LIPSCHITZ GEOMETRY OF SURFACE GERMS IN R*: METRIC
KNOTS
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ABSTRACT. A link at the origin of an isolated singularity of a two-dimensional semi-
algebraic surface in R* is a topological knot (or link) in S®. We study the connection
between the ambient Lipschitz geometry of semialgebraic surface germs in R* and knot
theory. Namely, for any knot K, we construct a surface X in R* such that: the link at
the origin of Xy is a trivial knot; the germs X are outer bi-Lipschitz equivalent for
all K; two germs Xx and Xk are ambient semialgebraic bi-Lipschitz equivalent only
if the knots K and K’ are isotopic. We show that the Jones polynomial can be used to
recognize ambient bi-Lipschitz non-equivalent surface germs in R%, even when they are

topologically trivial and outer bi-Lipschitz equivalent.

1. INTRODUCTION

We study the difference between the outer and ambient bi-Lipschitz equivalence of semi-
algebraic surface germs at the origin in R*. Two surface germs are outer bi-Lipschitz
equivalent if they are bi-Lipschitz equivalent as abstract metric spaces with the outer
metric d(z,y) = || —y||. Ambient bi-Lipschitz equivalence means that there exists a germ
of a bi-Lipschitz, orientation preserving, homeomorphism of the ambient space mapping
one of them to the other one. Note that in Singularity Theory the homeomorphism is
not required to be orientation preserving. We add this condition to be consistent with
the isotopy equivalence relation in Knot Theory. Also, to avoid confusion between the
Singularity Theory and Knot Theory notions of the link, we always write “the link at the

origin” speaking of the link of a surface germ.

If a surface germ in R* with a connected link at the origin has an isolated singularity then
its link is a knot in 3. The results of [3] show that ambient equivalence is different from
outer equivalence even when there are no topological obstructions. This phenomenon
is called “metric knots.” We consider the following question: How different are these
equivalence relations? In the previous paper [3] we show that, for any given ambient

topological type of a surface germ, one can find infinitely many equivalence classes with
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respect to ambient bi-Lipschitz equivalence. In this paper we start by showing that the
question becomes nontrivial even when “there is no topology,” i.e., for the germs with
unknotted links at the origin. Universality Theorem (Theorem 3.1 below) implies that
the ambient bi-Lipschitz classification in this case “contains all of Knot Theory.” Namely,
for any knot K, one can construct a germ of a surface X in R* such that:

1. The link at the origin of X is a trivial knot;

2. The germs X are outer bi-Lipschitz equivalent for all K;

3. Two germs X and Xy are ambient semialgebraic bi-Lipschitz equivalent only if the

knots K and K’ are isotopic.

The second theorem (Theorem 3.5 below) states that, for each germ Xy in Universality
Theorem, there are infinitely many semialgebraic surfaces X ; satisfying Universality
Theorem, such that Xy ; and Xk ; are semialgebraic ambient bi-Lipschitz equivalent only

if i = j.

The proofs are based on the following results of Sampaio [11] and Valette [12].

Theorem 1.1. [11, Theorem 2.2] If (X,0) and (Y,0) are ambient semialgebraic bi-
Lipschitz equivalent semialgebraic germs, then their tangent cones Co(X) and Co(Y') are

ambient semialgebraic bi-Lipschitz equivalent.

Theorem 1.2. [12, Corollary 0.2] If two semialgebraic germs (X, 0) and (Y,0) are semial-
gebraic bi-Lipschitz homeomorphic, then there is a semialgebraic bi-Lipschitz homeomor-

phism h : (X,0) — (Y,0) preserving the distance to the origin.

In Section 3 we define (31, f2)-bridges and the saddle move, closely related to the broken
bridge construction in [3]. A one-bridge surface germ is a surface germ containing a
single (1, 52)-bridge and metrically conical outside it. The saddle move relates the metric
problem of ambient semialgebraic bi-Lipschitz equivalence of two one-bridge surface germs
in R* with the topological problem of isotopy of two knots in S?® corresponding to the
links at the origin of the surfaces obtained from these one-bridge surface germs by the
saddle moves (see Definition 3.3). That is why topological knot invariants, such as the
Jones polynomial, yield metric knot invariants, which can be used to recognize ambient

semialgebraic bi-Lipschitz non-equivalence of surface germs.

Although one-bridge surface germs are the simplest examples of not normally embedded
surfaces, they have rather non-trivial ambient Lipschitz geometry. Another version of
Universality Theorem (Theorem 3.13 below) states that, for any two knots K and L, one
can construct a one-bridge surface germ Xy such that:

1. The link at the origin of Xy is isotopic to L;

2. For any knots K and L, all surface germs X, are outer bi-Lipschitz equivalent;
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3. Surface germs X, and Xk, are ambient semialgebraic bi-Lipschitz equivalent only

if the knots K and K5 are isotopic.

In Section 4 we consider the Jones polynomial of the link at the origin L = Lgx) of
a surface germ S(X) obtained from a one-bridge surface germ X by the saddle move
(see Definition 3.3). Since the isotopy class of L is an ambient semialgebraic Lipschitz
invariant, its Jones polynomial becomes an ambient Lipschitz invariant of X. If X = X }(2
is a “twisted” surface constructed in [3] (see also Theorem 3.5) and K is a trivial knot,
then L is a torus link. Its Jones polynomial is computed completely (see Corollary 4.2 and
Remark 4.3) and determines the number i of twists. This shows that Jones polynomial

can be used to prove ambient bi-Lipschitz non-equivalence of metric knots.

If we do not suppose the surface germ to be a one-bridge surface germ, we obtain a
stronger version of Universality Theorem (Theorem 3.14 below). It states that, for any
two knots K and L, and any two rational numbers o« > 1 and § > 1, one can construct a
surface germ X% such that:

1. The link at the origin of X§% is isotopic to L;

2. For a fixed knot K, the tangent link of X% (i.e., the intersection of the tangent cone
with the unit sphere) is isotopic to K;

3. All surface germs X;’éﬁL are outer bi-Lipschitz equivalent for fixed o and f.

All sets, functions and maps in this paper are assumed to be real semialgebraic. We use
semialgebraic bi-Lipschitz equivalence, because we refer to the theorem of Valette [12]. Our
results are also true for subanalytic bi-Lipschitz equivalence of subanalytic surface germs,
and we expect them to remain true in any polynomially bounded o-minimal structure

over R.

2. DEFINITIONS AND NOTATIONS

We consider germs at the origin of semialgebraic surfaces (two-dimensional semialgebraic

sets) in R%.

Definition 2.1. A surface X can be considered as a metric space, equipped with either
the outer metric d(x,y) = ||z — y|| or the inner metric d;(z,y) defined as the minimal
length of a path in X connecting x and y. A germ X is normally embedded if its inner

and outer metrics are equivalent.

Definition 2.2. Two germs of semialgebraic sets (X, 0) and (Y, 0) are outer bi-Lipschitz
equivalent if there exists a homeomorphism H : (X,0) — (Y, 0) bi-Lipschitz with respect
to the outer metric. The germs are semialgebraic outer bi-Lipschitz equivalent if the map
H can be chosen to be semialgebraic. The germs are ambient bi-Lipschitz equivalent if

there exists an orientation preserving bi-Lipschitz homeomorphism H : (R?,0) — (R%,0),
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such that H(X) =Y. The germs are semialgebraic ambient bi-Lipschitz equivalent if the

map H can be chosen to be semialgebraic.

Definition 2.3. The link at the origin Ly of a germ X is the equivalence class of the
sets X N SS”E for small positive € with respect to the ambient bi-Lipschitz equivalence.

The tangent link of X is the link at the origin of the tangent cone of X.

Remark 2.4. By the finiteness theorems of Mostowski, Parusinski and Valette (see [9],
[10] and [13]) the link at the origin is well defined. We write “the link at the origin”
speaking of this notion of the link from Singularity Theory, reserving the word “link” for
the notion of the link in Knot Theory. If X has an isolated singularity at the origin then

each connected component of Ly is a knot in S®.

Definition 2.5. A semialgebraic germ (X,0) C R™ is called outer metrically conical if
there exists a germ of a bi-Lipschitz homeomorphism H : (X,0) — C(Lx), where C'(Lx)
is a straight cone over Lyx. The map H is called a conification map. A germ (X,0) is
called ambient metrically conical if there exists a germ of a bi-Lipschitz homeomorphism
H : R™ — R", such that H(X) = C(Lx). The map H is also called a conification map. A
germ (X, 0) is called outer (ambient) semialgebraic metrically conical if a corresponding

conification map can be chosen to be semialgebraic.

Remark 2.6. Notice that the definition makes sense for semialgebraic germs of any

dimension, not only for surface germs.

Definition 2.7. An arc in a semialgebraic germ (X, 0) is a germ of a semialgebraic embed-
ding v : [0,€) — X such that v(0) = 0. Unless otherwise specified, arcs are parameterized
by the distance to the origin, i.e., ||(t)|| = t. We identify an arc with its image in X.

Definition 2.8. Let f # 0 be (a germ at the origin of) a semialgebraic function defined
on an arc y. The order a of f on v (notation a = ord, f) is the value & € Q such that
f(y(t)) = ct* +o(t*) as t — 0, where ¢ # 0. If f =0 on v, we set ord, f = oc.

For any two arcs v and 7/ in X one can define two orders of contact: inner and outer.

Definition 2.9. The outer order of contact tord(vy,~') is defined as ord, f, where f(t) =
|v(t) — ' (t)||. The inner order of contact itord(y,~') is defined as ord,g, where g(t) =
d,(y(t),~'(t)). Here d, is a definable pancake metric (see [4]) equivalent to the inner metric.
These two orders of contact are rational numbers such that 1 < itord(y,~") < tord(y,7).
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Definition 2.10. Let 5 > 1 be a rational number. Consider the space R? with coordinates
(z,y,2). For a fixed t > 0, let Z; = {|z| < t, |y| < t} be a square in the (z,y)-
plane {z = t} and let Z = (o, Z;. Let W, be the subset of Z; bounded by the line

segment I;5 = {|z| < t, y = t} and the union J;" of the two line segments connecting
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(0,¢P)

(0"tB)

(t,t)  (-t%2)
b)
(t"t) ('ta"t)

FIGURE 1. a) The set W,. b) The set W,

p1= (-t,1)

p2 = (_tﬁ1itB2)
pé = ('tﬁ1,'tﬁ2)

D= (")
p:’)) = (tB17'tB2)

p4’_ = (t’_t)

F1cGUre 2. The set U;.

the endpoints of I;” with the point (0,t%). Let W, = {(x,y) :

germ {|z| =

ly| < z}.

p4 = (t’t)

(t%1)

(tUG't)

(x,—y) € W;"} and
Jo = {(z,y) : (z,—y) € J;'}. Let W, = W," UW, (shaded area in Figure la) and let
W = Uiz Wi CR?. A B-bridge is the surface germ Bg = |J,5oJ;” U J; . Note that the
tangent cone of W is the set {|z| < |y| < z} and the tangent cone of By is the surface
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Definition 2.11. Let 1 < ; < (5 be two rational numbers. For a fixed t > 0, let
Zy={lz| <t, [yl <t, z =1t} and Z = {J,5, Z: be as in Definition 2.10. In the zy-plane
{z =t} consider the points (see Figure 2)

put) = (=t,1), pat) = (=7, 17), ps(t) = (¢7,87), pa(t) = (1,1),

pit) = (=t =), ph(t) = (=7, —t™), py(t) = (™, =), pi(t) = (¢, ).

Let us connect the points py(t), p2(t), p3(t), pa(t) by three line segments, and define J;" as
the union of these three segments. Let U;” C Z; be the convex hull of .J;". Let P;* be the
segment connecting the points py(t) and p3(¢). Similarly, let J;~ be the union of segments
connecting the points p; (t), ph(t), p5(t), pi(t), and let U;” be the convex hull of J;” and P,
be the segment connecting p(t) with pj(t). Let P, = P;" U P and let P = {J,5, P, C R®.
Let U; = U UU; (shaded area in Figure 2), and let U = (J,5, U; C R?. A (B4, B2)-bridge
is the surface germ Bg, s, = U Ji, where J, = JF U J; .

Note that the set U has the same tangent cone at the origin as W, while the tangent cone
at the origin of P is the positive z-axis. Note also that, for 5, = 55 = 3, the (3, 8)-bridge
is outer bi-Lipschitz equivalent to the S-bridge.

Definition 2.12. Let X be a semialgebraic surface germ in R* with the link at the origin
homeomorphic to a circle in S3. We say that X is a one-bridge surface germ if

1. There exists a semialgebraic bi-Lipschitz C*' embedding © : Z — R?* such that
O(Bg,3,) = X NO(Z).

2. The union X UO(Z) is normally embedded in R* and ambient semialgebraic metrically
conical: there exist a semialgebraic bi-Lipschitz homeomorphism H:R* — R*, such that
H(X UO(Z)) is a straight cone.

Definition 2.13. Let a > 1 and 3 > 1 be rational numbers. Consider the space R? with
coordinates (x,y, z). For a fixed t > 0, let Z = {|z| < t*, |y| < t} be a rectangle in
the (z,y)-plane {z = t}. Let W" be the subset of the rectangle Z® bounded by the line
segment I} = {|z] < t*, y = t} and the union J&* of the line segments connecting
the endpoints of I?* with the point (0,#7). Let W™ = {(z,y) : (z,—y) € W} and
J2 ={(x,y): (z,—y) € JPT}. Let W = W UW™ (shaded areas in Figure 1b) and
let W = U;so Wi C R%. An (o, f)-wedge is the surface germ EYP = Uiso J*, where
Jo = Jrtu .

Note that the tangent cone at the origin of W is the set {(z,y,2) : z = 0; |y| < z}.

Remark 2.14. We define a link diagram in the same way as it is done in Knot Theory,
choosing a generic projection of the topological link to some 2-dimensional plane in R?
(see [7] for details). Two diagrams are equivalent if they can be related by a finite sequence

of Reidemeister moves.
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The following result is a special case of the finiteness theorem of Hardt (see [6]).

Theorem 2.15. Let X be a semialgebraic surface germ. Then, for smallt > 0 and for
any plane R?, such that the projections of the links X NS, are generic, the diagrams of
the links X NS} are equivalent.

Definition 2.16. Let Fx C S® be a smooth semialgebraic embedded surface diffeomor-
phic to S* x [—1,1], such that the two components K and K’ of the boundary 0F of
Fx are isotopic to the same knot K and the linking number (see [8]) of the components
K and K’ is zero. The surface F e is called a characteristic band of the knot K. Let ?K
and X x be the cones over F and 0F, respectively. These cones are called characteristic
cones of the knot K.

Definition 2.17. Let (p,l), where p € S and | € [—1,1], be coordinates in Fg. Let
€ = (po, 0) be an interior point of Fi. We define a slice S = {(p,1) € Fx, |p — po| < €}.

Definition 2.18. Let 8 > 1 be a rational number. The standard 3-horn in R* is the set
Cs={(z,y,2,t) e R*| t >0, 2% +1y?+ 2% = t?}. The standard 3-horn like neighborhood
of the positive t-axis is the set Vs = {(z,y,2,t) € R? |t >0, 2% + y? + 22 < ¥},

If 3=1then C; = {t >0, 22 +y*+22=t*}isaconeand V; = {t > 0, 22 +y*+ 2% < t?}

is a conical neighborhood of the positive t-axis.
The standard B-hornification Zp : Vi — Vj is defined as Sg(x,y, 2, t) = (vt?, yt’, 217, 1).

For an arc v C R?, a conical neighborhood of v is the image V;(v) of a semialgebraic
bi-Lipschitz map ® : V; — R* such that v is the image of the positive t-axis. A j3-
horn like neighborhood of v is Vz(y) = ®(Vj), and a [-hornification to 7 is the map
Uy @ Vi(y) = Vi(y) defined as Uy = ®Z3P7! (see Figure 3). We may assume, by
Valette’s theorem, that W4 preserves the distance to the origin. For a subset S of Vi(7),
the set Wg(S) is called a B-hornification of S to .

3. METRIC KNOTS

Theorem 3.1 (Universality Theorem). Let K C S? be a knot. Then one can associate to
K a semialgebraic one-bridge surface germ (Xg,0) in R so that the following holds:

1) The link at the origin of each germ Xk is a trivial knot;

2) All germs Xg are outer bi-Lipschitz equivalent;

3) Two germs Xk, and Xk, are ambient semialgebraic bi-Lipschitz equivalent only if the

knots K1 and Ky are isotopic.



LIPSCHITZ GEOMETRY OF SURFACE GERMS IN R*: METRIC KNOTS

FIGURE 4. The links of the sets Xx = dYx and W in the proof of Theorem 3.1.
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Proof. Let Fx C S® be a characteristic band of the knot K, and let ?K and X x be
the corresponding characteristic cones (see Definition 2.16). Let Sx C Fx be a slice
(see Definition 2.17). Let px : Sx — Zi, where 7 is the set Z; in Definition 2.10
with ¢ = 1, be a semialgebraic bi-Lipschitz homeomorphism (p,l) — ((p — po)/e€,1).
Let Mg = {tc : t > 0, 0 € Sg} C R* be the cone over Si. We define a mapping
Oy o My — Z C R? as the corresponding mapping of the cones:

(1) Gy (to) =tk (o) for o € Sk.

Note that ® is a bi-Lipschitz homeomorphism. Let W C R? be the set in Definition
2.10, and let

(2) Vi =0 (W), Yk = (371{ \ MK) UVk, Xk = 0Yk.

Then Xy is a one-bridge surface germ, part of the surface germ X inside My being
replaced by a S-bridge Bj (see Figure 4). Let us show that X satisfies the conditions of
Theorem 3.1.

1) The link at the origin of X is a trivial knot, because it bounds the closure of F \ Sk

homeomorphic to a disk.

2) Let K; and K; be any two knots. Let W : ?KI — ?K2 be a semialgebraic bi-Lipschitz
map sending each point (p, [, t) € Yk, to the point (p,1,t) € Y,. By definition (Mg, ) =
Mp,. By the definition of the maps ®x, and Pk, (see (1)) we have ¥(Y,) = Yk, and
U(Xg,) = Xk,

3) Note that, for any knot K, the link of the tangent cone Cy X of the set X is the union
of two knots isotopic to K, with a single common point. Thus if K; and K, are not isotopic,
then the tangent cones Cy Xk, and Cy X, are not ambient topologically equivalent. This
contradicts Sampaio’s theorem [11] (see also Theorem 1.1) which implies that tangent
cones of ambient Lipschitz equivalent semialgebraic sets are ambient Lipschitz equivalent.

In our case, the links of the tangent cones are not even ambient topologically equivalent.

This concludes the proof of Theorem 3.1. 0J

Definition 3.2. A surface germ X obtained by the above construction is called a band-
bridge surface germ corresponding to the knot K and a $-bridge (or a (1, f2)-bridge as
in the proof of Theorem 3.5 below).

Definition 3.3. Consider the (5, 82)-bridge Bg, s, = U= Ji (see Definition 2.11). The
set .J; has two components J;" and .J;, each of them consisting of three line segments

connecting the pOil’ltS pl(t>7 p2(t>7 p3(t)7 p4(t> and p/1<t)7 p,2<t)7 pgS(t)v pzl(t)7 respeCtively
(see Figure 2). Let J, be the set obtained by replacing the line segments [p2(t), p3(t)] and
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a)
P, Dy
p—p; —

b)
ot AN

b, Dy -

FIGURE 5. a) The saddle move. b) The crossing move.

[py(), ps(t)] in J; with the line segments [pa(t), ph(t)] and [ps(t), ps(t)] (see Figure 5a).
Let Sg,5, = Upap Ji- Let X be a one-bridge surface germ (see Definition 2.12). Replacing
B = ©6(Bg,s,) C X with § = ©(Ss,5,), we obtain a new surface germ S(X). This defines
the saddle move operation applied to X.

Lemma 3.4. Let X, and Xy be semialgebraic ambient bi-Lipschitz equivalent one-bridge
surface germs. Then the surface germs S(X;) and S(X3), obtained by the saddle move
applied to X, and Xy, are ambient topologically equivalent, the links at the origin Lg(x,)
and Lg(x,) are isotopic as topological links in S*, and the diagrams of the links Lg(x,) and

Ls(x,) are equivalent.

Proof. Let Z C R? be as in Definitions 2.10 and 2.11. Let O, : 7 — R* and 0, : Z — R?
be bi-Lipschitz embeddings such that B; = ©1(Bg,3,) C X; and B, = ©3(Bg,3,) C Xo.
Since X7 and X5 are one-bridge surfaces, we can suppose that X;U©O;(Z) and XoUBO4(Z)
are straight cones over their links. Let H : R* — R* be a bi-Lipschitz homeomorphism
isotopic to identity such that H(X;) = Xs. By Valette’s Theorem [12] (see also Theorem
1.2) we may suppose that H preserves the distance to the origin, and that the maps 6,

and O, send each section Z; of Z to the sphere S; of radius t centered at the origin.

Let P, = ©1(P) and Py = ©,(P), where P = Uiso P& C B, s, (see Definition 2.11) and
let 151(15) =0.(P) = P, NS, and ﬁg(t) =0y(P) = P, N S,. Since the tangent cone CyP
of P is the positive z-axis, the tangent cones C’oﬁl and C(]ﬁg of ]51 and ﬁg are rays in R*.
For a small positive €, let N; C S; be a ball of radius et centered at the point C()ﬁg NSy,
and let N = UtZO N; be a conical e-neighbourhood of 00]52. Note that ﬁg CNNX,;C Eg

for small € > 0.
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Let po(t), ph(t), ps(t), p5(t) be the boundary points of P; (see Definition 2.11). Let ¢a(t) =
O1(p2(t)), 6(t) = ©1(pa(t)), a3(t) = O1(ps(t)), g5(t) = O1(ps(¢)) be the boundary points
of Pi(t), and let va(t) = Oa(ps(t)), vh(t) = Oa(p(t)), vs(t) = Os(ps(1)), vj(t) = Oa(ph(1))
be the boundary points of ﬁg( t). Then ¢o(t) = H(q2(1)), ¢4(t) = H(g5(t)), g3(t) = H(gqs(t)),
G5(t) = H(qs(t)) are the boundary points of H(Pl( ).

The saddle move operation applied to X; replaces P, with Q = UtZO Q:, where ; =
Qa(t) U Qs(t), Qa(t) = O1([palt), B4(1)]), Qs(t) = Ou([ps(t), ph(1)]). The saddle move op-
eration applied to X, replaces P, with V = Uiso Vi where Vi = Va(t) U Va(2), Va(t) =
Ou([pa (), P(0)]), Valt) = Oallps(t), sh(1)])- Let Q = H(Q), Oy = H(Qu), Qs = H(Qs)
Note that the boundary points ¢»(t), ¢5(t), ¢s(t), @(t) of Q; are the same as the boundary
points of H(Py(t)), and the boundary points vy(t), v4(t), vs(t), vi(t) of V; are the same
as the boundary points of ﬁg(t). In particular, all these points belong to the bridge B, of
Xs, and to the et-ball N; (see Figure 6).

Note that tO’f’d(@g,@g) = tord(V,,V3) = 1 and tO’f’d(@g,%) = tO’I"d(ég,‘/g) = fBy. Con-
sider diam(Va(t)), diam(Vs(t)), diam(Q2(t)), diam(Qs(t)) as functions of ¢. Note that the
order of all of these functions at the origin is B;. Let Ny be the family of balls Ny, on
S; centered at vo(t) with the radius 8 for B € (B1, 52), and let N3 be the family of
balls N3, on S; centered at vs(f) with the radius 8. Clearly Ny N N3, = () and also
@2(15) C Nay, Va(t) C Noy, @3(15) C N3y, Va(t) C N

Since Q,(t), Qs(t), Va(t), Vi(t) are homeomorphic to segments, there exists a homeomor-
phism H, : Ny — Nj isotopic to identity, such that :

1. H, maps the sections z = t to the sections z = ¢.

2. H, is identity on the boundary of N;.

3. (1 (G)) = Vs

4. The bridge By=H (El) is invariant under Hs.

Similarly, there exists a homeomorphism Hs : Ny — N, isotopic to identity, such that :
1. Hy maps the sections z = ¢ to the sections z = t.

2. Hy is identity on the boundary of Nj.

3OH(H(@Q) = Vi

4. The bridge By = H(B) is invariant under Hj.

Then we define a homeomorphism H' : R* — R* to be equal to H outside H (N, U N,),
to Hy+ H on H™'(Ny) and to Hz* H on H~Y(Ny), thus H'(S(X;)) = S(X5). This proves
that S(X;) and S(X») are ambient topologically equivalent, and the links at the origin

Lg(x,) and Lg(x,) are isotopic as topological links. O

Theorem 3.5. For any knot K C S® and all integers i > 0, there exist semialgebraic

surface germs (Xj;,0) in R* such that:
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FIGURE 6. The images by the map H in the proof of Lemma 3.4.

1) The tangent cones at the origin of all X ; are topologically equivalent to the cone over

two knots isotopic to K with a single common point.
2) All Xj¢; are outer bi-Lipschitz equivalent.

3) Xi; and X ; are semialgebraic ambient bi-Lipschitz equivalent only when i = j.

Proof. Consider a characteristic band Fx C S?, a slice Sx C F, and characteristic cones
Vi and X (see Definitions 2.16 and 2.17). We construct a band-bridge surface germ with
a (31, B2)-bridge corresponding to K as follows. Let My = {to :t >0, 0 € Sk} C R* be
the cone over Sk (as in Theorem 3.1). Let @ : Mg — Z C R3 be the map defined in

(1):
(3) Gy (to) =tk (o) for o € Sk.

Note that ®x is a bi-Lipschitz homeomorphism. For 1 < 31 < 35, let U C R? be the set
in Definition 2.11. We define

(4) Vio= @5 V), Yieo = (Y, \Mi ) UVig Xico = Vi,

The set Y, is obtained by replacing the set W (see Definition 2.10) with the set U in
construction of the set Xy in the proof of Theorem 3.1. Let X} ; = 0Y} ; be its boundary
(see Figure 7). This construction replaces a -bridge in Theorem 3.1 by a (31, f2)-bridge.

In particular, the one-bridge surface germ (Xj ,0) satisfies conditions of Theorem 3.1.

Let now Fj ; be the set obtained by removing the slice Sk from Fy, making i complete
twists and adding Sk back (see Figure 8a-d). Let Yy ; be the set obtained from the cone
over I ; by replacing the set Mg (the cone over Sk ) with the set U (see Figure 8e) and

let Xp; = Yy, be its boundary. The same arguments as in the proof of Theorem 3.1



LIPSCHITZ GEOMETRY OF SURFACE GERMS IN R*: METRIC KNOTS 13

FIGURE 7. The links of the surface Xy, = 0Yy, and U in the proof of
Theorem 3.5.

show that the link of Xj; is a trivial knot and the tangent cone of X, is a cone over

the union of two knots isotopic to K, pinched at one point.

We are going to prove that X7, and X} ; are not semialgebraic ambient bi-Lipschitz
equivalent if 7 # j. The result of the saddle move applied to each of these surface germs
is a surface germ such that its tangent link is the union of two copies of the knot K, with
the linking number of the two copies being twice the number of complete twists. Thus
the links S(XF% ;) and S(X} ;) are not isotopic when 4 # j. It follows from Lemma 3.4
that surface germs Xj; and Xj, ; are ambient semialgebraic bi-Lipschitz equivalent when
i 7.

Note that the topology of the tangent link of X7 ; does not depend on i. The tangent link
is formed by two copies of K pinched at one point. O

Remark 3.6. Let X} ; be the surface germ constructed in the proof of Theorem 3.5.
Then the link at the origin of the surface germ S(XJ ;), obtained from Xj. ; by the saddle

move, is a subset of F , isotopic to OFY .



14 LIPSCHITZ GEOMETRY OF SURFACE GERMS IN R*: METRIC KNOTS

FiGure 8. Cut and twist in the proof of Theorem 3.5.

Proposition 3.7. Let X} ; be a surface germ constructed in Theorem 3.5, and let S( X} ;)
be the surface germ obtained by a saddle move applied to Xj ;. If K is a trivial knot, then
the link at the origin of S(Xj,;) is a torus link.

Proof. For a small ¢ > 0, the boundary of the e-neighbourhood of K is an unknotted
two-dimensional torus Tx C S3. One can define coordinates (¢,v) on Tg, where ¢ €
K, v € S', so that the curves K = {¢ € K, ¢ =0} and K’ = {¢ € K, ¢ = '} have the
linking number zero. Then Fx = {¢ € K, 0 < ¢ < w} C Tk is a characteristic band of
the knot K (see Definition 2.16) bounded by the curves K and K’. If X k.0 18 the surface
germ constructed in Theorem 3.5, then the link at the origin of S(X} ), isotopic to the

union of K and K’, is a trivial torus link.

The surgery for constructing a surface germ X ; in Theorem 3.5 (see Figure 8) corre-
sponds to the choice of a coordinate system (¢,1;) on Tk such that the band Fy; =
{¢p € K,0 < tp; <} C Tk is bounded by the curves K; = {¢ € K, 1; = 0} and
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K! ={¢ € K, ¢; = 7} with the linking number 2i. Since the link at the origin of S(Xk.i)

is isotopic to the union of K; and K/ (see Remark 3.6) it is a torus link. O

Proposition 3.8. Let X; and X, be two one-bridge surface germs. If the germs are

ambient bi-Lipschitz equivalent, then the links of the origin Lg(x,) and Lgx,) are isotopic.

Remark 3.9. Saddle move on the level of knot diagrams is described as follows: <>/\>
is replaced by <> <>
Here we are going to define the crossing move, that will be useful for further calculations.

Definition 3.10. We proceed in a similar way to the definition of the saddle move.
Consider the subset B of a one-bridge surface X outer bi-Lipschitz equivalent to a (31, 52)-
bridge Bg,s, = Uy /i (see Definition 2.11). The set J, has two components J;” and
J., consisting of three line segments connecting the points p;(t), po(t), ps(t), ps(t) and
(1), ph(t), ps(t), p)(t), respectively, in the plane {z = t,w = 0} (see Figure 2). Let us
embed this set to R* with coordinates (z,y, z, w). Replacing the line segments [py(t), p3(t)]
and [ph(t), p5(t)] with the line segment [po(t),p4(¢)] and a circle arc in the half-space
{w > 0} with the ends at p),(¢) and ps(t), orthogonal to the plane {w = 0} (see Figure 5b),
we replace the set J, with the set J;. Let Egl 8 = U0 Ji. Note that the surface germs
Bg, g, and §5152 have the same boundary arcs. Replacing the subset B of X with the
subset B outer bi-Lipschitz equivalent to Eﬁl 3y, S0 that B and B have the same boundary
arcs, we get a new surface germ C(X). This defines a crossing move operation applied to

X.

Remark 3.11. Crossing move on the level of knot diagrams is described as follows:

< /\> is replaced by < /\>

Remark 3.12. One can show that, for the fixed orientation on Ly, the isotopy class of
the resulting knot or link is an ambient bi-Lipschitz invariant. However, in what follows

we do not need this result.
The next statement is a modification of the Universality Theorem.

Theorem 3.13. For any two knots K and L, there exists a germ of a semialgebraic

one-bridge surface germ Xg such that:

1. The link of Xk, at the origin is isotopic to L.
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FIGURE 9. Construction of Xy,

2. For a fixed knot K all surface germs X have isotopic tangent links. In particular,
surface germs Xy, and Xk, are ambient semialgebraic bi-Lipschitz equivalent only if

the knots K1 and Ky are isotopic.

Proof. We use the construction from the proof of Theorem 3.1. Consider a characteristic
band F, the characteristic cones Y and X (see Definition 2.16). Consider the surface
germ X defined in (2) for the knot K. Let v C X be an arc not tangent to the set
Vi defined in (2) (i.e., tord(y',v) = 1 for any v C V). Let V() be a small conical
neighbourhood of v in R*, such that V(v) N Xk is a Holder triangle. Let us embed the
straight cone Z;, over L inside V(7) so that its image Z;, does not intersect Xy, and its
is ambient topologically equivalent to L. Let us choose two arcs v; and v in X NV (%),

and two arcs 7, and 74 in Z NV (), satisfying the following conditions:

a. tord(%mg) = tO?“d(%ﬁé) = 1.

b. Replacing the union of the Holder triangles T'(v1,72) C Xy and T'(7},74) C Z with the
union of Holder triangles 7'(y1,7v;) € V(v) and T'(y2,74) € V(v), as shown in Figure 9,
we obtain a semialgebraic set X such that Xg NV (7) is conical and its link is isotopic
to the connected sum of K and L. Note that construction of X is similar to the saddle

move construction in Definition 3.3.
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Let us check that the surface germ Xy satisfies conditions of Theorem 3.13.
1. Since the link of X is unknotted, the connected sum is isotopic to L.

The proof of the fact that, for a fixed knot L, all surface germs X are outer bi-Lipschitz
equivalent is the same as the proof that all surface germs Xx are outer bi-Lipschitz

equivalent in the proof of Theorem 3.1.

2. Since X, is a one-bridge surface germ, its tangent link is the union of two knots with
a single common point. One of these two knots is isotopic to K, and the other one is
isotopic to the connected sum of K and L. Since the first knot is isotopic to K, condition
2 is satisfied. OJ

The next result is another modification of the Universality Theorem. In contrast to the
previous results, we consider surface germs with the metric structure more complicated

than one-bridge.

Theorem 3.14. For any two knots K and L, and for any two rational numbers o and (8

such that 1 < a < 3, there exists a semialgebraic surface germ X%BL such that:
1. For any knots K and L, the link at the origin of X}'QBL 1s 1sotopic to L.
2. For any knots K and L, the tangent link of X}'QBL 15 1sotopic to K.

3. For fized o and B, all surface germs X}'QBL are outer bi-Lipschitz equivalent.

Proof. Let Frr C S® be the characteristic band of a knot K (see Definition 2.16). It is
diffeomorphic to S' x [—1,1], and its boundary has two components K and K’ isotopic
to K. Let (p,1), where p € S* and | € [—1, 1], be coordinates in Fy. Let Y and Xg be
the corresponding characteristic cones (see Definition 2.16). Then (p, [, ) are coordinates
in ?K, where t is the distance to the origin. Let }7]? be a subset of ?K defined as follows:
Ve = {(p,1,t) : || < t*}. The set Y2 is called a-contraction of Y. Notice that the

tangent link of }7[? is a knot isotopic to K.

Let Sk = {(p,1) : |p — po| < €} be a slice of Fi (see Definition 2.17) for a small € > 0,
and let My be the cone over Sk. Let Mg = {(p,,t) : po —€ < p < po+e¢, |l|] <t*} be
a-contraction of Mg. Replacing M% by the (a, 3)-wedge W (see Definition 2.13 and
Figure 1b) as in the proof of Theorem 3.1, we get the set Y27, Let X%’ be the boundary
of Y;B.

Let v C X}'éﬁ be an arc far from the set W i.e., tord(v,~') = 1 for any arc 7/ C We5.
Let Z, be the straight cone over L. Let V3(7) € R? be a -horn like neighbourhood of
7. Let ZﬁV = U4(Z1) C VA(v) be a B-hornification of Z;, to 7 (see Definition 2.18 and
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Figure 3). Let us choose two arcs 7, and v, in X N Vs(7y), and two arcs ] and 74 in

Z fﬁ N Vs(7) satistying the following conditions:

a. tord(y1,v2) = B, tord(v1,7) = 5.

b. If we remove from X the Holder triangle bounded by the arcs v, and s, remove from
Z57 the Holder triangle bounded by the arcs 4/ and 74, and add to the set Xx U Z the
Holder triangle obtained as the union of line segments connecting v;(t) and 74 (¢), and
the Holder triangle obtained as the union of line segments connecting () and v5(t), we
obtain a semialgebraic set X ¢ with the link isotopic to the connected sum of the links
of Xk and Zf,,y (see Figure 9). Note that construction of X}'QBL is similar to construction
of Xk in the proof of Theorem 3.13 and to the saddle move construction in Definition
3.3.

Let us check that the surface germ X ¢/ satisfies conditions of Theorem 3.14.
1. Since X}’éﬁ has a trivial link, the connected sum is isotopic to L.

2. Since 7, is a subset of a [S-horn neighbourhood of ~, it corresponds to a single point
in the tangent link. Thus the tangent link of X% is the same as the tangent link of X%,
which is isotopic to K.

3. The proof of the fact that the surface germs X}'QBL are outer bi-Lipschitz equivalent for
a fixed L is the same as the proof that all surfaces X are outer bi-Lipschitz equivalent
in the proof of Theorem 3.13. 0

4. KNOT INVARIANTS

In this section we make slight changes of notations. In the previous sections we used the
notation Ly for the link at the origin of a surface germ X. Here we are going to use the
notation Ky if the link at the origin of X is a knot, and Ly if it is a topological link with

more than one component.

Let us first recall the definition of the Jones polynomial J(L) of a link L via Kauffman
bracket polynomial (Dp), where Dy is a link diagram of L. Kauffman bracket polynomial

[7] is a polynomial in a variable A which is uniquely determined by the following properties:

(1) Kauffman bracket on the trivial diagram equals one, i.e., (O) =1

(2) Skein relation < \> =A < L +A N
(3) For any link diagram Dy, we have (O U Dy/) = (—A? — A=) (D)
The Jones polynomial of an oriented link L can be defined as

J(L) = (=A%) (Dy),
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after the substitution A = ¢~1. Here w(D}) is the writhe number of the diagram Dy, i.e.,

the number of positive crossings minus the number of negative crossings in Dy,.

Proposition 4.1. Let X be a one bridge surface such that the link of X at the origin is
a knot Kx. Let Ko(xy be the knot, obtained from K(X) by the crossing move. Let Y be a
one-bridge germ such that the link at the origin of Y is the same knot Ky = Kx as the
link at the origin of X. Let S(Y') be a germ obtained from Y by the saddle move. Suppose
that Y is such that the link at the origin of the surface S(Y') is a 2-component link Lgy).
If the Jones polynomial J(K¢(x)) of the knot Ko (x) satisfies

3(w(DK/)7w(DK))+1

J(Kegx) # —t2J(Lsw) + (—1)2 )Py 1 J(K),

where D is a diagram of a knot K determined by X, and Dy is a diagram (determined
by the crossing move) of a knot Kc(x) then X and Y are not semialgebraic ambient

bi-Lipschitz equivalent.

Proof. Let Dy be a diagram of a knot K (X) determined by X and let D be a diagram of
a knot K¢(x). Let us orient D in an arbitrary way. We orient Dy so that the intersection,

corresponding to the crossing move (see Figure 10) on the diagram is positive, i.e., it looks
like <\/<) . Let S(X) be a germ of a surface obtained from X by a saddle move. Let D,

be the corresponding diagram of the characteristic link Ls(x). We orient Dy, such that
the part, corresponding to the saddle move (see Figure 10) looks like (> <) Before the

substitution A =¢~1 we have
(Dier) = (AP J(Ko)  (Dr) = (=A%)“PP I (L))
Now it follows from the condition (2) of the Kauffman bracket that
(=A%) PRV (Kepn) = A(= AP I (Lsx) + A7H =AU PR I (K).
Using the fact that w(Dg/) = w(Dy) + 1 and after the substitution A = ¢~ we get

3(w(D gs)—w(Dg))+1

(5) J(Kex) = —t2J(Ls(x)) + (—1)°@Pr) =P ¢ .

Recall that Proposition 3.8 implies that if the link Lg(x) is not isotopic to the link
Lg(yy, then X and Y are not semi-algebraic ambient bi-Lipschitz equivalent. Hence if
J(Ls(x)y) # J(Ls(y)), then X and Y are not semialgebraic ambient bi-Lipschitz equiva-
lent. Now equality (5) yields the proof of the proposition. O

Corollary 4.2. If K is a trivial knot and Lg(yy is (2,2m)-torus link L(2,2m), where m is

a non-negative integer, then we get the following closed formula: If the Jones polynomial
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(a)

Saddle move Crossing move

(b) (c)

F1cURE 10. The Saddle move and the Crossing move

J(Kcxy) of the knot Ke(x) satisfies

1+t2m_1 w(DK/)—UJ(DK) 3(w(Dper)—w(Dp))+1
T )t b

Y

(6) J(Kex)) # ™+t (

then X andY are not semialgebraic ambient bi-Lipschitz equivalent.

Proof. Recall that for each n the Jones polynomial of the torus knot K(2,2n + 1) equals
1— t3 _ t2n+2 + t2n+3
1 —1¢? ’

see e.g. [5]. The skein relation for the Jones polynomial together with the above equality

J(K(2,2n+ 1)) = t"

yield

2m—1 2m 4 1—|—t2m_1
L(2,2 — o).
) J(L(2,2m) ()



LIPSCHITZ GEOMETRY OF SURFACE GERMS IN R*: METRIC KNOTS 21

Noting that if K is a trivial knot, then its Jones polynomial J(K) = 1, and applying
equalities (5) and (7) we obtain the proof of the corollary. O

Remark 4.3. The above theorem has two advantages: it has a computational value, and
as its immediate corollary we obtain the main result of Birbrair-Gabrielov [3, Theorem
4.1]. Let us illustrate this on the following example. Let X be such that it determines a
knot diagram Dpg which has no intersections, and after the crossing move the diagram
Dy has exactly one positive intersection. It follows that w(Dg/) — w(Dg) = 1, and
J(Kcx)) = 1 since K¢(x) is a trivial knot. Let Y be such that it determines a trivial
knot diagram presented in Figure 10a. The diagram of the link Lgy is presented in
Figure 10b. Note that it is a (2, 2)-torus link (Hopf link). The diagram of the knot K¢y
is presented in Figure 10c. Note that it is a trefoil knot. Noting that m = 1 the right
hand side of equation (6) equals ¢*. Hence J(K¢(x)) # t* and thus X and Y are not

semialgebraic ambient bi-Lipschitz equivalent.
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