REDUCIBILITY OF INDUCED REPRESENTATIONS
FOR SP(2N) AND SO(N)

By DavID GOLDBERG

Introduction. Let G be a connected reductive p-adic group. Let P = MN be
a parabolic subgroup of G, and let o be an irreducible admissible representation
of M. One important step in the classification of the irreducible admissible rep-
resentations of G, is to decompose the unitarily induced representation Indg (o)
when o is supercuspidal. If we assume that the discrete series of G and all M are
known, then decomposing the Indg (o), with o a discrete series representation,
classifies the tempered spectrum of G. As a first approach we ask the following
question: Can we determine when Indg (o) is irreducible?

Let A be the split component of M, and suppose o is a discrete series repre-
sentation of M. Then Bruhat theory reduces us to the case where o is fixed by
some nontrivial element of the Weyl group, W(A). In the case of real groups, with
P a minimal parabolic subgroup, and o a unitary character of M, Knapp and Stein
[21] studied a collection of standard intertwining operators. They used these op-
erators to give a sufficient condition for Indfp; (o) to be reducible. Harish-Chandra
proved that these operators spanned the commuting algebra of Indg (o). Knapp
and Stein, [17,18,22], were able to construct a finite group, R, whose structure
completely determines the number of components of Indg (o). They called this
group the R-group attached to o. We sometimes denote R by R(c). That this
construction generalizes to arbitrary parabolic subgroups is due to Knapp [19].
Silberger, [36], showed that, for p-adic groups, we can construct R-groups in a
similar fashion, and they have the same significance. The R-group determines the
structure of the commuting algebra C(o) of Indg (o) [16, 36].

If G = GL(n) over a p-adic field, the work of Ol’sanskii, [26], Bernstein and
Zelevinsky, [1], and Jacquet, [14], shows that R is trivial. Based on the results
of Winarsky, [39], Keys, [15], was able to compute R-groups when G is a p-adic
Chevalley group, and P is a minimal parabolic subgroup of G. We will study
the R-groups for intermediate parabolic subgroups for certain classical groups.
To compute R-groups explicitly, we must know when Ind,(f (o) is reducible for
certain maximal parabolic subgroups P, and certain classical groups G. From this
data the computation of R-groups is purely combinatorial in nature. We often
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1102 DAVID GOLDBERG

assume that we know some of these criteria explicitly, in order to show what
possible R-groups might arise. When G is quasi-split and P is maximal, Shahidi,
[33], has related the reducibility of Ind,(f (o) to special values of certain conjectural
Langlands L-functions attached to o. His recent work, [31,35], has significantly
broadened the cases for which we can compute these special values.

We study the split groups SO(2n+1), Sp(2n), and SO(2n). These groups have
the advantage that their Levi subgroups are easily computed. If P = MN C G is
a parabolic subgroup, then, there are integers m; > my... > m, > 0, m >0,
and n; > 0, with (3_ m;n;) + m' = n, such that

(1) M ~ GL(m)™ x --- x GL(m,)" x G'(m").

Here

so@2m' +1) if G=S02n+1),
G'(m)=1{ Sp@2m') if G = Sp(2n),
so0(2m') if G =S0(2n).

We call a parabolic subgroup P of G basic if r = 1 in the decomposition (1). If
o is a discrete series representation of M, then, by (1), 0 ~ 01 ® e Ror® Ps
where each o; is a discrete series representation of GL(m;)", and p is a discrete
series representation of G'(m’).

Our first step is to show that, for G = SO(2n + 1) or Sp(2n), every R-group
can be decomposed as a product

) R~R{ X ---XR,.

Here R; is the R-group of the representation o; ® p, with respect to induction
from the basic parabolic subgroup with Levi component

no SOQ(min; +m') + 1)
3) GL(m)" x G'(m') C { Sp2mms + 1),

For G = SO(2n), the R-group does not always decompose according to (2).
However, if all of the integers m; are even, then (2) and (3) are valid with
G'(m') = SO2m'). We prove that we can find integers, k; and k;, parabolic
subgroups, P; = M;N; of SO(2k;), and irreducible discrete series representations,
7; of M;, such that

R(0) = R(11) X R(m2).

Moreover, in the decomposition of M; given by (1), all the integers m; are even.
Therefore, R(m;) further decomposes as a product of the form (2), with each R;
an R-group attached to a basic parabolic subgroup. In the decomposition (1) for
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1103

M,, all the integers m; are odd. In some cases the R-group R(7;) does decompose
according to (2).

We further reduce the computation of each possible R-group. We show that
for any basic parabolic subgroup of SO(2n + 1) or Sp(2n), the R-group is of
the form R ~ 74. Assuming we understand reducibility criteria for maximal
parabolic subgroups, we can compute the integer d explicitly. If G = SO(2n),
and M ~ GL(m;)"™ x SO(2m'), with m| even, then the same statements are true.
Therefore, we can determine the R-groups for parabolic subgroups of the form
P = M{N;, with M as above. For the case M = M,, we can show R ~ Z‘f.
This is carried out in two cases, according to whether (2) is valid or not. If R(73)
does not decompose by (2), then we can compute the integer d explicitly from
the structure of the inducing representation. If the inducing representation o is
generic, i.e., possesses a Whittaker model, [28], then we obtain the following
theorem.

THEOREM. Let G = SO(2n + 1), Sp(2n), or SO(2n), and let P be a parabolic
subgroup of G with Levi decomposition P = MN. Let o be any irreducible generic
discrete series representation of M. Then Indg (0) decomposes with multiplicity
one.

Remark. One can remove the condition that ¢ is generic. This result is due
to Herb [10]. O

Once we have reduced ourselves to resolving the case of maximal parabolic
subgroups, we discuss some maximal parabolic subgroups for which the re-
ducibility criteria are explicitly known. Suppose G is one of the split groups
SOk + 1), Sp(2k), or SO(2k) with k odd. Further suppose that M ~ GL(k), and
o an irreducible unitary supercuspidal representation of M. Then the criteria for
reducibility can be easily described [35].

In order to better describe the problems we intend to discuss, we need to
introduce some notation and vocabulary. This is the subject of Section 1. In
Section 2, we discuss the structure of the parabolic subgroups of the split classical
groups we will consider. In Section 3, we review some results for the group
GL(n). This will be a a key ingredient in many of our arguments. In Section 4,
we prove a product formula for the R-groups of Sp(2n) and SO(2n + 1). This
reduces the computation of R-groups to the case where P is a basic parabolic
subgroup. These R-groups are computed in Section 6. In Section 5, we reduce
computation of R-groups for SO(2n) to four cases. Two of these cases involve
basic parabolic subgroups, and the other two cases are slightly different. These
four cases are computed in Section 6. In Section 7, we discuss some cases where
the reducibility criteria for maximal parabolic subgroups is known.

We make a short remark about real groups. Our combinatorial argument for
p-adic groups uses the theorems of Ol’Sanskii, [26], Bernstein and Zelevinsky,
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1104 DAVID GOLDBERG

[1], and Jacquet, [14], for GL(n). The results of Section 3 can be translated to
G = GL(n,R) as follows. Suppose P = MAN is a maximal cuspidal parabolic
subgroup of G, 7 a discrete series representation of M, and v € ia*. First note
that in order for G to have such a parabolic subgroup, it is necessary that n
be 2, 3, or 4. Then MA ~ GL(1) x GL(1), GL(1) x GL(2), or GL(2) x GL(2)
respectively. If n = 3, then W(A) = {1}, and thus, Ind§ (1®e” ® 1) is irreducible.
If n = 4, then Ind$ (7 ® ¢ ® 1y) is a unitary fundamental series representation,
and is therefore irreducible [9, Theorem 40.1]. If n = 2, the explicit formula
for Plancherel factors shows that, if (7, v) is fixed by W(A), then u(w,v) = 0.
Therefore, Indg (TR’ Q1y) is always irreducible in this case as well. Therefore,
the analogue of Lemma 3.4 is valid for reductive groups over R as well. With
this in hand, the combinatorial arguments of Sections 4, 5, and 6 carry over to the
groups SO2n+ 1,R), Sp(2n,R), and SO(2n,R). To compute reducibility criteria
for the maximal parabolic subgroups that arise, we can use the explicit Plancherel
formula of Harish-Chandra [11]. These Plancherel factors are explicitly computed
by Knapp [20]. This gives a method of explicitly computing R-groups for these
split groups which is a bit different than the one given in [20].

I would like to thank P. J. Sally, Jr. for suggesting these problems to me
and providing advice as needed. I also thank C. D. Keys and F. Shahidi for
engaging in many constructive conversations. Mostly, I would thank my advisor,
R. A. Herb, for her patience and guidance throughout the research and preparation
of the dissertation in which most of these results appeared.

1. Preliminaries. Let F be a locally compact, non discrete, nonarchimedean
local field of characteristic zero. Let R be its ring of integers, p the maximal ideal
in R. Let ¢ = |R/p| be the order of the residue class field of F. Then g = p*, for
some prime p, and some k > 0. The prime p is called the residual characteristic
of F.

Let G be the F-rational points of a connected reductive quasi-split algebraic
group over F. By a representation of G on a complex vector space V, we mean a
homomorphism 7 : G — GL(V). A representation is smooth if, for every v € V,
{g € G| 7(g)v = v} is open. A smooth representation is admissible if, for every
open subgroup H C G, {v | m(h)v = v, Vh € H} is finite dimensional.

Let (7, V) be a smooth representation of G, and let (7, V) be the smooth con-
tragredient representation on the space of smooth linear forms on V. Then 7 is
called supercuspidal if, forany v € V and ¥ € V, the function p:gr (m(gv, D)
has compact support modulo the center of G. An admissible representation (7, V),
with unitary central character, is called square integrable if all its matrix coeffi-
cients are square integrable modulo Z(G), i.e.,

/ |‘Pv,z7(g)|2 dg < oo,
G/Z(G)
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1105

for all v € V, o € V. The irreducible, square integrable representations are called
the discrete series of G. It is clear that every admissible irreducible unitary su-
percuspidal representation is discrete series. For more details on the theory of
admissible representations of G, one should consult [3,4,8,37].

Suppose that G is a connected reductive quasi-split algebraic group defined
over F. A parabolic subgroup P of G is a subgroup such that G/P has the structure
of a complete variety [2,12]. Every parabolic subgroup has a Levi decomposition
P = MN, with M a reductive group, and N a unipotent subgroup of G. The
product is semidirect, i.e., M normalizes N. Notice that G is a parabolic subgroup
of G. By a maximal parabolic subgroup, we mean a parabolic subgroup which is
maximal among proper parabolic subgroups.

Let T be a maximal torus in G. Denote the maximal F-split sub-torus of T
by Ag. Let @ be the set of restricted roots of G with respect to Ag. Suppose
A is a choice of simple roots. Let ®@* be the positive roots, @~ the negative
roots, and B = TU the Borel subgroup of G with respect to this choice of simple
roots [2,37,38]. For each a € ®, let x, be the associated root character. Let
a € @, and let U, C U be the associated root subgroup. Recall that if g is the
Lie algebra of G, then U, is the subgroup of U with Lie algebra g, + go. A
standard parabolic subgroup, P C G, is any subgroup containing B. The standard
parabolic subgroups are in one to one correspondence with the subsets of the
simple roots A. This correspondence can be described as follows [37, pg. 10].
Let & C A, and let *(0) be the positive roots spanned by 6. Let Ag C Ay be

defined by
Ag = ﬂ kerxo | ,
acl

where the superscript ° means the connected component of the identity. Let My
be the centralizer of Ag in G, and let

Ny = H U,.
acd\5+(0)

Then Py = MyNy is the parabolic subgroup corresponding to 6. Moreover, if
61 C 65, then Py, C Pg,. If P is any parabolic subgroup of G, then P is conjugate
to Py, for some 6§ C A. If G = G(F), then we call P = P(F) a parabolic subgroup
of G. Note that P = MN, with M = M(F), and N = N(F).

If P = MN is a proper parabolic subgroup of G, then both M and N are
unimodular, but P is not. Let 6p be the modular function of a right Haar measure
on P. Let (0, V) be a smooth representation of M. Let

V(o) = {f € C=(G, V)|f(mng) = o(m)8/*(m)f (g), ¥V g € G,m € Myn € N} :
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1106 DAVID GOLDBERG

Then G acts on V(o) by right translations, and this is the unitarily induced
representation Ind,G; (o). If o is unitary, then so is Indg (0).

Following Harish-Chandra, [8, pp. 170, 172, 175], we let £.(G) be the equiv-
alence classes of irreducible admissible representations of G. We make no distinc-
tion between a class [0] € £.(G), and its representative 0. We let £(G) C E.(G) be
the irreducible unitary equivalence classes, and let £,(G) C £(G) be the square
integrable classes. Denote by °E.(G) the irreducible supercuspidal classes in
E(G), and let °£(G) = °E.(G) N E(G). Jacquet’s theorem, [4,8,13], shows that
any 7 € &.(G) is either supercuspidal, or can be realized as a subrepresentation
of Indg (o), for some parabolic subgroup P = MN, and some o € °E.(M).

Let  C A, and let P = Py. Suppose Ag is the split component of P. Consider
the Weyl group

Wo
Wy

W(G/Ag) C W(G/Ao),
Ng(Ag)/Z5(As) = NG(Ag)/Ms.

There is a natural action of Wy on the representations of My. If o € £.(My), and
w € W, then we let *(m) = o(w™!mw). We say that o is singular, or ramified,
if there is some w € Wy, w # 1, such that % ~ o. Otherwise, o is said to be
nonsingular, or unramified. Let W(o) = {w € Wy | 0" ~ o}. Let C(0) be the
commuting algebra of the representation Indg (o).

THEOREM 1.1. (Bruhat) [8, pg. 177]. Let P = MN be a proper parabolic
subgroup of G. Let 0 € E,(M). Then dim¢ C(o) < |W(0)|.

CoROLLARY 1.2. If o € Ey(M) is unramified, then Ind,q (o) is irreducible.

Thus, if o is a discrete series representation, the study of reducibility of
the induced representations reduces to the ramified case. The method of study
is to construct, for any admissible irreducible representation, o of My, and any
w € Wy, a standard intertwining operator between Indge (o) and Indgo (o"), and
use the behavior of these operators to decompose Indg (o).

Let X(M),. be the F-rational characters of M. Let

ag = Hom (X(M),, R),
0 = X(M), ®z R,

and
(ag)c = ag ®r C.

Then ay is the real Lie algebra of Ag, and (ag)¢ is its complexified dual. There

This content downloaded from
50.127.35.57 on Fri, 15 May 2026 18:06:47 UTC
All use subject to https://about.jstor.org/terms



REDUCIBILITY OF INDUCED REPRESENTATIONS 1107

is a homomorphism, [8], Hp : M — ay, such that
g HPm) = |x(m)| ., VX € X(M),..

Let v € (ag)g. Consider the representation I(v, o) = Ind$ (a ® q<”’H”(‘))) . Let

w € Wy, and let N,, = U N w~!Nw, where N is the unipotent radical opposed to
N.Letf € I(v,0), and g € G. Consider the operator defined (only formally) by

(1.1 AW, o, w)f(g) = /N fw™ng)dn.

We say that A(v, o, w) converges if, for every O € ?, and every f € I(v,0),
(0,A(v, 0, w)f(g)) converges for all g € G.

LemmMma 1.3. [30,32,39] If A(v, o, w) converges then it defines an intertwining
operator between I(v, o) and IV”, o™).

THEOREM 1.4. (Harish-Chandra [32]) If o € £:(M), then A(v, 0, w) converges
for Re v >> 0. Moreover, v — A(v, 0, w) is holomorphic as an operator valued
function, and has a meromorphic continuation to all of (ag)¢.

Suppose 8 C A. We let pg be half the sum of the positive roots in Ny. If
P = Py, then we may denote pg bt pp.

THEOREM 1.5. (Harish-Chandra [8, pg. 182]) Let w € Wy, and let 0 € £E;(M).
Then there is a complex number, u(v,o,w), so that, if Haar measure is chosen
appropriately,

A, 0, wWAW®, ", w™h) = uv, o, w) 12(G/P),

where

+w(G/P) = / g 2erHP®) g
Nw

Moreover, v — (v, o, w) is meromorphic on (ag)¢, and holomorphic and nonneg-
ative on the unitary axis iag.

We call u(v, o, w) is called the Plancherel measure associated to o, v,w. If w
is the longest element of the Weyl group Wy, then we write u(v, o) for p(v, o, w).
(The longest element of Wy is the element which takes every member of A \ 4
to a negative root.) We write u(o) for u(0, o).

If we W), w# 1, and A(v,0,w) is holomorphic in a neighborhood of
0, then I(o) is reducible. Moreover, if A(v, o, w) is a-rank one operator then the
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1108 DAVID GOLDBERG

converse holds [37, Corollary 5.4.2.3]. Notice that the poles of the intertwining
operators must match with the zeros of the Plancherel measures.

THEOREM 1.6. (Harish-Chandra [37, theorem 5.5.3.2.]) Let o € E(M). There is
a meromorphic normalizing factor, y(v,o,w), so that, if we let Ao,w) =
(0, o, w)A(0, o, w), then the collection {A(c,w) | w € W(o)} spans the com-
muting algebra C(o).

Shahidi, [33], has described normalizing factors in terms of certain Lang-
lands L-functions and root numbers, and has used this normalization to give cri-
teria for reducibility of induced representations coming from maximal parabolic
subgroups. These criteria depend on the L-functions and root numbers. Thus,
the criteria are not yet explicitly known in general. However, for certain groups,
parabolic subgroups, and o, these criteria have been computed [6,7,14,26,29,31,33—
35,39]. If the reducibility criteria for maximal parabolic subgroups were known in
general, then we could use the following product formula to detect the zeros of the
Plancherel measures for all parabolic subgroups. The product formula is related
to a cocycle relation for the composition of intertwining operators [15,32,39].

Let P = MN be a standard parabolic subgroup of G, with split component A,
and let ®(P, A) be the set of reduced roots of P with respect to A. Notice that since
we are taking the roots of A in P, there is already an ordering defined on ®(P, A),
i.e., the elements of ®(P,A) are positive. Let 3 € ®(P,A), and let Ag be the torus
(kerxg NA)°. Let Mg = Zg(Ap). Note that Mg D M. Let *Pg = M N P. Then
*Pg is a maximal parabolic subgroup of Mg, with split component A, unipotent
radical Ng = N N Mg, and Levi decomposition *Pg = MNg. Let o and v be
defined as before, and let ug(v, o) be the Plancherel measure associated to the

representation Indiv,l,‘; (o‘ ® q(V,HP())) .

THEOREM 1.7. (Harish-Chandra [8, pp. 184-185])

v AG/Pyw,0)= T v5° M/ Ppus(v, o).
BED(PA)

Following Knapp and Stein, [22], we can use the zeros of the rank one
Plancherel measures to compute the Knapp-Stein R-group. This gives us a method
to determine which (o, w) are scalar operators. Then, Theorem 1.6 allows us
to compute the dimension of C(o). We now describe the construction of the
R-group. Suppose o € &,(M). Let A' = {f € ®(P,A) | pp(o) = 0}, and let
R={we W) |wB >0, V6 € A'}. By [8, pg. 183], pyp(0) = yg(ow_]), )
R={we W(o)|wA)=A}.

Let W = Wy, i.e., W is generated by the reflections in A’ (which along with
its negative form a sub-root system of ®).
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1109

THEOREM 1.8. (Knapp-Stein, Silberger [22,23,36])

W(@)=Rx W, and W' = {w € W(o) | A(c,w) is scalar}.

We recall the notion of a generic representation. The subgroup

is normal in U. Furthermore,

U/U ~ ] Ua/Uza.
aEA

Let o € A, and let 9, be a character of U, /U,. The character ¢ of U, trivial
on U’, and given by

¢=H¢a’

a€A

is called nondegenerate if 1, is nontrivial for each . An admissible representa-
tion, (7, V), of G is called nondegenerate, or generic, if there is a nondegenerate
character v of U, and a linear functional A\ on V, such that

M) = vINv), YueUveV.

Such a functional is called a Whittaker functional. For details on generic repre-
sentations and Whittaker functionals see [27,28,32].

THEOREM 1.9. [15,18,23,36] Let o € E(M) be generic. Then dim C(o) = |R)|.
Furthermore, if o is generic, then the following hold.

(1) C(o) ~ C[R], the complex group algebra of R.

(2) The number of inequivalent irreducible components of (o) is given by the
dimension of the center of C[R].

(3) IfCIR] ~ M(n,C) & --- & M(ny, C) is the decomposition of C[R] into
a sum of simple algebras, then the numbers ny, . . . ,ny are the multiplicities of the
components of Indg (o).

(4) Risabelian ifand only ifInd$ (o) decomposes simply, i.e., with multiplicity
one.

Remark. There are variants of (1) and (2) in general [16]. A conjecture of
Shahidi [33, Conjecture 9.4] would imply (1)-(4) hold in general. O
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1110 DAVID GOLDBERG

Suppose we knew explicitly all of the reducibility criteria when P is a max-
imal parabolic subgroup. Then computing R-groups for arbitrary parabolic sub-
groups becomes a purely combinatorial. This yields information on the possible

R-groups that can arise. We will describe these combinatorics for the classical
groups SO(2n + 1, F), Sp(2n, F), and SO(2n, F).

2. Parabolic Subgroups of Sp(2rn) and SO(n). Let G = SO(Q2n + 1, F),
Sp(2n, F), or SO(2n, F). Since we will only be concerned with the F-rational
points of the underlying algebraic groups, we will denote these groups by SO(2n+
1), Sp(2n), and SO(2n). Let J, be the n X n matrix given by

Let J§n=( 7 In ).Then
~Jn

Sp(2n) = {g € GL(2n) | 'gJ3,8 = J3,} »
and
SO(n) = {g € GL(n) | 'gJng = Jn;det(g) =1} .

In each case, we let Ap be the maximal split torus consisting of diagonal
matrices in G. Then

Al ]
A2

)\,‘GF* ,
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1111
if G = Sp(2n) or SO(2n), and

([ N 3
A2

Ao = 1 NEFY,

if G=SO0Q2n+1).
Notational Remark. We often denote a block diagonal matrix,

Xi

Xk
by diag{Xi, ..., Xy}. For a block scalar matrix,

A11k|

A

J

we write diag{\y, ..., \;} if the dimensions k; are clearly understood. O

Let ®(G, Ag) be the roots of G with respect to Ag. We choose the ordering on
the roots so that the Borel subgroup is the subgroup of upper triangular matrices in
G. Let A be the simple roots in ®(G, Ag) given by A = {o;}7_, , with o = &j— €}
for1 <j<mn-1, and

e, if G=S0@2n+ 1),
a, =1 2e, if G = Sp(2n),
e,_1 +e, if G=S0O2n).

We let (, ) be the standard Euclidean inner product on ®(G, Ay). If ® is a root
system of type B,, C,, or D,, then we denote by G(®) the split group with root
system .

For G = SO(2n + 1) or Sp(2n), the Weyl group W(G/Ap) ~ S, X Zj. Here
S, acts by permutations on the \;, i = 1,...,n. We will use standard cycle
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1112 DAVID GOLDBERG

notation for the elements of S,. Thus, (ij) interchanges A; and \;. If ¢; is the
nontrivial element in the ith copy of Z,, then ¢; takes \; to A, ! The element
¢; is called a sign change because its action on ®(G,Agp) takes e; to —e;. For
G = SO(2n), the Weyl group is given by W(G/Ag) ~ S, X Z;‘_l. In this case,
S, acts by permutations on the J;, and Z’;‘l acts by even numbers of sign
changes. The requirement that the number of sign changes be even comes from
the determinant condition in SO(2n). Note that the sign change ¢; is an element
of O2n) = {g | 'gJang = Jon}, and normalizes Ag. Each c; acts on SO(2n) by
conjugation, and ¢, induces the nontrivial graph automorphism on the Dynkin
diagram of ®(G, Ay).

Suppose § C A. We let § = 6, U- - -U6, be the decomposition of 4 as a disjoint
union of connected components of the Dynkin diagram. However, if G = SO(2n),
and a,_1,a, € 0, but a,,—, ¢ 0, then we assume that 6; = {ap—1,an}, even
though this is not connected. Therefore, we say that 6 = 6; U --- U 6 is the
component decomposition, and hope that this will cause no confusion. If §; and
6; are components of 6§, then we write 6; ~ 0; if, there is a w € Wy = W(G/Ap)
so that wf; = 6;.

If w € W(G/Ap) then, by [8, theorem 201, pa(0) = pw(c™), for any
a € ®(Py,Ap). This is because conjugating by an element of W(G/Ag) does
not change the associate class of Py, or the structure of the reduced root system
®(Py,Ag). Thus, the R-groups for Py and P,,g are isomorphic. Therefore, we often
assume that # has a form which is particularly well suited to the computation we
are considering.

We will usually assume that

(1) If oy €0, then oy, € Oy
(2) Ifi<jwith6; ~6; then 6; ~ 6, foralli <I<j.

If G = SO(2n), then it is no loss of generality (for computing R-groups)
to assume that if o, € 0, then «o,_; € 0. With this convention, the structure
of those parabolic subgroups parameterized by subsets 6 for which o, ¢ 6, is
slightly different than those parameterized by subsets § with o, € 6. Therefore,
we adopt the convention that “case 1” refers to the case where «, ¢ 6, and “case
2” means o, € 6. We emphasize that, for G = SO(2n), case 2 means oy, a,—1 € 0.

Let ¢ = + {a € ®(P,Ap) | (a,3) =0 VP € §}. Note that if « € ¢, 8 € 6,
and w € Wy, then

(wa, B) = {a,w™!B) =0,

and hence wa € 6.

Let X = {0;}2‘:1 and X(0;) = {6; | 6; ~ 6;} . Then either £X(6;) or X(6;) is the
Wy orbit of 6;. If o, & 6; then £X(0;) = Wy(6;). This orbit structure determines
a partition X = X; U --- UX, of X, with each X; = X(6;), for some ;.

In case 1, we let m; = |0;| +1 for each §; € X;. In case 2, we let m; be defined
as above for i # r, and let m, = |6|. In case 2, we often write m = m,. Let
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n; = |X;|. That is, X;= {6;1, .. .,0i, } . Sometimes we choose to think of X; as the
collection of roots in it elements. That is, we sometimes think of X; = U]'-1="10,-j, as
opposed to X; = {0,]}]";1 . We will always try to indicate in what manner we are

regarding X;.
Let b=, mn;. In case 2, we also let ' = {:11 mn;.
We usually assume that 6 is of one of the following two forms:

21 6O={e1—ex....em—-1—€m} U

{em+1 —ems2- . €m—1 —€m}U---U{...p—1 —ep},

or

22) 0 ={e1—ex ... m—1—m}U{m+1 —e€ms2...}U

Y { <€y — eb’} U {en—m+1 — €n—m+2s -+ -5€n—1 — €n, an} .

That is, we assume that there are no gaps between the components of 6, except

possibly between 6;_; and 6y in case 2.
Suppose 6 is of the form (2.2). Then Ag =

(2.3a) CICTR D VY AP W A VTR0 WP Wi
o A Mot A T } 1
if G = Sp(2n) or SO(2n), and

(2.3b) Ag = {diag {1, Ao ety A LA,
SP YT S e 3

if G=S0(2n+1). Here \;j means \;ly,.
If 0 is of the form (2.2), then

(243) A0 = {dlag {Alh cees A(r-—l)rlr._] ’ Ab’+1, ey )\n—m»IZm»
1 1 1 —1
DI i P YRR rr 3

if G = Sp(2n) or SO(2n), and

(2.4b) Ag = {diag {Au, s A=Dny—1s A+« - s An—ms D2t
~1 14—l -1
)‘n—m’ ) )‘b'+1’ )‘(r—l)nr_l’ e )‘11 }} ’

if G=S0O2n+1).
We let 1,41 = n — b. Note that, in case 2, 1,y =n—m —b'.
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1114 DAVID GOLDBERG

In (2.3a,b) we now label Api1,..., A\q @S AgaD)ls - -« s Art)nyy, - Similarly, in
(2.4a,b) we relabel Apryp,. .., Apem @S AGa1)ls - - o> A@raling, -
LEMMma 2.1.

(1) Incasel,
My ~ GL(m)™ X --- X GL(m,)" x GL(1)"*'.
(2) Incase?2,
Mg ~ GL(m))™ X --- X GL(m,—1)"~" x GL(1)"*' x G(®y,),

B, ifG=5S02n+1),
where ®,, = ¢ C,, if G=Sp(2n),
D,, if G=S50Q2n).

Proof. We prove the lemma for G = Sp(2n). The other cases are similar.

(1) We assume that 6 has the form (2.1), and so Ag has the form (2.3a). Let
g € GL(2n). Then g centralizes Ay if and only if

g = diag{gllvglz, O] gr+1nr+1 ’ hr+1nr+1 L] h127 hll },

with each g, hjj € GL(m;). Moreover, g € G, if and only if ‘gJ, g = J;,. This
is equivalent to ’giijih,»j = Jm, for each i and j. Therefore, g € G if and only if
hij = Jmi’gi]“. 1Jmi = gy ! where 7 indicates transposition with respect to the off
diagonal. Thus, My is as claimed.

(2) We assume that 6 is of the form (2.2) and thus, Ay is of the form (2.4a).
Then g centralizes Ay if and only if g = diag {D, Q, D'}, with

D = diag {811, -, &(r—ny1» 8Ur+D)1s - - - » &(relynyas } »
D' = diag {Ag+1ynpsrs - - - s sty Br—1yny_ys - - s B11 } s

where each gjj, hjj € GL(m;), and Q € GL(2m). Note that g centralizes J;, if and
only if h; = Tgijl, Vi,j and 'QJ5,,0 = Jj,,.

O

Another way to state the lemma is that if G = SO2n+ 1), Sp(2n), or SO(2n),

and P = MN C G is a parabolic subgroup of G, then there are positive integers
miy,...,my,ny,...,n, and an m > 0, with (3 m;n;) + m = n, such that

2.5) M ~ GL(m)" x -+ - x GL(m)"™ x G(®,,).
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Definition 2.2. Let G = SO(2n + 1), Sp(2n), or SO(2n), and let P = MN be a
parabolic subgroup of G. P will be called basic if t = 1 in the isomorphism (2.5).

These parabolic subgroups will play a crucial role in the computation of
R-groups in Sections 4-7.

We now compute the Weyl groups of each Py. Recall that Wy = W(G/Ap)
is, by definition, Ng(Ag)/Zs(Ag) = Ng(Ag)/My. Therefore, we can realize Wy as
those elements of W(G/Ap) which normalize Ag modulo My N W(G/Ay).

Suppose X; = {0;1,...0;,,}. Then, if we label things conveniently, we have
the obvious correspondence 60;; < \; from (2.3,2.4). If w € Wy, then for each
Ljw:Xj— )\?fv}ij) for some 1 < w(ij) < n;. Then w : 6 — %0,,;). Thus, the
action of Wy on each X; can be realized as permutations and sign changes on the
collection {)\l?j'?l .

Further note that the action of Wy on @* \ X*(f) can be realized as the

n
permutations and sign changes on {)\(j;il)j}.r:l . If nyy1 = 1, then there may or
J:

may not be a nontrivial element of Wy which is the identity on each 6;. More
specifically, in case 2 such an element always exists. In case 1 such an element
exists for G = SO(2n + 1) or Sp(2n), but not for G = SO(2n).

Suppose G = SO(2n + 1) or Sp(2n). Let w = sc € Wy, with s € §, and
¢ € Z5. The discussion above notes that s = 5155 . . . 55,41, where each s; permutes
the elements {)\ij}}zl. Similarly, ¢ = v17Y2 ... VVr+1, Where 7; is a product of
sign changes on the exponents of {)\,?}El ;’;1. (Note that these statements are also
clear from the form of Ap given in (2.3,2.4).) In case 2, every element of Wy
acts trivially on X, = 6, because this component is not conjugate to any other.
Therefore, in case 2, s, = 1 and 7, = 1. We state this more precisely as follows.

LEmMMA 2.3. Suppose G = SO(2n + 1), or Sp(2n).
(1) Incasel,

r+l r+l
W0 ~ (H Sn’> X ny+ee e ~ H (Sn, X Z’;l) .
i=1 =1
(2) Incase?,

r—1
W0 = ((H Sm) X Snr+l> X Zzn]+.‘.+nr—]+nr+l
i=1

= E[(Sni X Zy') .

For G = SO(2n) we need the following notion.
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1116 DAVID GOLDBERG

Definition 2.4. Let 1 < i < r+ 1. We say that X; is an odd orbit if m; is odd
and o, ¢ X;. We say X; is an even orbit if m; is even and o, & X;.

Consider case 1. If w € Wy, then we write w = sc with s € §,, and ¢ € Zg_l..
We can write s = 51 ... 5,5+1, With each 5; € S,,,. Here S,,, acts on {); ;'Zl- Let C{
be the product of the m; sign changes (in O(2n)) such that C{: DA e )\l.;l. Note
that, if X; is even, then C, € W(G/Ao). Since Cl:Ag — Ag, we have C, € Wy.

On the other hand, if X; is odd, then C§ ¢ G. However, if X; and X; are odd,
then

is a product of m; + my sign changes, and hence is in G. Thus, C{:Ci € Wp.
Assume that X, ..., X; are even orbits, and X,,1, ..., X, are odd orbits. Then
we have shown that, if c € Wy N Zg“l, then ¢ = 1 ..., where, for 1 <i <,
v; is a product of sign changes on {)\;H} and ¢’ is a product of an even number
of sign changes on
s

We make this explicit in the following lemma.

t+1<i<r+1
1<j<n

LemMa 2.5. Suppose G = SO(2n). In case 1,

r+1 )
Wy ~ (Hsn,) X <<c§
i=1

(o) « (i ) e )
i=1

i=t+1

1gigt>x<c{lc,i

t+1§i§k§r+l>)

R

Recall that, in case 2, we assume that o, o,—1 € ;. Then X, = 6;, because
no other 6; can contain two roots which differ by a sign change. We again write
w = sc, and note that, as above, s = 51 ...5,—15r41, With each 5; € S,,. Note that, if
X; is even, then C, € Wy for all j. If X; is odd, then it is still the case that C; ¢ G.
However, note that the sign change c, interchanges o, and o, while fixing
all other o € A. Thus, ¢, centralizes Ag. Therefore, the sign change Cﬂcn € W,
and has the effect of changing the sign of the exponent of );. Consequently,
C="71...-Y—17%+1 Where each +; is a product of sign changes on the exponents
of {\EF!}%

ij Jj=1"
We now state this formally.
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LEMMA 2.6. In case 2,

Wo ~ [ (S, % Z3).
i#r

Examples.

(1) Let G = Sp(18). Then ®(G,Ay) is of type Co. Let 6 = {e; — e2,e —
e3,es—es,eq —e7}. Then 0) = {e; —ez,e2 —e3}, 0, = {es —es}, 03 = {es —e7}.
n=1 m =3, n=2, m=2,and b =7. Note that NA= {88 - 69,269}. We
have

Ap = {diag {11, M1 2oz, Mot A A5 A AR AL AT

My = {diag {811,821,822,831,832,83_21,,gil,gizl,gil,gﬁl} 8ij € GL(mi)}
~ GL(@3) x GL(2)* x GL(1)?, and
Wy = (cic2c3,(46)(57), cacs, csc7, (89), cs, €9).

(2) Let G =S0(17), and suppose 0 = {e] — e3,e2 — €3,€6 — €7,€7 — €3, €3}.
Then 91 = {e1 —82,62—63}, 92 = {86—87,87—6’3,68}, 0’ = {:i:e4ie5, ie4, :I:e5},
n=1, m =3, n3=2, and

Ag = {diag {)\1113, X1, A2, 17, 055 A5 Aﬁ113}} .
Thus, My ~ GL(3) x GL(1)* x SO(7), and
Wo = (c1c2¢3, ¢4, €5, (45)) = Zp X (Zp % Z3).

(3) Let G = SO(16), and suppose 6 = {e; — ez,e2 — e3,e4 — €s5,€6 — €7} .
Then

Ag = {diag {)\1113, Mih, A2l Ma1, A5t A b, A D, >\1_1113}} ,
My ~ GL(3) x GL(2)? x GL(1), and

Wa = ((46)(57)) X (cacs, cecr, c1c2¢368) =~ Zp X 73
(4) Let G=S0(16), and § = {e; — e3,e; — e3,e7 — es,e7 +es}. Then,
A9 = {dlag {A11139 Ale A22’ )\23, 14, )\2-31s /\-2-21’ )\2_11, )‘1_1113}} )
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1118 DAVID GOLDBERG

s0 My ~ GL(3) x GL(1)? x SO(4). Note that

Wy = ((45), (56)) x (c1cacscs, cacs, c5C8, C6C8)-

3. The results for GL(n). Computing the R-groups for SO(n) or Sp(2n)
involves computing the zeros of the rank 1 Plancherel factors i, associated to a
reduced root «. In many cases this reduces to a computation in GL(n). Therefore,
it is worth recalling these results, and stating clearly the how we intend to use
them.

Let n be a positive integer, and let G = GL(n). Let B be the Borel subgroup
of upper triangular matrices. Then the standard parabolic subgroups of G are in
one to one correspondence with ordered partitions of n. If {n,...,n,},> n;=n
is such a partition, then we let P, ,, be the corresponding parabolic subgroup.
Let M,, ... », be the Levi component of Py,

.....

81
3.1 My,..n = g € GL(n)

.....
8r

Let A,,,...», be the split component of Py, . ,,.

Let o be an irreducible admissible supercuspidal representation of M, .. »,.
We do not assume that o is unitary for this discussion. By (3.1), 0 ~ 01® - - ®ay,
where each o; is an irreducible supercuspidal representation of GL(#;). In order
to determine the reducibility criteria for Indgn ..y (0), it is enough to determine
them when r = 2, i.e,, when Py, . ,, is maximal. So, suppose P = Py, ,,, and
M = My, ,,. Note that if n; # ny then the Weyl group W(G/A,, »,) is trivial.
If ny = np = m then W(G/Amm) ~ Z», and the nontrivial Weyl group element
operates on My, » by w'(g1,82)w = (g2, 81). Therefore, o ~ ¢* if and only if
o1 X~ 0.

THEOREM 3.1. (OI’Sanskii [26], Bernstein-Zelevinsky [1]) Let G = GL(n).
Letn = ny+ny, P = Py, p,, and let 0 = 01 @ 03 be an irreducible admissible
supercuspidal representation of My, n,. Then Indg (o) is reducible if and only if
n=nyand oy ~ oy Q |det()|1jf1.

Note that if 0 = 01 ® 03 is unitary, then both o; and o, are unitary, and thus,
o1 % 02Q® |det()|1f1. Therefore, we have the following corollary.

COROLLARY 3.2. Let G, P, M, and o be as in Theorem 3.1. If ¢ is unitary, then
Indg (0) is irreducible.

Jacquet was able to broaden this results as indicated below.
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TueoreM 3.3. (Jacquet [14]) Let G = GL(n), P = Py, y, and M = My, ,. If
o € E(M), then Ind$ (0) is irreducible.

Remark. This shows that all the R-groups for GL(n) are trivial. O

Now let G be the F-rational points of a connected reductive algebraic group
defined over F. Let 0 C A, and let Py = MyNy be the associated standard parabolic
subgroup. Let o € &(M). Recall that A’ = {a € ®(Py,Ap) | 1alo) = 0}. Let
a € D(Py,Ap). Recall the definition of M, and *P, given in Section 1. Since *P,,
is maximal in M, pq(o) = 0 if, and only if, ¢ is ramified in M, and Indi"‘; (o)
is irreducible.

The structure of the parabolic subgroups of SO(r) and Sp(2n) given in Lemma
2.1 indicates why the following lemma will be a key ingredient in the computation
of the R-groups.

LEMMA 3.4. Let G be the F-rational points of a connected reductive algebraic
group defined over F. Suppose P = MN is a parabolic subgroup of G, with split
component A. Suppose that there is a reductive group My, and integers k and
m, so that M ~ My x GL(k) x GL(m). Let 0 ~ 01 ® 03 ® 03 € &E(M), with
o1 € E(My), oy € E3(GL(k)), and 03 € E,(GL(m)). Let o € ®(P,A), and suppose
that M, = My X GL(k + m). Then o € A’ if and only if o is ramified in M,,.

Proof. By assumption,Ind¥s (0) ~ 01 ® Indgﬁlk‘""‘) (02 ® 03). Since o, and

03 are unitary, Ind’f’j; (o) is always irreducible. Therefore, o € A if and only if
o is ramified in M,,. O

Remark. If m # k, then W(M, /A) = {1}. Therefore, if a € A/, then m = k. O

This lemma will allow us to reduce the computation of R-groups for Sp(2n)
and SO(n) to computation of reducibility criteria for a few reduced roots.

4. Product Formula for SO(2n + 1) and Sp(2n). We will show that every
R-group for G = SO(2n + 1), or Sp(2n), is a direct product of R-groups attached
to basic parabolic subgroups. Suppose that P = MN C G is a parabolic subgroup,
with split component A. Suppose

M ~ GL(m))™ X - -+ x GL(m)"™ x G(®y,).
For 1 < i < ¢, let G; = G(®mn;+m). Then G; has a basic parabolic subgroup
P; = M;N;, with M; ~ GL(m;)" x G(®,,). Let A; be the split component of P;,
and let W; = W(G;/A;). By Lemma 2.3,

4.1) W(G/A) ~ Wy X -+ x W,.
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1120 DAVID GOLDBERG

Our goal is to make the isomorphism (4.1) explicit, and then use this isomorphism
to prove a product formula. In order to be explicit we consider case 1 and case
2 separately.

Consider case 1, that is o, & 0. Let X = X; U --- U X, as before. Assume
that 0 is of the form (2.1). For 1 < i < r, let ©; be the unique sub-root system
of ®(G, Ap) of type @, containing X;. (Here we think of X; as a subset of A.)
We let ©,41 =6’ and X,,; = (). Let A; = A(©;) be a choice of simple roots of ©;
which contains ©; N A.

Let G; = G(0;) be the split group with root system ©;. That is,

G - { SOQmm; +1) if G=S0Q2n+1)
T Sp(2nim;) if G = Sp(2n).
Let A; C G; be given by A; = Ay,, where we regard X; as a subset of A;. Let
P,' = PX,-- Then P,' = M;N;, with M; = ZGi(Ai)-

By Lemma 2.3, M; ~ GL(m;)", and hence P; is a basic parabolic subgroup
of G;. Lemma 2.3 clearly gives us (2) of the following lemma. Part (1) follows
from (2.3a,b).

LemMMA 4.1. Let 0 and ©; be as above. Then we have
(1) Ag~A; X -+ XAp, and
(2) M92M1><-~~><M,~+1.

Let W; = W(G;/A;). By Lemma 2.3, W; ~ S, x Z;'. Therefore, we get the
following lemma.

LemMA 4.2. If o & 0, then Wy ~ W X + -+ X Wy

Let 0 € £,(Mp). Then, by Lemma 4.1, 0 ~ 01 ® 032 ® - - - ® 0,41, With each
o; € E(M;). Since each o; is a representation of the Levi factor of P;, we can
consider the induced representation Indgi" (07). Let W;(o;) be the stabilizer of o;
in W;.

COoROLLARY 4.3. If 0 € (M), then W(o) =~ Wi(o1) X ++ X Wep1(0r41).

Proof. Let w € W(o). By Lemma 4.2, w = wiw, ... w1, with each w; € W,.
If g € My then, by Lemma 4.1, g = g12> . . . gr+1, With each g; € M;. Moreover,

wlgw = Wi W) TN g1 g )W - W) = H w; giwy).
i

r+l
Therefore, 0¥ ~ @ o}, and consequently, 0” ~ ¢ if and only if ot ~ oy, Vi.O
i=1
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1121

LemMA 4.4. Ifa ¢ U©; thena & A
i

Proof. Assume that 0 is of the form (2.1). Note that if « is conjugate to ay,
under W(G/Ay), then o € ©; for some i. So we assume that « is of the form
ex t e, for some k and . Conjugating by an element of W(G/Ag), we can assume
that « is simple. Let @ = ;. Then, for some i, aj_; € ©; and aj41 € ©;41. By
Lemma 2.1, we have M ~ M’ x GL(m; + m;;1), where

M~ ( 1T Mk) x GL(m;)"™" x GL(mjyy)"n .

k##ii+1
Since m; # my1, the remark following Lemma 3.4 implies that o € A'. O

Consider one orbit X;. If 8 is of the form (2.1), then we can explicitly write

i—1 nj—1 _
down X;, as a set of roots. Let d = }_ njm;. Then, X; = U {ad+jm,-+l}7="1 L
; }

Jj=0
Thus, if

g =] eanm G=S02n+1)
v 2e44jm; G = Sp(2n),

then we can choose A(©;) = {agw}; 1" 1y {Bin; } . From this description we can

explicitly list the reduced roots o € ®(Py, Ag) N ©;. That is,

4.2) @(Py, Ag) N O; = {anjm; £ earim;+1}iio lkr;'}_l U {By}is-

Let Q= {ed+jm,~ £ egrkm;+1 ;iglk'i"j_l ,and Z = {ﬁlj Jn=l] :
LEmMMA 4.5. Q and Z are the Wy conjugacy classes of ®(Pg,Ag) N ©;.

Remark. Note that this is equivalent to saying that @ and Z are the W;
conjugacy classes of ®(P;,A;). In fact this is evident from the proof given below.
O

Proof.

(1) Letl<j<m.Let C{: be the sign change \; — /\lfj‘l. Then

(j+1) _
Cij (€dm; — €drjm+1) = €dim; + €dwjmy+1s

so these two roots are conjugate in Wy.
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(2) Letl<j<k<n;,andletw € Wy be the transposition in S, given by
(G+1) (k+1)). That is, w interchanges A;(j+1) and Ajx+1). Then,

W(€dsm; — €dujm+1) = €dim; — €dkm;+1-
(3) For1<k<j<n;, weletw=(1k)inS,. Then
W(€dsm; — €dujmi+1) = €dikm; — €djm+1-

(1), (2), and (3) show that all & € Q are Wy conjugate. If « € Q and 8 € Z,
then « and (3 are not W(G/Ap) conjugate because they have different root lengths.
Since o, ¢ 6 no long and short roots can be identified by Wy. Hence, o and (3
are not conjugate in Wy. Therefore, (4.2) tells us that Q is a Wy conjugacy class
in ®i~

We now show that Z is a Wy conjugacy class. Since o, = e, or 2e, we need
only look at the action of Wy on egin,. (If G = Sp(2n) we can view this as the
action of Wy on the dual root system.)

Letw=(12 ... n)in S,. Then w : Ajy = A = ... Ay, = i, Thus,
wk(edm,.) = eg+(k+1)m;» SO all elements of Z are conjugate.

O

Let a € ©; for some i. We let M;, be the reductive group assigned to
a € ®(P;,A;). More precisely, A; o = (A; Nker Xa)°, Mio = Zg,(Aia), and *P; o =
P; N M; . Then uq(o;) is the Plancherel measure of o; with respect to o € ©;.
Since *P;, is a maximal parabolic subgroup of M;,, uq(o;) = 0 if and only if
o} ~ o;, for some nontrivial w € W(M; o /A;), and Ind%f;,"; (o;) is irreducible.

LEMMA 4.6. Let 1 <i<r+1,andlet a € ©;. Then
(1) Moo My X X Miy X [Mia | X Miy -+ X My

Q) *Po~ My X X Mi_y ><><M,~+1~~><M,+1.

Proof. By Lemma 4.5, we only need to check this for the roots o = egyp, —
edim+1, and B = Bip,.
For a, we assume that 6 is of the form (2.1).

Aoz = {dlag {)\11, ey /\(r+1)nr+1’ ey )\1_11} ‘ )‘il = )\,2} .

Then

M, ~ (H M,) x GL(2m;) x GL(my)" 2.
J#i
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1123

That is, if g € M, then

D,
D,
= -1 s
8 D;
'rc—l
TDl—l
with
811 8i3
Dl = . . D2 = N
8Gi—1)n;_, 8(r+)npy
each gjx € GL(m;), and C € GL(2m;).
Similarly,

Aig = {diag{/\il, vy /\i"i’ cee, )‘i_ll} il = )\iZ} .

Therefore,

M; ~ GL(2m;) x GL(mi)ni—z.

Explicitly, if g € M;, then

8i3

T,—1

8i3
. . . D *
Thus, we have (1) in this case. Note that, if g € Py, then g = ( 0 D! ) s
with
811
D=

8(r+D)npy
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1124 DAVID GOLDBERG

Thus, *P, consists of those g € G with

811
81 *
0 gi
g =
‘rgi—ll *
Tgl—ll
Similarly,
4 3\
81 *
0 gn
8i3
*Pi,a =
7851
Tgi_ll * 1
,—
\ O gl2 /

So we have (2) in this case.

For the case § = [3i,, we can assume, up to conjugation in W(G/Ao) that
i = r+ 1. (Of course we cannot assume that m,,; = 1.) Then 8 = «,, and
6 U {a,} C A, so we can use Lemma 2.1. Examining the structure of 6 U {a,}
in the Dynkin diagram we conclude

Mg =~ GL(m)™ x -+ x GL(m,)" x GL(1y41)"™ ! x G(®p,.,)-

Similarly,
Mys1,0n = GL(mr11)"™ ! X G(@py,.)s
and therefore, we have (1). Examining the block forms of *P,, and *P,jq,, as
in the last case, shows that (2) holds.
O
CoROLLARY 4.7. Let 1 <i<r+1,and o € ©;. Then
(1) WMy/Ag) = WM;o/A);
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Proof. Result (1) follows from (1) of Lemma 4.6 and (1) of Lemma 4.1.
Result (2) follows directly from Lemma 4.6. ]

Leto~ Qo€ &(My). For 1 <i<r+1, let
i

A = {a € B(P;, A))|palor) = 0},

and

Ri = {w € Wi(o)|w(A) = AT} .

Then R; is the R-group of o; with respect to induction from P; to G;.
r+l
LemMmA 4.8. For any o € E:(Mp), A' = U A.
i=1

Proof. Lemma 4.4 shows that, if « € A/, then a € ©; for some i. Suppose o €
©;. Then (o) =0 if, and only if, " ~ o, for some nontrivial w € W(M,, /Ag)
and Ind%; (0) is irreducible. By Corollary 4.7, this is equivalent to o}’ ~ o, for
a nontrivial w € W(M; ,/A;), and Indy";,z (o;) is irreducible. This is equivalent to
paloi) = 0. O

THEOREM 4.9. Forany 0 = @ 0; € £&;(Mg), R=R) X -+ X Rp41.
i

Proof. Let w € Wy. Then, by Lemma 4.2, w = w; ... w4, with each w; € W;.
By definition, w € R if and only if w € W(o) and w(A") = A’. By Corollary 4.3,
and Lemma 4.6, this is equivalent to w; € Wi(o;), Vi, and

WL~MM(UM)=UM-

This last condition holds if and only if w; € W;(0;) and wi(A}) = A}, Vi. Therefore,
w € R if and only if each w; € R;.
O

Note that what we have proved is an analogue of the result for GL(n) that
to determine reducibility of Indg (o) it is enough to know the answer in the case
M = GL(m)* with mk = n [1].

We now consider case 2. We will again define groups G;, and parabolic
subgroups P; C G;j, which give us a product formula similar to Theorem 4.9.
Once we define G; and P; the steps are essentially the same as in case 1.
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1126 DAVID GOLDBERG

Let X = X; U---UX, as before. Recall that we assume X, is a singleton set,
consisting of the component §;, which contains .
For 1 <i<r—1, we let ©; be the unique sub-root system of ®(G,Ayp), of
type Dpm;+m, containing X; U X,. If 6 is of the form (2.2), then we let
O.., =4 span <O UX,U{en-m —en—me1} ifnpg >1
AR if 141 =0,
and Xr+1 = @.
We let A; = A(©;) be a choice of simple roots in ®; containing X; U X,. Let
G; = G(©,). For i # r, we let A; C G; be given by A; = Ax,ux,, and P; = Px,x,.

Then P; = M;N;, with M; = Zg,(A;). By Lemma 2.1, M; ~ GL(m;)" x G(®y,).
Thus, P; is a basic parabolic subgroup of G;.

LeEMMA 4.10. Let 6 and ©; be as above. Then we have
(1) Ag~A; X - XA XApy1,and
(2) Mog>=M{x---xXM._; XM, xG®@p), where M| x G(®p,) ~ M;.

For i # r, we let W; = W(G;/A;). By Lemma 2.3, W; ~ S, x Z;'. Thus, we
get the following result.

Lemma 4.11. If a, € 0, then Wy ~ W X « -+ X Wp_1 X Wy,

Remark. We can choose a representative for each w; € W; so that, for every
g € G(®p), wigw; ! = g. That is, since w;(6;) = 0k, we can choose a representative
with w;(a) = o, Ya € 6. For this reason, we think of W; as acting only on X; in
this case. O

Let o € & (Mp). Then, by Lemma 4.10, 0 ~ 01 ®02® - - - ® 0,—1 @ 0741 R p,
with each 0; € &(M)), and p € &E(G(Py)). Therefore, for i # r, we have
0; ® p € E(M;). Let Wi(o;) be the stabilizer of o; ® p. By the above remark
(0; ® p)i ~ a;"" ® p, Yw; € W;. Thus, the notation W;(o;) reflects the fact that
ramification of o; ® p depends only on o;.

COROLLARY 4.12. If 0 € Ey(My), then

W(o) = Wi(o1) X -+ - X Wy_1(0r—1) X Wr1(0r41).

LemMA 4.13. Ifa & | ©;, thena & A'.
i#r

Proof. As in the proof of Lemma 4.4, we can reduce to the case where « is
simple, and apply Lemma 3.4. O
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1127

Suppose 6 is of the form (2.2). Fix an orbit X,, with i # r. We explicitly
write down X;. Let d = )< njmj. Then X; = U—o {O‘dﬂmﬁl}l |- If we let
J#r

Bij = €dsjm; — €n—m+1, then we can choose A; = {ozd\;,}l”’m’_1 U {Bin; } UX,. Note
that

D(Py, Ag) N O; = {€ujm, = earemut iy 1 U LBy}

1 n .
Let Q= {ed+1m, + ed+km,+1}j_() k-t] ",and Z = {ﬂij jn=,1

LEMMA 4.14. ®(Py, Ag)NO; = QU Z. Moreover, Q and Z are the Wy conjugacy
classes in ®(Py,Ap) N O;.

Proof. The proof is essentially the same as the proof of Lemma 4.5.
0O

Leti #r, and o € ©; N D(Py,Ap) Then, we let A; o = (A; Nker xa)°, Miq =
ZG(Aio), and *Pio = PN M; 4.

For o; € SZ(M{), we let 1o (o7 ® p) be the Plancherel measure of 0; ® p with
respect to P;. That is, pq(0; ® p) is determined by Indgf;,‘; (0 ® p).

LEMMA 4.15. Ifi # r, and o € ®(Pg,Ag) N O;, then

(1) Moo M X My x - X Mi_y X [Mia ] X -+ X M]_y X M},y;

(2) *Pa~M]xXMyx---xM_, ><>< e X M_y x M,

Proof. By Lemma 4.14, we need only check this for the roots o = egm, —

eqsom; and B = egynm; — €n—m+1. As in the proof of Lemma 4.6, each of these
cases is a straightforward matrix computation. O

COROLLARY 4.16. Ifi # r, and o € ©;,

(1) W(My/Ap) = W(M; o /Ad);

@ md% (@) ~01® 801 ® (Idi (0)) @ ® 0,1 ® oy
Proof. Result (1) follows from (1) of Lemma 4.15, and (1) of Lemma 4.10.

Result (2) follows from Lemma 4.15.
O

Let 0 ~ (Q0) ® p € E2(My). For i # r, let
i

A; = {a € O(P;, A)|paloi ® p) = 0},
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1128 DAVID GOLDBERG

and

Ri = {w € Wi(on)|w(A) = A}} .
Then R; is the R-group of o; ® p, with respect to induction from P; to G;.

LEMMA 4.17. For any o € E(Mp), A = U A].
i#r
Proof. If o € A’ then, by Lemma 4.13, o € ©; for some i. If o € ©; then,
by Corollary 4.16, pq(0) = 0 if and only if pq(o;) = 0. O

THEOREM 4.18. Let 0 =01 Q - ® 0r—1 Q 0r41 @ p € E2(My). Then

R:R1><~--><R,_1><R,+1.

Proof. If w € Wy, then w = wy ... w,_1w,41, with each w; € W;. By definition,
w € R if and only if w € W(o) and w(A’) = A'. By Corollary 4.12, and Lemma
4.17, w € R if and only if, for each i # r, w; € Wi(0;) and w;(A]) = A}. This is
equivalent to w; € R;, Vi #r. O

5. R-groups for SO(2n). We wish to prove results similar to Theorems 4.9
and 4.18 for G = SO(2n).The structure of G will complicate matters a bit. Notice
that corollaries 4.3 and 4.12 were crucial to the product formulas. However, for
G = SO(2n) the corresponding statements fail to be true. (See example (3) in
Section 2.) Therefore, we take a different approach. We choose integers ki, k7,
and parabolic subgroups P; = M;N; of SO(2k;) with M; = M| x SO(2m), such that
M= Mi X M), x SO(2m). Moreover, the reduced root system ®(P;,A;) contains
all the even orbits of 6, while ®(P,, A;) contains all the odd orbits of 8. We write
o € &(M) as 0 ~ 01 ® 02 ® p, and show that R(0) = R(o1 ® p) X R(oz ® p).
This reduces us to the cases where all the GL factors have the same parity. We
then further reduce certain cases via a product formula. The remaining cases are
computed explicitly in Section 6. Again we argue cases 1 and 2 separately.

Consider case 1. Assume that 6 has the form (2.1). We assume that, in the
decomposition X = X; U - - - UX,, the orbits Xi,...,X; are even, and X;11,..., X,
are odd. Our assumption on the parity of the X; can be phrased as follows:
Suppose 6; is in an even orbit, 0 is in an odd one. If o; € 6}, and oy € 6y, then
i<i.

Let a = Y.y mm; . Let © C ®(G,Ap) be the unique sub-root system of
type D, containing |Ji_; X;. Let 8= e,—1 +e,. We let A| = {aj};;_ll U {3} be our
choice of simple roots. Let ®, be the sub-root system of type D,_, with simple
roots Ay = {aj | j > a+1}.

Let G1 = G(B1) = SO(2a), and G = G(©,) = SOQ2(n — a)). Let Q; = A; N 6.
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1129

We let A; _—'AQi C Gj, M; = ZG,-(Ai)a and P; = Pgi C G;. By Lemma 2.1,
My ~ GL(m))™ x --- x GL(m)™,

and

My ~ GL(myy )™ x -+ x GL(1)".

We let W; = W(G;/A;). By Lemma 2.5,

t

Wi = [] Sy x Z3),

i=1

and

r+l
P |
Wy ~ (H S’li) X ZZ”HI rei—1

i=t+1
We summarize the discussion of the structure of My and Wj.

LEMMA 5.1. Let 0 be of the form (2.1). Suppose that ©;, P;, M;,A;, and W; are
defined as above. Then,

(1) Ag=A1 X Ay;
(2) My=M x My;
(3) Wg =W; x Ws.

Let 0 € £, (My). Then, by Lemma 5.1, 0 ~ 01 ® 03, with each o; € &;(M;).
Let W;(o;) be the stabilizer of o; in W;.
COROLLARY 5.2. If 0 € E3(Mp), then W(o) = Wi(o1) X Wa(o2).

Proof. The proof of this follows the same lines as the proof of Corollary 4.3.
O

LEMMA 5.3. If o € A then o € ©1 U 9.

Proof. Note that any root not in ©1 U®; is of the form ¢; :-¢;, with i < a < j.
By conjugation in W(G/Ap) we can assume that i = a and j = i + 1. Since
my # my.1, the result then follows from Lemma 3.4. O
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1130 DAVID GOLDBERG

Note that for each i < r, there is an integer b; such that

nj—1

Xi = U {abi+jmi+l};’=li1_1 .
j=0

i—1
In fact, since we chose 6 of the form (2.1), b; = Y njm;. Let X,u1 = {a; | b <
A

j<n-—1}, and b,4; =b. Let i <1, and let

n,~—1 n,~—1
Qi = U U {eb,-+jmi =+ eb,-+km,~+1 }9
P
n; t 1
n—
C = U U {eb,-+jm,- + Chy+imy+1 }1=k() s
J=1 k=i+1

and
ni
Zi = U{ebi+jmi_1 + ebi+jmi}'
=
If i > t+ 1, then we let Q; and Z; be defined as above, but
ni  r+l

-1
Ci= U U {eb;+jm,~ + €b+imy+1 }7:0 .

j=1 k=i+l

LEMMA 5.4.

(1) Ifi<t,then

{a € ®(Py,Ap) N O | (o, B) # 0 for some B € X;} =Q;UZ;UC,.

Q) Ifi>t,then

{a € D(Py,Ap) N Oy | (a0, B) # 0 forsome B € X;}=0Q;UZ;UC,.

In each of these sets, the Wy conjugacy classes are Q;, C;, and Z;.
Proof. The proof is essentially the same as the proof of Lemma 4.5. O

Fori=1or 2, and o € ©;, we let A;o = (ker xo NA)°, Mo = Zg,(Aia)s
and *P; o, = PiN M 4.
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LemMmA 5.5. Ifi=1o0r2,a € ©;,andj=3 — i, then
(1) My =M x Mj;
(2) *Po~ *Pio X M.

Proof. Suppose that o € ©,. Then, by Lemma 5.4, there are three cases to
consider. Up to Wy conjugacy they are:

(1) = epm; — €pyrmp+1 1<i<y
(i) a=ey—epn1 2<i<t
(iii) a =ep—1+ep, 2<i<t+1.

We consider each case. If « is of type (i), then

M, ~ (H GL(mJ)nj) X GL(2m;) X GL(mi)n,'—Z’

j#i
and
Mo~ | T[ GLmp" | x GL@mi) x GL(m;)"~2.
1<j<t
J#i
Therefore,

My ~ My o x My

in this case.
D

*
0 D!
Therefore, *P,, consists of those g € G of the form

-1
. i1 * _ Tg. * —
dlag {gH’- e ( g(l) gi2 > 2 8i3 - - ‘9Tgi31’ ( g62 Tg—l ) 5. "Tglll} .
il

Similarly,

T —1
*p ., = { dia it ¥ ) g Tl | 82 % .
e { g{( 0 gi 813 & 0 g

So (2) holds in this case. If « is of type (ii), then

If 8 S Po, then g = )a Wlth D = diag{gllv~~’g(r+l)nr+l}’

Ao = {Xk | Ay = Mgy } = {diag{D,"D~'}}, with

D = diag{\1,..., )\i,n,-_,,, AGs1)2s - - A1) rar) ) -
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Thus,

M, ~ (H GL(mj)"i) x GL(m;)" ™' x GL(m; + miz1) X GL(m;p1)" 17 1.

#i,i+1
Note that
Ay = {diag{D,"D™'}}, with D = diag{)\,.. [Pl -+ A}
Thus,

Mo~ | ] GLm)" | x GLm)" ™" x GL(m; + miy1) x GL(mpy)"~ .
j:‘lgl-tv-l
Therefore, My, ~ M; o x M. Again, we can examine the block forms of *P,
and *P, to conclude that *P,, ~ *P; o X M.
If « is of type (iii), we can conjugate by an appropriate element of W(G/Ag)
so that i = r+ 1, and a = «,. (We cannot assume that m,,; = 1, nor can we
assume that X; is even only for i < ¢.) Then

M, ~ GL(m)™ X -+ x GL(m,)"" X GL(my41)"™' =1 x SOQ2m,41);

Mo, ~ | JI GLmYi | x GL(mp1)™ =" x SOQ@my11).
Xj even
Jj#r+l

and therefore, (1) holds. An examination of the block form of M, and *P,
yields (2).

For a0 € ©,, the arguments are similar. If ®, N @ consists of two odd compo-
nents, then one cannot affect a single sign change on the components of ®; N 6.
However, the arguments can proceed as above by use of a properly chosen outer
automorphism.

O
COROLLARY 5.6. Leti=1o0r2,j=3 —i, and a € ©;. Then,
(1) WMq/Ag) = WMo /A);
@ Ind% (0) > Indi® (o) ® 0.

Proof. Result (1) follows from Lemma 5.1(1), and (1) of Lemma 5.5. Result
(2) follows from Lemma 5.5. O
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Fori=1 or 2, we let

A: = {Ol € ®(P;,A) | I CHE 0}, and R; = {W € Wi(oy) | W(Aé) = A;}

LemMA 5.7. If 0 € E(My), then A = A} U A,

Proof. If a € A’ then, by Lemma 5.3, o € ©; U ©,. If o € ©;, then o € A/
if and only if, 0" ~ o for some nontrivial w € W(M,/Ag) and Indy"; (o) is
irreducible. By Corollary 5.6, this is equivalent to ¢} ~ ¢;, for some nontrivial
w € W(M;,/A;), and Indﬁﬁ;,‘; (o) is irreducible. Therefore, o € A’ if and only if
a €A m]

THEOREM 5.8. If 0 € £,(My), then R ~ Ry X R».

Proof. Let w € Wy. Then, by Lemma 5.1, w = wyw, with each w; € W;. By
definition w € R if and only if w € W(o) and w(A') = A’. Lemmas 5.2 and 5.7
imply w € R if and only if, for each i, w; € W;(0;) and w;(A]) = Al. Therefore,
w € R if and only if each w; € R;. O

This theorem reduces us to computing the R-groups in the cases My = My, or
My = M,. That is, My is isomorphic to a product of GL(m;)’s and all the m; have
the same parity. The R-group for the case My = M, will be computed in Section
6.

We now consider the case My = M;. Let X = X; U --- U X,, as before.
Note that n,.; = 0 since we are assuming that My = My. For 1 < i < r, we
let ©; C ®(G,Ap) be the unique sub-root system of ®(Py,Ag) of type Dpm,,
containing X;.

Let G; = SO(2n;m;), with root system ©;. Let A; = Ay, C G;, M; = Zg,(A;) ~
GL(m;)", and P; = Px; C G;. Then P; is a basic parabolic subgroup of G;.
Note that M ~ M; x --- X M,. Let W; = W(G;/A)), and o € &E(M). Then
oc=01Q- Qo with 0; € E;(M;). Denote the stabilizer of o; in W; by W;(0;),
and let R; be the R-group.

THEOREM 5.9. Suppose 0, ©;, G;, P;, and W; are as above. Then the following
hold:

(1) Ag~A; xX--- XAy

2) Wog~Wpx---x W,

(3) W(o) = Wi(oy) x -+ x W(0y);
4 R=R; X:---XR,.

Proof. That (1) holds is clear. Since the m; are even, (2) follows from Lemma
2.6. Using the argument in the proof of Corollary 4.3, (3) follows from (2).
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In the proof of Lemma 5.5, we have actually shown that, for each a €
D(Py,Ap) N O;,

5.1 M, ~ (HM;) X Mjaq,

J#i

and

(5.2) *Po (HM,-) X *Piq.
J#i

Then (1), (2), (5.1), and (5.2) imply W(M,,/Ag) ~ W(M; /A;). Thus, for such
aroot, @ € A" if and only if o € A}, where A; = {a € ®(P;,A;) | pa(o) = 0}.
That no other reduced roots can be in A’ follows from Lemma 3.4. Then (4)
follows as in Theorem 4.9. O

Now consider case 2. We will prove the analogues of Theorems 5.7 and 5.9.
This will reduce R; to the case of a basic parabolic subgroup. For R, there are
two cases. In one instance R, will decompose as a product. The second form of
R, will be explicitly computed in Section 6.

Recall that we are assuming that a1, € 0k, X, = {6¢}, and m = |6;|. We
assume that @ is of the form (2.2). We let X1 = {¢j | ¥ < j < n—m}. As
in case 1, we assume that Xi,...,X; are even and X;,1,...,X,_1 are odd. It is
also convenient to assume that if X; is even, Xy odd, oj € X;, and o € Xy, then
i<

Let a = inim,- . We let ©; C ®(G,Ap) be the unique sub-root system of

i=1
type Dgypm containing

t
(5.3) (U X,-) UX,.

i=1

Let ©; be the unique sub-root system of type D,_, spanned by
(54) {aj|j>a+1}.

We let G; = G(0;). Thus, G; = SOQ2(a+m)), and G, = SO(2(n — a)). We consider
©; to be the root system for G;. Let 8 = e, — e,_m+1. We let A; be the set of
simple roots of ®;, which includes the set (5.3) and 5. We let A, be the set of
simple roots given in (5.4). For i = 1 or 2, we let A; = Ag,ng, M; = Zg,(A;), and
P; = Pg,ng. Then, by Lemma 2.1,

M ~ GL(m)" x - -+ x GL(m,)"™ x SO(2m),
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1135
and
My ~ GL(my )™ X -+ - x GL(1)™*' x SO2m).
Let
M| = GL(m)™ x -+ x GL(my)™,
and

M} ~ GL(my1)"™ x - x GL(1)"™.

If 0 € E(My) then we write o ~ 01 ® 02 @ p, with each i € &(M)), and
p € &(SO(2m)). Note that oy ®®a,j, and o ~ ®a,,, where each

i=1j= >+l j=1
J= . J=

ojj € £2(GL(m;)). For i = 1 or 2, we let W; = W(G;/A;). Then, by Lemma 2.6,

t
Wi =[] (S x Z;)
i=1
and

Wy = [ S x Z5).

t+1<i
i#r

The next lemma follows from the above computations and those of Section 2.

LemMA 5.10. With 0, ©;, M;, and W; as above,

(1) Ag~A; X As;

(2) My ~ M x My x SO(2m), where M x SO(2m) ~ M;
(3) Wy Wy x Ws.

Remark. If g € My, then g = 811 - &r+np g', with gij € GL(m;) and
g € SO(2m). If X; is even then we can choose representatives for W; which act
trivially on the SO(2m) component g’. However, for the odd X;, the Weyl group
W; acts on g’ by the outer automorphism of SO(2m) induced by c,. If X; is odd,
then

(5.5) (Clewg(Clen)™ = g1 - - 8icj—1)'85 ' 8icjs1) - - - (Cng'cy V)
Consequently,
(5.6) C{:Cn(ff) =011 Q- ® 0i(j—1) ® 05 @ Tijs1) @ * -+ ® cu(p).
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Therefore, if ¢,(p) % p, then C{c,, ¢ W(o), for all i with X; odd. However,
from (5.5) and (5.6), it is clear that if X; and X; are odd, and o;; and oy are
self contragredient, then C,CL = (Cic,)(Cic,) € W(o). On the other hand, if
cu(p) =~ p, we will get a product decomposition for W(o). We choose to proceed
as in case 1 and then describe any further reduction of Ry, in the case c,(p) ~ p
at the end of this section. O

For i =1 or 2, let W;(0; ® p) be the stabilizer of o; ® p in W,.
LEMMA 5.11. If 0 € E,(My), then W(o) ~ Wi(o1 ® p) X Wa(oz ® p).

Proof. Let g € My with g = g1g2¢', where g; € M/, and g € SO(2m).
Let w = wiwy € Wy. Then 0¥(g) = o(w™(g1828")W) = o1(w] 'g1w1) ® (02 ®
P)w3 'gag'wa) = 01" (g1) ® (02 ® p)**(g28’). Therefore, w € W(o) if and only
if 07! >~ o1 and (02 ® p)*? =~ 02 @ p. This is equivalent to w; € W(o; ® p) for
i=1,2. O

We now proceed as in case 1. The following result is a consequence of
Lemma 3.4.

LEMMA 5.12. If o € N, then o € ©; U ©,.

For 8 of form (2.2), there are integers b; such that

_ ) —1m—1
Xi = {ab,-+1m,~+l j=0 =1

Let i <t and let

ni—1n;—

Qi = U U {eb iHim; + ey, +lm,+1}
J—l 1-1

Ci = U U {eb i+im; iebk+lmk+1}1_ >
J=1 k=i+1

and
n;

2= Uenimr + e}
=

Ifi>t+1,and i #r, then we let Q; and Z; be defined as above, but

n;
-1
Ci= U U{ebi"‘jmi t pptimy+1 };Z‘O .

j=1 k>i
= k#r
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LEMMA 5.13.
(D) . Ifi <t then

{a € ®(Py,Ap) N O | (o, B) # 0 forsome € X;} = Q; U Z;UC,.
(2) Ifi>t,andi #rthen

{a € O(Py,Ap) N O, | (Oz, ﬂ) 75 0 for some 3 € Xi} =Q;UZ UC(,.

As in case 1, the Wy conjugacy classes in each of these sets are Q;, C;, and Z;.
Proof. The proof is essentially the same as that of Lemma 4.5. O

For a € ©;, with i = 1 or 2, we set A; = (ker xo NA))°, M;o = Zg,(Ai),
and *P,',a =P; ﬂM,',a.

LEMMA 5.14. If o € ©; N ®(Py,Ag), withi=1or2,andj=73 — i, then

(1) My ~M;o x My,

(2) "Po~ *Pia X Mj.

Proof. The argument is essentially the same as the proof of Lemma 5.5. O

COROLLARY 5.15. If « € ©; and j =3 — i, then
(1) WMa/Ag) = WMia/A);
@ Ind¥ (0) ~ Ind'i® (0;® p) ® 0.

Fori=1 or 2, we let

A ={a € ®(P,A;) | palo; ® p) =0}, and R; = {w € Wi(0; ® p) | w(A)) = Aj}.

THEOREM 5.16. If o € Ey(My), then
(1) A=AjUA;;
(2) R~R; XR,.

Proof. The first statement is a consequence of Lemma 5.15. The second part
follows from (1), and Lemma 5.10(3). O

In case 2, we have again reduced ourselves to considering the cases My = M|,
or My = M,. We will further resolve the case My = M;, and one instance of
My = M,.
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For the moment, we assume that the m; all have the same parity. For 1 <
i <r—1, we let ©; C ®(G,Ap) be the unique sub-root system of type Dym;+m
containing X; U X,. We let ©,,1 = {o; | j > b'}, and X, = . We take a choice
of simple roots, A; = A(©;), in ©; which contains X; U X,. Let G; = G(0;), so,
G; = SOQ2(nym; + m)), with root system ©;. For i # r, let A; C G; be given by
A; = AX,'UXr’ and P; = PX’.er. Then P; = M;N;, with M; = ZGi(Ai)~ By Lemma
2.1, M; ~ GL(m;)" x SO(2m). Thus, P; is a basic parabolic subgroup of G;. For
i #r, we let W; = W(G;/A;). By Lemma 2.6, W; ~ Sn; X ZZ"". Thus, we get the
following result.

LemMMA 5.17. If all the integers m; have the same parity, then

(1) Ag~Ap X -+ XAr1 XA,

(2) Mg~Mix---XM._| XM xSO2m), where M x SO2m) ~ M;, and
() W Wy X -+ Wyg X Wy

An argument similar to the proof of Lemma 4.4 yields the following result.

LemMA 5.18. Suppose all the integers m; have the same parity. Let o €
®(Py,Ap). If o € A', then o € U, 4, O

Let 0 € £&(Mp). Then, by Lemma 5.17, 6 ~ 01 ® 02+ - @ 0r—1 Q 0141 ® p,
with each 0; € &(M]). Let Wi(o; ® p) be the stabilizer of o; ® p in W;. Let
Al = {a € ®(P;,A;) | palo;) =0}, and R; = {w € Wi(o; ® p) | wi(A)) = A}}. For
o € D(P;,A)j), let A; o, M;,, and *P;, be defined as before.

THEOREM 5.19. Suppose that G = SO(2n), and P C G is a parabolic subgroup.
Let P = MN, and suppose M ~ GL(m1)™ X --- X GL(m,—1)"~' x SO2m), with
eachm; even. Let 0 ~ 01 Q -+ - ® 0,-1 Q p € E,(My) and o € O(P;, A;). Then

1) W(o) = Wi(c1®p) x -+ X Wr_1(0r—1 ® p);

Q) Mo>=M{ X - XM_; XMgX-XM_;

(B) *Pa=Mi X XM_; X *PigX- - XM._g;

4 WMa/Ag) = W(Mia/Ab);

&) A =U;x A5

6) R~R; X - XRr_1XRp.
Moreover, (2), (3), and (4) also hold if m; is odd for each i.

Proof. The proofs of (2) and (3) follow from matrix considerations. This is
similar to the proof of Lemma 5.5. Since each X; is even, and n,,; = 0, each W;
acts trivially on p. Therefore, (1) follows from Lemma 5.17(3). Now, (4) follows
from (2) and Lemma 5.17(1). Result (5) then follows from Lemma 5.18 and
(1)-(4). Finally, (6) then follows from (1),(4) and (5). O
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Remark. Recall that if all the m; are odd, the obstruction to being able to write
R=Ry X -+ X Rr—1 X Ry is that, if c,(p) # p, then the analogue of Theorem
5.19(1) is false. However, if c,(p) ~ p then the corresponding statement is true.

O

THEOREM 5.10. Suppose that 6 is of the form (2.2), with each m; odd. Let
o € &E(My), witho ~ 01 ® -+ ® 0,1 @ 041 @ p, as above. If c,(p) ~ p, then

(1) W(o)=Wi(o1®p) X+ X Wp_1(0/-1 ® p) X Wyy1(0ra1 ® p);
(2) A/ = Ui;ér :’
3 R=Ri X -+ XR_1 XRyp1.

Proof. Since c,(p) ~ p, Lemma 5.17(3) and (5.6) show that (1) holds. Result
(2) then follows from (1), and Theorem 5.19(2,3). Finally, (3) is a consequence
of (1) and (2). O

6. Basic Parabolic Subgroups and Remaining Cases for SO(2n). In Sec-
tion 4, we reduced the computation of R-groups for SO(2n + 1) and Sp(2n) to the
case of basic parabolic subgroups. In Section 5, we reduced the computation of
R-groups for SO(2n) to the computation of four cases. Namely,

(1) M ~ GL(k)", with k even;

2) m>0, M~ GL(k) x SO(2m), 0 ~ 01 ® p, with k even, or k odd and
cn(p) =~ p;

(3) M ~ GL(m)™ x --- x GL(m,)" x GL(1)"+, with each m; odd;

(4) M ~ GL(m)™ X --- x GL(my—1)"=' x GL(1)"*' x SO(2m), with each
m; odd, m > 0, and c¢,(p) # p.

In this section we compute each of these R-groups. We show that every R-group
is an elementary 2-group. This will yield multiplicity 1 resuits.

We begin with the case of a basic parabolic subgroup. We study Sp(2n),but
the statements and proofs (with proper substitutions) are valid for SO2n+1), and
cases (1) and (2) for SO(2n) given above.

Letk >0, and m > 0. Let n = k+m, and G = Sp(2n). Consider the maximal
parabolic subgroup P, with Levi component GL(k) x Sp(2m). For this parabolic
subgroup, we take § = A\ {ex — ex+1}. Let 0 € E2(GL(k)), and p € E,(Sp(2m)).
Then

M,
Ag = DLy,
/\_llk

Thus, Wy ~ Z,, with the nontrivial element given by C : A — A~!. For g €

GL(k), and g’ € Sp(2m), the action of C on My is given by C(gg)C~! = g~ 4.

Therefore, (0 ® p)¢ ~ & ® p. So, o ® p ramifies in G if and only if o ~ 5.
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Definition 6.1. We say that the condition X ,,(c ® p), holds if Indg (c ®p)
is reducible. Note that, if A} (0 ® p) holds, then o ~ 5. We use this notation to
remind ourselves that the reducibility of Indg (0 ® p) is determined by the poles
of certain L-functions, [33,35], and thus, is arithmetic in nature.

We now assume that »r > 1, kr < n, and let m = n — kr. We intend to
describe the possible R-groups when P = MN and M ~ GL(k)" x Sp(2m). Sally,
[29], showed that Xjq is the condition that 0> = 1, and o # 1. Keys, [15,
Theorem C,], showed that, if k = 1, then R ~ Z7', where m is the number of
inequivalent o; such that Xj o(o;) holds. We intend to prove the generalization of
this result.

Let

0 ={e1—ez....,e6_1 —ex} U{ers1 —€rs2,. .., €1 — €}
U- - U{er—1)+1 — €r—1ks2s - - - »€n—m—1 — €n—m}
L-J{en——m+1 —€n—m+2s -+ -5€p—1 — €Ep, 26,,} =A \ {ejk — €jk+1 };:1'

Then Py is the parabolic subgroup in question. By Lemma 2.3,
6.1) Wy = S, x Z,.
This is also obvious from the form of A = Ag;
(6.2) A = {diag {)\1,...,)\,,12,,,,)\,_1,...,)\1‘1}},

where )\; stands for A;Ix. Then, from (6.2), the explicit form of the isomorphism
in (6.1) can be written

@i+ N e— Asps
Ci: )\il—>/\i_l.

Let g € M, with g = (g1,...,8r&'). Then, the actions of (i) and C; on M are
given by

(6.3) (N8 = (81s- -+ 8im158s > 8i—1+8is - »8rr & )s
and
(6.4) CigCi_l =(81,---,8i-1, tgi_l,gi+1,~-~,gr,g/)-

If o € &(M), then 0 ~ 01 ® -+ ® 0, ® p, with each o; € E(GL(k)), and
p € E(Sp(2m)). Therefore, (6.3) and (6.4) show that ¢ ramifies in G if, and only
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if, at least one of the following conditions holds:

(6.5a) o; ~ gj for some i < j (<= (ij) € W(0));
(6.5b) o; =~ gj for some i < j (<= (ij)C;C; € W(0));
(6.5¢) o; ~ o0; for some i (<= C; € W(0)).

Recall that if m > 0, then ej; — ey gives the same reduced root as 2ej. Thus,
by Lemma 4.5 or 4.14,

(6.6) (P, A) = {ejx + enn Yo' 7 U {26}, -

r—1 r—1

Moreover, Q = {ejx & e+ 1 - and Z = {zejk};=1 form the Wy conjugacy
classes in ®(P,A).

LEMMA 6.2.

(1) ejx — ew+1 € A ifand only if 0 ~ o1
(2) ejx+ews1 € AN ifand only if 0j ~ 541

(3) 2ej € A ifand only if 0j ~ Gj and X m(c ® p) does not hold.

Proof. We compute the zeros of the rank one Plancherel measures. Let 8 =
ex — ex+1. Then, by Lemma 2.1,

Mg ~ GL(2k) x GL(k)" ™2 x Sp(2m).

Note that *Pg =~ Py X GL(k) ™2, where Pyx C GL(2k) is as in Section 3.
Therefore, Lemma 3.4 implies pg(o) = 0 if and only if o1 ~ 03. Consequently,
B € A’ if and only if o1 =~ 07. By (6.6), B = ejx — eu+1 is S,-conjugate to [3.
Therefore, /J/ﬁﬂ((f) = 0 if and only if 0; ~ o0y. This proves (1). Conjugating
by the sign change Cjy;, we see that [To— (0) = 0 if and only if 0; ~ 41,
proving (2).

2ep ifm=0,

Let a= . Then, by Lemma 2.1,
Ch—m — €n—m+1 1fm>0.

My ~ GL(k)™! x Sp(2(k + m)).
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Note that M, N Wy = (C,), and *P,, ~ GL(k)"~! x P', where P’ C Sp(2(k + m))
is the GL(k) x Sp(2m) parabolic subgroup. Let G’ = Sp(2(k + m)). Then,

r—1
nd¥% (0) ~ R) 0; ® Ind$ (0, ® p)

i=1

is reducible if and only if, Xy ,(0, ® p) holds. Thus, us(o) = 0 if and only if
oy ~ 0, and Xy (0o, ® p) does not hold. Let «; = 2ej. Then, by the conjugacy
of a; with «, each ,uaj(a) = 0 if and only if o; ~ 7; and Xy u(0j ® p) does not
hold. O

Remark. The proof of the next Lemma is essentially the same as Keys’s proof
of an analogous statement for the case of the minimal parabolic subgroup [15].
For this reason we call such an argument a Keys argument. O

LEMMA 6.3. Ifw=sc € R, withs € S, and c € Zj, then s = 1.

Proof. Without loss of generality, we suppose that, under the isomorphism
(6.1), s =(12...j+1). We can make this assumption because any permutation is a
product of disjoint cycles, and the sign changes act independently on these cycles.
Note that, up to conjugation by sign changes in Wy, we have c| 1) = 1, or
Cjs1. To see this, note that if both C; and Cj;; appear in c, then C;wC) has two
fewer sign changes than w, and we continue by induction.

Suppose that c|(1 5, 1} = 1. Then w € W(0) implies 01 >~ 02 ~ ... = 0ju1.
By Lemma 6.2, ¢; — ej+1 € A'. Note that w(ex — ejiv1) = e — €1 < 0. This
contradicts our assumption that w € R.

Suppose c|{i,..j+1} = Cj+1. Then o1 >~ 02 =~ -+ =~ gj,1 ~ 1. Therefore,
ex + ejr1 € A, while w(eg + ejrs1) = e2x — e1 < 0, which is a contradiction. O

THEOREM 6.4. Let k > 0, and m > 0. Suppose that G = Sp(2n), P = MN, and
M ~ GL(k)" x Sp2m). Letc = 01 ® -+ Q@ 0, ® p € E2(M). Then the R-group,
R, associated to o is given by R ~ 74, where d is the number of inequivalent o;
satisfying the condition Xy ,,(0; @ p).

Proof. By Lemma 6.3, R C Z;. Thus, R ~ 7§ for some d. Let I C {1,...,r}

be such that w = [] C; € R, and I is maximal with respect to this property. Since
i€l

w € W(o), we h]ave oj ~ o; for each j € I. Therefore, by (6.5¢), C; € W(o).
If Rw) = {a € ®(P,A) | wa < 0}, then R(C;) C R(w) for each j € I. Thus,
wa > 0 Va € A, implies Cja > 0 Yo € A'. Therefore, for each j € I, we have
Cj € R. Since I is maximal, R=(C; |j € I).

Let a; = 2ej. Since Cj(o;) < 0 and C; € R, we conclude that o; ¢ A’. Since
oj ~ 0j, Lemma 6.2, implies X} ,(0; ® p) must be satisfied. Suppose o; ~ g; for
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1143

some [ > j. Let a = ej — eg—1y+1. Then, by Lemma 6.2, o € A". On the other
hand, Cja < 0, which contradicts our assumption that w € R. Thus, if C; € R,
then o; # 0js Vi > j.

Conversely, suppose that o ~ G;, and 0; % 0, VI > j. Then (6.5c) implies
that C; € W(o). Note that, R(C;) = {ejx L en+1 }i>jU{a;}. Therefore, if Xy (o ®p)
holds, then Lemma 6.2 implies A'NR(C;) = 0. Hence, C; € R. Since I is maximal,
J € 1. Consequently, I is in one to one correspondence with the equivalence classes
of o; such that A; ,,(c ® p) holds. O

As we remarked at the outset of this section the statements and proofs of
Lemmas 6.1-6.3, and Theorem 6.4, can be extended, almost verbatim, to SO(2n+
1), and the basic parabolic subgroups we need to consider for SO(2n). We state
this explicitly.

THEOREM 6.5.

(1) Let G =S0O2n+1).Suppose P = MN is a basic parabolic subgroup of G,
with M ~ GL(k)" X SO2m+1). Suppose G' = SOQ2(k+m)+1) and P' = M'N’, with
M' ~ GL(k) x SOQm+1).Leto ~ 01 @ - ® 0, ® p € Ex(M). Then, R(c) ~ 74,
where d is the number of inequivalent o; with Indg,' (0; ® p) reducible.

(2) Let G = SO(2n). Suppose k is even, and P = MN is a basic parabolic
subgroup of G, with M ~ GL(k)" x SO(2m). Let G' = SO2(k +m)) and P' = M'N’,
with M' ~ GL(k) X SO(2m). Suppose 0 ~ 01 ® - Q 0, @ p € E(M). Then,
R(o) ~ Z‘Z’ , Where d is the number of inequivalent o; with Indg,' (0; ® p) reducible.

(3) Let G = SO(2n). Let k be odd, and m > 0. Suppose P = MN is a basic
parabolic subgroup of G, with M ~ GL(k)" x SO(2m). Let G’ = SOQ2(k + m)), and
P =M'N', withM' ~ GL(k) x SO(2m). Suppose 0 ~ 51 Q - -- @ 0, ® p € E(M).
We further suppose that c,(p) ~ p. Then, R(c) ~ Z‘zi , where d is the number of
inequivalent o; with Indg,' (0; ® p) reducible.

We turn now to the two instances in which we were unable to reduce the R-
group to a product of R-groups associated to basic parabolic subgroups. Namely,
cases (3) and (4) for SO(2n), listed at the beginning of this section. First suppose

M = GL(m)™ x - x GL(m,)" x GL(1)"™*,

with each m; odd. In all our arguments we assume that b = Y n;m; > 2. If b =2,
then the same arguments work, by replacing conjugation in Wy, with conjugation
by an appropriate element of O(2n) \ SO(2n).
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We assume that 6 is of the form (2.2). Recall that the reduced roots were
given in Lemma 5.4. Let A = Ag, M = My, and P = Py. We recall that

A= {diag {)\11, cos A+ >‘(—;-|1-1)nr+1 REEE )‘1_11 }} ’

where \;; means \jly,.

By Lemma 2.5, Wy ~ (2! Sp,) X Z* =1 We now make this isomor-
phism explicit. Let C’,: DA Ay ! be the product of m; sign changes described
in Section 2. Then we showed that

6.7) zy o (G 1< ik <7+ 1) C W,
For the permutations, we adopt the following notation. Let
(6.8) (J J+Di: Aj <= Aije).

Suppose g € M. Then g = (g;j), with each g; € GL(m;). Then, following the
actions given in (6.7) and (6.8),

(6.9) (JK)i = gij < &iks
and
i) &i— g
8kl < 8 -

If o € &(M), then o ~ {;‘11 oi, with each o; € £,(GL(m;)"). We decompose

this further; o; ~ ®]'.'="1crij, with each 0j; € £2(GL(m;)). Making direct computations
from (6.9) and (6.10), we find that

(6.11a) (jk)i € W(o) if and only if oj; ~ oy,
(6.11b) CICL € W(0) if and only if oy ~ &; and oy =~ 5y,
and

(6.11¢) (jk)iCICF € W(o) if and only if o ~ 5.

Remark. If (jk);CiC{ € W(0) then o ~ oy ~ &; and 04y ~ &yg. There-
fore, (jk);, C.C¥, and C¥C{ € W(o). Consequently, conditions (6.11a-c) are the
necessary and sufficient conditions for ¢ to ramify in G. O
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Recall that b; = 37, mjm;. Let & = ep4jm; — €pyim+1. Choose (K, ') so that
k', 1) # (i,)), (k,]). (Note that our assumption that b > 2 guarantees that such
k', I exist.) Then,

I+1 ~I'+1
6.12) Ci " Cp™ = epyajm; + Chpsimy+15

so these two reduced roots are Wy conjugate. If b = 2, one can use an an
appropriate representative of the outer automorphism to show that the Plancherel
measures along these two roots are related. Therefore, up to conjugation, we need
only compute the rank 1 Plancherel measures in a few cases.

LEMMA 6.6.

(1) = epujm; — epkm+1 € A if and only if 04 > ojks).
(2) = epajm; + epkm+1 € A if and only if 0y > Giksr).
B) B = epujm;  ehprims1 €N, Vi £k, V), Lo

(3) v =epujm—1+ bujm; €N, Vi j, 0.

Proof. Suppose o = e, — €pm;+1. By Lemma 2.1,

r+l
Mg, =~ GL(2my) x GL(my)" =2 x | [ GL(my)".
j=2

Therefore, by Lemma 3.4, « € A’ if and only if oy ~ 0. Conjugating in Wy
gives (1). By (6.12), (1) implies (2).
Let 8 = ep;, — ep,4+1, for some i > 1. Then, by the remark following Lemma
3.4, W(Mg/Ag) = {1}. Therefore, 8 ¢ A’'. Then conjugation in Wy gives (3).
For (4), we can conjugate by an appropriate permutation in W(G/Ay), so that
i =r+1. We do not assume that m,,; = 1 in this case. Then we take v = e,,_| +e,.
Using Lemma 2.1, we see that

M, = (H GL(mj)"f> X GLom)"~" x S0@m;).
J#i

If g € M,, then g has the form g = diag{D, Q,"D~'}, where

De {diag {{8jk}j¢,~ : {gil}fifl}

gjx € GL(m)), gi € GL(mi)},

and Q € SO(2m;). Therefore, W(M, /Ag) = W(SO(2m;)/A"), where
! _ )\Im,
A e )}
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Since m; is odd, this last Weyl group is trivial, and therefore, v ¢ A’. Using
permutations in Sy, gives (4). O

We now use a Keys argument.

LEMMA 6.7. If sc € R, with s € []; Sp,, and ¢ € Z' =l pen s = 1.

Proof. Since the sign changes C{ act independently on disjoint cycles, we can
assume that s € Sy, for some i, and that s is a cycle. We assume that s = (1...j);.
Up to conjugation by an even number of sign changes, we can assume that

— v J—1
Cl{bi+1,...,b,‘+jmi} - 1’ Ci’ or Ci Ci'

If Cl{bi+1,~--bi+jmi} =1or C{:, then, by Lemma 6.6, we can use the arguments of
oy -

Lemma 6.3 . If Cl{bi+l,...bi+jmi} = C{ C{ then o) @ opp >~ -+~ Oi(j—1) = 0j. By

Lemma 6.6, €p+m; t €bi+(j—1)mi+1 € A’. Then sc(ebi+mi + €p+( j_l)mi+]) < 0, which

is a contradiction. Therefore, s = 1. O

THEOREM 6.8. Suppose G = SO(2n), and P = MN is a parabolic subgroup with
M ~ GL(m;)™ x - -+ x GL(m,)™ x GL(1)"*,

with each m; odd. Let o € E(M) and write o ~ ®{:11 ®J'.l=i1 ojj, with each oj; €
& (GL(my)). Let m(o) be the number of inequivalent oy; satisfying o; ~ G;;. Then,

red WU m(o) =0
— ) 27O mo) > 1.

Proof. Let m =ny + -+ -ny1 — 1. By Lemma 6.7, R C Z7'. If m(o) =0, then
W(o) N ZE = {1}. Therefore, R = {1}. Suppose that m(c) > 1. For w € Wy,
let Rw) = {a € ®(P,A) | wa < 0}. Then w € R if and only if, w € W(o)
and R(w) N A’ = 0. Suppose (i,j) #(k, 1), and o ~ &j; o =~ Gx. Then, (6.11b)
implies CJ,:C,Ic € W(o). Note that, if o;; >~ o0y, for some ¢ > j, then, by Lemma
6.6, & = €pyjm; — €hs—ym+1 € A, while C)Cha < 0. In this case, CCL ¢ R. On
the other hand, if 0;; # oy, for all ¢ > j, and oy % oy, for all u > [, then Lemma
6.6 implies A’ ﬂR(C{:C}C) = (). Thus, under these conditions, C{C,’C €R. Let

_ . . O’,'jf;"ov'ij and
b= {(l,J) ' Oir # 0jjy Vi > ] }
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1147

Then

R=<dd|@ﬂ@ﬁe3yﬂw:zﬁfﬁ o

Remark. Notice that, even though we were not able to reduce this R-group
via a product formula, we were able to compute it explicitly. In Theorems 6.4
and 6.5, we need further information to compute the R-groups explicitly from the
inducing data. O

Suppose that m > 1 and M ~ GL(m)™ x --- x GL(1)"+ x SO(2m), with
each m; odd, 0 =01 ® -+ ® 0,41 ® p, and c,(p) % p. We assume that 6 is of the
form (2.2), with each m; odd. Let A = Ag, M = My, and P = Py. Recall that

©613)  A={diag{ M, Arrims o At > A} -
By Lemma 2.6,

(6.14) Wo = [ Su, x Z3'.
i#r

This isomorphism is given by the the following actions on (6.13):
(J J+Di: Aj <= Aigjsnys

and

P -1
Cicn t Xj — A

Recall that the action of C{:cn on M is given by (5.5). Since c,(p) % p, no single

sign change C{:cn € W(o). Therefore, conditions (6.11a-c) describe the necessary
and sufficient conditions for W(o) # {1}.

Lemma 6.9.

(1) epsjm; — €psim+1 € A if and only if 0 ~ Tigs1).-
(2)  epujm; + primpe1 € A if and only if 0ij ~ Gigr1).
3)  epujm; T epprime1 €A, Vi #k, Vo.

) epajm; — en—mr1 € A, Vi,jVo.

Proof. The proofs of (1)-(3) are the same as in Lemma 6.6. For (4), assume
i=r+1, and let v = ¢;,_,; — €,—m+1. Then, following the same line of reasoning
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1148 DAVID GOLDBERG

as in (4) of Lemma 6.6, we see that W(M,, /Ag) ~ W(SO(2(m; + m))/A’), where

Ay,
A= Ly,
P

Therefore, W(M, /Ag) = {1,Cic,}. Thus, o ramifies in M, if and only if oy, ~
Oin; and cp(p) =~ p. However, by assumption, this last condition does not hold.
Thus, o never ramifies in M,,, and (4) follows. O

The Keys argument of Lemma 6.7 works verbatim to give the next lemma.
We then apply the argument of Theorem 6.8, to explicitly describe R.

LemMA 6.10. If sc € R, withs € [1; Sy, and ¢ € Zy'7 =" [then s = 1.
THEOREM 6.11. Suppose G = SO(2n), and P = MN is a parabolic subgroup
with

M =~ GL(m)™ X - -+ x GL(m,—_1)"~" x GL(1)"*' x SO(2m),

with each m; odd. Let o € £E,(M), and write

o (@é%) ® p,

i#r j=1

with each oij € E(GL(my)), p € £(SO(2m)), and cy(p) 2 p. Let m(c) be the
number of inequivalent oj; satisfying o;; ~ ;. Then

' {1} m(o)=0
T 27 mo) > 1.

THEOREM 6.12. Let G = SO(2n + 1), Sp(2n), or SO(2n). Let P = MN be any
parabolic subgroup, and let ¢ € Ex(M). Suppose that o is generic. Then Ind$ (o)
decomposes with multiplicity one.

Proof. By Theorems 4.9, 4.18, 5.8, 5.9, 5.16, 5.19, 5.20, 6.4, 6.5, 6.8, and 6.11,
the R-group R(o) is abelian. Since o is generic, Theorem 1.9 implies multiplicity
one holds. m|

Remark. By [5,14] every discrete series representation of GL(n) is generic.
Therefore, the hypotheses of Theorem 6.12 are always satisfied in case 1. We
write this down explicitly below. O
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REDUCIBILITY OF INDUCED REPRESENTATIONS 1149

COROLLARY 6.13. Let G and P = MN be as in Theorem 6.12. Suppose that
M ~ GL(m)™ x --- X GL(m,)". Then for any 0 € &,(M), Indg (0) decomposes
with multiplicity one.

Remark. In [10], Herb extends Theorem 6.12 to the case where o is not
generic. O

7. Some Results for Maximal Parabolics. We will describe some results
for maximal parabolic subgroups. For all of these results we require o to be a
supercuspidal representation.

THEOREM 7.1. (Shahidi [34]) Suppose G = Sp(4) and 6 = {e; —e,}. Let P = Py.
Then Mg ~ GL(2). Let o € °E(My) and let w, be the central character of 0. Then
Indg (o) is reducible if and only if o ~ & and wy, # 1.

Definition 7.2. Let G be a connected reductive p-adic group and let P = MN
be a parabolic subgroup. Let o be a non-unitarizable irreducible admissible super-
cuspidal representation of M. Then Ind§ (o) is said to be in the complementary
series if it is unitarizable.

THEOREM 7.3. Suppose G = SO(2n) with n > 1 an odd integer. Let P = Py
with 0 = A\ {en—1 + e, }. Thus, Mg ~ GL(n). Let 0 € °E(Mg). Then Ind§ (o) is

irreducible. Moreover, there are no complementary series.

Remark. This was actually noted in the proof of Lemma 6.6. m|

el )}

By Lemma 2.5, W(G/Ag) = {1}. Therefore, o is unramified in G. By Theorem
1.1, Indg (o) is irreducible. Theorem 8.1 of [33] shows that there can be no
complementary series. O

Proof. We have

One can use Theorem 7.3 to prove the following results.
THEOREM 7.4. (Shahidi [35])

(1) Let G = Sp(2n) with n > 1 an odd integer, and let P = MN with M ~
GL(n). Let o € °E(M). Then Ind,G) (0) is reducible if and only if 0 ~ ©.

(2) LetG=S0O2n+1)withn > 1 o0dd, and let P = MN with M ~ GL(n). Let
o € °E(M). Then Ind$ (o) is irreducible.
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We can use Theorem 7.4 to make the R-groups of Theorems 6.4 and 6.5a
explicit in some cases.

COROLLARY 7.5. Let k be odd and let n = kr, withr > 1.

(1) Suppose G = Sp(2n), and P = MN, with M ~ GL(k)".Letc ~ 01 ® -+ ®
o, € °E(M), with each o; € °E(GL(k)). Then, R ~ Z‘% , where d is the number of
inequivalent, self contragredient o;.

(2) Let G = SOQ2n + 1), and P = MN, with M ~ GL(k)". Then, for any
o € °EM), Indg (0) is irreducible.

Remark. Shahidi, [35], has determined the reducibility criteria in the case
where G = GL(n), for any n. These criteria come from the theory of twisted
endoscopy of Kottwitz and Shelstad [24,25]. In more recent work, [31], Shahidi
has explored the general maximal parabolic subgroup of SO(2n), with n even.
Here, the theory of twisted endoscopy also plays a key role. We hope to extend
these results to cover the most general case for classical groups. This will be the
subject of future joint work with Shahidi. ]
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