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ABSTRACT. Let X be a subset in [—1,1]"0 C R™0 defined by a formula
X ={xo0l Q1x1Q2x2 - - Quxu((%0,%1,... , %) € Xu)},

where Q; € {3,V}, Qi # Qi+1, X; € R™, and X, be either an open or a
closed set in [—1,1]"0F+7 being a difference between a finite CW-complex
and its subcomplex. We express an upper bound on each Betti number of X
via a sum of Betti numbers of some sets defined by quantifier-free formulae
involving X, .

In important particular cases of semialgebraic and semi-Pfaffian sets de-
fined by quantifier-free formulae with polynomials and Pfaffian functions re-
spectively, upper bounds on Betti numbers of X, are well known. Our results
allow to extend the bounds to sets defined with quantifiers, in particular to
sub-Pfaffian sets.

INTRODUCTION

Well-known results of Petrovskii, Oleinik [12, 11], Milnor [10], and Thom [14]
provide an upper bound for the sum of Betti numbers of a semialgebraic set defined
by a Boolean combination of polynomial equations and inequalities. A refinement of
these results can be found in [1]. For semi-Pfaffian sets the analogous bounds were
obtained by Khovanskii [8] (see also [17]). In this paper we describe a reduction of
estimating Betti numbers of sets defined by formulae with quantifiers to a similar
problem for sets defined by a quantifier-free formulae.

More precisely, let X be a subset in [—1,1]™ C R™ defined by a formula

(0.1) X = {x0| Q1x1Q2%x2 - - Qux,((X0,X1,... , %) € X\)},

where Q; € {3,V}, Q; # Qit1, x; € R™, and X, be either an open or a closed set
in [—1,1]"* " being a difference between a finite CW-complex and one of its
subcomplexes. For instance, if v =1 and @7 = 3, then X is the projection of X, .

We express an upper bound on each Betti number of X via a sum of Betti num-
bers of some sets defined by quantifier-free formulae involving X,. In conjunction
with Petrovskii-Oleinik-Thom-Milnor’s result this implies a new upper bound for
semialgebraic sets defined by formulae with quantifiers, which is significantly better
than a bound following from the cylindrical cell decomposition approach. In con-
junction with Khovanskii’s result our method produces an analogous upper bound
for restricted sub-Pfaffian sets defined by formulae with quantifiers. Apparently in
this case no general upper bounds were previously known.

The first author was supported by NSF grant # DMS-0070666 and by James S. McDonnell
Foundation. A part of this work was done when the second author was visiting Purdue University
in August—September, 2001.
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Throughout the paper each topological space is assumed to be a difference be-
tween a finite CW-complex and one of its subcomplexes.

Ezample 0.1. The closure X of the interior of a compact set ¥ C [—1,1]™ is homo-
topy equivalent to

Xes ={x[y(x -yl <) va(lly —zll <¢) (z€Y)}

for small enough d,& > 0 such that § > €. Representing X, 5 in the form (0.1), we
conclude that X is homotopy equivalent to X, s = {x| Jy Vz Xz}, where

Xo={(x,y,2)| ([x—yl| <oAn(ly—z]| >evzeY))}

is a closed set in [—1,1]3". Our results allow to bound from above Betti numbers

of X in terms of Betti numbers of Xs.

Authors are very grateful to D. Dugger, D.B. Fuchs, and V.A. Vassiliev for useful
discussions.

1. A SPECTRAL SEQUENCE ASSOCIATED WITH A SURJECTIVE MAP

Definition 1.1. A continuous map f : X — Y is locally split if for any y € Y
there is an open neighbourhood U of y and a section s : U — X of f (ie., s is
continuous and fs = Id). In particular, a projection of an open set in R™ on a
subspace of R™ is always locally split.

Theorem 1.2. Let f : X — Y be a surjective cellular map. Assume that f is
either closed or locally split. Then for any Abelian group G, there exists a spectral
sequence Ej, , converging to H.(Y,G) with

(1.1) E} , = Hy(W,,G)
where
(1.2) Wp:XXy---XyX
~—_——
p+1 times

In particular,

(1.3) dim Hy (Y, G) < Z dim H,(W,,G),
pt+q=k
for all k.

For a locally split map f, this theorem can be derived from [3], Corollary 1.3.
We present below a proof for a closed map f.

Remark 1.3. In the sequel we use Theorem 1.2 only for projections of either closed
or open sets in R™. If f is a projection of an open set, then (1.3) easily follows
from the analogous result for closed maps which will be proved below, without
references to [3]. Indeed, for an open set Z define its shrinking S(Z) as the closed
set Z \ N(0Z) where N denotes an open neighbourhood. For a small enough
N(0Z), the set Z is homotopy equivalent to S(Z) (recall that Z is a difference
between a finite CTWW—complex and a subcomplex). Let X be open and S(X) be its
shrinking with a sufficiently small N(0X). It induces shrinkings S(Y) = f(S(X))
and S(Wy) = S(X) xg(vy -+ Xg(y) S(X) which are homotopy equivalent to ¥~ and
W, respectively. The statement for open sets X and Y follows from the statement
for closed sets applied to f: S(X) — S(Y).
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Definition 1.4. For a sequence (Fy,..., P,) of topological spaces, their join Py *
-+ =% P, can be defined as follows. Let A? = {syp > 0,...,s, >0, so+---+sp, =1} be
the standard p-simplex. Then Pyx- - -* P, is the quotient space of Py x - - - X P, x AP
over the following relation:

(1.4)
(€0, ..., Tp, 8) ~ (20, .., ,,5) if s =(s0,...,5,) and x; = x; whenever s; # 0.
Given a continuous surjective map f; : P; — Y for eachi = 0,...,p, the fibered join

Py *y - *y P, is defined as the quotient space of Py Xy -+ Xy P, X AP over the
relation (1.4).

Definition 1.5. For a space Z, 1-st suspension of Z is defined as the suspension
(see [9]) of (Z U {point}). For an integer p > 0, the p-th iteration of this operation
will be called p-th suspension of Z.

Lemma 1.6. Let f; : P, — Y, i = 0,...,p, be continuous surjective maps and
P = Py xy -+ xy P, their fibered join. There is a natural map F : P =Y induced
by the maps fo,..., fp. For a point y € Y the fiber F~'y coincides with the join

folys-x foty of the fibers of f;.
There is a natural map w : P — AP. The fiber of ™ over an interior point of AP
is Py Xy -+ Xy P,. For each i =0,...,p, there is a natural embedding

(15) ¢1P(l) :PO*Y"'*YPi—l *YP'H-I *y-~-*pr—>P.
Its image coincides with w=*({s; = 0}), and the space P/ (\J; ¢:(P())) is homotopy
equivalent to the p-th suspension of Py Xy -+ Xy Pp.

Proof. Straightforward. O

Definition 1.7. Let f : X — Y be a surjective continuous map. Its join space
J?(X) is the quotient space of the disjoint union of spaces
(1.6) JIX)=X*y -#y X, p=0,1,...,

—_———

p+1 times

identifying Jgﬁl(X) with each of its images ¢i(J]{71(X)) in J/(X) fori=0,...,p,
where ¢; is defined in (1.5). When Y is a point, we write J,(X) instead of J]{ (X)
and J(X) instead of J/(X).

Lemma 1.8. Let ¢ : J,(X) — J(X) be the natural map induced by the maps ¢;.
Then ¢(Jp—1(X)) is contractible in ¢p(Jp(X)).

Proof. Let x be a point in X. For ¢t € [0, 1], the maps
ge(x, 1, .., Tp, 8) > (X, 21,...,Tp, (L —t 4+ ts0,ts1,... ,1Sp))

define a contraction of ¢o(Jp—1(X)) to the point z € X where X is identified with
its embedding in J,(X) as 7=1(1,0,...,0). It is easy to see that the maps g; are
compatible with the equivalence relations in Definition 1.7 and define a contraction
of ¢(Jp—1(X)) to a point in ¢(J,(X)). O

Lemma 1.9. The join space J(X) is homologically trivial.

Proof. Any cycle in J(X) belongs to ¢(J,(X)) for some p, while according to
Lemma 1.8 ¢(J,(X)) is contractible in J(X). Hence the cycle is homologous to
0. O
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Proof of Theorem 1.2. Let f be closed. Let F : J7(X) — Y be the natural map
induced by f. Then F is also closed. Its fiber F'~'y over a point y € Y coincides
with the join space J(f ~'y) which is homologically trivial according to Lemma 1.9.

It follows that H*(J(f_ly)) 2 0, where H* is the Alexander cohomology ([13], p.

308), since H*(Z)) & H*(Z) for any locally contractible space Z ([13], p. 340), in

particular for a difference between C'W-complex and a subcomplex.
Vietoris-Begle theorem ([13], p. 344) applied to F : Jf(X) — Y, implies

H*(J7(X),G) = H*(Y,G)

and therefore

H.(J(X),G) = H,(Y,G).
By Lemma 1.6, the space Jg (X)/ (Uq<p J({ (X)) is homotopy equivalent to the p-th
suspension of W,. Theorem 1.2 follows now from the spectral sequence associated
with filtration of J/(X) by the spaces JJ (X). O

Remark 1.10. For a map f with 0-dimensional fibers, a similar spectral sequence,
“image computing spectral sequence” was applied to problems in theory of singu-
larities and topology by Vassiliev [15], Goryunov-Mond [6], Goryunov [5], Houston
[7], and others.

Remark 1.11. Let X,Y C R™ and a surjective cellular map f satisfies the following
property. For any convergent sequence in Y there is an infinite subsequence which
is an f-image of a convergent sequence in X. This condition includes both the
closed and the locally split cases and may be more convenient for applications. For
f: X =Y Theorem 1.2 is also true. A proof will appear elsewhere.

2. ALEXANDER’S DUALITY AND MAYER-VIETORIS INEQUALITY

Let
Ir= () {-i<az; <i} CR™
1<j<n
Define the “thick boundary” OI} := I}, ; \ I]*. The following lemma is a version of
Alexander’s duality theorem.

Lemma 2.1. (Alexander’s duality) If X C I is an open set in I, then for any
q S Z; q S n— 1;

(2.1) H,(I"\ X,R) = H,_,_1(X UOI" R).

If X C I is a closed set in I, then for any q € Z, ¢ <n —1,

(2.2) H,(I'\ X,R) 2 H,,_q_1(X Uclosure(0I),R).

Proof. For definiteness let X be closed. Compactifying R™ at infinity as R™ U co =~
S™, we have, by Alexander’s duality [9],

H,(S™\ (X Uclosure(dI),R) = H,,_, 1((X U closure(dI}), R).

The first group is isomorphic to Hy(I7*\ X, R) when ¢ > 0, and to }NIO(IZL\X, R)+R
Ho(I? \ X,R) when ¢ = 0. Combining these two cases, we obtain (2.2). O
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Lemma 2.2. (Mayer-Vietoris inequality) Let X1,...,X,, C I be all open or all
closed in I7. Then

bi( U Xj) < Z bi—\J\H(ﬂXj)

1<j<n Jc{1,...,n} jeJ
and
bi( ﬂ Xj) < Z biHJ\fl(U Xj);
1<j<n JcA{1,...,n} jed

where b; is the ith Betti number.

Proof. A well-known corollary to Mayer-Vietoris sequence [9]. |

3. THOM-MILNOR’S AND KHOVANSKII’S BOUNDS

Necessary definitions regarding semi-Pfaffian and sub-Pfaffian sets can be found
in [8], [4]. In this paper we consider only restricted sub-Pfaffian sets.

To apply our results to semialgebraic sets and to restricted sub-Pfaffian sets,
defined by formulae with quantifiers, we need the following known upper bounds
on Betti numbers for sets defined by quantifier-free formulae.

Let X = {¢} C R™ be a semialgebraic set, where ¢ is a Boolean combination
with no negations of s atomic formulae of the kind f > 0, f being polynomials in
n variables, deg(f) < d. We will refer to the sequence (n,s,d) as format of p. It
follows from [14, 10, 1] that the sum of Betti numbers of X is

(3.1) b(X) < O(sd)".

Now let X = {p} C R™ be a semi-Pfaffian set, where ¢ is a Boolean combination
with no negations of s atomic formulae of the kind f > 0, f being Pfaffian functions
in an open domain G C R"™ of order r, degree («, 3), having a common Pfaffian
chain. We will refer to the sequence (n,s,r, a, () as format of ¢. It follows from
[8, 17] that the sum of Betti numbers of X is

(3.2) b(X) < s"2""=V/20(nB + min{n, r}a)"*".
Let X C R™ be a semialgebraic set defined by a formula
(33) Q1X1Q2X2"'QVXVF(XO7X17“~X1/)7

where Q; € {3,V}, Qi # Qit1, xi = (®i1,... ,Tin;) € R, and F is a quantifier-
free Boolean formula with no negations having s atoms of the kind f > 0 of degrees
less than d. The cylindrical algebraic decomposition technique from [2, 16] allows to
bound from above the number of cells in a representation of X as a CW-complex.
In particular,

(3.4) b(X) < (sd)

90(n)

4. BASIC NOTATION

Let X = X, C I7° be a set defined by a formula (0.1). For example, X could be
a sub-Pfaffian or a semialgebraic set defined by (3.3), where F' is a quantifier-free
Boolean formula with no negations. For definiteness assume that Q1 = 3 and X is
open in I7"°.

Define

Xi = {(x0,..-,%)| Qit1Xi4+1Qit+2Xiv2 - - QX ((X0,X1,... ,X,) € X))}
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for odd 4 and
Xi =177\ {(%0, -+, %i)| Qi1 Xip1 QiraXiya -+ Qux (%0, X1, -, %) € X))}

for even 7. Then 7;(X;) = X;_1, where m; : R0t Fni _ Rrot-+ni—1,
Let
M= () {-i<z; <i}
1<j<m

For a set IT" x IV x -+ x I7"* define O(I™ x I " x -+« x IT™) as
(I I8 e )\ (7% X I e x )

for even i and as the closure of this difference for odd 1.

We can assume without loss of generality that all functions defining X, C
It ™ can be extended to [20t+7v,

Define

le — 8(1?_()f-(p1+1)n1 « I7;(322+1)n2 N Il(pi71+1)ni71) % I{“.
For any j, i < j < v define B;- = B§71 x I,
Let t; =ng +ni(p1 + 1)+ - +ni(pi + 1).

Definition 4.1.

1. Let Y ¢ ot o Iffffrl)"z X e X Iq()zill:;l)n”l x It swhere

1<i<i,v>id,andlet JC{(i,..-,Ji)| 1 <jr <pr+1,1 <k<i}. Then
define ] i ;Y as an intersection of sets

{(xo,xgl), . ,xglerl), . ,xgl), . ,xgpi+1))|xo € Iffo,x;m) e, (1<k<I-1),
x,(cm) eI (I <k <i), (xo,xgl),... ,xl(f’l‘lﬂ),xl(jl),... ,xgji)) eY}

over all (j;,...,5) € J.

2. Let Y ¢ Lot (Prim o plpairlina oy P asnes o prutetmidniss pefine

Li+1 . .
I i’f;r Y as an intersection of sets

1 1+1
{(x0,xi", .. x P

(pi+1)
X0y X yeen s X,

1
'7X§ )7"'7 7Xi+1)|

xo €I, x™ eI, (1<k<I—-1),x(™ €I (1 <k <i), xip1 € I},
(X07X§1)7 s 7Xl(€ll_1+1)7xl(jl)7' .. 7X7(;ji)7x’i+1) € Y}
over all (j;,...,5) € J.
3. If =i and J = {j| 1 <j < p; + 1} we use the notation []iY for [} ;Y.

1 1 _141)n— i 4ng
Lemma 4.2. LetY C [0t 0tbm s paine o ppatnisy prutenitnig,

Then for any J C {j|1 < j <pip1+1}, I C {0, 50011 < gx < pe+ 1,1 < k < i}
we have
i+1 Li+ly, _ TT!
Hzil,J Hi,J’ Y = Hi-‘,—l,J’xJY'
Proof. Straightforward. O

Definition 4.3. Let Y, [, i, J be as in Definition 4.1. Define |_|é7JY and |_|é’f]+1Y

similar to Hi, ;7Y and Héf}HY respectively, replacing in Definition 4.1 “intersec-
tion” by “union”.



BETTI NUMBERS 7

Lemma 4.4. (De Morgan law)
L1y = (TT07):
|_|“+1Y <Hu+1y)

Proof. Straightforward. O

Definition 4.5. Define

o RrotFne ]RﬂoJr'“erfl7

and for j < 1,
Tij Rtj+nj+1+"'+ni — Rtj+nj+1+"'+ni—1.
Lemma 4.6. Let Y C [pot0HDmy pleaiiina oy ploiini pruttnitni
Then
l 1it1
||} smisri-1(Y) = miga z(|_| : Y)
Proof. Straightforward. O

5. CASE OF A SINGLE QUANTIFIER BLOCK

According to Theorem 1.2,

(5.1) beo(X) = oo (X0) < 3 o ([[1%1),

P1+91=q0

where J{ = {1,... ,p1 +1}.

Let v = 1, then (3.3) turns into 3x; F'(x0,x1), where X; = {F(x0,x1)} and
F(x0,x1) is a Boolean combination with no negations of s atomic formulae of the
kind f > 0.

5.1. Polynomial case. Suppose that X; is semialgebraic, with f’s being polyno-

mials of degrees deg(f) < d. For any k¥ < dim(X), we bound the Betti number

by (X) from above in the following way. Observe that []] ;; X is an open set de-
1

finable by a Boolean combination with no negations of (p; + 1)s atomic formulae
of the kind g > 0, deg(g) < d in t; = ng + (p1 + 1)ny variables.
According to (3.1), for any ¢; < dim(X),
b, ( 17J11X1) < O(plsd)no-i-(m-i-l)m .
Then due to (5.1), for any k < dim(X) < ny,

br(X) < Z O(pysd)otPrlm < (fgq)Omothna),
p1t+q1=k
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5.2. Pfaffian case. Suppose that X; is sub-Pfaffian, with f’s being Pfaffian func-
tions in an open domain G C R™ of order r, degree (a, 3), having a common Pfaffian
chain. Since quantifier elimination is generally impossible for Pfaffian functions, we
will only use the approach based on (5.1). More precisely, observe that ] 1 7 X,

is an open set definable by a Boolean combination with no negations of (p + 1)s
atomic formulae of the kind g > 0, where g are Pfaffian functions in an open domain
G c Rt e+t)n of degrees (a, B), order (p+1)r in ng + (p+ 1)n; variables, having
a common Pfaffian chain. According to (3.2), for any ¢1 < dim(X),

by, (H },J%X1> < ((p1 + l)s)”°+(p1+1)”1 9(P1+1)r((p1+1)r—1)/2,

O((no + p1n1)/5 4 min{plr, no + plnl}a)no-‘r(m-i-l)(nl-i-?”)'

Then due to (5.1), for any k < dim(X) < ny,
be(X) < > by ([THn %) <
p1t+qi=k

E((k + 1)s)rot(ktDnig(htDr((k+1)r=1)/2,

-O((no + kn1)B + min{kr, ng + knl}a)no+(k+1)(n1+r).
Let d > a + (. Relaxing the obtained bound, we get

bk(X) < (kS)O(no+kn1)2(O(kr))2((no 4 knl)d)o(no+kn1+kr)'

6. CASE OF TWO OR THREE QUANTIFIER BLOCKS

In this section we obtain a generalization of (5.1) to the case of three blocks of
quantifiers, as a preparation for cumbersome general formulae in the next section.

Recall that
T Rrot et _y proteetniog

for j <1,
Tij Rtj+nj+1+"'+ni N Rtj+nj+1+"'+ni—1'
Let v = 3, then the original formula becomes 3x;Vx23x3((x0, X1, X2,X3) € X3).
Thereby,
X1 = {¥x23x3((x0, %1, %2,%3) € X3)}, Xo = {Ix3((x0, X1,%2,%3) € X3)},

X = X, is open in I7"°.
According to Theorem 1.2,

be(Xo) < Y bql(H%J%Xl)'
P1+491=qo

Applying in succession Lemma 4.4 (De Morgan law), Lemma 2.1 (Alexander’s du-
ality), definitions of mp and 79 1, and Lemma 4.6 we get

bg, <H %,J%Xl) = by, <<|_| %J%E)) =
< b (L XU 0R) = b (L yme(62) Umaa @083 < 17)) =

= bt17q1,1<7'r271 <|_| 1:511)(2 @] 8[{1 X I{LQ))
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Due to Theorem 1.2, the last expression does not exceed

> (I3 evom < 17)) =

p2tq2=t1—q1—1

= 2 (LU v s).

p2tqe=ti—q1—1
Due to Lemma 4.4 (De Morgan law) and Lemma 2.1 (Alexander’s duality),

b (T3 (U500 82)) = oo (UB(TT 5 %o B2)) ) =

=bty—gu-1 (|_|§( 15 Xen B2) U a(IL x ”2("2“))).

By Lemma 2.2 (Mayer-Vietoris inequality) the last expression does not exceed

2 2

1<k2<p2+1  j2c{1,..,pa+1}, |J2|=k

btz_quz( ng( 1 Jl)?; N BQ) U oIy x I”2<p2+1)))

(We estimate a Betti number of the union of cylindrical sets from the definition of
the symbol | |2 by a sum of Betti numbers of intersections of various combinations
of these sets.)

By Lemma 4.2,

beaas ks (125 ([T 1% %o N B3) oI x 127++9)) =

: 2 B2 ¢ +1
= Pta—ga (H 27J11><j§X2 A H2,J12><j§B§ UaIg x I ))),
with J? = {1}. By Lemma 2.2 (Mayer-Vietoris inequality) the last expression does
not exceed
1SsSarthatl  BCTi xR, BCIIX TR, I3+ |=s2
loX, 2 2 t +1
Dty —go—kytsa—1 <|_| 2,3 X2 U |_| 2”,223% U oL x I{”(m )))7
taking into the account that
i X, 2 B2 ¢ +1
d1rn(|_| 27J21X2 U |_|27J§B§ U oI5 x 1?2(102 ))) <ty
and therefore
X, 2 1
btz—qz—kg-‘,-sz—l (|_| ;J%XQ U |_|§,J22B§ U 8([51 X I{L2(P2+ ))) __

for s3 > go + ka2 + 1.
We have

Dty g —katsa—1 (|_| %,J;)?; U |_|§,J§B§ Ua(I3 x I{Lz(pzﬂ))) =
= bt2_q2_k2+32_1 (u% J17T3(X3)U|_|§ J27T371(B§)U7T372(8(I§1 xI;‘z(Perl)) XI{LS)) =

_bt2 q2—ka+s2— 1(7T32(|_|2 J1X3U|_|2 J2B3 UB3))

Due to Theorem 1.2 the last expression does not exceed

> b, ([T3 (L35 XU 135 B3 U BY)).

p3t+qs=ta—qa2—kat+s2—1
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In case of a sub-Pfaffian or a semialgebraic X it is now possible to estimate

be, ([T3(L155% X u 135 B3 U B}))
via the format of X3.

7. ARBITRARY NUMBER OF QUANTIFIERS

Theorem 7.1. For any i the Betti number bg, (X) does not exceed

(7.1) D by D by

Pit@i=qo p2t@=ti—qi—1 1<ko<pa+1  j2c{l,..,pa+1}, |J2|=ko

2. 2. 2.

I<so<getko+l  JlcJlxJZ, J3CI?xJZ, |J}|+]J2|=s2 Patas=ta—kzts2—1

D by D

1<ki—1<pi—1+1  Jizlc{l,..,p;o1+1}, [Tt |=kior  1SSi-1Sdi-1tkioatl

by by

JLcJl  xJiTh o i g < T (I e T =sie Pitai=tici—gi-1—ki—1dsi—1—1
11 ™0 T %
(T %0 U U Bum)),
2<r<i—1

Proof. Induction on 4. Suppose (7.1) is true. Due to Lemma 4.4 (De Morgan law)
and Lemma 2.1 (Alexander’s duality),

b (TLH (U X0 U Ui, BIUB)) =

2<r<i—1

:b%<(|_|2< zljl J71_1X n m Hz—l JT_ BZQEZ))) S
<bt,_q7_1(|_|’( s J}_lX n ﬂ || = B{mgf)u

2<r<i—1
U 8( n0+ (p1+1)n1 NI Il(pi“l’l)ni)).

By Lemma 2.2 (Mayer-Vietoris inequality) the last expression does not exceed

2 2

1<ki<pi+l = Jic{1,..,pi+1}, |Ji=ks

. 1 —_ —~
bti—‘?i—ki(Hz,jg( i JL IX n ﬂ Hz—1 Jr BfﬂBf)U

2<r<i—1

)

U 8([”0+(Pl+1)”1 NI, Il(:DiJrl)ni))

K3
where, by Lemma 4.2,
i 1,i o P -~
Dt —gi—ki (H1J< it X0 m H 1gr Bl N B )
2<r<i—1

U a(ITLo-‘r(Pl-i-l)nl e I§p¢+1)m)) _

3

_ 1 . r X Fave
= btk (l_L',Jj,li;‘XZ A ﬂ Hi,JleJjBi U

2<r<i
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)

U 8( n0+ (p1+1)n1 NI Il(pi+1)ni))

where J¢ ;| = {1}. By Lemma 2.2 (Mayer-Vietoris inequality) the last expression

does not exceed
> >

1<si<qitki+l  glcgl  xJi, .., JECJT!  xJi, |JH 44| Ti|=s;
1 3 r no+(p1+1)n1 (pi+1)n;
bti_q«i—ki"l‘si—l('_li,J.lXi U U |_|:,JL’B: U 8(11 X X Il ) :
2<r<i
We have
1 ¥ r no+(p1+1)n1 (pi+1)n;
bti_Qi—ki+5i—1(|_| iJilX’i U U U:,JTB: U 8(11 X X Il ) =
2<r<i
1
= bti—Qi—ki+si—1 (|_| i7J37Ti+1 z+1 U |_|z Jr it 1,r— 1(Bz+1) U
2<r<i

U 7Ti+1,z‘(5([?0+(p1+1)m X X priﬂ)ni) X I?Hl)) -

_ r1+1 i+1
= bti—qi—ki+si—1<m+1,z’ <|_|1J1 v Y |_|er i+1 UBiJrl))'

2<r<s
Due to Theorem 1.2 the last expression does not exceed

>

Pit1+qit1=ti—qi—ki+si—1

i+1 1,i+1 +1 i+1
bqi+1 (H;L('_lifjl Xit1 U U |_|:3 Br 1UB§L))'

2<r<i

8. UPPER BOUNDS FOR SUB-PFAFFIAN SETS

We first estimate from above the number of additive terms in (7.1). These terms
can be partitioned into i — 1 groups of the kind

bD 2.

Iskjspi+1l Jic{l,...p;+1}, |J]|=k;

2. D

1<sj<qjtkj+l  Jlcgl  xJ,.., JICTI_ xJI, [T |++|J]|=s,

> :

Pi+1taj+1=t = ¢ —kj+s; =1
where 1 <5 <i—1.
The number of terms in

bD 2.

Iskjspi+1l Jic{l,...p;+1}, |J]|=k;

is 2Pit1 The number of terms in

2 2

1ssjSgitki+1 glcgl  xJi,.., Jicai_ xJi, |TH++| T |=s;
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does not exceed 27(%+ki+1)  The number of terms in

>

Pjtr1+qir1=t;—q;—kj+s;—1
does not exceed t; + 1.
It follows that the total number of terms in jth group does not exceed

2pj+1+j(q1'+kj+1)(tj +1)< 90(jtj-1)

Since t; = no+ni(p1+1)+---+n;(p;+1), pr < t;_1, and therefore ¢; < 2ingny - - nj,
the number of terms in jth group does not exceed 20(9'2]”9”1"'”%1). It follows that
the total number of terms in (7.1) does not exceed 20(*2'non1 - mi2)

We now find an upper bound for

1, )
bo, (IT6 (L1 Xou U Ui BiUBY)).
2<r<v-1

Assume that X, = {F(x9,X1,...,X,)}, where F' is a quantifier-free Boolean for-
mula with no negations having s atoms of the kind f > 0, f’s are polynomials or
Pfaffian functions of degrees less than d or («, 3) respectively.

The set I_li’il17(]171Xl/ C R¥»-1t7 is defined by a Boolean formula with no

negations having |J1_;|s < s,_1s < (2t,_2 + 1)s atoms of degrees less than d (for
polynomials) or less than («,3) (for Pfaffian functions) and at most 2t,_; + 2n,
linear atoms (defining I;*~**"").

For any 2 < r < v the set BZ C R-1T"" is defined by a Boolean formula
with no negations having 4t,._; + 2n, linear atomic inequalities. Therefore, all
sets of the kind B for j > r are defined by Boolean formulae with no negations
having 4t,_1 + 2(n, + --- + n;) linear inequalities. In particular, the set B} C
Rir—1tnet+nw iy defined by 4t,_1 + 2(n, + - - - +n,,) linear atomic inequalities.

For any 2 <r < v — 1 the set UZ’KLJ,”,’ 1Bl’; C Rt*—1*7 s defined by a Boolean

formula with no negations having at most

(4tr—1 + Q(nr + -+ nu))|J;,1| +2t,_1+2n, <

S (4tr71 + 2(”7’ +-+ nu))sufl + 2t1/71 + 2711, é

< (Atp—14+2(ne 4+ 4+ 1) (2tp—2+ 1) + 2t,—1 + 20,
linear atoms.
It follows that the set Uy, <, L Z’ZLJT»_lej C Rfv=11" ig defined by a Boolean
formula with no negations having at most
((4ty—1 +2(na+ -+ 4+ 1)) (2tp—2+ 1)+ 2t,—1 + 2n,) (v — 2)

linear atoms.

The set
1,v TV ty
(U, 0 U Ui BruB) cr
2<r<v—1

is defined by a Boolean formula with no negations having at most

((Qtu—Q+1)3+2tv—1+2ny+((4tu—1+2(n2+' : '+nu))(Qtl/—2+1)+2tl/—1+2nl/)(V_2))'
Oo(1)

v—1

(1 +1) < st

atoms of degrees less than d for polynomials or less than («, ) for Pfaffian functions.
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8.1. Polynomial case. Let functions f in formula F' be polynomials of degrees
deg(f) < d. Then, according to (3.1),

bqv<H5< 11/751,]1 X, U U UZ7ZI,J;7135UBZ)) <

v—1
2<r<v-1

< O(ds)*t9%) < (2¥dsnony - - -y, 1) O momanw),
Using (7.1) in case i = v, we get
bqo (X) S (2V2d3n0n1 e ny_l)O(Q”’no’nr“nu)
(compare with (3.4)).

8.2. Pfaffian case. Let f be Pfaffian functions in an open domain G C R" of
order r, degree (a, ), having a common Pfaffian chain. Then, according to (3.2),

bg, (HZ( ifl,Jile”U U |_|;7I:I,J;'_1B;UBZ)) <

2<r<v—1
< QT(T_I)/2(stV_1)O(t“)O(tVB +min{t,,r}a)* " <
< 9(=1)/20C" nomm) (90 (4 B)) O moma et
Using (7.1) in case i = v, we get
by (X) <
< 2T(T71)/2+O(V’r‘+l/22"n0n1~~~nu)sO(2unon1---n,,)(nonl oy (a +/6))O(2unon1"'nu+7’) <

< 27 r=D/2(9" spony oy, (o + B))C 2 mom )
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