
ON A T H E O R E M  O F  H O R M A N D E R  

A.  M. G a b r i e l o v  

In his paper  at the Tokiiskoi conference  of 1969, L. Hormander  proved that  f o r  an a rb i t r a ry  differen- 
tial polynomial P(D) in R n there  exists a fundamental solution having a singulari ty in some cone K*(P) 
(defined in paragraph 1). If 1 ~ is a homogeneous polynomial and grad P(x) ~ 0 for P(x) =0 ,  x ~ 0, then the 
cone K*(P) is s imply the inverse  cone to the cone defined by the roo t s  of the polynomial P. For  the general 
case Hormander  indicates that the geometr ical  meaning of K*(P) is not only vaguely understood,  but it is not 
even known whether or  not K*(P) differs f rom the entire space (i.e., one wishes to prove an inclusion theo- 
rem).  In this paper  we prove that K*(P) is contained in some cone X*(P), dim X*(P) < n, which constitutes 
a semi-a lgebra ic  set in R n. The cone X*(P) is constructed by means of a regular  Whitney strat if icat ion 
dependent on the asymptotic  behavior  of the roots of the polynomial P at infinity. 

1.  D E F I N I T I O N  OF K * ( P )  

Let l~n be the l inear space of all polynomials of order  not g rea te r  than k in R n, P E 1~ n, P ~ 0. Let 

p(a) be the derivative of P of order  a ( h i , .  an) and P(x) (~,[P(~.) (X)[2) t/' = . . ,  = • Le tL(P)  be the set of 

all polynomials Q E Pk n, for which a sequence ~? i exists such that lira I rli I = ~ and lira P (x 4 ~)/P ('1i) = Q (x). 
/ ~ o ~  i - c o  

(Using a theorem of Tarski i  and Zaidenberg (see [1]) it is ea s i ly  shown that it suffices to examine the 
limits along semi-a lgebra ic  curves .  *) Now let Q E L(P). We denote by A'(Q) the orthogonal complement to 
the space A(Q) = {y E RntQ(x + y) = Q(x)} of variables of which Q is independent. Then K*(P) Qe~p) A' (Q). 

2 .  T H E  R E G U L A R  S T R A T I F I C A T I O N  O F  W H I T N E Y  

An algebraic var ie ty  in C n is a set  of the form X\Y, where X and Y are  algebraic  sets .  

Definition 2.1 (Whitney [2]). Let M be an algebraic  var ie ty  in C n, and M' a non-singular  sub-var ie ty  
in M. The pair  (M, M9 is said to be a - regu la r . i f  the following condition is met: 

(a). Let x0 be any point in M' and Tx0(M') be the tangent plane to M' at the point x0. Let  x i ~ x 0 be a 
sequence of simple points of the set M and lira Txt (M) = T .  Then T ~ Tx0(M'). 

i~¢x] 

THEOREM 2.2 (Whitney [2]). Let X be an algebraic  variety in C n, X' an algebraic  sub-var ie ty  in .X. 
Then there exists an algebraic sub-var ie ty  S ~ X',  dim S < dim X', such that (X, X'~S) is an a - r egu l a r  pair.  

Definition 2.3. Let X be an algebraic  var ie ty  in cn .  A decomposit ion of X into non-se l f - in tersec t ing  
subsets Xi ("striations") is called a strat if icat ion of the set  X, if 

1) Each Xi is a connected algebraic variety; 

2) If Xi N Xj ~ q5 then -~i ~ Xj. 

COROLLARY 2,4 (Whitney [2]). Let X ~  C n be an algebraic  set .  Then there exists a s trat if icat ion 
[Xi~ of the set X (an a - r e g u l a r  stratif ication in the sense of Whitney) such that if Xi ~ Xj, then the pair  
(Xi, Xj) is a - r e g u l a r  

*A Wsemi-algebraic curve"  in R n is a continuous mapping X: (0, 1] ~ R n, whose graph is a semi-a lgebra ic  
set .  
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3. THE CASE OF A HOMOGENEOUS POLYNOMIAL 

Assume that the space C n is embedded in CP n, and that the infinite hyperplane for CP n-I ~ CP n is 
identified with the set of complex lines in C n passing through 'he origin. 

Let y E R m (respectively cn); we will set Ry =: {x E RmIx = ay, a E R} (respectively Cy -- {z E cnl 

z = ~ y , a  EC}). 

If X is a set in C n, then we denote by p(X) the set .X n CP n-l,  where X is the closure in Clan. If X' is 
a set in CP n-l,  then we denote by k(X') the set {z E cn[z ;~ 0, Cz E X'}. 

The set of simple points of an algebraic variety X is denoted by Xsp, while the set of singular points 
is denoted by Xsg, 

Let P be a homogeneous polynomial in R n, XC C n the cone of its complex roots. Let X' = p(X), {Xi} 
an a - regu la r  stratification of the set X', Xj = k(X'j). Then {Xj} is an ~-regular stratification of the set 
X \ { 0 } .  L e t  Y0,/:== X i ~ R  '~, Yt4 - (Yt-~. j )~,  Xt.j  ..... Yt,j~Y~+~.] • w e  wi l l  s e t  N X t , i - :  lzERn[ ~txE X i 4 :  z A_Tx!X~.])}.  
I t  is  e a s i l y  p r o v e d  t h a t ~ / , j i s  a s e m i - a l g e b r a i c  s e t  in R n, d im  NXi, j < n. L e t  us  s e t  X*(P)  = (~jN-X~4) 

T H E O R E M  3.1.  X*(P) ~ K*(P) .  

The  fo l lowing  l e m m a ,  which  i s  n e c e s s a r y  for  ou r  w o r k ,  wi l l  be s t a t e d  h e r e  without  p r o o f .  

L E M M A 3 . 2 .  L e t X  : s  ~ Q ( s ) , s  E[0,  1] be  a s e m i - a l g e b r a i c  c u r v e  in p k ,  Q(0) $ 0 .  Le t  Y s b e t h e  
s e t  of  c o m p l e x  r o o t s  of  the p o l y n o m i a l  Q(s) and y E (Y0)sp. Then  t h e r e  e x i s t  s e q u e n c e s  s i ~ 0, Yi ~ Y such 
tha t  Yi E (Ys)sp  and lira T~ (V~) = Ty(Vo). 

P r o o f  of the T h e o r e m .  L e t  Q E L(P) be  s o m e  p o l y n o m i a l  and l e t  ~ : x = p(x),  s E (0, 1], be  a s e m i -  
a l g e b r a i c  c u r v e  such  tha t  lira [ ~t ( s ) ! =  oc, lin P ( x i ~  (s))'/~(~ (s))= Q (x). A s s u m e  tha t  for  s -* 0 the  r a y  Rp(s) 

s~O ~ 0  

tends in direction to that of some vector x0, II x0 I] = 10 Let (y' = (Yl . . . . .  Yn-l), Yn) be coordinates in C n, 
such that x 0 = (0 . . . . .  0, 1). Let p' : y '  = p'(s) be the projection 0fthe curve p into the sub-subspace {yn=l} 
with center at 0. Clearly, lira ~' (s) = x 0 . Let x 0 E Xl ,j. We will show that for any simple point y the set 

s ~ 0  

Y = {z E CnIQ(z) = 0} of the space Ty(Y) contains Tx0(X/,j). Hence, it will at once follow that Tx0(X / ,j) z 
A(Q) and hence A'(Q) c NX l ,j ~ X*(P). 

Let T = Ty(Y). By virtue of Lemma 3.2 it is possible to find some sequences s i -* 0, yi ~ y ,  where 
yi is a simple point of the set Yi = {z E cnI P(z + p( s i ) ) /P (p ( s i ) )  = 0} such that lira T ~(V~) = T • Let x i be 

the projection of the point p(si) + yi onto {Yn = I} with center at 0. Then x i is a simple point of the set X, 
Jim x~ : x o and lira Tx~(X) = T • But by the definition of an a - regu la r  stratification T D Tx0(Xj),which com- 

pletes the proof. 

4. THE G E N E R A L  CASE;  S T R A T I F I C A T I O N  AT I N F I N I T Y  

In this paragraph we denote by G(n, p)the Grassman variety of all p-dimensional linear subspaces of 

C n. If M E G(n, p), N E G(n, q) is a subspace in C n, we will denote by p(M, N) the term max rain ]/ /  l ](x,y)ji 
~e.~x ~6v Ixl 2 ]vl z 

We note  tha t  file g r a p h s  of the funct ions  P(M, N) a r e  s e m i - a l g e b r a i c  s e t s  in G(n, p) x G(n, q) x R and  tha t  
p(M,  N) = 0 M C  N. M o r e o v e r ,  if  p = q,  then  p i s  the  u s u a l  m e t r i c  in G(n, p) .  An ana logous  de f in i t i on  is  
g iven  in the r e a l  c a s e .  

L E M M A  4 . 1 .  L e t  R m = M • N, and x '  ( r e s p e c t i v e l y  x") be  the c o o r d i n a t e s  in M ( r e s p e c t i v e l y  in N). 
Let ~:(x', x"} = (~'(s),)d'(s)), s E (0, I} be some semi-algebraic curve in Rm\M such that ~"(s) = 0(I ~'(s)I) 
for s ~ 0 and li~n )J (s) =~= 0 . Let l~(s) be the tangent line to ~ at (~'(s), ~"(s)). Then p(l},(s), M) < cp(R~(s),M) 

for s ~ 0 ,  where 0< c <  1. 

Proof. The assert ion is easily reduced to the case dim M = dim N = i .  It can be assumed that ~'(s) 
+ ~o for s ~ 0. Then for sufficiently large x'  we may assume that ~:x" = Mx'), where Mx') = o(x') for 

x '  --+~o and lira ),(x')=]=0 . Let x" =~ ,  cix '-ilk be the Poissee expansion of the curve ~ fo r  x' - * + ~ .  
i ~ (  o 

Then  - k < i  o-< O. 
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We .now find that P(Rh(x,),  M) ~ { 2t(x,)/x' [ ~ { ei0lx '-(i° +k)/k, P(/k(x'), M) ~ dh(x ' ) /dx '  { ~-.i---° { el,  • 
! • " " " K " 

x -(10+k)/k for  i0 ~ 0, p(lk(x'), M) = o(x ' - ( i0+k)/k)  with i 0 = 0, whence the a s s e r t i o n  of  the l e m m a  fol lows.  

Definit ion 4.2. Let  X be an a lgeb ra i c  va r i e ty  in C n, and Y'  a non - s ingu l a r  s u b - v a r i e t y  in p(X), Y = 
k(Y') .  The pa i r  (X, Y) is ca l led  a~o-regular  if  the fol lowing condit ion is val id:  

(a~). Le t  Y0 be any point  in Y and let  xi be some  sequence  of  s imple  points  of  the se t  X, such that  
lira {x/{ = ~ ,  limEx~ =Eu, ,and lira T~i(X ) == T . Then  T ~ Ty0(Y). 

i ~ c ~  i ~  i ~ c o  

We note that  condit ion (a~  is weake r  than the r e q u i r e m e n t  of  Whi tney r e g u l a r i t y  of the pa i r  (X, Y') in 
C:P n. Example :  X = { x - x y  = 0 } ~  C ~, Y'  = {x = 0} =  C1 ~2. Here  the pa i r  (X, Y') is Whitney r e g u l a r  but not 
a~o- regula r .  

THEOREM 4.3. Let  X be an  a lgebra ic  v a r i e t y  in C n, and Y '  an a lgeb ra i c  s u b - v a r i e t y  in p(X), Y = 
• k(Y') .  Then the re  exis ts  some  a l g e b r a i c  s u b - v a r i e t y  S'  = Y' ,  d im S' < d im Y' ,  such that  the p a i r  (X~ Ykk(S')) 

is a ~o- r e g u l a r  

P roof .  Let  d im X = r and let  Z = {x~TIx EXsp,  T = Tx(X}}be a se t  in C n x G(n, r ) .  I t  is e a s i l y  
p roved  that  the c lo s u re  -Z of the se t  Z in C1 ~n x G(n, r) is an a l g e b r a i c  se t .  Let  Z '  = Z f~ (CP n-~ x G(n, r)). 
Let  Z" = {y~ T l y  E Y ' sp ,  T ~ Ty(Y)} ~ CP  n- i  x G(n, r) (here Ty(Y) denotes  the tangent  plane to Y at the 
point  z : Cz = Y). 

It is e a s i l y  p roved  that  Z-~ is an  a lgeb ra i c  se t .  Let  rr : C p  n-1 x G(n, r) --- C19n-! be a p ro jec t ion  o p e r a -  
to r  and S'  = (~r ( Z ' \ Z " )  U Y'sg) ~ Y'-  Then  S' is an a lgeb ra i c  s u b - v a r i e t y  in Y' ,  the pa i r  (X, Ykk(S')) is a~o- 
r e g u l a r ,  and it suf f ices  to p rove  that  d im  S'  < d im Y' .  

The s t anda rd  method of hyperp lane  c r o s s  s e c t i o n s  leads to a reduc t ion  of the p r o b l e m  to the case  
d im Y' = 1. We will  a s s u m e  now that  d im  Y'  = d im S'  = 1. Then the re  ex is t s  a s e m i - a l g e b r a i c  cu rve  
r/ c Z , \ Z  ~, which under  the p ro jec t ion  ~r is mapped in a o n e - t o : o n e  fash ion  onto some  curve  p ~  Y ' sp .  
F o r y  E / ~ w e w i l l w r i t e T y  : ( y ,  Ty) E~?. 

Le t  Y0 E it and a s s u m e  that  

w, = { x ~ X ~  I :~,t= ~ p(c~,, y)<(~,(c~,  tj0))~, ,o(7"x(x), T~)<p(C~, u0)}, 

lv ~ == {x ~ x ~  I p (c,, rx  (x)) < (9 (c.,, tjo))~}, w ' =  ~,1 n tv'-. 

By the t h e o r e m  of T a r s k i i  and Za idenberg  it follows that  W is a s e m i - a l g e b r a i c  se t .  We will  show 
that  W is n o n - e m p t y  and that  Y0 E ~r (the c lo su re  is taken with r e s p e c t  to c P n ) .  Let  y be any point  of  the 
cu rve  /a, y ~ Y0. Then the point  (y, Ty) is the l imi t  of points  of the se t  Z in CP  n x G(n, r) .  Hence in Xsp 
t h e r e  ex is t s  a s e m i - a l g e b r a i c  curve  y : y = T(s), s E (0, 1], such  that  lin (T (s), T,(~ I ( X ) ) =  (y, Ty) • We find 

1)limp(C (~1, y) ==0, lin,o(T~(~)(X), Ty) ==0, lmo(Cl,~, y~) ==9(y, Yo), whence  i f s  is suf f ic ient ly  s m a l l  
s ~o s .-~o s~o 

~/(s) E w ~. 

2) F r o m  the fact  that/~/(s) '= Ty(s )  and lira p (l~ (s), C,,~)) == 0 it follows that  lin p (C.,,(,), T~)(X)) = 0, 
s -~o s -~o 

while if  s is suff ic ient ly  sma l l  y(s) EW 2. 

Thus ,  if  s is suff ic ient ly  smal l  y(s) E W. 

Consequent ly ,  the se t  W is nonempty  and s ince  y can  be chosen  a r b i t r a r i l y  c lose  to Y0, W "~ Y0. 

Le t  X : y = X(s), s E (0, 1], be a s e m i - a l g e b r a i c  cu rve  in W such that  lira ~ (s) := go in CP  n, and let  
s ~ n  

T 
Tx(s ,  be the complex  plane spanned by CX(s) and IX(s). 

We will  show that  ~.(C2,(s), Y0) < Kp (lx(s), CX(s)) for  s --* 0. With this a im we now se t  R m = c n ,  M = 
k(y0).in the condit ions o f  L e m m a  4.1. If  lira ~"(s) = 0 ,  then the a s s e r t i o n  is obvious.  If  lin L"(s) =/=0, then by 

~o s~o 

apply ing  L e m m a  4.1 we obtain p(l~(s)~ Y0) < op(Rx(s)~ Y0} = cp(Ck(s), Y0) whence by the t r iangle  inequal i ty 
p(/~(s),  Ck(s) ) > (1 -c )p (C~(s )  , Y0)- 

Since k 6 W 2, it follows that  p(Ck(s) ,  Tx(s) (X)) < K2~(/k(s), C~As)))2 folr :  -* 0, while, -~ sincey. Ik(s) c 
Tk( s ) (X) ,we  obtain l i m T z , ~ ) ( X ) ~ l h n T ~ ( s )  . But s ince2t  EW , l i nTx~(  ) = Tu:=7Uo~Tuo( ) ,  whence  
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it suf f ices  to p rove  that  li,~ Ti (s) = Ty0(Y) • We will examine  in C P  n-1 the curve  >.' : ~' (s) = Cx(s). Since 

~. E Wi~ p (X ' ( s )  p) < (p(X'(s), y0)) 2. whence limb,, (s)= l, (ye) . Since li,n ~.(s)=y0, it follows that  lin T~(s)=T~. (Y) 

Ty 0 (Y). The t h e o r e m  is p roved .  

COROLLARY 4.4. Le t  X be an  a l g e b r a i c  se t  in C n, X' = p(X) Then there  exis ts  a s t r a t i f i ca t ion  {X'~} 
of  the se t  X' such : tha t  fo r  any j the pa i r  (X, k(Xj)) is c~o-regular .  

- j -  

The c o r o l l a r y  is  e a s i l y  ob ta ined  f r o m  T h e o r e m  4.3. 

Now let P be a polynomia l  in Rn, X the se t  of  its complex  roo t s ,  X' = p(X) the se t  of roots  of  the 
p r inc ipa l  p a r t  of the po lynomia l  P .  Let  {Xj} be the a~o-regular  s t r a t i f i ca t ion  of C o r o l l a r y  4.4, Y0,] = 
Xj n R n, Y/,j = (Y/-1,j)sg and X/,j = Y / , j \ Y / + l , j .  Then X*(P) = (UN-Xt,~) is a s e m i - a l g e b r a i c  se t  in Rn and 
d im X*(P) < n. l,j 

THEOREM 4.5, X*(P) D K*(P).  

The p r o o f  is analogous  to that  of T h e o r e m  3.1. 

In conc lus ion  the au thor  wishes  to e x p r e s s  his apprec ia t ion  to V. P. Pa l amodov  for  his sugges t ion  of 
this p r o b l e m  and for  his help in the c o u r s e  of this  work .  
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