SYZYGIES IN HILBERT SCHEMES OF COMPLETE INTERSECTIONS

GIULIO CAVIGLIA AND ALESSIO SAMMARTANO

AssTRACT. Letds,...,d. be positive integers and let Y C P™ be the monomial complete intersec-
tion defined by the vanishing of a:‘lil ,...,xz% . For each Hilbert polynomial p(¢) we construct a
distinguished point in the Hilbert scheme Hilb?(¢)(Y'), called the expansive point. We develop a
theory of expansive ideals, and show that they play for Hilbert polynomials the same role lexi-
cographic ideals play for Hilbert functions. For instance, expansive ideals maximize number of
generators and syzygies, they form descending chains of inclusions, and exhibit an extremal be-
havior with respect to hyperplane sections. Conjecturally, expansive subschemes provide uniform
sharp upper bounds for the syzygies of subschemes Z € Hilb?(®)(X) for all complete intersections
X = X(d1,...,dc) CP". In some cases, the expansive point achieves extremal Betti numbers for
the infinite free resolutions associated to subschemes in Hilb?(¢) (Y'). Our approach is new even in
the special case Y = P", where it provides several novel results and a simpler proof of a theorem

of Murai and the first author.
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INTRODUCTION

In this paper we investigate the extremal behavior of free resolutions of subschemes of
complete intersections X C P". Our motivating question is the following. Letd = (di,...,d.)
be a degree sequence and p(() a Hilbert polynomial: are there uniform bounds on the syzygies
of Z C X, where X C P"isacomplete intersection of degrees d and Z C X a closed subscheme
with Hilbert polynomial p(¢)?

In order to address this problem, we study Hilbert schemes of Clements-Lindstrom
schemes, i.e. complete intersections Y C P" defined by the vanishing of :cfl, oy, They
include Y = P" as special case, which is in fact interesting and non-trivial for most of our
considerations. Our main contributions revolve around a new distinguished point on the
Hilbert scheme Hilb?(©)(Y'), called the expansive point (or subscheme, or ideal) and denoted by
Exp(p(¢)). We adopt an abstract recursive approach in defining Exp(p({)), based on seven
axioms related to hyperplane sections, cf. Theorem In a sense, this gives rise to a theory
of expansive ideals and Hilbert polynomials, which parallels the theory of lexicographic ideals
and Hilbert functions.

Our main result, Theorem states that Exp(p(()) attains the largest possible number
of i-th syzygies for a subscheme in Hilb?(©)(Y), for every homological degree i. No such
theorem exists for graded syzygies, since each Hilbert scheme has several maximal graded Betti
tables. We remark that considering expansive subschemes of Clements-Lindstrém schemes Y
for various degree sequences d, as opposed to just for P*, carries advantages. First, by taking
the degree sequence into account, and restricting thus to a smaller Hilbert scheme, one obtains
sharper numerical bounds on Betti numbers. A similar point of view is adopted e.g. in [13],
where bounds on the number of points in intersections of quadric hypersurfaces are improved
using the data of the degree sequence. More importantly, our main result extends conjecturally
to arbitrary complete intersections of P". In fact we show that, under the validity of the
Lex Plus Powers Conjecture, Exp(p(¢)) yields uniform bounds for the syzygies of subschemes
Z e Hilb?O(X) for all complete intersections X C P" of degrees d, thus giving a complete
answer to our motivating problem. See Proposition[4.5 and Theorem

We apply the theory of expansive ideals also to infinite free resolutions over complete
intersections, motivated by the recent progress in this area. Our second main result, Theorem
shows that, over a quadratic Clements-Lindstrom ring of characteristic 0, expansive ideals
achieve extremal Betti numbers for the infinite free resolution. We conjecture that this pattern
holds for arbitrary degree sequences and base field.

In the case Y = P", Theorem gives a new proof of [9, Theorem 1.1], which asserts
the existence of a subscheme in Hilb?(¢) (P") with extremal Betti numbers. The authors remark
in [9, Introduction] that the proof, of combinatorial nature, is very long and complicated, and
it would be desirable to have a better understanding of the structure and construction of such
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extremal subschemes. We believe that, with the method developed in this work, we have found
a satisfactory answer. In fact, besides providing a short and more conceptual proof, the axioms
of Theorem [3.1|can be used to further illuminate the structure of expansive ideals. In particular,
we prove in Theorem [6.2| that expansive ideals form descending chains of inclusions, starting
with a saturated lex ideal, and each step of the chain is described explicitly. This fact serves as
the basis for an efficient algorithm to compute Exp(p(()). The problem of finding an algorithm
to determine a subscheme in Hilb?(¢)(P") with maximal syzygies had been suggested also in
[27, Section 5].

Borel-fixed points have proved helpful in understanding the geometry of the Hilbert
scheme, e.g. in questions of connectedness, smoothness, rationality, enumeration of compo-
nents, and defining equations, see for instance [4}25,31}133,134,135]. Several problems in this area
remain open. Our work identifies a new distinguished Borel-fixed point, that is very different
from the well-known lex point in many respects. We hope that the notion of expansive point
may lead to new perspectives or applications in the geometry of Hilbert schemes.

1. CLEMENTS-LINDSTROM RINGS

This section serves the purpose of fixing the basic terminology for the paper. We introduce
the rings that are central to this work, and some special classes of ideals.

Let N denote the set of nonnegative integers. The symbol k denotes an arbitrary field. All
rings considered in this work are Noetherian Z-graded k-algebras generated in degree 1, and
all ideals and modules are graded; these attributes are often assumed implicitly and omitted.

If V is a Z-graded k-vector space, denote the j-th graded component by [V];. The
numerical function HF (V) : Z — N U {oo} defined by HF(V, j) = dimg[V]; for all j € Z is
called the Hilbert function of V. If there is a numerical polynomial HP(V') € Q[¢] such that
HP(V,j) = HF(V, j) for all j > 0, then HP(V) is called the Hilbert polynomial of V.

The maximal ideal of a ring A is denoted by m 4. Anideal I C Aissaturatedif [ : my = I,
equivalently, if depth(A/I) > 0; notice that the unit ideal I = A is saturated. The saturation of
I C Aisdefined as I : mY = U0l : m’y, and it is a saturated ideal with HP(I : m%) = HP(I).

Given a projective scheme X = ProjA and a polynomial p(¢) € Q[¢], the Hilbert scheme,
denoted by Hilb?(®)(X), is the scheme parametrizing the closed subschemes Z C X with
HP(Z) = p(¢). As it is common in the literature, we often identify a closed subscheme Z C X
with its saturated ideal 7 C A and with the point on the Hilbert scheme parametrizing it, and
sometimes we extend attributes of one object to the other two. For instance we may talk about
strongly stable subschemes or lex points on the Hilbert scheme, and we adopt the following;:

Convention 1.1. If I C A is an ideal, the expression “I € Hilb?(©) (ProjA)” means that [ is
saturated and HP(A/I) = p(¢).
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Let A be aring and M a finite A-module. The integers ij(M ) = dimy[Tor% (M, k)]; and
BA(M) = dimy, Torl (M, k) are the graded Betti numbers and the (total) Betti numbers of 1/,
respectively.

Convention 1.2. We will often use N U {oo} as index set and as range for exponents. We adopt
standard conventions on oo, namely that m < oo and co —m = oo for all m € N. If r is an

element in a ring then we set 7> := 0. If d = oo, the expression “/ < d” means “/ € N”.

Definition 1.3. A Clements-Lindstrom ring is a ring of the form

klz1,..., xm]
A= —"T""—°
(ac‘lil,...,mﬁlnm)

for some sequence of integers d; < dy < --- < d,, with d; € NU {co} We emphasize that
x° := 0. Thus, when d; = oo the ring A is simply a polynomial ring. On the other hand, when
d, < oo the ring A is Artinian, and its only saturated ideal is the unit ideal.

For the remainder of this section, let A denote an arbitrary Clements-Lindstrom ring.

An ideal I C A is monomial if it is the image of a monomial ideal of k[z1, ..., xy).
We denote by <)« the lexicographic monomial order in A induced by 1 > 29 > --- > 2,,,. A
monomial ideal I C Aislexif [I]; is a vector space generated by an initial segment of monomials
with respect to <jx for every j, equivalently, if I is the image of a lex ideal of k[z1, ..., zp,]. The
saturation of a lex ideal is again lex. A theorem of Clements and Lindstrém, which includes
classical results of Macaulay and Kruskal-Katona as special cases, states that lex ideals classify
Hilbert functions in A:

Proposition 1.4 ([12]]). Let A be a Clements-Linstrom ring and I C A an ideal. There exists a unique
lex ideal L C A such that HF (L) = HF(I).

If # : Z — Nis the Hilbert function of some ideal of A, we denote by Lex(H, A) the unique
lex ideal L C A with HF(L) = H. If I C A we define Lex(I) := Lex(HF (1), A).

A monomial ideal I C A is almost lex if the last variable z,, is a non-zerodivisor on A/I
and IJ&SZ*;) is a lex ideal of the Clements-Lindstrom ring ﬁ. In particular, almost lex ideals

are saturated. Observe that a lex ideal is not, in general, almost lex.

A monomial ideal I C A is strongly stable if for every nonzero monomial u € I and z,

iU
Th

dividing u, then € I for all k < h. It suffices to check this condition for the monomial
minimal generators u of I. When A is a polynomial ring, strongly stable ideals are fixed under
the action of the Borel group. A strongly stable ideal I C A is saturated if and only if the last
variable x,, is a non-zerodivisor on A/I; when dim A > 0, this is equivalent to the fact that z,,
does not divide any monomial minimal generator of /. The saturation of a strongly stable ideal

is again strongly stable. Both lex ideals and almost lex ideals are strongly stable.
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Examples 1.5. Let dy = 2,d> = 3,d3 = d4y = oco. The associated Clements-Lindstrom ring is

A= W Consider the following ideals of A:
172

e (z123, z1w923) is both lex and almost lex;
o (z129, T133, 7127, 23x3) is lex but not almost lex, since it is not saturated;
o (w139, T1x3, 3) is almost lex but not lex, since z1x4 >1ex 23;

o (w179, x%) is strongly stable and saturated, but neither lex nor almost lex.

Remark 1.6 (The lex point). For every p(¢) € Q[¢] such that Hilb?(O) (ProjA) # 0, there is
exactly one lex ideal in Hilb?®)(ProjA). The show existence, take I € Hilb?(©) (ProjA) and let
L = Lex(I) : m%. It follows that L is a saturated lex ideal of A with HP(I) = HP(L). If L, L
are two saturated lex ideals with HP(L) = HP(L'), then HF (L, d) = HF (L', d) for d > 0, thus
[L]la = [L']a. Let K = ([L]a) C A4, it follows that L = L' = K : m%, proving uniqueness. In the
case of Hilb?(9)(P) it is known that the lex point is smooth [35], however this is unknown for
Clements-Lindstrom schemes [30].

If Hilb?(©) (ProjA) # 0, we denote by Lex(p(¢), A) the unique lex ideal in Hilb?(©) (ProjA).
We emphasize that the lex ideal of a Hilbert function and the lex ideal of a Hilbert polynomial
are different concepts, and both are relevant for this work. The notation Lex(I) is reserved for
the lex ideal with the same Hilbert function as the ideal 1.

By Remarkthe set of monomial subschemes in Hilb?(¢) (ProjA) is non-empty whenever
Hilb?(©)(ProjA) # 0. On the other hand, this set is always finite, as the next discussion shows.

Remark 1.7. There are finitely many monomial subschemes in each Hilb?¢) (ProjA). To see this,
since the preimage in the polynomial ring of a saturated monomial ideal of A is again saturated
and monomial, it suffices to treat the case when A is a polynomial ring. There is a well-known
upper bound, due to Gotzmann [21], for the Castelnuovo-Mumford regularity of a saturated
ideal J C A in terms of HP(A/J). This implies the desired conclusion, since there are finitely

many monomial ideals generated in bounded degrees.

We remark that there are algorithms to produce all the strongly stable points or almost
lex points of Hilb?(©) (P™), see for instance [1} [11, 27]. These algorithms can be extended with
minor modifications to the case of Clements-Lindstrom rings A.

Example 1.8. Let d; = 2,dy = 3, d3 = d4 = oo and consider the associated Clements-Lindstrom
ring A = “‘[(fcgf;;g”]. For p(¢) = 3¢ + b the strongly stable ideals in Hilb?() (ProjA) are

(wy, xz5) (:UyQ, zyz>, ZL‘Z3) (:L‘yQ, TYZ, ZL‘Z4)
(zy?, 2yz, y°2°) (zy?, 2y2®, y*2*) (zy, y?2) .

The ideals in the first row are almost lex, and Lex(3¢ + 5, 4) = (zy, z2°).
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2. DECOMPOSITION OF MONOMIAL IDEALS
We introduce an inductive decomposition of monomial ideals in Clements-Lindstrom

rings. This decomposition is particularly effective for strongly stable and (almost) lex ideals; it
will play a fundamental role in the construction of expansive ideals in Section 3|

For the rest of the paper, we fix the following notation:

S =klx1,xo, ..., Tn, Tny1) R:S/(x‘fl,...,xﬁ”)

(2.1) S =Kk[z1,79,. .., Tpn_1,Tnt1) R= ?/(m‘lil, e :ci”_‘ll)
§:k[x1,x2,...,wn,1,xn] ﬁzg/(xclll,...,xff)

where n € Nand d; < dy < --- < d, is any sequence with d; € N U {co}. In other

words, we will always set d,,11 = oo, so that :cfl’fll = 0 and it will be omitted. In this way,
the Clements-Lindstrém rings R and R always have positive Krull dimension, whereas the
Clements-Lindstrom ring R may be Artinian. The rings R and S are defined only if n > 0.
When n = 0 we have R = S = k[z1], and the only saturated ideals are the zero ideal and the
unit ideal. Observe that S and R are algebra retracts of S and R, respectively, and they may be
regarded either as subrings or as factor rings; similarly for S and R. By abuse of notation, the

symbols z; will be used to denote elements in different rings.

Since R = R|zy41] there is a tight relation between invariants of ideals of R and R; we
summarize the main formulas in the following remark.
Remark 2.1. Let I C R be a saturated ideal such that I : ,,+; = I. Denote by I= % CR
the image of I in R. Then HF(I,d) = HF(I,d) — HF(I,d — 1) for d € Z and HP(I,¢) =
HF(I,() — HF(I,( — 1). Furthermore, for all ¢, j we have

B5(R/T) = B, (R/T) B (R/T) = BE,(R/T) + B2 (R/T)
F(R/T) = BE(R/T) B (R/T) = R (R/T) + B 1 (R/T).

If I is monomial or strongly stable, then so is I. Conversely, given any strongly stable K C R,
the extension KR C R of K to R is a saturated strongly stable ideal whose image in R is K.

For a monomial ideal I C R there exist uniquely determined monomial ideals I, C R
such that the following decomposition of R-modules holds

dn—1

(2.2) I=€p L,
=0

The set of components {I,} is finite if d,, < oo, infinite otherwise. Throughout the paper, the
notation I, will always refer to this decomposition; it should not be confused with graded
components, denoted instead by [/];.
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Example 2.2. Let R = k[z1, 2, 23, 24]/ (23, 23, 23), so that R = k[z1, 22, 24]/ (23, 23). The com-

ponents of the ideal I = (2%, z123x3, x12223, z123, 2323) C R are the R-ideals

Iy = (m%), I = (x%,a:lx%), Iy = (a:%,xlxg,xg), I3 = (xl,xg).

We are going to record some elementary properties of the decomposition (2.2). First, we
define a partial order < among univariate polynomials with rational coefficients.

Definition 2.3. Let p(¢), ¢(¢) € Q[¢]. We set p(¢) = ¢(¢) if ¢(¢) — p(¢) is a non-negative constant
polynomial, i.e., if the coefficients of positive degree coincide in p(¢) and ¢(¢) and the constant
terms satisfy p(0) < ¢(0).

Recall that the constant term of a Hilbert polynomial is always an integer, carrying the
same information as the arithmetic genus.

Proposition 2.4. Let I C J C R be saturated strongly stable ideals. The quotient J/I is a free module
over k[xy1] via restriction of scalars. The following conditions are equivalent

(i) HP(I) < HP(J)
(ii) rankyp,, 1 (J/I) < o0
(iii) dimy (J/T) < o0
and if these conditions are satisfied then HP(.J) — HP(I) = ranky, 1 (J/I) = dimy (J/I).

Proof. Let M = J/I and M = J/I, with notation as in Remark Then M = M ® B Rlzpi1] =
M @y K[zni1], implying the first statement and the equality ranky, ., (J/I) = dimg (j /1 ).
Since I C J, we have HP(I) < HP(J) if and only if HP(M) = HP(J) — HP(I) is a constant,
equivalently M has Krull dimension at most 1, equivalently M is a finite k[z;,]-module.

Finally, the rank of a finite free k[x,1]-module is equal to its Hilbert polynomial. O

In the next proposition we list basic properties of the decomposition (2.2).
Proposition 2.5. Let R be a Clements-Lindstrom ring and I C R a monomial ideal.

(1) The sequence {I,} is a non-decreasing chain of ideals of R.

(2) If d,, = oo the sequence {1,} is eventually constant, and the limit is equal to the ideal
I:(2n)® + (zp)
(n)

(3) I is strongly stable if and only if 1, is strongly stable for all ¢ and (z1, . .., xp—1)I; C Iy—y for all

0> 1.
(4) If I is strongly stable, then I is saturated if and only if 1, is saturated for every .
(5) HP((21,...,x,)I) < HP(I).

I = C R.

Now assume that I is strongly stable and saturated.
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(6) Ipi1/1y is a finite free k[xy41]-module of rank equal to the integer HP(Ip1) — HP(Iy).
(7) If dy, = oo then HP (I, ¢) = HP(I,¢) — HP(I, ¢ — 1).
(8) HP(Iy,¢) — HP(1,¢) + HP(I,¢ — 1) is a constant polynomial. In particular, the coefficient of
¢" in HP(Iy), where h > 0, is independent of ¢ and uniquely determined by HP(I).
(9) HP(I@I) =< HP(IgQ)fOT’ all El < 52 < dn.
(10) There exists a saturated strongly stable ideal J C I such that HP(I) — HP(J) = 1.

Proof. (1) follows immediately from since the ideal I is closed under multiplication by x,,.

Assume d, = co. Since R is Noetherian, the non-decreasing sequence {;} stabilizes.
Choose ¢y € N so that I, = I, for all £ > ¢y, and consider the ideal J = 21;0—1 Igoxfl C R.
Then we have J : x, = J, I C J, and z/0J C I. It follows that J = I : (,)°°, and thus
Io =1y = J+(zn) _ I:(x"()OOJr(m”) C R, proving (2).

(zn) Tn)

(3) holds by definition of strongly stable ideal.

(4) follows since a strongly stable ideal is saturated if and only if the last variable x,1
does not divide any of its monomial minimal generators, under our assumption that dim R > 0.

(5) holds because the R-module I/(z1,...,x,)I has Krull dimension at most 1, hence its
Hilbert polynomial is a non-negative constant.

(6) follows from (4) and Proposition since by (3) Iy+1/1,is annihilated by (z1,...,zp—1)
and thus it is a finite k[x,,1]-module.

With notation as in the proof of (2), let J = I : (z,)* = @gial Izt € R. Since x,
is a non-zerodivisor on R/J and I, = Jz;(:;), we have HP (I, ¢) = HP(J,{) — HP(J,{ — 1).
However, from (6) we see that J/I has Krull dimension at most 1, so that HP(J) — HP(]) is a

constant polynomial, and (7) follows.

If d, < oo then R has Krull dimension 1, the coefficient of ¢" in HP(I,) and HP([)
is 0 for h > 0, thus (8) holds in this case. Now assume d,, = oco. By (6) we have that
HP(I;) — HP(I;_1) € N, hence the coefficient of ¢ in HP(I;) is independent of ¢ for h > 0.
Therefore, the claim (8) reduces to the case of the component I, and follows thus from (7).

(9) follows immediately from (1) and (6).

Let uy,...,u; be the minimal monomial generators of I ordered decreasingly in <jex.
Then the ideal J = (uy,...,w_1,211y,...,x,u;) satisfies (10). O

3. THE EXPANSIVE POINT IN THE HILBERT SCHEME

This section represents the core of the paper: here we introduce the expansive point
on the Hilbert scheme of a Clements-Lindstrém scheme. We develop a machine to deal with
expansive ideals both from an abstract and computational perspective. The reader may choose
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to skip the proof of Theorem [3.1]- the rest of the paper relies on the axioms through
but does not use the proof. Recall our standing notation (2.1) on Clements-Lindstrom rings.

Theorem 3.1. Let R be a Clements-Lindstrom ring. For every polynomial p({) € Q[(] such that
Hilb?(©) (ProjR) # 0 there exists a unique ideal Exp(p, R) € Hilb?()(ProjR), called the expansive
ideal with Hilbert polynomial p((), such that the following axioms are satisfied:

(A1) Exp(p, R) is strongly stable;

(A2) the components Exp(p, R); C R are expansive for all ¢;

(A3) given two polynomials p(¢) < p'(¢) we have Exp(p’, R) C Exp(p, R);

(A4) (z1,...,zn)Exp(p, R) is expansive;

(A5) if ¢(¢) = HP(R/Exp(p, R)x) — 1 is such that Hilb?©) (ProjR) # 0, for some k < d,,, then for
all h < k we have Exp(p, R)p, C (21, ..., 2p—1)""Exp(¢(¢), R);

(A6) if J € Hilb?©)(ProjR) is strongly stable then for every 0 < p < d,, — 1 we have

ZHP Exp(p, R ZHP Jo);

=0
(A7) if J € HilbP(©)(ProjR) is strongly stable then HP (21, . .., ) Exp(p, R)) < HP((a1,...,2)J).

We define Exp(I) = Exp(p(¢), R) if I € Hilb?Q(ProjR).

Proof of Theorem 3.1 We prove the theorem by induction on the number of variables n + 1.
For the base of the induction n = 0 there is nothing to prove, so we assume n > 0. Fix a
polynomial p(¢) such that Hilb?©) (ProjR) # (). It follows by Proposition 2.5/ (8) that for any
two strongly stable I, J € Hilb?©) (ProjR) and 0 < h, k < d,,, the polynomial HP(I},) — HP(.J)
is a constant, so HP(I,) < HP(Ji) or HP(I,) = HP(J;). Moreover, by Remarks [1.6] and
the set of strongly stable ideals in Hilb?(©)(ProjR) is finite and non-empty. We can choose a
strongly stable I € Hilb?()(ProjR) satisfying the following condition: if .J € Hilb?®) (ProjR) is
also strongly stable and >~)_, HP(J;) < >_/_, HP(I;) for every p < dy,, then HP(I;) = HP(J;)

dn—

for every ¢. In other words, the sequence of polynomials { >/_  HP(I,) } Lis componentwise

p=0
minimal, among all strongly stable ideals in Hilb” (©)(ProjR). With this choice of I we define
(3.1) E = P Exp(ly)al, C R.
t<dn

Note that HP(E,) = HP(1;) forall /,and HP(F) = HP(I). Thus Eis anideal of R, as Proposition
(9) and imply that the sequence of components {Exp(Iy)} is non-decreasing. The
variable x,1 does not divide any monomial minimal generator of £, since E is saturated for
all £ by induction; it follows that F is saturated, so that E € Hilb?¢)(ProjR). We claim that E
satisfies the axioms through The axiom [(A2)|holds by construction.

By |(A1)| the components of E are strongly stable ideals of R. By Proposition 2.5/ (3) we
have (z1,...,2,-1)I; C I;—1. By Proposition (5) and (8) we have HP ((z1,...,zn—1)Is) =
HP(I;_1), equivalently, HP(R/(z1,...,zp—1)I¢) = HP(R/I;—1), and by |(A3)| it follows that
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Exp((z1,...,20-1)lt) € E¢1. By HP((z1,...,20-1)E)) = HP((z1,...,2,-1)]1), ie.
HP(R/(z1,...,2n-1)E¢) = HP(R/(z1,...,2n-1)I¢). Since (z1,...,3,—1)E, is expansive by
axiom yields (z1,...,2n-1)E¢ € Exp((z1,...,2n-1)I;). Combining the two inclu-
sions we derive (z1,...,2,—1)E; C F;_1, and by Proposition[2.5/(3) E satisfies[(AT)]

Next, we prove that E verifies Assume by contradiction there exist h < k < d,
such that Hilb?©®) (ProjR) # 0 and Ey € F = (z1,...,2,-1)" "Exp(q(¢), R) C R, where
q(¢) = HP(R/E}) — 1. Pick h,k so that k — h is the least possible. By F is expansive.
We have HP(F) < HP(Exp(q(¢),R)) by Proposition (5). Since HP(E}) < HP(E}) and
HP (Exp(q(¢), R)) = HP(E}) + 1 we conclude that HP(F) and HP(E},) differ by an integer. As
En € F and both ideals are expansive, implies that F' C E},. Let n < h be minimal such
that £, = Ej, and x > k be maximal such that £}, = F,.

We exhibit a strongly stable J ¢ Hilb?(¢) (ProjR) generating a contradiction. Set

(3.2) J = @ Ewl, @ Exp(HP(R/E,) + 1, R)a]l ® Exp(HP(R/Ey) — 1, R)zX C R.
t#n,x

Note that both Exp(HP(R/E,) + 1, R) and Exp(HP(R/E,) — 1, R) exist by induction, since
the corresponding Hilbert schemes are nonempty. For the former, by Proposition [2.5(10) there
exists some ideal J C Ej, with HP(R/J) = HP(R/E},) + 1. For the latter, the Hilbert scheme
of ¢(¢) is nonempty by assumption. We observe that J is an ideal of R, as its components form a
non-decreasing sequence: by since we already know that E is an ideal, it only remains to
check the two inclusions F,_; C Exp (HP (R/En) +1, R) and Exp (HP (R/EX) -1, E) C Eyq1,
but they follow by the choice of 7, x. Clearly J is monomial, and it is saturated since x,,; does
not divide its minimal generators.

We prove that J is strongly stable. By Proposition (3) it suffices to show that
(1,...,2n-1)J¢ C Jy_; for each ¢, since all .J; are strongly stable. Using Proposition (5) and
(8), we see that the HP(R/(x1, ..., 2n-1)J¢) — HP(R/Jy_1) is an integer. Both (z1,...,2n—1)J
and J,_; are expansive, hence it suffices to show HP(R/(1,...,zn—1)J;) — HP(R/J;—1) > 0.
There are three cases that do not follow from E being strongly stable. If £ = x = n +1,
necessarily x = k and n = h, hence F = (z1,...,2,-1)* "Exp(q(¢),R) < E) becomes
(z1,...,2n-1)Jy C By, so HP(E,) — HP((z1,...,2n-1)Jy) > 0 and HP(R/(z1, ..., zn-1)Js) —
HP(R/Jy—1) > 0. If £ = n+1 < x, we must prove HP (R/(z1, ..., 2n—1)Jy11) — HP(R/J;) >0,
ie. HP(E/(xl, . ,a:n,l)EnH) — HP(E/EU) — 1 >0, equivalently, (z1,...,2n—1)Ey41 C Ey.
But if this were false, then (z1,...,2,-1)Ey+1 = E,, since E is strongly stable. In particular
E,1 # E,, forcing n = h, and the pair h + 1,k would contradict the choice of h,k. Fi-
nally, if £ = x > n + 1, we must show HP(R/(z1,...,2,-1)Jy) — HP(R/Jy—1) > 0. If this
were false, then Ey_1 C (z1,...,2n-1)E), forcing x = k, and Exp(HP(R/E;_1) + 1,R) C
(z1,...,2n-1)Exp(q(¢) + 1,R). We obtain (z1,...,2,—1)" "'Exp(HP(R/Ex_1) + 1,R) C
(z1,...,2n-1)*""Exp(¢(¢) + 1,R) = F C Ej, and the pair h,k — 1 contradicts the choice
of h, k. Thus J is strongly stable.
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From it follows immediately that }7)_ HP(J;) < >)_ HP(Ey) for every p < d,, and
Si_oHP(Jy) < >°]_,HP(Ey). This yields a contradiction to the choice of I, proving|(A5)

In order to verify we prove a stronger statement:

(1) if E,E' C R are saturated monomial ideals satisfying [(A1)} |(A2)} [(A5), and such that
HP(E') — HP(E) is an integer, then E C E' or E' C E.

Since HP(E') —HP(E) € Z, by Proposition[2.5(8) HP(E},) —HP(E},) € Zfor every h, k. Suppose
E # FE’, and let h be the least index such that Ej, # E;. By axiom either E, C Ej
or E,/1 C Ejy; assume, for instance, that £, C E;l Assume by contradiction that there exists
h < k < d, with E}, Z E;. Using|(A3)|again we find that E} C Ej; and HP(E}) < HP(E}), so
HP(R/E:) = HP(R/E}) — 1 and Exp(HP(R/E}) — 1, R) C E}. Since E is strongly stable, we
have (z1,...,2, 1) "E), C Ej,. Bywe get B} C (x1,... ,xn,l)"“_hExp(HP (E/E,’C) - 1,?).
We derive the contradiction

Ey, € B} C (1,...,20-1)" "Exp(HP(R/E}) — 1,R) C (21, ...,20-1)" "B}, C Ej.

This proves the claim (}), which implies the axiom|(A3)|and also the uniqueness of the expansive
ideal for each Hilbert polynomial.

Next, we show |(A6)l We must prove that { >7_, HP(EZ)};llgl is the unique minimal
sequence, with respect to componentwise comparison by <, among all strongly stable ideals
J € Hilb”©) (ProjR). Let J € Hilb")(ProjR) be strongly stable such that { >/_, HP(Jg)}d”_1

p=0
is also minimal with respect to componentwise comparison. As in (3.1) we define

E'= P Exp(Jo)at, € R
0<dp,

and, by the same proof as for E, it follows that E’ is a saturated strongly stable ideal of R
satisfying|(A1),|(A2)} [(A5)l By (1) we deduce that E = E’, proving thus|(A6)

Next, we show that E verifies Let J € Hilb”(®)(ProjR) be strongly stable. Applying
with p = 0 we have HP(R/Jy) = HP(R/Ey), thus Ey C Exp(Jy) by and there-
fore HP ((z1,...,2y-1)Eo) = HP((z1,...,2,-1)Exp(Jy)). On the other hand, bywe have
HP((z1,...,2p—1)Exp(Jo)) =< HP((x1,...,2p-1)Jp). Combining the inequalities we obtain
HP ((z1,...,2p-1)E0) < HP((z1,...,2n-1)Jo). Now consider decompositions

dn—2
(3.3) (@1, 2)E = (21, 20-1)E0 ® €D Eexlt!,

=0

dn—2
(3.4) (1,...,zp)d = (x1,...,2p-1)J0 ® @ ngffl.

=0
The desired inequality HP((z1,...,2,)E) < HP((z1,...,2,)J) follows from additivity of
HP(—) on direct sums and axiom [(A6)|applied with p = d,, — 2.
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Finally, we show that E verifies[(A4)| It follows from that (z1,...,z,)E is a saturated
ideal satisfying [(A1)} |(A2), [((A5)l Repeating the construction for the polynomial p’({) =
HP (R/(z1,...,2,)E) yields another ideal E’ € Hilb? () (ProjR) satisfying |(A1)L |(A2)L |(A5)l
Applying (1) to E' and (z1,...,z,)E we conclude that (z1,...,z,)E = E’, which means that

(x1,...,2,)FE is the expansive ideal with Hilbert polynomial p’(¢). O

We remark that expansive ideals satisfy also an extremal property with respect to higher
hyperplane sections, comparable to the inequalities for lex ideals proved in [18] 19, 24].

Corollary 3.2. Let J € Hilb?©) (ProjR) be strongly stable, then HP (Exp(p) + (z/)) < HP(J + (z1))
for every h.

Proof. Tt follows from|(A6)|and additivity of HP(—) on the decompositions

h—1 dn—1 h—1 dn—1
J+ @) =P Jal, o @ Raly  Exp(p) + () = @D Explp)ezl, @ € Ral,.
=0 (=h =0 (=h

O

We conclude the section with a comment. The approach undertaken in Theorem (3.1 has
the advantage of identifying extremal properties that play a crucial role in estimating syzygies.
On the other hand, the structure of Exp(p) remains somewhat obscure, and the axioms are
impractical for the purpose of computing examples. We are going to fill this gap in Section [6}

4. MAXIMAL SYZYGIES

We present the main application of expansive ideals: the existence of sharp upper bounds
for the syzygies of subschemes of a Clements-Linstrom scheme. Our treatment relies entirely
on the axioms of Theorem 3.1} The extension of the result to arbitrary complete intersections in
P™ is also discussed. We keep the notation of the previous sections, and in particular 2.).

First, the main result of [26] allows to perform an important reduction to almost lex ideals.

Lemma 4.1. For any I € Hilb?©)(ProjR) there exists an almost lex J € HilbP©)(ProjR) with
HF(I) = HF(J) and B7,(R/T) < B{,(R/J) for all i, .

Proof. Since I C R is saturated, there exists a linear form ¢ € [S]; that is a non-zerodivisor on
R/I. Up to a change of coordinates in S, we may assume that ¢ = z,,;1. With the notation of
Remark consider J = Lex(f ) C RandletJ = JR C R. By [26, Theorem 8.1] we obtain
ﬁfj(é/ I) < Blgj(fi/ J) for all i, j, and the conclusion follows from Remark O

In the next lemma we consider the natural Z"!-grading on R.

Lemma 4.2. Let M be a finite Z""'-graded R-module that is a free K[z, 1]-module of finite rank ¢ € N
via restriction of scalars. For every i € N we have
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(i) B7(M) < ¢+ 87 (Klns]) and BE(M) < ¢ B (lwai]);
(i) if anng(M) = (w1, . 20), then BE(M ) ¢+ B3 (Klwni1]) and BR(M) = ¢ - BR(K[wni1]):

Proof. We prove (ii) first. Let my,..., ms be minimal Z"*!-graded R-module generators of
M. The assumptions imply the isomorphisms of R-modules M = Rm; @ --- & Rmg and
Rmy, = k[zp41] for every h, so that s = ¢ and the formulas for the Betti numbers follow. To
prove (i), we may assume ¢ > 1. Let M’ = (z1,...,2,)M and M" = M/M’. Both M’ and
M are finite Z”H-graded R-modules. As k[z,+1]-modules via restriction of scalars, M’ is free
of rank less than ¢, whereas M" is also free, by multidegree reasons, and it satisfies (ii). The

conclusions follow by induction on ¢ from the exact sequence 0 — M’ — M — M" — 0. O
Theorem 4.3. Let S = klzq, .. an] be a polynomial ring and R = S/(:L’l s xg") a Clements-
Lindstrom ring, where 2 < dy < --- < d,, < oco. For each polynomial p(() we have

57 (R/T) < 57 (R/Exp(p(()))
for all T € Hilb?©) (ProjR) and all i > 0.

Proof. We proceed by induction on n and the case n = 0 is trivial, so let n > 0. By Lemma
we may assume without loss of generality that [ is a strongly stable monomial ideal. Let Z, &
denote the preimages of I, Exp(p) C R in the polynomial ring S. We have decompositions

o0 oo
(4.1) T =P L, £ =P,
=0 /=0

where Z;, & are ideals of S. Specifically, Z, C S is the preimage of I C Rif ¢ < d,,and Z; = S
if d,, < ¢ < oo; likewise for &. Since R/I = S/T and R/Exp(p) = S/&, we must prove that
ﬁf () < ﬂf (&) for all i. The variable x,, is a non-zerodivisor on S,Z, £, so it suffices to prove
BS(T)xnT) < B5(E/xn€) for all i.

Let 7 C S denote the preimage of Exp(ly) C R. Since S/Zy & R/l and S/J <
R/Exp(Ip), by induction we have 5?(10) < B5() for every ¢ > 0. By Corollary |3 . 2| we have
HP (Exp(p) + (2)) < HP(I + (w,)). Note that Iy = TH%) and Exp(p)y = 222 5o
HP(Exp(p)o) = HP(Iy). By [(A3) we conclude that Exp(p)o C Exp(ly), and hence & C J.
By Proposition 2.4]the quotient 7 /&y = Exp(Io)/Exp(p)o is a free k[x,,1]-module over of rank
co = HP(Exp(lo)/Exp(p)o) = HP (I+(xy,)) —HP (Exp(p)+(y)). Using the short exact sequence

0—& —J — J/E — 0and Lemma[4.2)(i) we obtain

(42) 07 (To) < B (T) < 57 (€0) + 67 (T /0) < 67 (€0) + coff} (Klams1]).
Suppose first that d,, = co. From we deduce decompositions of S-modules

00 O E Pay ) - Exp(p)g
4. 3 ~ T ~ T — &P — =25 =N
( Tn 469 @ Iy oz ZEBO € eeBo Exp(p)e-1
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By Proposition [2.5/ (6) the S-modules P72, Ij—fl and @;°, EE);ZS)) are free k[x,+1]-modules
of rank ¢; = HP(I) — HP(ly) € N and ¢z = HP(Exp(p)oo) — (Exp( )o) € N, respectively.
Moreover, by (3) these modules are annihilated by (x1, ..., 2,-1) C S. Using Lemma (ii)

and combining with (4.2) we obtain

B8 (T /aT) = 65(To) + B° (EB Ifﬂ) — G5 (T0) + 155 (Kl 1))
=0 -

< B5 (&) + (co + ¢1)B7 (K[zni1])-

We claim that 87 (€ /2,€) = 5% (&) + (co + ¢1)55 (K[zn+1]), concluding the proof in this case.
This follows from (4.3) and Lemma (ii) once we show that @,2,, EEEF}S)) has rank ¢y + ¢;
as k[x,41]-module, that is, c2 = ¢o + ¢;. But this is true by definition of ¢y, ¢1, ¢z, additivity of

Hilbert polynomials, and the fact that HP (/) = HP(Exp(p)«o) by Proposition2.5/(7).

Now suppose that d,, < co. The decompositions of S-modules obtained from (1)) become

(4.4) igzo@@i@ R : xizeo@@

3|
"
=8
IS
||~
3| =

Our goal is to estimate 37 (R/I4, 1). By induction 85 (R/14, 1) < 87 (R/Exp(I4,_1)) for all
i > 0. Note that both R, R have Krull dimension 1, since d,, < oo, hence all Hilbert polynomials
of ideals are constant. By additivity of HP(—) we have the formulas

dn—1 dn—2
=) HP(I) HP (I + (24»1)) = ) HP(I;) + HP(R)
dn—1 - dn—2
P(Exp(p Z HP (Exp(p HP (Exp(p) + (2" ~")) = Y HP(Exp(p),) + HP(R).
£=0

By Corollarywe have HP (Exp(p) + (23 ~1)) < HP (I + (2¢»~1)). Since HP(I) = HP(Exp(p)),
the formulas above imply that HP(/;,_1) =< HP(Exp(p)4,—1), and using [(A3)| we deduce
Exp(l4,-1) € Exp(p)a,—1. From the short exact sequence

0— —0

Exp(p)a, -1 R R
— —
Exp(I4,-1) Exp(I4,-1) Exp(p)a, —

we obtain

(4.5) B2 (R/I4, 1) < 5§(§/EXP(Idn—1)) <87 <m) + 85 <EXP(§)dl> :

Finally, we are going to use (#4) to give an upper bound for 85(Z/x,T). As before,
the S-modules zl;al Lf—f and @gnal EEEP p)e “ are annihilated by (r1,...,7p—1) € S, and
by Proposition (6) they are free k[:nn+1]—modules of ranks ¢, = HP(I,,_1) — HP(Ip) and

b = HP(Exp(p)q, 1) — HP(Exp(p)o), respectively. By Proposition the module %ﬁ




SYZYGIES IN HILBERT SCHEMES OF COMPLETE INTERSECTIONS 15

is also free over k[zy41], of rank ¢3 = HP(Exp(p)q,—1) — HP(Exp(l4,—1). Combining the
decomposition (4.4) and the bounds (4.2), (4.5), and using Lemma |4.2| (i) we find

_ . _ [dn—1 —
Bf(I/wnI)—Bf(IoHﬂf( ng> 0¥ ()

dnfl

< |87 (€0) + o (Klwasa]) | + 485 (Klansa]) + [csﬂf (klansa]) + 57 (

3| =

)

Exp(p)d, -1

3 3 R
5 / S S
=87 (&) + (co + ¢y + ¢3) 587 (k[zy +6 ==
B7 (€o) + (co + ¢y + ¢3)B7 (Klzn41]) + B (EXp(p)dn_l)
The expression in the last line is equal to Big(é’ /x,E) because of (.4), Lemma @4.2| (ii), and the
fact that ¢, = ¢ + ¢} + c3. This concludes the proof. O

We remark that, in the case of P"*, the existence of a point in Hilb?(©) (P7) satisfying the
conclusion of Theorem [4.3|was proved in [9, Theorem 1.1], cf. the Introduction.

Remark 4.4. The numerical bounds on the Betti numbers provided by Theorem do not
depend on k, as it follows from the combinatorial formula of [28} Proposition 2.1].

Given integers d; < dp < --- < d,, < 0o, we say that an ideal is a complete intersection of
degree sequence dy, ..., d, if it is generated by a regular sequence fi, ..., f. with d; = deg(f;)
for every i < ¢ := max{j : d; < oo}. We emphasize that a complete intersection of degree
sequence dy, . . ., d, may have codimension ¢ < n.

A remarkable consequence of Theorem [4.3|is the fact that, conjecturally, the expansive
subscheme Exp(p(¢), R) € Hilb?©)(ProjR) has the largest number of syzygies among all sub-
schemes Z € Hilb?(©)(X) of any complete intersection X C P" of degree sequence dy, . . . , d,,. To
justify this claim, we recall the statements of two famous conjectures on complete intersections.
For our purposes, it is convenient to state them in terms of ideals of S = k[z1,...,x,).

e Eisenbud-Green-Harris Conjecture: If I C S contains a regular sequence of degree se-

quencedy, . .., dy, thenthereexistsalexideal L C Swith HF(I) = HF (L%—(ac1 e ,:zfﬁ)).

e Lex-plus-powers Conjecture: If I C S contains a regular sequence of degree sequence
di,...,d, and if there exists a lex ideal L C S with HF(I) = HF(L+(951 ,...,zd)), then
oI ) BE(L A+ (21, ad)) forall i, j.

The first conjecture was proposed in [13], whereas the second one is attributed to Char-
alambous and Evans in [17]. Despite the apparently independent statements, it is known that
the Lex-plus-powers Conjecture implies the Eisenbud-Green-Harris Conjecture.

Proposition4.5. Let X C P" bea complete intersection with degree sequence d; < dy < --- < d,, < o0.
If the Lex-plus-powers conjecture is true, then 32 (S/1z) < 87 (R/Exp(p)) for every closed subscheme
Z € Hilb" (X)) and all i > 0.
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Proof. Asin Lemma we may assume that x,,;1 is anon-zerodivisor on S/I7, and we consider

_ IZ+(xn+1)
I= (Tn+1)

Harris Conjecture hold, therefore there exists a lex ideal L C R such that HF(S/I) = HF(R/L)
and 6{%(5/_7) < 615](]5;/5) foralli,j > 0. The extension L = LR C R is an almost lex ideal, and
using Remarkwe deduce HF (L) = HF(Iz) and 5%(8/]2) < ij(R/L) for all ¢, > 0. By
Theoremwe have 87 (R/L) < B (R/Exp(p)) for all i > 0, and this concludes the proof. [

C S. By assumption the Lex-plus-powers Conjecture and the Eisenbud-Green-

In particular, by [10, Main Theorem] we obtain the following result.

Theorem 4.6. Assume char(k) = 0. Let X C P} be a complete intersection with degree sequence such
that d; > "1 (dy, — 1) for all j > 3. Then 87 (S/I2) < 57 (R/Exp(p)) for every closed subscheme
Z € Hilb?©)(X) and all i > 0.

5. INFINITE FREE RESOLUTIONS

In this section we investigate bounds for the Betti numbers of infinite free resolutions
over a Clements-Lindstrom ring. Minimal free resolutions over complete intersections have
attracted much attention in the past few years, and significant progress has been achieved in
the description of their asymptotic behavior, see e.g. [6] 14, [15]. We conjecture that expansive
subschemes exhibit extremal infinite free resolutions, and prove this conjecture for quadratic
Clements-Linstrom rings in characteristic zero. We also deduce the extremality of the deviations
of expansive subschemes of P", and in particular the extremality of the Poincaré series.

We begin by proposing the following problem.

Conjecture 5.1. Let R be a Clements-Lindstrém ring. We have pE(I) < pE(Exp(p)) for every
I € Hilb?©) (ProjR) and every i > 0.

When the ground field has characteristic zero, [29, Theorem 1.4] reduces the problem to
almost lex ideals, proceeding as in Lemma

Lemma 5.2. Assume that char(k) = 0. For every I € Hilb?©)(ProjR) there exists an almost lex
J € Hilb?©) (ProjR) such that HF(I) = HF(J) and BE(I) < BE.(J) for all i, .
The following theorem is the main result of this section. The proof employs a construction

from [2], (16}, 20].

Theorem 5.3. Assume that char(k) = 0. Let R be a Clements-Lindstrom ring with d; € {2, 00} for
every j. We have B(I) < B (Exp(p)) for every I € Hilb”®) (ProjR) and every i > 0.

Proof. We proceed by induction on n, and the case n = 0 is trivial, so assume n > 0. By Lemma
we may assume that I is strongly stable. In addition to the notation established in (2.1, in
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this proof we consider the “intermediate” ring

T =

(m‘lil, . ,md”_l)

so that R = T'/(z%"). By assumption, we either have d,, = oo, in which case T'= R, or d,, = 2.

Consider theideal Z C T generated by the monomials of 7" corresponding to the minimal
generators of I C R. Notice that Z is smaller than the preimage of I in T if d,, = 2, whereas
T = I if d, = oo. Since z, is a non-zerodivisor on 7' and Z, and T/(x,) = R, we have

L (Z) = ij (Z/xnT). We have a decomposition of R-modules

T I,
= e
oL 0% D I, 1

By induction ﬂ?([g) < BF(Exp(Ig)). In the proof of Theoremwe established that Exp(p)o C

Exp(Ip), and that gﬁgg()’g is a free k[x,+1]-module via restriction of scalars of rank ¢y = HP(Ip) —

HP(Exp(p)o). By Lemma[4.2|(i) we obtain

(5.1) BE(I0) < BE(Exp(lo)) < BE(Exp(p)o) + coBl (K[zn41]).

We also saw, using Propositions and that the R-module @ggfllj—fl is annihilated by

(z1,...,%y—1), and is a free k[z,,11]-module of rank ¢; = HP(I4,_1) — HP(Ip). By Lemmaf4.2|(ii)
(52) 87 (Z) = BF(Io) + c1BF (K[wn11)).

If d,, = oo then the formula becomes B (1) = ﬂ?([ 0)+c1 ﬁ?(k[xnﬂ] ), and likewise we
obtain 85 (Exp(p)) = BE(Exp(p)o) +c28E (k[zn41]) where ¢; = HP(Exp(p)oo) —HP (Exp(p)o). By
Proposition[2.5/(7) we have HP(Exp(p)) = HP(I) and therefore ¢; = ¢ + ¢1, and combining
with we conclude that 37(I) < R (Exp(p)) as desired.

Now assume that d,, = 2. We regard R, R, and T as Z"*!-graded, but we also consider
the Z-grading induced by the variable z,,. If M is Z"*!-graded T-module we define o (M) to
be the vector space consisting of the graded components of M with z,,-degrees 0 or 1. Clearly,
o defines an exact functor from the category of Z""!-graded T-modules to the category of
Z"*1-graded k-vector spaces.

Let F be the minimal Z”“—graded free resolution of 7 over T. The x,-twists in this
resolution are all equal to 0 or 1: this follows from the fact that F @ % is a minimal Z"-
graded free resolution of Z/x,Z over R, and that Z/z,Z is generated in z,,-degrees 0, 1. The
complex E = ¢(F) is acyclic and minimal, in the sense that the image of its differential lies
in (x1,...,2n+1)E. Each direct summand in F has the form T(—d1,...,—0,, —0,4+1) With §,, €
{0, 1}; the corresponding summand in E is a factor ring of R = T//(22), namely
R

=0 (=01, .-, =6, —0ns1).

G (T(=61, .., —0n, —On11)) =
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The cyclic R-module on the right hand side is free if and only if §,, = 0. In fact, E is an acyclic
minimal Z"*!-graded complex of (not necessarily free) finitely generated R-modules. Since all
the x,,-twists in F are in {0, 1}, every free summand of F contributes with a non-zero summand
in E. In other words, the numbers of generators in every homological degree i is the same for
F and E, and this number is BiT (Z). Among the direct summands of E, the free modules are
precisely those coming from copies of 7" in F with x,-twist equal to 0. These modules form
themselves another complex [E/, which is again minimal and acyclic, but it is even free. In fact,
E’ is the minimal free resolution of I over R, since I is the truncation of Z in x,-degree 0, and
R is the truncation of T in x,,-degree 0. We conclude that in homological degree i in E we have
exactly B?(Io) free summands, i.e. copies of R.

To summarize, E is an acyclic minimal complex of Z"*!-graded R-modules, it has 37 (Z)
generators in homological degree i, of which BF(IO) generate a free module R, whereas the
remaining ones generate a non-free module isomorphic to R/(x). The number of non-free
summands of E in homological degree i is therefore 5] (Z) — BZF(IO) = ﬁ?(k[ﬂfn+1]) by (5.2).
Note also that the 0-homology of E is o(T'/Z) = R/I.

Let E; denote the module in homological degree j in E. The differentials of E can be
lifted to a complex of complexes, namely a double complex D; of R-modules where the j-th
vertical complex is the minimal free resolution of F;. By construction, the double complex D; is
free. Furthermore, it is minimal, and the total complex Tot(ID;) is a minimal Z”“-graded free
resolution of R/I over R, cf. [16, Proposition 5.6], [2, Theorem 1.3], or [20, Theorem 2.10]. Recall
that the R-module R/(z) has an infinite minimal free resolution over R with 8%(R/(x)) = 1 for
every ¢ € N. It follows that in D, for each ¢ > 0, we have

(%) BZE(IO) summands in homological bidegree (i, 0) arising from the free summands of E;
(#) c185(k[xp41]) summands in homological bidegree (i, j) for all j > 0, arising from the

non-free summands of E;

where the first coordinate is horizontal and the second coordinate vertical. We conclude that
the Betti numbers of a saturated strongly stable I C R depend only on those of Iy C R and on
the number ¢; = HP(1;) — HP(ly).

The same construction for Exp(p) yields a double complex Dy, (,. Letcy, = HP(Exp(p)1)—
HP (Exp(p)o). We observed in the proof of Theorem 4.3|that HP (14, 1) < HP(Exp(p)q,-1), that
is, HP(I;) < HP(Exp(p)1). We deduce that ¢, > ¢y + ¢;. Finally, we compare the contribution
of the two types of summands (*) and (*x) to the double complexes D; and D)

(x) Foreveryi > 0, by (5.1), Dy has at most Coﬁiﬁ(k[l’n+l]) more summands in position (,0)

than Dg,,,,), among those arising from the free summands of E.

p)’ Z
(#x) For every i,j > 0, Dpypy(p) has at least (c; — ¢1) B (k[x,41]) more summands in position

(i,7) than D7, among those arising from the non-free summands of E.
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Thus Dy has at least as many copies of R as Dy in every position (7, j). This concludes the
proof, since 87(I), 37 (Exp(p)) are the Betti numbers of Tot(ID;), Tot(Deyp(p)) respectively. [

In the remainder of this section, we explore deviations and Poincaré series of expansive
subschemes. The deviations of a ring A are a sequence of integers {¢;(A) };>1 measuring several
homological or cohomological data of A. Examples include: the generators of a Tate resolution
of A over a polynomial ring, as well as a Tate resolution of k over A; the ranks of the modules in
a cotangent complex of A; the dimensions of the components of the homotopy Lie algebra m(A)
of A. We refer to [3, Sections 7 and 10] for definitions and background.

Lemma 5.4. Let I € Hilb?) (ProjR) be strongly stable. We have the inclusion of vector spaces of linear
forms [Exp(p)]1 € [I]1.

Proof. We may assume I # R. Since Exp(p) is saturated and strongly stable, we have [Exp(p)]; =
(1,...,%m)k for some 0 < m < n. If m = n then Exp(p) = (z1,...,2,) C R is the only
strongly stable ideal in Hilb?©)(ProjR), so I = Exp(p). If m < n then [Exp(p)]; = [Exp(p)o):.
We proceed by induction on n, and for n = 0 there is nothing to show. By axiom
we have HP(Exp(p)o) =< HP(Ip), thus Exp(p)o C Exp(lp) by By induction we have
[Exp({o)]1 € [Lo]1, hence [Exp(p)]1 = [Exp(p)o]1 € [Exp(lo)]1 € [lo]1 € [[]1. O

A consequence of Theoremand the results of [5] is the fact that an expansive subscheme
of P™ has maximal deviations in its Hilbert scheme.

Corollary 5.5. Let S = k[x1, ..., 2,11]. Wehave g;(S/I) < ;(S/Exp(p)) for every I € Hilb?(©) (P")
and all 1 > 1.

ljroof. We~may~assume, as in Lemma that I~:~£L‘n+1 = IN. Let [ = % C S and
L = Lex(I) C S. By [5 Theorem 3.4] we have ¢;(S/I) < ¢;(S/L) for all i > 2. It follows from
[3, Proposition 7.1.6] that ¢;(S/I) < €;(S/L) for all i > 2, where L = LS C S. The ideals L
and Exp(p) are strongly stable, and this implies that S/L and S/Exp(p) are Golod rings by [22,
Theorem 4]. Now by [5, Proposition 3.2] we derive that ¢;(S/L) < ¢;(S/Exp(p)) for all i > 2.
Finally, for i = 1 the deviation ¢, (A) is equal to the embedding dimension of 4, cf. [3, Corollary

7.1.5], therefore £1(S/L) < &1(S/Exp(p)) by Lemma O

In particular, an expansive subscheme of P" has maximal Poincaré series, that is, the
generating function of the dimensions of TorZ (k, k) or Ext® (k, k).

Corollary 5.6. Let S = k|1, ..., zy11]. We have Bf/l(k) < 6f/EXp(p))(k)for every I € HilbP(©) (P7)
and all i > 0.

Proof. Apply Corollary[5.5/and [3, Remark 7.1.1]. O
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6. COMPUTATION OF EXPANSIVE IDEALS

In this section we explore further properties of expansive subschemes. The main goal is
to construct the generators of the expansive ideal from the Hilbert polynomial, in an explicit
manner that avoids the recursive decomposition into expansive components. This will be done
in Theorem As a result, we provide a simple and efficient algorithm to construct the

expansive point.

We begin by proving that expansive ideals are almost lex. Recall and Remark 2.1}

Proposition 6.1. The ideal Exp(p(¢)) C R is almost lex.

Proof. For simplicity we denote E = Exp(p(¢)) and E = % C R. By definition, we must

show that E is a lex ideal of R. The decomposition for E yields

dn—1 _
= T = ~ E R R
E = @ Eyat, where E, = —* + (nt1) C =

/=0 (:EnJrl) (:En+1) (l’n, mn+1)

in other words E; is the extension of Eg to R. By induction on n, each Eg is a lex ideal of
)" Mgreover, E 1~s strong~1y stable since F is strongly stable. Now let I =Lex(E) C Rand
decompose I = @Zgall 12!, C R. The recursive criterion for lex ideals in Clements-Lindstrém
rings proved in [8, Proof of Theorem 3.3, Lemma 3.7, Lemma 3.8], cf. also [10, Remark 3.1],

implies that Iy is lex for every / and that the following inequalities hold for every p,7 > 0

p p
(6.1) > HF(Ip,7—¢) <> HF(Ey,7—1).

=0 {=0

Consider the extension I = IR C R. Then I = @?;O_II 12t where I; C R is the extension
of I, to R. For every 0 € Nwehave HF(I;,0) = Zf_zo(fg, 7), HF (Ey, 0) = Zizo(ﬁg, 7), therefore,
adding the inequalities (6.1)), we obtain for every p,d > 0

P

P
(6.2) > HF (I;,6 — £) <Y HF (E;,6 - 1).
=0 =0

By definition of I we have HF(I) = HF(E), which implies HF(I) = HF(E) and in
particular HP(I) = HP(E). By Proposition[2.5(8) it follows that HP(I,) — HP(E},) € Z for every
h,k. Combining this fact with we deduce that >°)_ HP (I;) < >)_,HP (E,) for every
p > 0. However, by axiom[(A6)|we have the opposite inequalities Y )_, HP () = >°7_  HP (E,),
for every p > 0, so that >~)_, HP (I;) = >_)_,HP (E;) and hence HP (I;) = HP (E;) for every
¢. We claim that I, = E, for every £ € N. Assume otherwise, and choose the least p such that
I, # E,. It follows from that HF(1,,6) < HF(E,,d) for every §, and since [,, E, C R
are almost lex we conclude that I, C E,. However, Proposition 2.4| yields HP(/,) # HP(E,),

=

contradiction. We have proved that £ = I, thatis, £ = I, so £ is lex as desired. O
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In the following theorem we employ the opposite lex order on R, denoted by <., that is
the lexicographic monomial order induced by the opposite order on the variables x,,+1 > x, >
Zp—1 > --- > x1. The usual lex order is denoted by <je,. Furthermore, let G(—) denote the set

of minimal monomial generators of a monomial ideal, and [G(—)]; those of degree d.

Theorem 6.2. Let R be a Clements-Lindstrom ring and p(¢) such that Hilb?©) (ProjR) # 0. Let
() =p(¢) = p(¢ = 1) and L = Lex(p'(¢), R). There exists a chain of almost lex ideals of R

EO > pl) 5. ... o g5 g

such that E©©) = Exp(p, R), E©® = LR C R is the extension to R, and for each k = 0,...,c — 1 we

E(k)

have 4ty

= k[z,,1]ul®), where u® is the following monomial of E*)

u® = min {min [Q(E(k))}d 1 de N} )

<opp <lex

Proof. Denote E = Exp(p, R) and E = % C R. By Proposition E is a lex ideal of
R, and by RemarkHP(E,() = HP(E, () — HP(E,( — 1). The saturation L = E : m%® C R
is a saturated lex ideal containing E and with HP(L) = HP(E), so L = Lex(p/((), R). Let
E© = LR C R,s0 E C E© and HP(E(®)) — HP(E) is the non-negative integer ¢ = dimy (L/E),
cf. Proposition

We prove the theorem by induction on c¢. The case ¢ = 0 is trivial, so assume ¢ > 0.
Denoting E' = Exp(p(¢) — 1,R) and E' = E4@nn) ¢ R we have E C E by axiom [(A3)

_ (@n+1) L
and HP(E'/E) = 1. Taking images in R, the quotient E’/F is a 1-dimensional vector space

generated by a monomial u of E, necessarily u € G(E’). Furthermore, since E is a lex ideal
of R, u must be the lowest monomial with respect to <jex in its graded component of E', so
u = min. [G(E')], for some d. Since E : m = E' m% and the theorem holds for £’ by
induction, it remains to show that u = min._, {minc, [G(E')], : d € N}. In other words,
given v =minc, [G(E')], with d # d’, we must show that v >, u.

Let I C E’ be the almost lex ideal such that E'/T is the 1-dimensional vector space (v).
Notice that HP(I) = HP(E). Letu = z{'---alm...2¥% and v = x{'---alm ... zl» where
m = max{{ : u; # v;}. In order to conclude the proof, we must show that u,, > vp,. If
m < n, it follows by construction of I and E that I, = Ey for all ¢ # w,, therefore we must
also have HP(I,,) = HP(E,, ). Up to replacing I, E by I,,,, E,, and repeating this process,
we may assume that m = n. If u,, < v,, then I, = Ey for all ¢/ < u,, and I,,,, C E,,,, thus

Um =

o HP (1) < >-ym HP(E,) contradicting axiom |(A6) O

Remark 6.3. The unique lex ideal in Hilb?¢)(ProjR) (cf. Remark admits a corresponding
construction. Specifically, there are lex ideals L) D L) D ... D L(¢=1 O L(9) of R such that
L@ = Lex(p(¢), R), L = Lex(p/(¢), B) R, and 4% = K[z,,1]w®), but this time

LoD =

w) = min [Q(L(’“))Ls where § = Inax{d eN: [ (L(k )] #* @}

<lex
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By the same proof as Theorem it suffices to verify the following statement: let L' C R be
a saturated lex ideal, v = min., [G(L')], for some d < max{d e N : [G(L')], # 0}, and let
I C E' be the almost lex ideal such that L' /T is the 1-dimensional vector space (v), then [ is not

lex. By assumption there exists w = min., [G(L')]; with § > d. Since L’ is lex, w is a minimal

5
generator, xiﬂv € L' is not a minimal generator, and the two monomials have the same degree,
5—d

nﬁv. However, w € I but z, v ¢ I, so I is not lex, as desired.

it follows that w <jox @

Theorem|6.2]readily translates into an algorithm to compute Exp(p(¢) from p((), sketched
below. For the sake of completeness, we also include an algorithm to compute Lex(p(¢)). These
algorithms have been implemented by the authors in Macaulay?2 [23].

Algorithm 6.4 (The expansive ideal of a Hilbert polynomial). Let R be a Clements-Lindstrom
ring and p(¢) € Q[¢] with Hilb?©) (ProjR) # 0.

e If p(¢) = 0, return Exp(p(¢), R) := R.

o If p(¢) # 0, let '(¢) = p(¢) — p(¢ — 1), L := Lex(p/(¢), R)R, ¢ = p(¢) — HP(R/LY).
For each k = 1,...,c let uy,...,u; be the minimal generators of L*=1 5o that u; =
minc,, {min<lex [Q(H(k_l))]d :d € N} .Set LK) .= (Ug, ..., w1, T30, Toly, . .., Tyly).

e Return Exp(p(¢),R) = L.

Algorithm 6.5 (The lex ideal of a Hilbert polynomial). Let R be a Clements-Lindstrém ring and
p(¢) € Q[¢] with Hilb?(©) (ProjR) # 0.

e If p({) =0, return Lex(p(C), R) = R.

o If p(¢) # 0, let p'(¢) = p(¢) — p(¢ — 1), HO) := Lex(p'(¢), R)R, ¢ = p(¢) — HP(R/H©).
For each £k = 1,...,c, let wy,...,w; be the minimal generators of H (k=1) ordered
so that either deg(w;) < deg(w;;1) or deg(w;) = deg(w;+1) and w; >jex W;t11. Set
H®) .= (W1, .oty W1, T1 Wy, ToWy, . .., T Wy).

e Return Lex(p(¢), R) = H.

The last result of this section shows that the lex point and the expansive point on
Hilb?(©) (ProjR) are as different as they can be: they are almost never equal, and if they are, then
there is only one strongly stable point on the Hilbert scheme. In the case of P" it follows that if
Exp(p(¢), S) = Lex(p(¢), S) then HilbP(¢) (P") is rational, irreducible, and smooth [25] 35].

Observe that a saturated lex L C R is necessarily of the form
(6.3) L= (x‘f”‘l, a:‘lllxgzﬂ, coxyte -x?fllefrﬂ)

for some integers a; > 0, r < n, and such that z{* - - - xfr_‘ll x4+ o4 (0. Note that some of the
other generators may be 0, if we have a; + 1 = d; for some 1.

Proposition 6.6. Let R be a Clements-Lindstrom ring and p(¢) € Q[¢]. With notation as in Theorem
6.2 and Remark[6.3|we have Lex(p(¢), R) = Exp(p(¢), R) if and only if one of the following occurs
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(1) Lex(p(¢), R) = L)

(2) L) is generated in a single degree and Lex(p(¢), R) = L™);

(3) L is principal and Lex(p(¢), R) = L®;

@) dn_1 < oo and Lex(p(¢), R) = (a7t 2™ a2 for some a € N.

In this case HilbP) (ProjR) contains only one strongly stable point.

Proof. 1t is easy to check, using Theorem and Remark that in each case (1), (2), (3),
(4) we get Exp(p(¢),R) = E© = L) = Lex(p(¢), R). Assume now that L = Lex(p(¢),R) =
Exp(p(¢), R), and its generators are as in (6.3). Then

(0) _ (0) _ a;+1 ay a2+1 air . ar—2+1 air ., .0r-1
EY =1L —(:1:1 LT Ty T, L, T, o, xr_l).

This implies that the L*)’s are the only almost lex I such that LO C 1 C L henceE (k) = L(®) for
all k£ < c. In particular, Lex(p(¢), R) = Exp(p(¢), R) implies Lex(p(¢) — b, R) = Exp(p(¢) — b, R)
for every b € N for which the Hilbert scheme is nonempty. Observe that the generators of a
saturated lex ideal ordered as in (6.3) are non-decreasing in degree, decreasing in <jex, and
increasing in <qpp. It follows from Theorem [6.2|and Remark [6.3|that, whenever Lex(¢((), R) =
Exp(q((), R) for some ¢(¢), we have Lex(¢(¢) +1, R) = Exp(¢(¢)+1, R) if and only if Lex(q(()) is
generated in a single degree. Finally notice thatif Lex(q({)+1, R) is generated in a single degree,
then Lex(¢(¢), R) is necessarily principal, and Lex(q(¢) + 1) is principal only if Lex(q(¢), R) =
(zPte i ) for some o € N. This forces one of (1), (2), (3), or (4) to occur.

To prove the last statement, let I € Hilb?(¢) (ProjR) be strongly stable. Note that Ly =
Exp(p(¢), R)o = Lex(p(¢), R)o C R is both expansive and lex. Let (¢) = HP(R/Lo). By[(A6)|
HP(Lo) < HP(Ip), i.e. HP(R/Iy) = r(¢) — b for some b € N. As observed above, this implies
Exp(r(¢) — b, R) = Lex(r(¢) — b, R), thus by induction on n we obtain Iy = Lg. If case (1) holds,
then L = LgR, as x,, does not divide the generators of L. On the other hand, [oR C I. We
have HP(Ly) = HP(Iy) so HP(LoR) = HP(IyR), and HP(I) = HP(L), implying I = IyR by
Proposition so I = L as desired. For the other cases (2), (3), and (4), it suffices to observe
that if Lex(¢q(¢), R) is generated in a single degree for some ¢(¢), then L(g(¢) + 1, R) is the only
saturated strongly stable ideal H C Lex(q(¢), R) with HP(R/H) = ¢(¢) + 1. O

7. ExAMPLES

We conclude the paper by exhibiting examples of expansive points in some Hilbert
schemes, constructed by the methods of Section [} and numerical bounds on Betti numbers
obtained by the results of Section [4|

We begin with the analysis of expansive subschemes of dimension 0. It follows by axiom
(A4)that the 0-dimensional subschemes defined by (1, ..., xn)5 are expansive for every 6 > 0.
More generally, we can characterize all of them explicitly.
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Example 7.1 (0O-dimensional subschemes). Let ¢ € N, then Exp(c) is the unique almost lex
ideal of Hilb“(ProjR) generated in at most two consecutive degrees. Equivalently, Exp(c) =
(z1,...,7,)° + I where § = min{d : HP(R/(z1,...,2,)?) > ¢} and I C R is an almost lex ideal
generated in degree —1. Note that I is necessarily generated by the first HP (R/(z1, . .., 2,)°) —c

monomials of [R]s_ in the lex order. This statement follows by induction on ¢, using the chain
of ideals in Theorem[6.2] In the special case of Hilb®(P"™), we recover the main result of [36].

Example 7.2. Assume char(k) # 2,3. The simplest known reducible Hilbert scheme of points
is Hilb®(P*), see [7]. It is the union of two irreducible components of dimension 32 and
25. The expansive subscheme is £ = (zy,.. )+ (:I}%,:IIliL'Q,CL'%,a?lIL‘g,:L‘2$3,£L’§,CL’11‘4), and
it lies in the intersection of the two components. To verify this, consider the vector space
W = [S/E)s = (xox4, 2314, 22); and the bilinear form B : ([§]1 ® W)®2 — A*W = k given
by B({1 ® q1,¢2 @ q2) = £1la A @1 A q2. Then B is degenerate, since B(x2 ® xox4,l2 ® q2) =
x2ly A\ x224 N q2 = 0 for every {5, g2, so the conclusion follows from [7, Theorem 1.3].

Example 7.3. We exhibit three situations, found in [33], where the lex point and the expansive
point are the only two strongly stable points of the Hilbert scheme.

(1) Letp(¢) = (an”_L;Q) + (¢ +1withn > 4. Then Hilb?(©) (P™) is the union of two irreducible
components H, H', whose general points are respectively a line and an (n — 2)-plane in general
position, and a line intersecting an (n — 2)-plane union an isolated point [33} Section 3]. The

lex point Lex(p(¢)) = (1, %3, 223, . . . , ToTy—2, ¥2T2_ 1, ToTp—17y) lies in the interior of #'. The
expansive point Exp(p(¢)) = (22,7129, ..., 21Ty, T3, T2T3, . . ., ToT,_1) lies in the intersection
HNOH.

(2) Let p(¢) = (427_‘52) + 2 with n > 4. Then Hilb?Q (P") is irreducible, and its general
point parametrizes an (n — 2)-plane and 2 isolated points [33, Section 5.1]. We have Lex(p(¢)) =
(w1, 23, 013, ..., m2xn_1,2222) and Exp(p(¢)) = (z1,72)(21,...,2,). The GL(n + 1)-orbit of
Exp(p(¢)) is the singular locus of Hilb?(©) (P"),

3) Let p(¢) = (“I™) — (¢**=%) + 3. Then Hilb?©)(P") is smooth, and its general point
parametrizes a hypersurface of degree d with 3 isolated points [33, Section 5.2]. We have

Lex(p(¢)) = (L'Cll<l’1,$2, oy p_1,25) and Exp(p(¢)) = mil(xl,xg, . ,xn_g,xi_l,xn_lxn,ﬂ).

Example 7.4 (Twisted cubics). The Hilbert scheme Hilb3 ™! (IP3) is described in [32]. It is the
union of two rational smooth irreducible components H, 7', whose general point parametrizes
respectively a twisted cubic and a plane cubic union a point in P3. There are three strongly
stable points in Hilb> ™1 (P3). The point (22, zy,4?) lies in the interior of A, and it is the generic
initial ideal of the twisted cubic with respect to <jex. The point Lex(3¢ + 1) = (z,y%, y>2) lies
in the interior of H'. Finally, Exp(3¢ + 1) = (22, 2y, 22, y?) lies in the intersection H N H’ and
gives the most degenerate curve in this Hilbert scheme, namely a line tripled in the plane with
a spatial embedded point. The universal deformation space of Exp(3¢ + 1) is studied in [32,
Lemma 6] to deduce the rationality of #,H', and H N H'.
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Example 7.5. Let R = k1,72, 23, 74, 25]/ (23, 23, 23). The upper bounds on the syzygies of

I € Hilb"* (ProjR) are
BY(R/I) <7, B5(R/I) <13, B5(R/I) <9, BI(R/I) <2

If we ignore the data of the degree sequence and regard ProjR/I as a subscheme in Hilb™ (P*),
we obtain the coarser bounds

BY(R/I) <19, B5(R/I) <42, B3(R/I)<33, B{(R/I)<9.

Example 7.6. Let S C P? be a complete intersection of a quadric and a cubic hypersurface. Using
Theorem [4.6{ we find that a 1-dimensional subscheme C € Hilb?™19(S) has syzygies bounded
by 65 (Ic) < 17,57 (Ie) < 39, 55 (Ic) < 32, 85 (Ic) < 9.

Example 7.7. An elliptic quartic C C P2 is the complete intersection of 2 quadric surfaces. For
any 0-dimensional subscheme Z C C we claim that the following bounds hold

BSIz) <6, B (Iz) <9, B5(Iz) < 4

Tosee this, let R = C[z, y, z,w]/(z?, y?). Tt follows from Examplethat E =Exp(HP(S/Iz), R)
is either one of (x, y, 2), (z,y, 22), (x,yz, %) orithas the form (zyz®, xz0H1+01 ypotl+o2 ja+2+ds)
for some integers « € Nand 0 < 0; < 3 < 03 < 1. The claim follows now from Theorem
computing a resolution of R/E. Observe that results that do not take degree sequences into
account (such as those of [9] or [36]) do not yield any bounds in this example, since the Betti
numbers of arbitrary 0-dimensional subschemes Z C P" are obviously unbounded.

Acknowledgments. The second author would like to thank Ritvik Ramkumar for some helpful

conversations.
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