides  with the se t  {x '  e ~p,  Xk+j = ] p j ( X ' ) ,  j = 1 . . . . .  
n - k }  w h e r e ] p j  is  a p - v a l u e d  ana ly t ic  funct ion in ~p.  

COROLLARY 2, Each  3 ~ se t  is the union of  a finite n u m b e r  of  loca l ly  ana ly t ic  3 ~ se t s  {i.e., of  s e t s  
which  a r e  ana ly t i c  in the ne ighborhood  of  each  of the i r  points) .  

To p rove  these  a s s e r t i o n s ,  we r e q u i r e  the fol lowing aux i l i a ry  a s s e r t i o n s .  

LEMMA 1. In an ( n + l ) - d i m e n s i o n a l  s p a c e ,  le t  t he re  be chosen  a b a s i s  {x = (x 1, . . . ,  Xn), t} ,  and le t  
M be a 3 ~ se t  in the s e m i - s p a c e  t > 0,  nowhere  dense  in the ne ighborhood  of  the s p a c e  t = 0. (This means  
that ,  in each  ne ighborhood of  each  point  of  (x, 0), we can find a point  (x I, t), t > 0,  s o m e  ne ighborhood  of  
which does  not contain  a point  of  s e t  M.) Then ,  s e t  I~ [~ {t = 0} is nowhere  dense  in the space  t = 0. 

LEMMA 2. A ;.-i s e t  whose  c o m p l e m e n t  is e v e r y w h e r e  dense  i s  i t se l f  a se t  which is nowhere  dense .  

L E M M A 3 .  L e t L = { x ,  z l f ( x , z )  = 0 }  ( x = x  1 ' .  . . , X n ;  z = z  t . . . . .  z m) be  an ana ly t ic  se t ,  and let  the 
p ro jec t ion  of s e t  L onto s p a c e  (x) be  a s e t  which  is dense  s o m e w h e r e .  Then,  one of  the  two following s t a t e -  
men t s  holds:  

Ca) t h e r e  ex i s t s  a p r o p e r  ana ly t i c  subse t ,  L v, of  se t  L such  tha t  the p ro j ec t i on  of  L \  L '  on (x) is a 
nowhere  dense  se t .  

(b) It  is poss ib le  so to spec i fy  se t  L by  ana ly t ic  funct ions f i ,  i = 1 . . . . .  k,  tha t  the ana ly t ic  se t  

L"=l(.v,z)EL[rk(gr~!t)~k:::n} ( i = l ,  . . , k ;  j = l  . . . . .  n) will  be  a p r o p e r  subse t  of  se t  L.  
I \ - ~ / / / ,  

ASSERTION Wn. Le t  M be a c losed ,  nowhere  dense ,  ~ s e t  in n - d i m e n s i o n a l  space .  In this  space  
we s ingle  out va r i ab l e  Xn, denot ing the r e m a i n i n g  v a r i a b l e s  by  (x~). Then ,  t he re  ex i s t s  a cons tan t  N, as  
well  as  a :]z se t  ~ ,  e v e r y w h e r e  dense  in space  (xV), such tha t  each  se t  Mx, (Xn), x '  E ~,  conta ins  not m o r e  
than N points .  

ASSERTION Pn. The c o m p l e m e n t  to a c lo sed  and nowhere  dense  a '  s e t  in n - d i m e n s i o n a l  space  con-  
ta ins  a .~', s e t  which is e v e r y w h e r e  dense  in this  space .  

ASSERTION Tn. The c o m p l e m e n t  to a c lo sed  .~ se t  in n - d i m e n s i o n a l  space  is a J) se t .  

2 .  P r o o f s  

LEMMA 1. We pu r sue  the p r o o f  by  induct ion on n. Fo r  n = 0, the a s s e r t i o n  is obvious  (s ince a J~ 
s e t  c o n s i s t s  of  a finite n u m b e r  of  connec ted  components ) .  We a s s u m e  the a s s e r t i o n  to be  t rue  for  n -1 .  
Le t  M be  a 2; ~ s e t  in the ( n + l ) - d i m e n s i o n a l  space  (x, t) which sa t i s f i e s  the condi t ions  of the L e m m a ,  i ts  
c l o s u r e  be ing  e v e r y w h e r e  dense  in the space  t = 0. (In c a s e  ~'I [~ {t = 0} is e v e r y w h e r e  dense  only in 
s o m e  open se t  ~2' C ix), we r ep l ace  I n by s o m e  cube which is  conta ined in ~2'.) We denote  by  x '  the v a r i -  
ab les  x t, . . .  , Xn_ t. We p roduce  all the poss ib le  subspaces  (x ' ,  t)xn, and c lose  each  of t h e m  f r o m  the se t s  
Mxn(X', t). We denote  by M' the i n t e r s e c t i o n  of the s e t  thus obta ined with the space  t = 0. In space  t =0 ,  
we p roduce  al l  the pos s ib l e  l ines  (Xn)x,. A s s u m e  that ,  on s o m e  line (Xn)x~, t h e r e  is a countable  n u m b e r  of  
points  not ly ing in M' .  Cons ide r  then the  s e t  N = {Xn, el ~ x ' ,  t:  (x ' ,  Xn, t) E M, I (x ' ,  t ) - ( x~ ,  t)[< e} .  Set N 
is a ~ se t  on the plane and,  consequent ly ,  is  a s e m i - a n a l y t i c  se t .  By a s sumpt ion ,  the se t  CN n {e> 0} 
(which will  a l so  be  s em i - ana ly t i c )  contains  a countable  n u m b e r  of  points  with d i f fe ren t  c o o r d i n a t e s  Xn. 
Consequent ly ,  t he re  ex i s t  two poin ts ,  (Xln, el) and (X2n , ez), (Xln ~X2n), lying in one connec ted  componen t  of  
this  set .  We join these  points  by  a cu rve  in CN •! {e> 0}, Then ,  the space  under  this cu rve  does  not c o n -  
ta in  points  of se t  I~ and,  consequen t ly ,  s e g m e n t  [Xln, X2n] on the l ine x '  = x~, t 0 does  not conta in  points  of  
s e t  ~ ,  con t rad ic t ing  the  a s s u m p t i o n  that  M N {t = 0} is e v e r y w h e r e  dense .  

We m a y  thus a s s u m e  that ,  on each  l ine (Xn)x', t he r e  ex i s t s  only a finite n u m b e r  of points  which a r e  
n o t  in se t  M' .  L e t  us  n u m b e r  the ra t iona l  points  of  space  (x') tn the sequence  {ak}. Let  PI~ = {Xnl (ak,xn) 

k 

E CMak(Xn)}, Pk = tj P~. Each  s e t  Pk c o n s i s t s  of  a finite n u m b e r  of poin ts .  Cons ide r  s o m e  space  (X')xn, 

w h e r e  x~ E . All the ra t iona l  points  o f  this space  lie in M' ,  s o  that  s e t  Mxn(X', t) does  not  sa t i s fy  

the condi t ions  of L e m m a  1, and we can find, in space  (XT)xn , an e v e r y w h e r e  dense  se t ,  C, of  points  in s o m e  
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ne ighborhood  of each  of  which in the  s e m i - s p a c e  {x ' ,  t i t  >0} se t  Mxn(X', t) is  dense .  (If s e t  C is not dense  
s o m e w h e r e ,  L e m m a  1 can  be  appl ied  to a ne ighborhood  not conta in ing  points  of  se t  C.) Since se t  C is open,  

i ts  c o m p l e m e n t  in nowehere  dense .  We now can find point  .r~ E Pk such  that, in space  (X')xn,* se t  

eCx~( x v) will  be  e v e r y w h e r e  dense ,  which leads  us to a con t rad ic t ion .  

In space  t = 0,  c o n s i d e r  the se t  Ck of points (x '°, x~) for  whieh Mx~lX ~) is dense  in the ne ighborhoods  
{x', t i t  > 0,  I(x' ,  t ) - (x~ ,  0) 1 < l / k } .  Each  of  se t s  Ck is nowhere  dense  in space  t = O. Indeed,  if  Ck w e r e  
dense  in s o m e  open se t ,  then M would be dense  ove r  each  point  of this se t ,  con t r ad ic t ing  the a s s u m p t i o n  
that  M sa t i s f i e s  the eondi t ions  of  L e m m a  1. 

We now choose  point  xi~ in the fol lowing way.  Ini t ia l ly ,  we find a point  Xin E cP l  such that ,  in a 1- 
ne ighborhood of point  a i in space  (X')xln, t he re  ex i s t s  a point  bii  in s o m e  c lose  ne ighborhood  of  which in 
space  t =  0 no points  of  s e t  C i a r e  conta ined.  By moving  point  X2n about  a bit, we obtain  a c losed  s e gmen t  
on the Xn axis  whose  points  s a t i s fy  the s a m e  condi t ions  as  Xln . 

On the k - t h  s tep ,  let  the c losed  s e g m e n t  of se t  e P  k w e  have found be such  that  the fol lowing condi -  
t ions hold for  each  point ,  xkn, of  this s egmen t ;  in space  (X')x k,  t he re  ex is t  points  bki(i = 1 , . . . ,  k; j = 1, 
. . . .  k) such  that  I b k - a j [ <  l / i ,  and, in s o m e  c losed  ne ighborhood  of  each  of  the points  b~ in space  (x) no 
points  of  s e t  C k a r e  contained.  It is obvious  that  one can find, within an a l r e a d y  found s e g m e n t  on the x n 
ax i s ,  a s e g m e n t  conta ined in c P k + l  on which the s a m e  condi t ions  will  hold with k r ep l aced  by  k + 1, whereby ,  
fo r  i,  j = 1 . . . . .  k,  the ne ighborhoods  of points  bik+l will  be conta ined in the p r e v i o u s l y  found ne ighborhoods  
of  points  b~ .  

The  point  x n,  c o m m o n  to all  the s e g m e n t s  cons t ruc t e d ,  will  a l so  be the point  we a r e  seeking .  

LEMMA 2. Le t  M be a :~ se t  such  that  eM is an e v e r y w h e r e  dense  set .  We can a s s u m e  tha t  M = 
{x [3 y : f i ( x , y )  = 0 ,  g j (x ,y )  >0} .  Cons ide r  t h e s e t  M ' ~ - { x , a  I H y :  f i ( x , y )  = 0 ,  g j ( x , y ) - >  5, e >0} .  I t i s  
c l e a r  that ,  if x E CM, e > 0,  then s o m e  ne ighborhood  of  point  (x, 5) is coa ta ined  in CM'. Consequent ly ,  M' 
sa t i s f i e s  the condi t ions  o f  L e m m a  1, and 1~' N {~ = 0} is a nowhere  dense  se t .  But M'  Q {5 = 0} = M, and 
the a s s e r t i o n  is p roven .  

LEMMA 3.  We define se t  L by the f u n c t i o n s f i ( i  = 1 . . . . .  k) such  that  the v e c t o r s  g r a d f i  will  be 
l i n e a r l y  dependent  only on s o m e  p r o p e r  subse t  L0 C: L. We can  a s s u m e  that  the p ro jec t ion  of  se t  L~.L0 on 
(x) is a se t  which is dense  s o m e w h e r e ,  o the rwi se  we could choose  L '  = L0. 

Le t  Ap=~/gradf') ( i = l , . .  k; j =  1 . . . . .  p) b e a n ( m + n )  × ( k + p )  m a t r i x ,  L p = { X ,  z l r k A p < k +  
xi ] "' 

p}. If  L"  = L n is a p r o p e r  subse t ,  the a s s e r t i o n  is p roven .  

L e t  L n  = L .  We then s e l ec t  p such  that  the p ro jec t ion  of s e t  L \  Lp on (x) is a se t  which is s o m e w h e r e  
dense ,  while the p ro j ec t ion  of  L \ L p +  i on (x) is a nowhere  dense  set .  We now show then that  Lp+ l is a 
p r o p e r  subse t ,  so that  we can choose  L t = Lp+ I. Indeed,  le t  Lp+ t = L. Then,  s ince  the  p ro jec t ion  of  se t  
L \  Lp on s p a c e  (x) is dense  s o m e w h e r e ,  we can  find, by  v i r tue  of  L e m m a  2, on some  line (Xp+-)xxl,.0 . .~Xp° 
a s e g m e n t  pa ra l l e l  to the Xp+ l ax i s ,  ly ing in the p ro j ec t ion  of  L \  Lp on the space  (xt, . . . ,  Xp+l). Con-  
sequent ly ,  we can find two d i f f e r en t  points ,  a t and a 2, on this  s egmen t  lying in the p r o j e c t i o n  of  s ingly con-  
nec ted  componen t ,  dr ,  of  the se t  (L\Lp).o 0(~'p.~ . . . .  x,, z). We se l ec t  one D0int each  in the  p r e i m a g e s  of 
points  a t and a 2 in J r ,  and jo in  them by  a s e m i - a n a l y t i c  cu rve ,  X, in .~¢/. Le t  l be the unit  tangent  vec to r  to 
this  cu rve .  Since the v e c t o r s  g r a d f i ,  xl  . . . . .  Xp a r e  l i nea r ly  dependent  at al l  points  of our  cu rve ,  the 
v e c t o r  Xp+ t c an  be  e x p r e s s e d  in t e r m s  of  the v e c t o r s  g r a d f i ,  x t . . . . .  Xp and, s ince  v e c t o r  [, ly ing in the 
tangent  space  to L0 0(xp+t . . . .  , ~-,, z), is o r thogonal  to al l  these  v e c t o r s ,  then (l, Xp+t) = 0 at  each  point  

o f  the cu rve .  But !( l ,  xp+l)d~l::  ]a,--a~]=/--0, which  leads to a con t rad ic t ion .  
/ 

A s s e r t i o n s  Wn, Pn,  and T W The p roofs  a r e  by induct ion on n in the fol lowing m a n n e r :  Tn_l,  Wn_ t => 
Wn, Tn-1, Wn => Pn,  Pn ::-~ Tn (for  n = 1, al l  t h r ee  A s s e r t i o n s  a r e  obvious) .  

T n - l ,  Wn- i  => Wn. Since M is c losed ,  we can c o n s i d e r  it to be the p ro j ec t ion  of  s o m e  ana ly t ic  se t ,  L, 
f r o m  the ( n + m ) - d i m e n s i o n a l  space  (x, y).  
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We f i rs t  single out the 
where 

:J~ set ~21 in space (x') in the following way: 

(.~ ,;..)eM, Ix . - -x~ I ~). 

c~ i = N f] {e~>O} N {e .... 0J, 

The  set of points x'  for which set  Mx,(X n) contains only a finite number  of points is everywhere  dense in 
space (x') (it is not hard  to prove that , otherwise,  M would not be nowhere dense). Consequently, set 
CN is everywhere  dense, while N, by virtue of Lemma 2, is nowhere dense,  and set  N f-! {e >0} sat isf ies 
the conditions of Lemma 1, f rom which it follows that cl21 is nowhere dense,  while ~1 is a :T set which is 
everywhere  dense in (x'). 

Each set  Mx'(xn}, x E ~1, contains no more than a finite number of points. Assume that Asser t ion  Wn 
does not hold for set M, i.e.,  that for each K the set  

M ~ ~: {~, e .o.~1:~ i ~,,~ , ~',K: x~ :~ x'L (x', ~)e  M~ 

is non-vacuous and is dense somewhere in space (xg. 

In space (x'), we single out variable Xn-1, we denote the var iables  x 1 . . . . .  Xn-2 by x",  and the var iables  
Xn,1, x n by x m. In space (x"), we choose the everywhere  dense :~:~ set  ~22 such that,  for  all x" E f~, the set  
(c~2l)x,,(Xn_ 1) contains only a finite number of points (the construct ion is analogous to that of set  f21). 

Each set M~, (x ' )  = (M A {~21 x (Xn)})x,,(x TM) consis ts  of a finite number  of connected components 
which can be either isolated points or semi-analy t ic  curves ,  subject to a one- to-one single valued p ro jec -  
tion into (Xn_l)x,. Consider the ends of these curves .  They may l ie ,  e i ther  in set M v (closed ends), or  in 
set  c~21 x (xn)(unelosed ends). Let ~x"(x"~ be the set of isolated points and closed ends in M~,(xm). If, for 
s o m e  K0, the set  QK0 = {x ' l  more  than K0 points are  contained in Qx,(X")} is nowhere dense then, for each 
K, there  exists  a set ,  Qk,  somewhere dense in (x ') ,  such that,  for x" E QK, there  exist  in set M~,(x ~) more  
than K semi-analy t ic  curves  projected onto some interval (xln_l, X2n-l)x,,: 

. t  " c . 

Let  
t , 2 

== / " ' 7t Xn-z, xn-z  E c[~)t: xn--l T Xa__ l Xn--t Al" X", X,, 1 X" E .Q.,., 71 x ._ , :  ( x ,  x,~_~, x . )  E M , ~ "~ 
( '2 

6 

Set M r is nowhere dense in (x", Xn) (since CM" is everywhere  dense) and, for  each K, there  exists a set 
i lk ,  somewhere  dense in (x"), such that M~. (Xn) (x" ~ ~2~) contains more  than K points, which leads to a 
contradiction to Asser t ion  Wn- 1. 

Hence, we assume that, for all K, the set Qk is dense somewhere  in (x"). NOW, we const ruct  a p roper  
• , 

analytic subset, L * ,  in L for which each set QK (defined analogously to QK) will be dense somewhere  in 
(x") (or we a r r ive  at  a contradict ion with Wn-l). The Asser t ion  will be thereby proven, since we cannot 
continue to decrease  se t  L indefinitely. 

We now make use of Lemma 3 for x = x " , z  = (x m, y). If (a) holds, we can set  L * = L ' .  Let (b) hold. 
It can be assumed that the project ion,  S, of the set L ~ L '  on space (x') is dense somewhere.  Indeed, let 
set  S be dense nowhere.  Then, we can ei ther set L* = L" or,  for each K, the set  {x"l ((S x xn) N M')x"(X") 
contains m e r e  than K points} will b e  dense somewhere in (x"), af ter  which one can easi ly oroceed to a con- 
t radict ion to Wn-t. Consequently, it c a n b e  assumed that S is dense somewhere  in (x'), and that there  exists 
a point x$ such that curve ~0 is contained in the project ion of set ( L \ L ' ) x o  (x r", y) onto space (x"). 

Consider the set 

L ..... (x,y)ELlrk t x~- } < k + n - - l ,  rk x) < k ÷ n - - 1  

\ Xn--I / \ Xn 

( i = l  . . . . .  k; ]=1 . . . . .  n--2). 

In the project ion,  S ~, of this set onto space (x), set Q is contained. Indeed, set L ~ , L "  contains only 
those points of set  L at which the tangent space,  T, to L exists  and for which Tx,(X ",  y) does not t r ave r se  
the point upon project ion onto (xr~)x,. Consequently, the projection of set ( L \ L ' ) x , ( X  m, y) onto space 

L m Ivm~. ( x ' ) x .  does not in tersect  Qx.(X ~) and, even more  so, Qx"(X"9 is contained in the projection of set  x " "  ' 
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We now show tha t  L m is  a p r o p e r  s u b s e t  of L.  L e t  L "  = L .  On c u r v e  k0 we choose  two d i f f e r e n t  
p o i n t s ,  a 1 and a 2, ly ing  in the  p r o j e c t i o n  of  one s i ng ly  c o n n e c t e d  componen t ,  ~t  , of se t  (L\L")x~(X m, y) .  We 

c h o o s e  one po in t  in each  of  the  p r e i m a g e s  of  po in t s  a 1 and a 2 in ./t~, and we  jo in  t h e s e  s e l e c t e d  po in t s  by  the 
s e m i - a n a l y t i c  c u r v e  ~ in dr. L e t  l be  the  un i t  t a n g e n t  v e c t o r  to k.  Then ,  on the  one hand ,  ln-1  = In = 0 at  

e a c h  po in t  of c u r v e  h and ,  on t h e o t h e r h a n d ,  [!(l~-l,  ln)dLl=:lat--a.,_l@O. We have  a r r i v e d  a t  a c o n t r a d i c t i o n .  

Tn-1 ,  Wn = ' P n -  L e t  M be  a c l o s e d ,  no w he re  d e n s e ,  ,~' s e t  in n - d i m e n s i o n a l  s p a c e .  In the  b a s i s  of  
t h i s  s p a c e  we s ing l e  ou t  c o o r d i n a t e  xn ,  d e n o t i n g  the r e m a i n i n g  c o o r d i n a t e s  b y  (x ' ) .  L e t  [2 b e  an  open,  
e v e r y w h e r e  d e n s e ,  3 ~ s e t  in (x') such  tha t ,  when x '  E [2, the  s e t  Mx'  (Xn) c o n t a i n s  no m o r e  than  K p o i n t s ,  

! 

w h e r e  K does  not  depend  on x ' .  L e t  A l (l =1 ,  . . . .  K) b e  the  s u b s e t  in [2 de f ined  by  the f o r m u l a  
1 l i - l A; ..... {x' 6 .o. I~I x . . . . . .  x,: (x', x~)~: M, .~ ~ . . .  ~ x~.  

C ' We s e t  A0 = C(A{) f'l f~, A/  = A~ O (AI+~). L e t  

Boo -= {Ao ×xn}, Bti . . . .  {x ' ,x~lx '  E At, ~.v t . . . .  v~: (x', xin) 6. ,~'I, 
x ~ <  . . .  < x i , < x , < x h + ' <  . . .  <x~} (t:-= 1 . . . . .  I(; i = 0  . . . . .  l). 

T h e n ,  the  ,~ s e t  U B/j is  c o n t a i n e d  in CM and  is  e v e r y w h e r e  d e n s e  in s p a c e  (x). 
t , i  

Pn ~ T n .  Le t  M be a c l o s e d  :~ s e t  in n - d i m e n s i o n a l  s p a c e .  We m a y  s u p p o s e  tha t  M ={xlXy6.1": 
(x, y) E L} ,  w h e r e  L = {x, y I f ( x ,  y) = 0} is s o m e  a n a l y t i c  s e t .  Then ,  CM = {xl m i n f 2 ( x ,  y) > 0 } a n d  i t  

y6.I m 
s u f f i c e s  to show tha t  the  s e t  N = {x, t l  m i n f 2 ( x ,  y) = t} i s  a 3 z s e t .  

y~I m 

L e t  L1 = {x,y,  t l f2(x, y ) =  t, o[~(x,v)ov, O, i=: 1 . . . . .  m} be the s e t  of  " s i n g u l a r  y p o i n t s "  of the func-  

t i o n f  2 ( m o r e  p r e c i s e l y ,  the  s e t  of c o r r e s p o n d i n g  po in t s  of the d i a g r a m  of  funct ion f2).  It "is p o s s i b l e  to 
c o n s t r u c t  the  a n a l o g o u s  s e t ,  L j ,  (j = 2 . . . . .  3m) fo r  e a c h  f ace  of  the cube  Im.  Le t  N] be  the  p r o j e c t i o n  of 
s e t  Lj  onto s p a c e  (x),  and  N '  = U NJ. Then ,  s e t  N '  con ta ins  N and ,  for  e ach  x 0, the  s~ t  N~0(t) con ta ins  only  
a f in i te  n u m b e r  o f  po in t s .  Indeed ,  on e a c h  c o n n e c t e d  c o m p o n e n t  of each  of the  s e t s  (Lj)x0(Y, t ) ,  f u n c t i o n f  2 
m a i n t a i n s  a c o n s t a n t  v a l u e ,  s o  tha t ,  c o n s e q u e n t l y ,  each  s e t  (Nj)x0(t) con t a in s  only a f in i te  n u m b e r  of po in t s .  
S ince ,  fo r  e a c h  x0, s e t  NA0(t) c o n t a i n s  a f in i t e  n u m b e r  of  po in t s ,  s e t  N~0(e), w h e r e  

,V" = {.v, el:~ : ,  t~-: (x,t~)6.N ', It~ - - t ~ l < e  }, 

a l s o  con ta ins  on ly  a f in i te  n u m b e r  of p o i n t s ,  so  tha t  CN" is  e v e r y w h e r e  d e n s e ,  whi l e  N '  is  n o w h e r e  d e n s e  in 
s p a c e  (x, e). But then ,  N" N {e >0} s a t i s f i e s  the  cond i t ions  o f  L e m r n a  1, and the  s e t  P = N" [~ {e >0} n 
{~ =0} is  n o w h e r e  d e n s e  in s p a c e  (x). C o n s e q u e n t l y ,  c p  con ta in s  the .~; s e t  P '  which  is e v e r y w h e r e  dense  
in s p a c e  (x). Each  c o n n e c t e d  c o m p o n e n t  of  s e t  N'" = { P '  × (t)} 1"1 N '  m a y  be  e i t h e r  c o m p l e t e l y  con ta ined  in 
N, o r  have  a nul l  i n t e r s e c t i o n  with  N ( this  r e a d i l y  fo l lows  f r o m  the con t inu i ty  of  the  funct ion  m i n f 2 ) .  But ,  
s i n c e  s e t  P '  is  e v e r y w h e r e  d e n s e  in s p a c e  (x),  and the d i a g r a m  of  funct ion  m i n f  2 is  c l o s e d ,  the c l o s u r e  of  
the  un ion  of  the  c o n n e c t e d  c o m p o n e n t s  of  s e t  N " ,  which  is  con t a ined  in N, is  equal  to N. Conse que n t l y ,  N 
is  a Y'~ s e t ,  q . e . d .  

T H E O R E M  1. The  p r o o f  of  th i s  T h e o r e m  is  b y  induc t ion  on the  d i m e n s i o n a l i t y  of the  ~ s e t  M. L e t  
M be  a k - d i m e n s i o n a l  .S ~ s e t  in n - d i m e n s i o n a l  s p a c e .  We r e p r e s e n t  CM in the  f o r m  

~.~4 : 'M U (M\:"D === "M U ((~\31) ~N, ~((~'\ ~i) N M))). 

It  fo l lows  f r o m  Tn tha t  c~¢I i s  a ~ s e t .  T h e r e f o r e ,  i t  s u f f i c e s  to p r o v e  tha t  J :~ \~ l  is a ~ s e t ,  and tha t  
d i m  . '~I \M)< d i m  M. 

Set  M \ M  is  a .~ s e t  s i n c e ,  i f  M = {x l3Y: ft(x, Y) == O, g l ( x , y ) ~ O } ,  then  

, ~ \ M  : (%~-, ~ lay:  :+(x, y) = O, g:(x, y)~>~}) FI (~x(~)} f] { ~ 0 } )  N {~=0~. 

F o r  the  p r o o f  tha t  d i m  M\A' , '  < d i m  M, i t  su f f i ce s  to show tha t  the  p r o j e c t i o n  of s e t  M \ M  on any k -  
d i m e n s i o n a l  s u b s p a c e  is  a n o w h e r e  d e n s e  s e t .  L e t  x '  = x l ,  . . . ,  Xk; x "  = Xk+l ,  • . . ,  Xn. We a s s u m e  tha t  
the  p r o j e c t i o n  of s e t  ~ \ . '~4  on s p a c e  (x') i s  d e n s e  s o m e w h e r e  in th is  s p a c e .  We show tha t  we can  then find 
a v e c t o r ,  z 6 (x") ,  such  tha t  the p r o j e c t i o n  of  s e t  S ' z \ S z  on s p a c e  (x') is  d e n s e  s o m e w h e r e  (Sz is the  p r o -  
j e ~ t i o n  o f  s e t  M on the  s p a c e  (x ' ,  z)) .  
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Since, for  each j ,  the pro jec t ion ,  S-j, of se t  M'on space  (x ' ,  xj) is a nowhere  dense se t ,  it follows f rom 
Wk+ 1 that  the re  exis ts  an open se t ,  i~j, eve rywhe re  dense in (x') ,  such that,  for each x '  E ~ j ,  the se t  
(gj)x,(Xj) contains  not m o r e  than KJ points ,  where  Kj does not depend on x ' .  But then, for  each x '  E ~= f] ~j ,  

] 

the se t  Mx'(x") contains not m o r e  than K .... [[K~ po in t s .  We choose a countable se t  of points (x~, x[) E 
l, 

~-I \ M ,  xi ~ ~ ,  whose pro jec t ion  on space (x') is dense somewhere .  

F o r  each i ,  the se t  Qi of vec to r s  in (x")x~ which a r e s u c h  that the hyperp lane  in (x") passed  through 
x [  is  or thogonal  to x"  E Qi, has a nowhere  dense in te rsec t ion  with Mx~(x ~) \ { x ~ '  }. Consequently,  we can 
find a vec to r  z E c( U Qi). Obviously,  this is  the vec to r  we have been seeking.  

• l 

Let  A~ = bv'E P-[~z', . . . ,  z~: (x', z~')ES~, z '~z"+U. 

We se t  A0 =CA--l; Aq = A ~ A ~ +  i. Let  

B~ = {(x', z)E ~ l . r "  E ~, ~z~ . . . . .  zo-~: (x', z~) ~-g~, z' > . . . > z~-, "> z :> z~ > . . .  > z~-~} 

be a " s l i ce"  of se t  S-z over  Aq: Then, for some  l ,  q, the pro jec t ion  of se t  B / q \ ( B / q  ~ Sz) onto (x') will be  
dense somewhere .  Since B/q and Sz a r e  ~ s e t s ,  it follows f rom L e m m a  2 that there  exis t  an open se t ,  
U 1 ~ ,~q, such that  each point (x ' ,  z) ~ B/q, x '  6 U 1 l ies  in se t  B / q \  (B/q ,f'~ Sz). But each such point l ies  
in se t  t-~U B,.~. T h e r e f o r e ,  we can a s s u m e  that the projec t ion  of s e t  Blq ~ (~.U B,,~) is dense somewhere  

in (x') (when l '  < l ,  the proof  is c a r r i e d  through analogously) .  Consequently,  there  exis ts  an open set  
V~ C C I such that  each  point (x' ,  z) ~ B/q, x '  ~ V 2 l i e s  in the se t  B~o Q (i[J,. B~.--'~). 

Consider  the se t  

g :: {x', e Ix' E U,,, ~lz ~, z"-: (x', z') E B~, (x', z ~) 6. t Ut B~'~, z ' - - z  ~ = el. 

This  se t  s a t i s f i e s  the conditions of L e m m a  1, so that  ,-V n {a = 0} is nowhere  dense in (x').  This means  
that  we can find an open se t  U3C: U 2 such that  it will follow f r o m  (x' ,  ~) E N, x '  E U3 that  e > £0, where  e 0 is 
some  pos i t ive  number .  Let  (x ' ,  z) ~ B/q, x '  E U 3. This  point is the l imi t  of a sequence of points of l l B/,q. 

Consequent ly,  there  ex is t s  a point (x ' I ,  z 1) 6 g,U>l B/,q,  x '1 E U 3 , ] z - z l l  < e0/2.  But then, there  ex is t s  the 

point (x 'I ,  z~ E B/q, z 2 - z  > e0/2. Since this r eason ing  appl ies  to each  point of B/q,  we a r r i v e  at a co n t r a -  
dict ion with the boundedness  of se t  B/q. 

COROLLARY 1. Init ial ly,  we reduce the p rob lem to the case  when, for each 6, the s e t  M~(x) is 
c losed.  For  th is ,  we cons ider ,  for  f ixed  ~, the function on M~(x) p~(x) = d(x, (M~(x) \  M~x))), a f t e r  which 
we cons ider  the se t  M~(x) of local m ax i m a  of this function (if M 6 ( x ) \  M~x) is vacuous ,  we then se t  M~ = 
M~(x)). The se t  M* = U M~(X) is a .~ se t ,  as  demons t r a t ed  by the following calcula t ions .  

Le t  

M, = {x, t, ~lax':  (x,, ~)e,u, I x - x '  I < ~}, 

M' = cM~ (the closure of M with resl~et to variable x); 

M 3 = {x, ,~, p](x, ~)EM, "~lx': (x x, ~ ) E M ' ~ M ,  I x - - x ' l < p } ,  

M, t = {x, ~j, 9, ~ [(x, ~, 9) E CM.~, ~t p': (x, ~, p~) (~ M n, ] 9--P' ! < e}, 

M6 =- {x, ~, p I (x, ~, p) ~ W3, ~ 8 > O: (x, ~, p, @ E ~M~}, 

M" ~ C(M 3 U M~,) (the diagram of the function p g (x) cimd in the previous paragraph); 

Mo = {x, ~, ~ la p, p', x,: (x, ~, p) e M", (x', ~, ~)  ~ M", I x--x~ K ~ ,  ¢>0},  

M* = {x, ~](x, DEM, :1 ~ > 0 :  (x, ~, ~)~ ~M~}. 

Then,  M* is the set  we seek .  Consider  the se t  N = U (M~(x)). I t  is not difficult  to p rove  that  N is 
a l so  a j se t .  We show that ,  for  al l  6, the number  of connected components  of se t  N~(x) is not l e s s  than 
the cor responding  number  for  se t  M~(x). For  th is ,  it suff ices  to prove  that a point of se t  N~(x) is con-  
rained in each component  of se t  1V~ (x), and that  each connected component  of  se t  N~(x) is contained in se t  
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M~(x). If  dl is s o m e  connec ted  componen t  of  se t  M~(x) then,  obvious ly ,  the point  (x, ~) EJ~,at  which function 
p~(x) has a m a x i m u m  on...//,lies in N~(x). Now, l e t .  i°be a connec ted  componen t  of se t  N~(x). I t  is obvious  
that  funct ion p~(x) has a cons tan t  pos i t ive  va lue  on.  ~° NM~(x). T h e r e f o r e ,  any g iven  point  of  se t  ,I" CM~(x) 
cannot  l ie  in M~(x) \ M~ (x), so  tha t  it m u s t  l ie in M~(x). 

N o w ,  let  M~(x) be c lo sed  for  each  4. We define the se t s  Mi(i = 0 . . . . .  n) as  fol lows:  

M o -- M, 

~ ;  := {x, ~, ~ la  x,: (x,, ~)e  M:_~, Ix ~ - x I<~ ,  xl  > x~  (i = I . . . . .  ,0,  

Mi--: {x, ~](x,~)f~Mz_~, ~]x 1,e: (x l,~)6Mi_t, (x I,~,8) 6eM;, 8~0,  x) =:xl}. 

Conta ined in se t  (Mi)~(x) a r e  (x, f) ff Mi-i  fo r  which t he re  exis ts  x 1 such  that  x[ = x i ,  (x l, ~) ~ Mi-t  
whi le ,  a t  the point  x l,  ~, funct ion x i has  a loca l  m a x i m u m  on (Mi-1)~(x). It  is obvious that  M i + l  C M i and 
that ,  for  f ixed ~, the e o o r d i n a t e s ,  x 1 . . . .  , x i ,  of  point  x ~ (Mi)f(x) a s s u m e  only a finite n u m b e r  of  va lues ,  
that  each  se t  (Mi)4(x) is c losed  and, f inal ly ,  that  each  connec ted  componen t  of  se t  (Mi-l)~(x) conta ins  a 
point  of  se t  (M0~(x).  It  fol lows f r o m  all  this  that ,  fo r  each  ~, the se t  (Mn)~(x) conta ins  only a finite n u m -  
b e r  of  poin ts ,  the n u m b e r  of  these  points  be ing  no l e s s  than the n u m b e r  of  connec ted  componen t s  of se t  
M~(x). 

Our  p rob l em  then c o m e s  to the fol lowing:  if, for  each  ~, the number ,  N(~), of points  of  se t  M~(x) is 
f ini te ,  it is then bounded by  s o m e  cons tan t ,  N, which does not depend on ~. 

Le t  M be a :~ s e t  such that ,  fo r  each  ~, se t  M~(x) is no m o r e  than finite and,  fo r  each  K, the se t  

MK= {~[~tx~ . . . . .  x ~  : .,:~ 4= .,:i, (~,x~)~M} 

is nonvacuous .  I t  can  be  a s s u m e d  that  x is a s ingle  v a r i a b l e  s ince  if, for  j = 1, . . . .  n,  the n u m b e r  of  points  
of  se t  OVlj)~(x), whe re  Mj denotes  the p ro j ec t i on  of  se t  M on (~, xj), is bounded by  cons t an t  Kj, not  depend-  
ing on ~, then the n u m b e r  of  points  in se t  M~(x) is bounded by the cons tan t  K = [IKi .  

i 

L e t ~ =  (Pk+l . . . . .  Pn). 

Le t  

Le t  d i m '  M K denote  the g r e a t e s t  k such that ,  fo r  s o m e  ~ '=  Pl . . . . .  Pk, the p ro j ec t i on ,  M K ,  of se t  M K 
on space  ( ~ )  = (~Pi' . . . .  ~pk ) is dense  s o m e w h e r e  in ( ~ .  T h e r e  ex is t s  K0 such that  d i m ' M K  = dim'MK0 
fo r  al l  K > K0.' Consequen t ly ,  we can  a s s u m e  that  d i m ' M  t~ = k for  each K -> 1 {replacing M by  {MK0 x (x)} 
n M). Obvious ly ,  t he re  ex i s t s  ~" = (Pl . . . .  , Pk) such  that  the p ro jec t ion ,  M~, of  se t  MK on (~]5") is dense  

s o m e w h e r e  for  each  K. But,  it is  not  diff icul t  to deduce~ f r o m  the p ro jec t idn  of  se t  M t on each  of  the 
s p a c e s  (~p-, ~j) (j ~ Pl . . . . .  Pk) being nowhere  dense ,  that  the p ro j ec t ion ,  Mp, of  s e t  M on ( ~  x) is no-  
w h e r e  dense ,  and that ,  for  each  K, the s e t  Mp K is dense  s o m e w h e r e  in (~p), which con t r ad i c t s  W k + l .  

THEOREM 2. Since the p ro j ec t i on ,  Sj, of  s e t  M on each  of  the spaces  (x ' ,  xj) (j = k  + 1 . . . . .  n) is 
nowhere  dense ,  it then fol lows f r o m  Wk+ 1 that  the re  ex i s t s  an open 5 ~ se t ,  ~j ,  e v e r y w h e r e  dense  in (x ') ,  
such  that ,  for  x '  E flj, the se t  (Sj)x'(Xj) conta ins  no m o r e  than Kj poin ts ,  whe re  Kj does  not  depend on x ' .  
Fo r  p = 1 . . . . .  Kj, we se t  

= . .  .~i) ES j ,  x j  ~ x~+l}, 
C - ' - 3 - -  

A~!i = (At,i), Ap.i ~-~ int (A"o,IXA~÷~. i ). 

T 
Let  A~ = I'~ A'_., j. Obviously ,  se t  A~ is open, and U A ~  is e v e r y w h e r e  dense  in (x').  

i t , ]  

. .  : > x j  > x / ? > x i >  . . .  > x ' ] - l ) .  

For  lp  =( lk+ l  . . . . .  ln,  Pk+t  . . . . .  Pn) we s e t  Bl~ = {x', Xk+l . . . . .  xn [ x '  6 A~,(x ' ,  xj) Blp, i}.  Each non-  
n)}. If  we can show that ,  on each  open vacuous  se t  B / ~ h a s  the f o r m  {x' E A ~  xj =fj(x ' )  (j = k +1 . . . . .  - "-J° 

s e t  ~2l~ which is e v e r y w h e r e  dense  in A~, funct ions f j  a r e  ana ly t i c ,  the t h e o r e m  will  then be p roven .  

In the p r o o f  of  T h e o r e m  1, i t  was  shown that  d im ( 7 ~ M )  < d im M fo r  each  J~ se t  M. T h e r e f o r e ,  
t h e r e  ex i s t s  a .~P se t ,  A~, e v e r y w h e r e  dense  in A#, such  that  f u n c t i o n f j  is cont inuous on A~. Fo r  s impl i c i ty ,  
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we shal l  wr i t e  A instead of  Ap-, and B ins tead of  Bl~-. It can  be a s s u m e d  that  ~ -- {x]:~ y: (x, y)E L}, w h e r e  
L is an ana ly t i c  se t .  

We f i r s t  show that  we can  find ana ly t ic  subse t s ,  L i, in L ,  and open ;)v se t s  A i ~ A, such  that  Ax~U Ai 
is nowhere  dense  and,  fo r  each  x T E Ai,  the se t  (Li)x,(X", y) is nonvacuous  and finite.  

F o r  th is ,  we apply  L e m m a  3 to L. If (a) holds (case 1), we se t  L* = L ' ,  A* = int S T (S' is the p r o j e c -  
t ion  o f  se t  L '  onto space  (xV)). Suppose (b) holds .  Then,  

and the se t  
L = {x, YlfJ( . ' : ,  V) = 0 (i ~:1 . . . . .  1o)} 

L" ((x,y)ELIrk(gradfil } \ xi ] < j o - ! k  ( j : :  1 . . . . .  

is a p r o p e r  subse t  of  se t  L. Le t  S" be the p ro jec t ion  of se t  L"  onto 
S'" = ~ (case  2), we se t  L* = L ' ,  A*=  int S".  If  int S "  ~ ~ a n d ,  fo r  
(case  3),  we se t  L 1 = L ,  A 1 = int S" ,  L * =  L " ,  and A* =int  S ' .  If int 
int S TM such that  Lx~(X", y) conta ins  an  ana ly t ic  cu rve  ?~ (case 4), we 
(y) such that ,  on cu rve  7t, t he re  exis t  two poin ts ,  (x 1, yl) and (x 2, y2), 

/-."" = X, y) O L ]rk I -? k -,- 1 (] = 1 

\ !to / 

]0; i:::  1 . . . . .  k)  

space  (x v); we se t  S"1 - A \  S". If int 
each x T E int S "T, se t  LxV(X", y) is f inite 
S "  ~ ' : ' ,  and t h e r e  ex i s t s  a point  x~ E 
choose  a v e c t o r  yq in the b a s i s  of  space  
such  that  y~ ~ y~. Cons ide r  the se t  

]0; i := 1 . . . . .  k). 

It is a p r o p e r  subse t  of  s e t  L s ince ,  w e r e  it not,  the tangent  v e c t o r  to c u r v e  ~ at  any point  would be  o r tho -  
gonal to v e c t o r  yq.  Consequent ly ,  the re  cannot  be  two points  with d i f f e ren t  coo rd ina t e s  yq,  c o n t r a r y  to our  
a s sumpt ion .  M o r e o v e r ,  the  p ro jec t ion  of  se t  L "  onto (x') co inc ides  with the p r o j e c t i o n  of  se t  L,  s ince  
L '"  ~ L ' ,  while in each  se t  Lx~(x", y),  x '  0 E ~ S'~ the point  (x", y) having  the max ima l  coo rd ina t e  yq l ies  
i n L  ~. We s e t L * = L  ~ a n d A * = A .  

By applying the s a m e  r e a s o n i n g  to se t  L*  (to which one of the c a s e s  c o n s i d e r e d  will  apply) ,  we find 
se t s  L * * a n d  A**and ( i n c a s e  3) se t s  L 2, A 2. 

Repeat ing  these  c ons t ruc t i ons ,  we wind up with the se t s  L i and A i which we have been  seeking .  

Now, le t  ]3 i = B [-1 ~Ai x(xW)}. It is obvious  that  

B~ = {x', x"] x' (: A~, (x', x") 6. B, ~ y: (x', x", y) 6. Lt}. 

We now apply L e m m a  3 to s e t  Li.  If (a) holds (ease 1), we se t  L~ = L~, A* = A i N int S~, w h e r e  S~ 
is the p ro jec t ion  of  se t  L~ onto (x') .  I f  (b) holds ,  then Li  =~x, y I f i j (x ,  y) = 0 (j = 1 . . . . .  J i ) } ,  w h e r e  

is a p r o p e r  subse t  of  Li.  

I f  the p ro jec t ion  S~', of se t  L~' onto (x') is e v e r y w h e r e  dense  in Ai (case  2), we s e t  L*  = L~', A* = Ai N 
int S~ • 

• I f S [ ' = m t ( A i \ S i ) "  " ~ O ( c a s e 3 ) , w e s e t L i * = L i , A i  = "  * m t S i , L i l = L i ,  A i l = S i "  " '". A r n v m g  at " 
p a i r  (A~, Li*) (a r i s ing  in one of t h e  cases  cons ide red ) ,  jus t  as  with (Ai, Li) ,  and i t e ra t ing ,  we obtain the 
se t s  Aih and Lih such that  O Aih is e v e r y w h e r e  dense  in Ai, and each  se t  L ih  is so given by  the funct ions 

h 

fihj(J = 1 . . . .  Jib) that  rk/gradfih/~ = Jih +k  for  x '  E Aih. M o r e o v e r ,  s ince  fo r  x '  6 Aih the se t  (Lih)x , (X' ,y)  
' ~ xt  / 

is z e r o - d i m e n s i o n a l ,  it follows f r o m  the impl ic i t  funct ion t h e o r e m  that) in the ne ighborhood  of point  
(x ' ,  x ' ,  y) E Lih,  x '  E Aih, se t  Lih  has the f o r m  ( (x ' ,  y) = F(x')}, w h e r e  F = ( f l  . . . . .  f m + n - k )  is an ana ly t ic  
v e c t o r  funct ion in Aih. Consequent ly ,  

B ~ JAil, × (x")} -- {x'(~ .4iI~: xq ::= fo (x')}, 

and, for  the p r o o f  of  the T h e o r e m ,  it r e m a i n s  only to s e t  ~)lp = ~ Aih, 
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COROLLARY 2. Let  M b e  a .~ se t  in the space  (x) = (x 1 . . . . .  Xn). We use  induction on d im'  M, this 
being the g r e a t e s t  k such that  the projec t ion  of set  M on some k-d imens iona l  subspace  (Xpl . . . . .  xpk) is 
dense s o m e w h e r e .  

Le t  p = (Pl . . . . .  Pk), (x~ =(xpl . . . . .  xpk), (x~) be the orthogonal complement  to (x~). We o rde r  the 
vec to r s  p in the sequence {Pi} 

It follows f rom T h e o r e m  2 that,  in space  (x~t), there  exis ts  an open, eve rywhe re  dense,  se t ,  12~1, 
such that M 1 =M ~ {~}Pl x (Xl~+) } is a local ly  analyt ic  set .  If d i m ' ( M \ M  l) is l e ss  than k, then all is proven.  
If, however ,  d i m ' ( M \ M  l) =k,  ~y applying T h e o r e m  2 to M \ M  1 instead of to M, and to P2 instead of to ]~l, 
and i tera t ing,  we obtain a col lect ion of local ly  analyt ic  s e t s ,  Mi, such that the projec t ion  of se t  M* = 
M \ U  Mi on any space  (Xp) is nowhere  dense.  It immedia te ly  follows that d im 'M*  < k, and our a s s e r t i o n  
is proven.  

In conclusion,  the author  wishes  to thank V. P. Palamodov for having posed the p r o b l e m ,  and for  his 
at tention to the work .  
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