
 REDUCIBILITY OF INDUCED REPRESENTATIONS

 FOR SP(2N) AND SO(N)

 By DAVID GOLDBERG

 Introduction. Let G be a connected reductive p-adic group. Let P = MN be

 a parabolic subgroup of G, and let a be an irreducible admissible representation

 of M. One important step in the classification of the irreducible admissible rep-

 resentations of G, is to decompose the unitarily induced representation Indg (C)

 when a is supercuspidal. If we assume that the discrete series of G and all M are

 known, then decomposing the IndG (a), with a a discrete series representation,
 classifies the tempered spectrum of G. As a first approach we ask the following

 question: Can we determine when IndG (a) is irreducible?
 Let A be the split component of M, and suppose a is a discrete series repre-

 sentation of M. Then Bruhat theory reduces us to the case where a is fixed by

 some nontrivial element of the Weyl group, W(A). In the case of real groups, with

 P a minimal parabolic subgroup, and a a unitary character of M, Knapp and Stein

 [21] studied a collection of standard intertwining operators. They used these op-

 erators to give a sufficient condition for IndG (a) to be reducible. Harish-Chandra
 proved that these operators spanned the commuting algebra of IndG (cr). Knapp
 and Stein, [17,18,22], were able to construct a finite group, R, whose structure

 completely determines the number of components of IndG (a). They called this
 group the R-group attached to a. We sometimes denote R by R(C). That this

 construction generalizes to arbitrary parabolic subgroups is due to Knapp [19].

 Silberger, [36], showed that, for p-adic groups, we can construct R-groups in a

 similar fashion, and they have the same significance. The R-group determines the

 structure of the commuting algebra C(C) of IndG (a) [16, 36].
 If G = GL(n) over a p-adic field, the work of Ol'sanskii, [26], Bernstein and

 Zelevinsky, [1], and Jacquet, [14], shows that R is trivial. Based on the results

 of Winarsky, [39], Keys, [15], was able to compute R-groups when G is a p-adic

 Chevalley group, and P is a minimal parabolic subgroup of G. We will study

 the R-groups for intermediate parabolic subgroups for certain classical groups.

 To compute R-groups explicitly, we must know when Ind G (a) is reducible for
 certain maximal parabolic subgroups P, and certain classical groups G. From this

 data the computation of R-groups is purely combinatorial in nature. We often
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 1102 DAVID GOLDBERG

 assume that we know some of these criteria explicitly, in order to show what

 possible R-groups might arise. When G is quasi-split and P is maximal, Shahidi,

 [33], has related the reducibility of Indg (p) to special values of certain conjectural
 Langlands L-functions attached to a. His recent work, [31,35], has significantly

 broadened the cases for which we can compute these special values.

 We study the split groups SO(2n+ 1), Sp(2n), and SO(2n). These groups have

 the advantage that their Levi subgroups are easily computed. If P = MN C G is

 a parabolic subgroup, then, there are integers ml > m2 ... > mr > 0, m' ? 0,

 and ni > 0, with (Z mini) + m' = n, such that

 (1) M -_ GL(mI)n x ... x GL(mr)nr x G'(m').

 Here

 i SO(2m' + 1) if G = SO(2n + 1),

 G'(m') = Sp(2m') if G = Sp(2n),

 SO(2m') if G = SO(2n).

 We call a parabolic subgroup P of G basic if r = 1 in the decomposition (1). If

 a is a discrete series representation of M, then, by (1), c - c1 0 ... 0Jr 0 p,
 where each ci is a discrete series representation of GL(mi)ni, and p is a discrete
 series representation of G'(m').

 Our first step is to show that, for G = SO(2n + 1) or Sp(2n), every R-group

 can be decomposed as a product

 (2) R -RI x x Rr.

 Here Ri is the R-group of the representation ci 0 p, with respect to induction
 from the basic parabolic subgroup with Levi component

 (3) GL(mx)ni X G'(m') C SO(2(mini + m') + 1)
 {Sp(2(mini + in')).

 For G = SO(2n), the R-group does not always decompose according to (2).

 However, if all of the integers mi are even, then (2) and (3) are valid with

 G'(m') = SO(2m'). We prove that we can find integers, k, and k2, parabolic
 subgroups, Pi = MiNi of SO(2ki), and irreducible discrete series representations,
 ri of Mi, such that

 R(C) = R(TI) x R(T2).

 Moreover, in the decomposition of M1 given by (1), all the integers mi are even.
 Therefore, R(TI) further decomposes as a product of the form (2), with each Ri
 an R-group attached to a basic parabolic subgroup. In the decomposition (1) for
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1103

 M2, all the integers mi are odd. In some cases the R-group R(T2) does decompose
 according to (2).

 We further reduce the computation of each possible R-group. We show that

 for any basic parabolic subgroup of SO(2n + 1) or Sp(2n), the R-group is of

 the form R - Z5. Assuming we understand reducibility criteria for maximal
 parabolic subgroups, we can compute the integer d explicitly. If G = SO(2n),

 and M _ GL(ml)n, x SO(2m'), with ml even, then the same statements are true.
 Therefore, we can determine the R-groups for parabolic subgroups of the form

 P = MINI, with M1 as above. For the case M = M2, we can show R ~ 4
 This is carried out in two cases, according to whether (2) is valid or not. If R(T2)

 does not decompose by (2), then we can compute the integer d explicitly from

 the structure of the inducing representation. If the inducing representation a is

 generic, i.e., possesses a Whittaker model, [28], then we obtain the following

 theorem.

 THEOREM. Let G = SO(2n + 1), Sp(2n), or SO(2n), and let P be a parabolic

 subgroup of G with Levi decomposition P = MN. Let a be any irreducible generic

 discrete series representation of M. Then IndG (a) decomposes with multiplicity
 one.

 Remark. One can remove the condition that a is generic. This result is due

 to Herb [10]. E

 Once we have reduced ourselves to resolving the case of maximal parabolic

 subgroups, we discuss some maximal parabolic subgroups for which the re-

 ducibility criteria are explicitly known. Suppose G is one of the split groups

 SO(2k + 1), Sp(2k), or SO(2k) with k odd. Further suppose that M _ GL(k), and

 a an irreducible unitary supercuspidal representation of M. Then the criteria for

 reducibility can be easily described [35].

 In order to better describe the problems we intend to discuss, we need to

 introduce some notation and vocabulary. This is the subject of Section 1. In

 Section 2, we discuss the structure of the parabolic subgroups of the split classical

 groups we will consider. In Section 3, we review some results for the group

 GL(n). This will be a a key ingredient in many of our arguments. In Section 4,

 we prove a product formula for the R-groups of Sp(2n) and SO(2n + 1). This

 reduces the computation of R-groups to the case where P is a basic parabolic

 subgroup. These R-groups are computed in Section 6. In Section 5, we reduce

 computation of R-groups for SO(2n) to four cases. Two of these cases involve

 basic parabolic subgroups, and the other two cases are slightly different. These

 four cases are computed in Section 6. In Section 7, we discuss some cases where

 the reducibility criteria for maximal parabolic subgroups is known.

 We make a short remark about real groups. Our combinatorial argument for

 p-adic groups uses the theorems of Ol'sanskii, [26], Bernstein and Zelevinsky,
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 1104 DAVID GOLDBERG

 [1], and Jacquet, [14], for GL(n). The results of Section 3 can be translated to

 G = GL(n,R) as follows. Suppose P = MAN is a maximal cuspidal parabolic

 subgroup of G, 7r a discrete series representation of M, and v E ia*. First note

 that in order for G to have such a parabolic subgroup, it is necessary that n

 be 2, 3, or 4. Then MA - GL(1) x GL(1), GL(1) x GL(2), or GL(2) x GL(2)

 respectively. If n = 3, then W(A) = {1}, and thus, IndG (7rOei'v 1 N) is irreducible.
 If n = 4, then IndG (7r 0 eiv 0 1N) is a unitary fundamental series representation,
 and is therefore irreducible [9, Theorem 40.1]. If n = 2, the explicit formula

 for Plancherel factors shows that, if (7r, v) is fixed by W(A), then ,u(7r, v) = 0.

 Therefore, IndG (7r 0 eiv 0 1N) is always irreducible in this case as well. Therefore,

 the analogue of Lemma 3.4 is valid for reductive groups over R as well. With

 this in hand, the combinatorial arguments of Sections 4, 5, and 6 carry over to the

 groups SO(2n + 1, R), Sp(2n, R), and SO(2n, R). To compute reducibility criteria

 for the maximal parabolic subgroups that arise, we can use the explicit Plancherel

 formula of Harish-Chandra [11]. These Plancherel factors are explicitly computed

 by Knapp [20]. This gives a method of explicitly computing R-groups for these

 split groups which is a bit different than the one given in [20].

 I would like to thank P. J. Sally, Jr. for suggesting these problems to me

 and providing advice as needed. I also thank C. D. Keys and F. Shahidi for

 engaging in many constructive conversations. Mostly, I would thank my advisor,

 R. A. Herb, for her patience and guidance throughout the research and preparation

 of the dissertation in which most of these results appeared.

 1. Preliminaries. Let F be a locally compact, non discrete, nonarchimedean

 local field of characteristic zero. Let Ri be its ring of integers, p the maximal ideal

 in R1. Let q = IR/pI be the order of the residue class field of F. Then q = pk, for
 some prime p, and some k > 0. The prime p is called the residual characteristic

 of F.

 Let G be the F-rational points of a connected reductive quasi-split algebraic

 group over F. By a representation of G on a complex vector space V, we mean a

 homomorphism 7r: G - GL(V). A representation is smooth if, for every v E V,

 {g E G I ir(g)v = v} is open. A smooth representation is admissible if, for every
 open subgroup H C G, {v I 7r(h)v = v, Vh E H} is finite dimensional.

 Let (7r, V) be a smooth representation of G, and let (7r, V) be the smooth con-

 tragredient representation on the space of smooth linear forms on V. Then 7r is

 called supercuspidal if, for any v E V and v E V, the function : g F > (r(g)v, D)

 has compact support modulo the center of G. An admissible representation (7r, V),

 with unitary central character, is called square integrable if all its matrix coeffi-

 cients are square integrable modulo Z(G), i.e.,

 JZ(G) I (g) 12 dg < 00
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1105

 for all v E V, v) E V. The irreducible, square integrable representations are called

 the discrete series of G. It is clear that every admissible irreducible unitary su-

 percuspidal representation is discrete series. For more details on the theory of

 admissible representations of G, one should consult [3,4,8,37].

 Suppose that G is a connected reductive quasi-split algebraic group defined

 over F. A parabolic subgroup P of G is a subgroup such that G/P has the structure

 of a complete variety [2,12]. Every parabolic subgroup has a Levi decomposition

 P = MN, with M a reductive group, and N a unipotent subgroup of G. The

 product is semidirect, i.e., M normalizes N. Notice that G is a parabolic subgroup

 of G. By a maximal parabolic subgroup, we mean a parabolic subgroup which is

 maximal among proper parabolic subgroups.

 Let T be a maximal torus in G. Denote the maximal F-split sub-torus of T

 by Ao. Let CD be the set of restricted roots of G with respect to Ao. Suppose
 A is a choice of simple roots. Let V+ be the positive roots, D- the negative

 roots, and B = TU the Borel subgroup of G with respect to this choice of simple

 roots [2,37,38]. For each oa E D, let X, be the associated root character. Let
 a E V+, and let U, C U be the associated root subgroup. Recall that if g is the
 Lie algebra of G, then U0, is the subgroup of U with Lie algebra 0, + 2,. A
 standard parabolic subgroup, P C G, is any subgroup containing B. The standard

 parabolic subgroups are in one to one correspondence with the subsets of the

 simple roots A. This correspondence can be described as follows [37, pg. 10].

 Let 0 C A, and let X'(0) be the positive roots spanned by 0. Let AO C Ao be
 defined by

 AO= (Okerx,)

 where the superscript ? means the connected component of the identity. Let MO
 be the centralizer of AO in G, and let

 No = J7 UO.
 aE(D+\E+(O)

 Then Po = MONO is the parabolic subgroup corresponding to 0. Moreover, if
 01 C 02, then Po, C P92. If P is any parabolic subgroup of G, then P is conjugate
 to Po, for some 0 C A. If G = G(F), then we call P = P(F) a parabolic subgroup
 of G. Note that P = MN, with M = M(F), and N = N(F).

 If P = MN is a proper parabolic subgroup of G, then both M and N are

 unimodular, but P is not. Let &p be the modular function of a right Haar measure

 on P. Let (a, V) be a smooth representation of M. Let

 V(U) = {f E C?(G, V)f(mng) = a(m)61/2 (m)f(g), V g E G, m E M, n E N}.
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 1106 DAVID GOLDBERG

 Then G acts on V(C) by right translations, and this is the unitarily induced

 representation IndG (a). If a is unitary, then so is IndG (a).

 Following Harish-Chandra, [8, pp. 170, 172, 175], we let 8c(G) be the equiv-
 alence classes of irreducible admissible representations of G. We make no distinc-

 tion between a class [a] E 8c(G), and its representative a. We let 8(G) C 8c(G) be
 the irreducible unitary equivalence classes, and let ?2(G) c ?(G) be the square

 integrable classes. Denote by 08c(G) the irreducible supercuspidal classes in
 8c(G), and let ??(G) = 08c(G) n 8(G). Jacquet's theorem, [4,8,13], shows that
 any ir E 8c(G) is either supercuspidal, or can be realized as a subrepresentatiQn
 of IndG (J), for some parabolic subgroup P = MN, and some a E 08S(M).

 Let 0 c A, and let P = Po. Suppose AO is the split component of P. Consider
 the Weyl group

 Wo = W(G/AO) C W(G/Ao),

 Wo = NG(AO)/ZG(Ao) = NG(AO)/MO.

 There is a natural action of Wo on the representations of Mo. If a E ?c(Me), and
 w E W9, then we let Jw(m) = a(w-1mw). We say that a is singular, or ramified,

 if there is some w E W9, w 7 1, such that 'W CJ a. Otherwise, a is said to be

 nonsingular, or unramified. Let W(C) = {w E Wo I aW C a}. Let C(C) be the
 commuting algebra of the representation IndG (a).

 THEOREM 1.1. (Bruhat) [8, pg. 177]. Let P = MN be a proper parabolic

 subgroup of G. Let a E 62(M). Then dim?c C(C) < IW(a)I.

 COROLLARY 1.2. If a E 62(M) is unramified, then Ind G (a) is irreducible.

 Thus, if a is a discrete series representation, the study of reducibility of

 the induced representations reduces to the ramified case. The method of study

 is to construct, for any admissible irreducible representation, a of MO, and any
 w E W9, a standard intertwining operator between IndG0 (a) and IndG0 (aW), and

 use the behavior of these operators to decompose IndG (a).
 Let X(M)F be the F-rational characters of M. Let

 ao = Hom(X(M)F,R),

 0 = X(M)F ?E R,

 and

 (aO)* = a* OR C

 Then ao is the real Lie algebra of AO, and (aO)* is its complexified dual. There
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1107

 is a homomorphism, [8], Hp: M -* ao, such that

 q(X,HP(m)? = IX(m)IF, VX e X(M)F.

 Let v E (as),:. Consider the representation I(v, a) = IndG (a 0 q(vHP(-))). Let

 w E W1, and let Nw = U nw w-Nw, where N is the unipotent radical opposed to

 N. Let f E I(v, a), and g E G. Consider the operator defined (only formally) by

 (1.1) A(v,ca,w)f(g) = f(w-lng)dn.

 We say that A(v, a, w) converges if, for every v E V, and every f E I(v, a),

 (i,4A(v, a,w)f(g)) converges for all g E G.

 LEMMA 1.3. [30,32,39] If A(v, a, w) converges then it defines an intertwining

 operator between I(v, a) and I(vw, aW).

 THEOREM 1.4. (Harish-Chandra [32]) If ar E 62(M), then A(v, a, w) converges

 for Re v >> 0. Moreover, v -* A(v, a, w) is holomorphic as an operator valued
 function, and has a meromorphic continuation to all of (a9)*.

 Suppose 0 C A. We let po be half the sum of the positive roots in No. If
 P = PF, then we may denote po bt pp.

 THEOREM 1.5. (Harish-Chandra [8, pg. 182]) Let w E Wo, and let a E 62(M).
 Then there is a complex number, ,u(v, a, w), so that, if Haar measure is chosen

 appropriately,

 A(v, a, w)A(vW, aw w-) = ,A(v,a'w)-1 2 (GIP)

 where

 yw(GI/P) = J q (2PP HPQ()) di.
 Nw

 Moreover, v /-+ u(v, a, w) is meromorphic on (aq)*, and holomorphic and nonneg-
 ative on the unitary axis ia4

 We call ,u(v, a, w) is called the Plancherel measure associated to a, v, w. If w

 is the longest element of the Weyl group W9, then we write ,a(v, a) for ,(v, a, w).
 (The longest element of W9 is the element which takes every member of A \ 0
 to a negative root.) We write ,(u() for 1u(0, a).

 If w E W(a), w i' 1, and A(v, a, w) is holomorphic in a neighborhood of
 0, then I(C) is reducible. Moreover, if A(v, a, w) is a rank one operator then the
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 1108 DAVID GOLDBERG

 converse holds [37, Corollary 5.4.2.3]. Notice that the poles of the intertwining

 operators must match with the zeros of the Plancherel measures.

 THEOREM 1.6. (Harish-Chandra [37, theorem 5.5.3.2.]) Leta E ?2(M). There is

 a meromorphic normalizing factor, -y(v, a, w), so that, if we let 2(a, w) =

 'y(O, a, w)A(0, a, w), then the collection {Qt(a, w) I w E W(a)} spans the com-
 muting algebra C(o).

 Shahidi, [33], has described normalizing factors in terms of certain Lang-

 lands L-functions and root numbers, and has used this normalization to give cri-

 teria for reducibility of induced representations coming from maximal parabolic

 subgroups. These criteria depend on the L-functions and root numbers. Thus,

 the criteria are not yet explicitly known in general. However, for certain groups,

 parabolic subgroups, and a, these criteria have been computed [6,7,14,26,29,31,33-

 35,39]. If the reducibility criteria for maximal parabolic subgroups were known in

 general, then we could use the following product formula to detect the zeros of the

 Plancherel measures for all parabolic subgroups. The product formula is related

 to a cocycle relation for the composition of intertwining operators [15,32,39].

 Let P = MN be a standard parabolic subgroup of G, with split component A,

 and let (D(P, A) be the set of reduced roots of P with respect to A. Notice that since

 we are taking the roots of A in P, there is already an ordering defined on cD(P, A),

 i.e., the elements of D(P, A) are positive. Let :3 E (D(P, A), and let AO be the torus
 (kerxQ nA) . Let MO = ZG(Afl). Note that MO D M. Let *Po = M: n P. Then
 *PJJ is a maximal parabolic subgroup of Mgi, with split component A, unipotent

 radical Ng3 = N n M,, and Levi decomposition *P3 = MN:i. Let a and v be
 defined as before, and let [,t(v, a) be the Plancherel measure associated to the

 representation Ind (C PO aq( HPq))

 THEOREM 1.7. (Harish-Chandra [8, pp. 184-185])

 tY-2(G/P),u(v, a) = or 2(Mp/*P:),:(v, a).
 OEO(PA)

 Following Knapp and Stein, [22], we can use the zeros of the rank one

 Plancherel measures to compute the Knapp-Stein R-group. This gives us a method

 to determine which Qt(a, w) are scalar operators. Then, Theorem 1.6 allows us
 to compute the dimension of C(a). We now describe the construction of the

 R-group. Suppose a e $2(M). Let A' = {/B E D(P,A) I af(a) = 0}, and let

 R = {w E W(a) i w/B > 0, V/1 E A'}. By [8, pg. 183], ,uwgj(a) = 1-,t(w ), so
 R = {w E W(a) I w(A') = A'}.

 Let W' = WA', i.e., W' is generated by the reflections in A' (which along with
 its negative form a sub-root system of (D).
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1109

 THEOREM 1.8. (Knapp-Stein, Silberger [22,23,36])

 W(a) = R x W', and W' = {w E W(a) I Qt(a, w) is scalar}.

 We recall the notion of a generic representation. The subgroup

 U'= H Ua,
 agED+\A

 is normal in U. Furthermore,

 U/U' 2 ]J Ua/U2a.
 agEA

 Let oa E A, and let +c be a character of U. / U2,. The character 4 of U, trivial
 on U', and given by

 agEA

 is called nondegenerate if 'c, is nontrivial for each oa. An admissible representa-
 tion, (7r, V), of G is called nondegenerate, or generic, if there is a nondegenerate

 character 4 of U, and a linear functional A on V, such that

 A(ir(u)v) = 0(u)A(v), Vu E U, v E V.

 Such a functional is called a Whittakerfunctional. For details on generic repre-

 sentations and Whittaker functionals see [27,28,32].

 THEOREM 1.9. [15,18,23,36] Let a E 62(M) be generic. Then dim C(C) = JRI.
 Furthermore, if a is generic, then the following hold.

 (1) C(a) - Q[R], the cojnplex group algebra of R.

 (2) The number of inequivalent irreducible components of I(u) is given by the
 dimension of the center of C[R].

 (3) If C[R] - M(ni, C) ED ... ED M(nk, C) is the decomposition of C[R] into

 a sum of simple algebras, then the numbers nI, ... ., nk are the multiplicities of the
 components of IndG (a).

 (4) R is abelian if and only iflndG (a) decomposes simply, i. e., with multiplicity
 one.

 Remark. There are variants of (1) and (2) in general [16]. A conjecture of

 Shahidi [33, Conjecture 9.4] would imply (1)-(4) hold in general. E
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 1110 DAVID GOLDBERG

 Suppose we knew explicitly all of the reducibility criteria when P is a max-

 imal parabolic subgroup. Then computing R-groups for arbitrary parabolic sub-
 groups becomes a purely combinatorial. This yields information on the possible
 R-groups that can arise. We will describe these combinatorics for the classical

 groups SO(2n + 1, F), Sp(2n, F), and SO(2n, F).

 2. Parabolic Subgroups of Sp(2n) and SO(n). Let G = SO(2n + 1, F),
 Sp(2n, F), or SO(2n, F). Since we will only be concerned with the F-rational

 points of the underlying algebraic groups, we will denote these groups by SO(2n+
 1), Sp(2n), and SO(2n). Let Jn be the n x n matrix given by

 1

 Jn=

 Le 2n (-Jn The

 Sp(2n) = {g E GL(2n) ngJ2ng = J2n }

 and

 SO(n)= {g E GL(n) ItgJng = Jn; det(g)= 1}.

 In each case, we let Ao be the maximal split torus consisting of diagonal
 matrices in G. Then

 A1

 A2

 AO= g | An Ail E AieF* |,

 >2-

 A-'
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1111

 if G Sp(2n) or SO(2n), and

 Al

 A2

 1~~~~>
 An An

 if G = SO(2n + 1).

 Notational Remark. We often denote a block diagonal matrix,

 (Xi Xk)

 by diag{Xl,... ,Xk}. For a block scalar matrix,

 ( Alik1

 AjIkI

 we write diag{Al,... , A1} if the dimensions ki are clearly understood.

 Let D(G,Ao) be the roots of G with respect to Ao. We choose the ordering on
 the roots so that the Borel subgroup is the subgroup of upper triangular matrices in

 G. Let A be the simple roots in D(G, Ao) given by A = {aj}Jt= , with aj = e1 - e,+
 for I <j<n-1, and

 en if G = SO(2n + 1),

 a>n = ,2en if G = Sp(2n),

 en_ 1 + en if G = SO(2n).

 We let (, ) be the standard Euclidean inner product on D(G, Ao). If D is a root

 system of type Bn, Cn, or Dn, then we denote by G(D) the split group with root
 system (.

 For G = SO(2n + 1) or Sp(2n), the Weyl group W(G/Ao) Sn S v . Here
 Sn acts by permutations on the Ai, i = 1,... , n. We will use standard cycle
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 1112 DAVID GOLDBERG

 notation for the elements of S,. Thus, (ij) interchanges Ai and Aj. If ci is the
 nontrivial element in the ith copy of 22, then ci takes Ai to A-'. The element
 ci is called a sign change because its action on D(G,Ao) takes ei to -ei. For

 G = SO(2n), the Weyl group is given by W(G/Ao) -Sn K Z2n-1. In this case,
 Sn acts by permutations on the Ai, and 4-1 acts by even numbers of sign
 changes. The requirement that the number of sign changes be even comes from

 the determinant condition in SO(2n). Note that the sign change ci is an element

 of 0(2n) = {g I tgJ2ng = J2n}, and normalizes Ao. Each ci acts on SO(2n) by
 conjugation, and cn induces the nontrivial graph automorphism on the Dynkin
 diagram of 4D(G,Ao).

 Suppose 0 C A. We let 0 = 01 U ..UOk, be the decomposition of 0 as a disjoint

 union of connected components of the Dynkin diagram. However, if G = SO(2n),

 and anl1,an E 0, but an-2 : 0, then we assume that Ok = {an-i,an}, even
 though this is not connected. Therefore, we say that 0 = 01 U ... U Ok is the
 component decomposition, and hope that this will cause no confusion. If 0i and
 0. are components of 0, then we write 0i -O if, there is a w E Wo = W(G/Ae)

 so that wOi = Oj.
 If w E W(G/Ao) then, by [8, theorem 20], ,U(U) = Iw(a)(UW) for any

 a E D(P9,A9). This is because conjugating by an element of W(G/Ao) does
 not change the associate class of P8, or the structure of the reduced root system

 D(P8, A9). Thus, the R-groups for Pa and Pwe are isomorphic. Therefore, we often
 assume that 0 has a form which is particularly well suited to the computation we

 are considering.

 We will usually assume that

 (1) If an E 0, then an E Ok;

 (2) If i < j with 0i , Oj,then 0i '- 01for all i < l < j.
 If G = SO(2n), then it is no loss of generality (for computing R-groups)

 to assume that if an E 0, then an- 1 E 0. With this convention, the structure

 of those parabolic subgroups parameterized by subsets 0 for which an 0 0, is
 slightly different than those parameterized by subsets 0 with an E 0. Therefore,

 we adopt the convention that "case 1" refers to the case where an 0 0, and "case
 2" means an E 0. We emphasize that, for G = SO(2n), case 2 means an, an-1 E 0.

 Let 0' = ? { a E D(P,Ae) I (a,. ) = OV V E 0} . Note that if a E 0',3 E 0,
 and w E Wo, then

 (waO,d) = (a,w-1d) =0,

 and hence wa E 0'.

 Let X = {0}oilk and X(0i) = {O | Oi Oj} . Then either ?X(0i) or X(0i) is the
 Wo orbit of Oi. If an 0 Oi then ?X(0i) = W8(0E). This orbit structure determines

 a partition X = Xl U ... U Xr of X, with each Xi = X(0j), for some j.
 In case 1, we let mi = IOjI + 1 for each O E Xi. In case 2, we let mi be defined

 as above for i 7 r, and let mr = IOk I In case 2, we often write m = mr. Let
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1113

 ni = lXii . That is, Xi-= {0i1, ... , ini }. Sometimes we choose to think of Xi as the
 collection of roots in it elements. That is, we sometimes think of Xi = U)1 Oij, as
 opposed to Xi = {0JiL. We will always try to indicate in what manner we are
 regarding Xi.

 Let b = =mini. In case 2, we also let b' = > mini.
 We usually assume that 0 is of one of the following two forms:

 (2.1) 0 = {el -e2,.. .,em1l- -em1} U

 {em+l1-emi+2 ..., e2m -l e2mi } U *** U {... eb-l-eb},

 or

 (2.2) 0 = {el-e2, ..., em11-em1 } U {em+l-em+2 ...} U

 * U {. eb-1 -eb'} U {en-m+l - en-m+2 .. * en-1 - en,an}l

 That is, we assume that there are no gaps between the components of 0, except

 possibly between Ok-1 and 0k in case 2.

 Suppose 0 is of the form (2.2). Then AO =

 (2.3a) {diag {A11m1 . * * * An A-'
 A-' rnAlmrrA ... AAn, ,j *' b+1 mr mr* * Mr11m1

 if G = Sp(2n) or SO(2n), and

 (2.3b) AO = {diag {All, . *Arnr Ab+l .. . , An 1, AIn

 A1 A1 A1V! * Ab+ l gArr .. * All

 if G = SO(2n + 1). Here Aij means AijImi.
 If 0 is of the form (2.2), then

 (2.4a) A8 = {diag {Al, ... A(r-1)nr- 1, Ab'+ 1 ... * An-m I2m,

 An-mg - bA , A(r-1l)nr ** *9 . .

 if G = Sp(2n) or SO(2n), and

 (2.4b) AO = {diag {A11,... A(r-1)nr- 9Ab'+l ... * An-mg I2m+l,

 An-mg bl+A A(r-1l)nr- * 9 1 }

 if G = SO(2n + 1).

 We let nr+1 = n - b. Note that, in case 2, nr+l = n - m - b'.
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 1114 DAVID GOLDBERG

 In (2.3a,b) we now label Ab+,1, . .,An as A(r+1)1 ... * A(r+l)nr+i. Sitilarly, in
 (2.4a,b) we relabel Ab'+1 *... *An-m as A(r+1)1 ... * A(r+l)nr+li

 LEMMA 2. 1.

 (1) In case 1,

 MO GL(ml)n, x ... x GL(mr)nr x GL(1)nr+l.

 (2) In case 2,

 MO GL(ml)n ... x GL(mri )nr-l x GL(1)nr+l x G(4Dm),

 Bm ifG=SO(2n+ 1),

 where Dm= Cm if G = Sp(2n),

 Dm if G = SO(2n).

 Proof. We prove the lemma for G = Sp(2n). The other cases are similar.

 (1) We assume that 0 has the form (2.1), and so A8 has the form (2.3a). Let

 g E GL(2n). Then g centralizes A8 if and only if

 g = diag{gll,g12, .. * gr+lnr+i 9 hr+lnr+i 9 .. ** h12, hll }

 with each gij, h1j E GL(mi). Moreover, g E G, if and only if tgJ2ng = J2n. This
 is equivalent to tgijJ .h1j = Jmi for each i and j. Therefore, g E G if and only if

 hij = JmiJtgJmi = TgT1, where r indicates transposition with respect to the off
 diagonal. Thus, MO is as claimed.

 (2) We assume that 0 is of the form (2.2) and thus, A8 is of the form (2.4a).
 Then g centralizes A8 if and only if g = diag {D, Q, D'}, with

 D = diag {gil, . *. * g(r-)nr- . 1g(r+1) I * *. , g(r+l)nr+l }

 D' = diag {h(r+l)nr+l, ,h(r+1) I h(r_1)nr- , 9 ... hl },

 where each gij, hij E GL(mi), and Q E GL(2m). Note that g centralizes J2n if and

 only if hij = TgJ1, Vi,j and tQJ2mQ =J2m.

 Another way to state the lemma is that if G = SO(2n + 1), Sp(2n), or SO(2n),
 and P = MN C G is a parabolic subgroup of G, then there are positive integers
 ml, ... .,mt, ni, .. . ,nt, and an m > 0, with ( mini) + m = n, such that

 (2.5) M - GL(mi)n, x ... x GL(mt)t >x G(4Dm).
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1115

 Definition 2.2. Let G = SO(2n + 1), Sp(2n), or SO(2n), and let P = MN be a

 parabolic subgroup of G. P will be called basic if t = 1 in the isomorphism (2.5).

 These parabolic subgroups will play a crucial role in the computation of

 R-groups in Sections 4-7.

 We now compute the Weyl groups of each P8. Recall that Wo = W(G/Ae)
 is, by definition, NG(AO)/ZG(A8) = NG(A9)/MG. Therefore, we can realize WO as
 those elements of W(G/Ao) which normalize A8 modulo Mo n W(G/Ao).

 Suppose Xi = {Oil, ini. Then, if we label things conveniently, we have
 the obvious correspondence f0ij +- Aij from (2.3,2.4). If w E Wo, then for each
 i,j w: Aij i > A-'-' for some 1 < w(ij) < ni. Then w: Oyij i > ?Oiw(ij). Thus, the iw(ij)

 action of Wo on each Xi can be realized as permutations and sign changes on the
 collection {Ai1}.

 Further note that the action of Wo on V \ 1+(O) can be realized as the

 permutations and sign changes on A?lj If n =
 on (r+1) r f l~ = 1, then there may or

 may not be a nontrivial element of Wo which is the identity on each Oi. More
 specifically, in case 2 such an element always exists. In case 1 such an element

 exists for G = SO(2n + 1) or Sp(2n), but not for G = SO(2n).

 Suppose G = SO(2n + 1) or Sp(2n). Let w = sc E Wo, with s E Sn and
 c E 72. The discussion above notes that s = 5152 ... SrSr+l, where each si permutes

 the elements { A}'jji Similarly, c = -YlY2 . -Yr-Yr+l, where -yi is a product of

 sign changes on the exponents of {Ai?j l. (Note that these statements are also
 clear from the form of A8 given in (2.3,2.4).) In case 2, every element of Wo
 acts trivially on Xr = Ok, because this component is not conjugate to any other.
 Therefore, in case 2, Sr = 1 and 2yr = 1. We state this more precisely as follows.

 LEMMA 2.3. Suppose G = SO(2n + 1), or Sp(2n).

 (1) In case 1,

 r+ ) \ r+l

 WO - Sni) K Z1 + nl (sni X i
 i=l i=l

 (2) In case 2,

 irr

 For G = SO(2n) we need the following notion.
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 1116 DAVID GOLDBERG

 Definition 2.4. Let 1 < i < r + 1. We say that Xi is an odd orbit if mi is odd

 and a,n 0 Xi. We say Xi is an even orbit if mi is even and an 0 Xi.

 Consider case 1. If w E Wo, then we write w = sc with s E Sn and c E Z271.

 We can write s = s, ... SrSr+l, with each si E Sni. Here Sni acts on {tA }j= 1 Let Cii

 be the product of the mi sign changes (in 0(2n)) such that ci : Aij 114 A- 1. Note

 that, if Xi is even, then Ci E W(G/Ao). Since Ci : A8 -* A8, we have Ci E Wo.
 On the other hand, if Xi is odd, then CJ 0 G. However, if Xi and Xk are odd,

 then

 jI Aii A 7.1
 Akl Akl

 is a product of mi + mk sign changes, and hence is in G. Thus, CiiCk E W8.
 Assume that X1, ... , Xt are even orbits, and Xt+1, ... , Xr are odd orbits. Then

 we have shown that, if c E Wo n Zr', then c = yl .. .ytc', where, for 1 < i < t,
 -yi is a product of sign changes on {Ai }, and c' is a product of an even number
 of sign changes on

 IAi <jy < ni }

 We make this explicit in the following lemma.

 LEMMA 2.5. Suppose G = SO(2n). In case 1,

 WO _ (I|Sni K cl ((I < i < t) X (CJC|t+ I < i < k < r+1)

 (t ) ((r+1

 Recall that, in case 2, we assume that an, an- 1 E Ok. Then Xr = 0k. because
 no other Oi can contain two roots which differ by a sign change. We again write

 w = sc, and note that, as above, s = sl ... Sr-lSr+1, with each si E Sni. Note that, if

 Xi is even, then Ci E Wo for all j. If Xi is odd, then it is still the case that C'i X G.
 However, note that the sign change cn interchanges an and an-l while fixing

 all other a E A. Thus, cn centralizes A8. Therefore, the sign change Clicn E W8,

 and has the effect of changing the sign of the exponent of Aij. Consequently,
 C = -yj . .. .yr-1yr+1 where each -yi is a product of sign changes on the exponents
 of {>At 1 }Ji

 We now state this formally.
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1117

 LEMMA 2.6. In case 2,

 _o 11 (Sni X ni ).
 i$r

 Examples.

 (1) Let G = Sp(18). Then 4D(G,Ao) is of type C9. Let 0 = {el - e2,e2 -

 e3, e4-e5, e6-e7 }. Then 01 = {el-e2, e2-e3 }, 02 = {e4-e } 03 = {e6-e7 }.

 ni = 1, ml =3,n2=2, m2=2, andb=7. Notethat0tnA={e8-e9,2e9}. We
 have

 AO = {diag {All, A21,A22,A31,A32,A-', A31, A22 -,A21 A}}
 g231 g22 21 it g1

 Mo = {diag {gll,g21,g22,g31,g32, g21vl II g2I1 g2l g-I gij E GL(mi)f
 GL(3) x GL(2)2 x GL(1)2, and

 W= (C1C2C3, (46)(57), C4C5, C6C7, (89), C8, C9).

 (2) Let G = SO(17), and suppose 0 = {el - e2, e2 - e3, e6 - e7, e7 - e8, e8}.

 Then 01 = {el-e2,e2-e3}, 02 = {e6-e7,e7-e8,e8j}, O = {I?e4?e5, ?e4, ?e5},
 n= , ml =3, n3 = 2, and

 AO = {diag {AllI3, A21, A22,J7,A l, Aj11 Aj113}}

 Thus, Mo GL(3) x GL(1)2 x SO(7), and

 WO = (ClC2C3,C4,C5,(45)) - 22 x (22 x 7.)

 (3) Let G = SO(16), and suppose 0 = {el - e2, e2 - e3, e4 - e5, e6 - e7}.
 Then

 Ao = {diag {A1113, A21I2, A22I2, A31, A-, A-1I2 A-1I2, Au I3}}

 Mo - GL(3) x GL(2)2 x GL(1), and

 Wo = ((46)(57)) x (c4C5,c6c7,c1c2c3c3C8) -2 2 X 22.

 (4) Let G = SO(16), and 0 = {eI - e2, e2 - e3, e7 - e8, e7 + e8}. Then,

 AO = {diag {AII3,A21,A22,A23,I4,A31,A-1, A1,A I3 }},
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 1118 DAVID GOLDBERG

 so MO a GL(3) x GL(1)3 x SO(4). Note that

 Wo = ((45),(56)) x (clc2c3c8,C4C8,C5C8,C6C8).

 3. The results for GL(n). Computing the R-groups for SO(n) or Sp(2n)

 involves computing the zeros of the rank 1 Plancherel factors ,u/E associated to a
 reduced root a. In many cases this reduces to a computation in GL(n). Therefore,

 it is worth recalling these results, and stating clearly the how we intend to use

 them.

 Let n be a positive integer, and let G = GL(n). Let B be the Borel subgroup

 of upper triangular matrices. Then the standard parabolic subgroups of G are in

 one to one correspondence with ordered partitions of n. If {fn1, ... , nr}, ZE ni = n

 is such a partition, then we let P,n1,..nr be the corresponding parabolic subgroup.
 Let Mnl .nr be the Levi component of Pn,.l nr. Then

 (3.1) Mn l,. ,nr = { ( . ... g ) gi E GL(ni)}

 Let An1,...,nr be the split component of Pni,...,nr
 Let a be an irreducible admissible supercuspidal representation of Mn1,...,nr

 We do not assume that a is unitary for this discussion. By (3.1), a 2 1 0.. $ Ur
 where each vi is an irreducible supercuspidal representation of GL(ni). In order
 to determine the reducibility criteria for IndG n (U), it is enough to determine

 them when r = 2, i.e., when Pn1,...,nr is maximal. So, suppose P = Pni,n2q and
 M = Mni,n2. Note that if ni # n2 then the Weyl group W(G/Anin2) is trivial.
 If nl = n2 = m then W(G/Am,m) -- 2, and the nontrivial Weyl group element

 operates on Mm,m by w-1(gl,g2)W = (g2,g1). Therefore, a c aW if and only if
 U I U2.

 THEOREM 3.1. (01' sanskii [26], Bernstein-Zelevinsky [1]) Let G = GL(n).

 Let n = ni + n2, P = Pni,n2q and let U = U1 (0 U2 be an irreducible admissible
 supercuspidal representation of Mn,n2 Then IndG (a) is reducible if and only if
 ni =n2and Ul -12 0D Idet(OI 1

 Note that if U = U1 0 U2 is unitary, then both a1 and U2 are unitary, and thus,

 U1 9 U2 0 jdet()| il. Therefore, we have the following corollary.

 COROLLARY 3.2. Let G, P, M, and U be as in Theorem 3.1. If U is unitary, then

 Indp (U) is irreducible.

 Jacquet was able to broaden this results as indicated below.
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1119

 THEOREM 3.3. (Jacquet [14]) Let G = GL(n), P = Pni,n2 and M = Mni,n2 If
 a E 62(M), then IndG (a) is irreducible.

 Remark. This shows that all the R-groups for GL(n) are trivial. El

 Now let G be the F-rational points of a connected reductive algebraic group

 defined over F. Let 0 C A, and let Po = MONO be the associated standard parabolic

 subgroup. Let a E 62(M). Recall that A' = {ae E (D(P9,AO) I pu,(u) = O}. Let
 a E D(P9, AO). Recall the definition of M. and *Pa, given in Section 1. Since *Pa,
 is maximal in M,, ,u,(u) = 0 if, and only if, a is ramified in M. and Ind,Ma (CT)
 is irreducible.

 The structure of the parabolic subgroups of SO(n) and Sp(2n) given in Lemma

 2.1 indicates why the following lemma will be a key ingredient in the computation

 of the R-groups.

 LEMMA 3.4. Let G be the F-rational points of a connected reductive algebraic

 group defined over F. Suppose P = MN is a parabolic subgroup of G, with split

 component A. Suppose that there is a reductive group Ml, and integers k and
 m, so that M - M1 x GL(k) x GL(m). Let CT - 1 0 C2 0 C3 E 62(M), with
 Cl E S2(M1), C2 E S2(GL(k)), and C3 E 62(GL(m)). Let a E 4D(P,A), and suppose
 that M, - M1 x GL(k + m). Then ax E A' if and only if aT is ramified in Ma,.

 Proof. By assumption,Ind* (CT) cl 0 IndGL(k+m) (02 0 93). Since C2 and

 C3 are unitary, IndMpc (aT) is always irreducible. Therefore, a e A' if and only if
 CT is ramified in M.. El

 Remark. If m 7 k, then W(M. /A) = {1}. Therefore, if o e A', then m = k. El

 This lemma will allow us to reduce the computation of R-groups for Sp(2n)

 and SO(n) to computation of reducibility criteria for a few reduced roots.

 4. Product Formula for SO(2n + 1) and Sp(2n). We will show that every

 R-group for G = SO(2n + 1), or Sp(2n), is a direct product of R-groups attached

 to basic parabolic subgroups. Suppose that P = MN C G is a parabolic subgroup,

 with split component A. Suppose

 M - GL(ml)n, x ... x GL(mt)nt x G(Dm).

 For 1 < i < t, let Gi = G(47mjnj+m). Then Gi has a basic parabolic subgroup
 Pi = MiNi, with Mi - GL(mi)ni x G(4Dm). Let Ai be the split component of Pi,
 and let Wi = W(Gi/Ai). By Lemma 2.3,

 (4.1) W(G/A) - W1 x ... x Wt.
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 1120 DAVID GOLDBERG

 Our goal is to make the isomorphism (4.1) explicit, and then use this isomorphism

 to prove a product formula. In order to be explicit we consider case 1 and case

 2 separately.

 Consider case 1, that is a, 0 9. Let X = X1 U ... U X, as before. Assume
 that 0 is of the form (2.1). For 1 < i < r, let Oi be the unique sub-root system
 of D(G,Ao) of type mnDimi containing Xi. (Here we think of Xi as a subset of A.)
 We let 0r+I = 9' and Xr+I = 0. Let Ai = A(Oi) be a choice of simple roots of 0,
 which contains Ei n A.

 Let Gi = G(Qi) be the split group with root system Oi. That is,

 G ( SO(2nimi + 1) if G = SO(2n + 1)
 Sp(2nimi) if G = Sp(2n).

 Let Ai C Gi be given by Ai = Axi, where we regard Xi as a subset of Ai. Let
 Pi = Pxi. Then Pi = MiNi with Mi = ZGi(Ai).

 By Lemma 2.3, Mi - GL(mi)ni, and hence Pi is a basic parabolic subgroup
 of Gi. Lemma 2.3 clearly gives us (2) of the following lemma. Part (1) follows
 from (2.3a,b).

 LEMMA 4.1. Let 0 and Ei be as above. Then we have

 (1) As9 -AI x ... x Ar+I, and

 (2) Mo - Ml x ... x Mr+j.

 Let Wi = W(Gi/Ai). By Lemma 2.3, Wi - Sni < 7i. Therefore, we get the
 following lemma.

 LEMMA 4.2. If acn 0, then Wo c W1 x.. xWr+i

 Let a E &2(M9). Then, by Lemma 4.1, a cr 0 o2 0 ... 0 *Ir+l, with each
 oi E S2(Mi). Since each ori is a representation of the Levi factor of Pi, we can
 consider the induced representation Ind Gi (ai). Let Wi(ai) be the stabilizer of 07
 in Wi.

 COROLLARY 4.3. If a E 62(Mo), then W(a) - WI(al) x ... X Wr+i(Jr+i).

 Proof. Let w E W(u). By Lemma 4.2, w = WIW2 ... Wr+I, with each wi E Wi.
 If g E MO then, by Lemma 4.1, g = g1g2 . ... gr+I, with each gi E Mi. Moreover,

 w Igw = (WI . . .Wr+i) (gi .. .gr+I)(WI . . .Wr+i) = fJ(w7'giwi).

 r+l

 Therefore, aW 0 u>i, and consequently, aW f a if and only if c1wi vi, Vi. E
 i=l
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1121

 LEMMA 4.4. If a f U 8i then av f A'
 i

 Proof. Assume that 0 is of the form (2.1). Note that if av is conjugate to avn
 under W(G/Ao), then or E Qi for some i. So we assume that av is of the form
 ek ? el, for some k and 1. Conjugating by an element of W(G/Ao), we can assume

 that cv is simple. Let cv = aj1. Then, for some i, aj-, E 0i and aj+1 E 0i+1. By
 Lemma 2. 1, we have M - M' x GL(mi + mi+i), where

 M' (? HMk x GL(m,)ni I x GL(m,+I)ni+
 k#ij+l

 Since mi 7 mi+l, the remark following Lemma 3.4 implies that av 0 A'. EJ

 Consider one orbit Xi. If 0 is of the form (2.1), then we can explicitly write
 i-1 ni-i

 down Xi, as a set of roots. Let d= E njmj. Then, Xi = U {Iad+jmi+l}7'7

 Thus, if

 = J ed+jmi G=SO(2n+1)
 l 2ed+jmi G = Sp(2n),

 then we can choose A(0i) = {cvd+l}71i1 U {f3ini}. From this description we can
 explicitly list the reduced roots av E FD(P8,AO) n 0i. That is,

 (4.2) (D(P0,AO) n 0Ei = {ed+jmi ? ed+kmi+l}j=o kj U { ij3J}J=L

 Let Q = {ed+jmi ? ed+kmi+l } l ,and Z = {!3}ij*'1

 LEMMA 4.5. Q and Z are the Wo conjugacy classes of 'D(PO,AO) n ei.

 Remark. Note that this is equivalent to saying that Q and Z are the Wi
 conjugacy classes of D(Pi,Ai). In fact this is evident from the proof given below.

 Proof.

 (1) Let 1 < j < ni. Let Ci be the sign change Aij +AiJ1 Then

 Ci(l )(ed+mi - ed+jmi+1) = ed+mi + ed+jmi+l

 so these two roots are conjugate in Wo.
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 1122 DAVID GOLDBERG

 (2) Let 1 < j < k < ni, and let w E Wo be the transposition in Sni given by
 ((j + 1) (k + 1)). That is, w interchanges Ai(j+l) and Ai(k+l). Then,

 w(ed+mi- ed+jmi+l) = ed+mi- ed+kmi+1I

 (3) For 1 <k<j<ni, weletw=(I k) inSni. Then

 w(ed+mi- ed+jmi+l) =.ed+kmi- ed+jmi+1

 (1), (2), and (3) show that all ai E Q are Wo conjugate. If ai E Q and E3
 then ai and : are not W(G/Ao) conjugate because they have different root lengths.

 Since acn 0 no long and short roots can be identified by W1. Hence, ai and :
 are not conjugate in W9. Therefore, (4.2) tells us that Q is a Wo conjugacy class
 in ei.

 We now show that Z is a Wo conjugacy class. Since an = en or 2en we need

 only look at the action of Wo on ed+mi. (If G = Sp(2n) we can view this as the
 action of Wo on the dual root system.)

 Let w = (1 2 ... ni) in Sni. Then w : Ail F Ai2 A * *Aini Ail. Thus,
 wk(ed+mi) = ed+(k+l)mi, so all elements of Z are conjugate.

 Let o e Ei for some i. We let Mi,, be the reductive group assigned to
 ae D4(Pi,Ai). More precisely, Ai,, = (Ai nkerX,)0, Mi, = ZGi(Ai,4) and *Pi, =
 Pi nfMi, . Then ,uo7) is the Plancherel measure of vi with respect to oa E ei.
 Since *Pi,o, is a maximal parabolic subgroup of Mi ,u(u) = )0 if and only if

 ar vi, for some nontrivial w E W(Mi,o/Ai), and Ind* "' (ai) is iffeducible.

 LEMMA4.6. Letl < i < r+ ,andlete aE i. Then

 (1) M e Ml x .x Mi-i x 2M x Mi+l x Mr+l;

 (2) *Pa Ml X ... x MiX* x Sx MMi+i * X Mr+l.

 Proof. By Lemma 4.5, we only need to check this for the roots oa = ed+mi-
 ed+mi+l, and 3 = fini3,

 For oa, we assume that 0 is of the form (2.1).

 Aa= {diag {A11, ... ,A(r+l)nr+, A,-'jl} Ail = Ai2

 Then

 Ma ( Mj) x GL(2mi) x GL(mi)ni
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1123

 That is, if g E M, then

 Di

 D2

 g = |D-1

 with

 911 9 i3

 Di=| * D2= .1

 ((i-I)ni 1 )( g(r+l)nr+l )

 each gjk E GL(mj), and C E GL(2mi).
 Similarly,

 Ai,a>= {diag{Ail, *. .,Aini * ** ,Aill }Ail = Ai2}

 Therefore,

 Mi?a- GL(2mi) x GL(mi)ni-2.

 Explicitly, if g E Mi,a then

 g~~~~-g
 gi3~~~i

 g3 Tga,l 1 Cl

 Thus, we have (1) in this case. Note that, if g E Po, then g = ( D r-

 with
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 1124 DAVID GOLDBERG

 Thus, *P1 consists of those g E G with

 gil

 0 gi2

 9~~~~~~~~~~~~~~~~~~~~~~~~~~

 -- -1

 Similarly,

 l ogi 1 0 9i

 gj3

 *Pi'0'~~~~~~~~~~~~~
 -rg-I ~ ~ -

 o g2

 So we have (2) in this case.

 For the case : = /i,i we can assume, up to conjugation in W(G/Ao) that
 i = r + 1. (Of course we cannot assume that mr+l = 1.) Then 3 = aE, and

 0 U {o ,} C A, so we can use Lemma 2.1. Examining the structure of 0 U {a,}
 in the Dynkin diagram we conclude

 M: GL(ml)'l x ... x GL(mr)nr x GL(mr+l)nr+I-l x G(4Dmr+l).

 Similarly,

 Mr+l,an c GL(Mr+l)nr+l -l X G(4Dmr+,)

 and therefore, we have (1). Examining the block forms of *PJ?n and *Pr+l,an, as
 in the last case, shows that (2) holds.

 El

 COROLLARY 4.7. Let 1 < i < r + 1, and oa E Oi. Then

 (1) W(Ma/Ao) = W(Mi,a/Ai);
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1125

 (2) Ind,Alpa (af) a, XD .. * X i- lo XInd*pi (ai))8 *(>a (2 nd(), u0..ui (n , (cTi) ? ... ?DUr?1.

 Proof. Result (1) follows from (1) of Lemma 4.6 and (1) of Lemma 4.1.

 Result (2) follows directly from Lemma 4.6.

 Let a cvi E 62(M9). For 1 < i < r + 1, let

 A'= {a E 4D(Pi,Ai) I (ai) = 0},

 and

 Ri = {w E Wj(uj)Iw(A') = Ai} A

 Then Ri is the R-group of vi with respect to induction from Pi to Gi.

 r+I

 LEMMA 4.8. For any a E ?2(M9), A' = U Ahi.
 i=l

 Proof. Lemma 4.4 shows that, if ai E A', then Ol E ei for some i. Suppose ai E

 e). Then bt,(a) = 0 if, and only if, aW -- a, for some nontrivial w E W(MI/AO)
 and Indc (a) is irreducible. By Corollary 4.7, this is equivalent to Ur - oi, for

 a nontrivial w E W(Mj,,/Ai), and Ind " (ai) is irreducible. This is equivalent to
 /fl(cTj) = 0.

 THEOREM 4.9. For any a = 0 vi E 62(MO), R = R1 x ... x Rr+li

 Proof. Let w E W9. Then, by Lemma 4.2, w = w, ... wr+1, with each wi C Wi.
 By definition, w E R if and only if w E W(u) and w(A') = A'. By Corollary 4.3,

 and Lemma 4.6, this is equivalent to wi E WQ(ai), Vi, and

 (WI ... Wr+i) ( ) = JA

 This last condition holds if and only if wi E Wj(ai) and wi(A') = A', Vi. Therefore,
 w E R if and only if each wi E Ri.

 Note that what we have proved is an analogue of the result for GL(n) that

 to determine reducibility of IndG (a) it is enough to know the answer in the case
 M = GL(m)k with mk = n [1].

 We now consider case 2. We will again define groups Gi, and parabolic
 subgroups Pi C Gi, which give us a product formula similar to Theorem 4.9.
 Once we define Gi and Pi the steps are essentially the same as in case 1.
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 1126 DAVID GOLDBERG

 Let X = XI U ... U Xr as before. Recall that we assume Xr is a singleton set,

 consisting of the component Ok which contains an.
 For 1 < i < r - 1, we let 0i be the unique sub-root system of 'D(G,Ao), of

 type oD,m1+m containing Xi U Xr. If 0 is of the form (2.2), then we let

 f span < f' U Xr U {en-m-en-m+l} if nr+I > 1

 ?)r+1 = l 0 if nr+I = 0,

 and Xr+I = 0.

 We let Ai = A(Oi) be a choice of simple roots in 0i containing Xi U Xr. Let

 Gi = G(Oi). For i $ r, we let Ai C Gi be given by Ai = Axiuxr, and Pi = PxiUxr.

 Then Pi = MiNi, with Mi = ZGi(Ai). By Lemma 2.1, Mi -_ GL(mi)ni x G(Dm).
 Thus, Pi is a basic parabolic subgroup of Gi.

 LEMMA 4.10. Let 0 and E)i be as above. Then we have

 (1) A? -AI x ... x Ar-i x Ar+I and

 (2) Ma M' x ... x Mr_ x Mr+I x G(Dm), where Mi' x G(Dm) ? Mi.

 For i $ r, we let Wi = W(Gi/Ai). By Lemma 2.3, Wi -_Sni x 7i. Thus, we
 get the following result.

 LEMMA 4.11. If on E 0, then Wo -_ WI x ... x Wr-i x Wr+I.

 Remark. We can choose a representative for each wi E Wi so that, for every

 g E G(Dm), wigw-I = g. That is, since wi(0k) = Ok, we can choose a representative
 with wi(oa) = ai, Vao E Ok. For this reason, we think of Wi as acting only on Xi in
 this case. OJ

 Let a E 62(M9). Then, by Lemma 4.10, o - 1 ' c 2 Ji * ** 0r-I 0J r+l 0 p,
 with each vi E 62(Mi'), and p E ?2(G(Dm)). Therefore, for i $ r, we have
 oi 0$ p E ?2(Mi). Let Wj(ai) be the stabilizer of vi 0 p. By the above remark
 (a p)Wi X 'iwi X p, Vwi E Wi. Thus, the notation Wj(ai) reflects the fact that
 ramification of vi 0 p depends only on vi.

 COROLLARY 4.12. If a E 62(MO), then

 W(U) WI(a,) x ... x Wr-(Jr-1) x Wr+I(9r+I).

 LEMMA 4.13. If aE , U Oi, then oa f A'.
 i7Lr

 Proof. As in the proof of Lemma 4.4, we can reduce to the case where ae is

 simple, and apply Lemma 3.4. OJ
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1127

 Suppose 0 is of the form (2.2). Fix an orbit Xi, with i $ r. We explicitly

 write down Xi. Let d = Ej<i njm1. Then Xi = u%'= {a1d+jmi+1}7i . If we let

 3ij = ed+jmi - enm+1, then we can choose Ai = {aad+j}ij 1 U {/3ini} U Xr. Note
 that

 (D(PO,AO) nEi = {ed+jmi + ed+kmi+1 }ii kij U j1j=-

 n 1ni-I
 Let Q = {ed+jmi ? ed+kmi+l }: , and Z = {ji

 LEMMA 4.14. D(P9,AO)n0i = QUZ.Moreover, QandZ are the Wo conjugacy

 classes in (D(PO,AO) n e0i.

 Proof. The proof is essentially the same as the proof of Lemma 4.5.

 Let i $ r, and a E 0i n fD(P9,AO) Then, we let Ai,a = (Ai n kerXa)0, Mia=
 ZGi(Ai,a), and *Pi, = Pi n Mi,a.

 For ai e 2(Mi'), we let aui(Qi 0 p) be the Plancherel measure of gi 0 p with

 respect to Pi. That is, Aa(ui 0 p) is determined by Ind $' (ai 0 p).
 iP1a

 LEMMA 4.15. If i $ r, and a E (D(PO, AO) n ei, then

 (1) Ma M M'X M1 M x ..* x M'_1 x Mr+,;

 (2) *Pa M/ xM x . M2 1 x *Px,x< x xM'1 xMr+.

 Proof. By Lemma 4.14, we need only check this for the roots a = ed+mi -
 ed+2mi and 13 = ed+nimi - enm+1. As in the proof of Lemma 4.6, each of these
 cases is a straightforward matrix computation. o

 COROLLARY 4.16. If i 7 r, and a E 0i,

 (1) W(MaI/AO) = W(Mi,alAi);

 (2) Ind,*p (a) -il o' 0 *0 ui-10 IInd*F:a (ui)i 0 ... 0 r-I 0 gr+l.

 Proof. Result (1) follows from (1) of Lemma 4.15, and (1) of Lemma 4.10.

 Result (2) follows from Lemma 4.15.

 Let a (0i) 0 p E 2(M9). For i $ r, let

 Ai = {a E CD(Pi,Aj)jjta(ui 0 P) = 0},
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 and

 Ri = fw E Wi(ai)jw(Ai) = All.*

 Then Ri is the R-group of 0ai 0 p, with respect to induction from Pi to Gi.

 LEMMA 4.17. For any o* E ?2(Mo), A' = U A; .
 i~r

 Proof If a E A' then, by Lemma 4.13, a e EOi for some i. If a E Oi then,
 by Corollary 4.16, /,t(cT) = 0 if and only if bta(ai) = 0. ?

 THEOREM 4.18. Let a7 = a1 0 ... 0 * r-I 0 9r+1 0 p E &2(Mo). Then

 R RI x - * * x Rr-i x Rr+i.

 Proof If w E W9, then w = wl ... WrlWr+1, with each wi E Wi. By definition,
 w E R if and only if w E W(u) and w(A') = A'. By Corollary 4.12, and Lemma

 4.17, w E R if and only if, for each i $ r, wi E Wj(ai) and wi(A') = A'. This is
 equivalent to wi E Ri, Vi 7 r. o

 5. R-groups for SO(2n). We wish to prove results similar to Theorems 4.9
 and 4.18 for G = SO(2n).The structure of G will complicate matters a bit. Notice

 that corollaries 4.3 and 4.12 were crucial to the product formulas. However, for
 G = SO(2n) the corresponding statements fail to be true. (See example (3) in

 Section 2.) Therefore, we take a different approach. We choose integers kl, k2,
 and parabolic subgroups Pi = MiNi of SO(2ki) with Mi = Mi' x SO(2m), such that
 M = M1 x M2 x SO(2m). Moreover, the reduced root system DI(P1,AI) contains
 all the even orbits of 0, while (D(P2, A2) contains all the odd orbits of 0. We write

 a E 62(M) as a - u1 0 C2 0 p, and show that R(u) = R(ul 0 p) x R(u2 0 P).
 This reduces us to the cases where all the GL factors have the same parity. We
 then further reduce certain cases via a product formula. The remaining cases are
 computed explicitly in Section 6. Again we argue cases 1 and 2 separately.

 Consider case 1. Assume that 0 has the form (2.1). We assume that, in the
 decomposition X = XI U ... U Xr, the orbits X1, . . . , Xt are even, and Xt+1, ... , Xr
 are odd. Our assumption on the parity of the Xi can be phrased as follows:

 Suppose Oj is in an even orbit, Ojl is in an odd one. If ai E 0j, and ai/ E Ojl, then
 i< i'.

 Let a = _ njmj . Let 01 C (D(G,Ao) be the unique sub-root system of
 type Da containing Ut=I Xi. Let / = eal + ea. We let A1 = { I1}J7ij1 U {d3} be our
 choice of simple roots. Let 02 be the sub-root system of type Dn-a with simple

 roots A2 = {aj I j > a+ 1}.
 Let G1 = G(01) = SO(2a), and G2 = G(02) = SO(2(n - a)). Let Qi = A\i n o.
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1129

 We let Ai = AQi C Gi, Mi = ZGi(Ai), and Pi = Pn, C Gi. By Lemma 2.1,

 Ml -- GL(m1)n1 x ... x GL(mt)nt,

 and

 M2 GL(mt+i)n+1 x ... x GL(1)nr+l.

 We let Wi = W(Gi/Ai). By Lemma 2.5,

 W fl(Sni K i),
 i=1

 and

 r+l W2 l Sni) X Zt+l+ .+nr+l-l
 i=t+l

 We summarize the discussion of the structure of MO and W9.

 LEMMA 5.1. Let 0 be of the form (2.1). Suppose that Oi, Pi, Mi,Ai, and Wi are
 defined as above. Then,

 (1) AO =A1 x A2;

 (2) Mo = M1 x M2;

 (3) Wo=WIxW2.

 Let a E ?2(M9). Then, by Lemma 5.1, cr - 1 0 c2, with each ui E S2(Mi).
 Let Wi(ai) be the stabilizer of ci in Wi.

 COROLLARY 5.2. If a E S2(M9), then W(cx) = WI (al) x W2(92).

 Proof. The proof of this follows the same lines as the proof of Corollary 4.3.

 LEMMA 5.3. If a E A' then cx E G1 U 02.

 Proof. Note that any root not in 01 U 02 is of the form ei + ej, with i < a < j.
 By conjugation in W(G/Ao) we can assume that i = a and j = i + 1. Since
 mt $ mt+i, the result then follows from Lemma 3.4. oJ
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 Note that for each i < r, there is an integer bi such that

 ni-I

 xi= U {abi+jmi+1jmi}I
 =o~~~~= j=O

 i-i

 In fact, since we chose 0 of the form (2.1), bi = > njmj. Let Xr+I = {aj b <
 j=1

 j < n - 1}, and br+I = b. Let i < t, and let

 ni-I ni-I

 Qi = U U {ebi+jmi ? ebi+kmi+1 }I
 j=1 k=j

 ni t

 Cj = U U {ebi+jmi ? ebk+lmk+l 1
 j=1 k=i+1

 and

 ni

 i= U{ebi+imi-1 + ebi+jmi}
 j=l

 If i > t + 1, then we let Qi and Zi be defined as above, but

 ni r+1

 Cj = U U {ebi+1mi ? ebk+lmk+l }10
 j=1 k=i+1

 LEMMA 5.4.

 (1) If i < t, then

 {a E D(P,Ao) nE (ao,) $Oforsome EXi} = QiUZiUCi.

 (2) If i > t, then

 {o E (D(Po,Ao) n02 (ao, ) $ Ofor some E Xi} = Qi U Z1 UC1.

 In each of these sets, the Wo conjugacy classes are Qi, Ci, and Zi.

 Proof. The proof is essentially the same as the proof of Lemma 4.5. oJ

 For i = 1 or 2, and ae E (i, we let Ai,a = (kerXa nAi)0, Mi,a = ZGj(Ai,a),
 and *Pi, = Pi n Mi,.
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1131

 LEMMA 5.5. If i = 1 or 2, a E Oi, andj = 3 - i, then

 (1) M Mi,ax Mj;

 (2) *Pa *Pi, x M1.

 Proof. Suppose that ae E O1. Then, by Lemma 5.4, there are three cases to
 consider. Up to Wo conjugacy they are:

 (i) = ebi+mi - ebi+mi+l 1 < i < t;

 (i)a- ebi -ebi+1 2 < i < t;

 (iii) a = ebi - + ebi 2 < i < t + 1.

 We consider each case. If oa is of type (i), then

 Mag - (GL(mj)ni) x GL(2mi) x GL(M,)i-2

 and

 Mi,lci J7 (GL(m.)n) x GL(2mi) x GL(M i2

 Therefore,

 Ma Ml, x M2

 in this case.

 If g E P1, then g = ( D rjjl ) with D = diag{g1l,. g(r+1)nr+ 1}

 Therefore, *Pa consists of those g E G of the form

 0ji ( ),gi3 . gi3 g ( rg-1 ) 911g }

 Similarly,

 *P.fo = {diagf( gn * gi3 Tg71( l2 Ag- )YV }
 t.Pija 0 9i i3 . 9}13k9\O 'rg- JI

 So (2) holds in this case. If oa is of type (ii), then

 Aa = {Ajk I Aini = A(i+l)l} = {diag{D,TD-1}}, with

 D = diag{Aii,... , ni1| rhmi+mi+i | A(i+1)29 ... A(r+l)(nr+1)}.
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 1132 DAVID GOLDBERG

 Thus,

 MQg ? (,ii GL(Mj)nj X GL(Mm)ni)- x GL(mi + mi+i ) x GL(Mi+ )ni+l - I

 Note that

 A1,= {diag{D,T 1 1}}, withD=diag{A,I, ..,| rhmi+m ,... ,A tntA}.

 Thus,

 Ml,a (fl GL(mi)ni) x x GL(m,1 + m,+i) x GL(m,+ )ni+l

 jlgi,i+i

 Therefore, Ma - M1,a x M2. Again, we can examine the block forms of *Pa

 and *P1, to conclude that *Pa *P, x M2.
 If oa is of type (iii), we can conjugate by an appropriate element of W(G/Ao)

 so that i = r + 1, and oa = an. (We cannot assume that mr+1 = 1, nor can we
 assume that Xi is even only for i < t.) Then

 Ma GL(ml)nl x ... x GL(mr)nr x GL(mr+1)nr+l-1 x S0(2mr+1);

 M C,an 1: (| GL(mi)ni) x GL(Mr+1)nr+l-l x SO(2mr+l).
 xj even
 j7lr+1

 and therefore, (1) holds. An examination of the block form of Ma and *Pa
 yields (2).

 For oa E 02, the arguments are similar. If 02n0 consists of two odd compo-

 nents, then one cannot affect a single sign change on the components of 02 n 0.

 However, the arguments can proceed as above by use of a properly chosen outer

 automorphism.

 COROLLARY 5.6. Let i = 1 or 2, = 3 - i, and ae E Oi. Then,

 (1) W(Ma/AO) = W(Mi,alAi);

 (2) IndAlp (a) Ind P. (ai) 0 oj.

 Proof. Result (1) follows from Lemma 5.1(1), and (1) of Lemma 5.5. Result

 (2) follows from Lemma 5.5. a
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1133

 For i = 1 or 2, we let

 A' = {a E 'D(Pi,Ai) I a(gi) = 0}, and Ri = {w E Wi(ai) I w(A/) = A\}.

 LEMMA 5.7. If av E ?2(MO), then A' = A' U A'.

 Proof. If a E A' then, by Lemma 5.3, a E O1 U 02. If a E Oi, then a E A'

 if and only if, aw z? a for some nontrivial w E W(Ma/A9) and Ind?*pa (av) is
 irreducible. By Corollary 5.6, this is equivalent to <!' vi, for some nontrivial
 w E W(M,/Ai), and Ind*p; (ci) is irreducible. Therefore, a E A' if and only if

 a E A. El

 THEOREM 5.8. If av E 62(Mo), then R - R1 x R2.

 Proof. Let w E W8. Then, by Lemma 5.1, w = w1w2 with each wi E Wi. By
 definition w E R if and only if w E W(cv) and w(A') = A'. Lemmas 5.2 and 5.7

 imply w E R if and only if, for each i, wi E Wi(ai) and wi(A/) = A/. Therefore,
 w E R if and only if each wi E Ri .

 This theorem reduces us to computing the R-groups in the cases MO = M1, or
 Ma = M2. That is, M9 is isomorphic to a product of GL(mi)'s and all the mi have
 the same parity. The R-group for the case MO = M2 will be computed in Section
 6.

 We now consider the case MO = M1. Let X = X1 U ... U Xr, as before.
 Note that nr+l = 0 since we are assuming that MO = M1. For 1 < i < r, we

 let Qi C 1D(G,Ao) be the unique sub-root system of D(P9,A9) of type Dnimi,
 containing Xi.

 Let Gi = SO(2nimi), with root system Qi. Let Ai = Axi C Gi, Mi = ZG (Ai)
 GL(m,)ni, and Pi = Pxi C Gi. Then Pi is a basic parabolic subgroup of Gi.
 Note that M c_ M1 x ... x Mr. Let Wi = W(Gi/Ai), and cv E 62(M). Then
 cv = J1 0) ... 0() Ur, with vi E &2(Mi). Denote the stabilizer of cvi in Wi by Wj(ai),
 and let Ri be the R-group.

 THEOREM 5.9. Suppose 0, Oi, Gi, Pi, and Wi are as above. Then the following
 hold:

 (1) AO -AI x ... x A-r;

 (2) Wo WI x ... x Wr;

 (3) W(MU) - WI(cl) X ... X Wr(cr);
 (4) R=RIx xRr.

 Proof. That (1) holds is clear. Since the mi are even, (2) follows from Lemma
 2.6. Using the argument in the proof of Corollary 4.3, (3) follows from (2).
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 In the proof of Lemma 5.5, we have actually shown that, for each oa E

 (D(PO,AO) n ei,

 (5.1) (a Ji )

 and

 (5.2) *Px Mj x *Pi,a

 Then (1), (2), (5.1), and (5.2) imply W(Mo/Ae) c W(Mi,Q/Ai). Thus, for such
 a root, a E /A' if and only if a cE A, where Ai = { E (D(Pi,Ai) I U(aT) = O}.
 That no other reduced roots can be in A' follows from Lemma 3.4. Then (4)

 follows as in Theorem 4.9. oJ

 Now consider case 2. We will prove the analogues of Theorems 5.7 and 5.9.

 This will reduce R1 to the case of a basic parabolic subgroup. For R2 there are

 two cases. In one instance R2 will decompose as a product. The second form of

 R2 will be explicitly computed in Section 6.

 Recall that we are assuming that 0an-1 IY an E Ok Xr = {Ok} and m = 0k. We

 assume that 0 is of the form (2.2). We let Xr+i = { aj b' < j < n - m}. As
 in case 1, we assume that X1,. .. ,Xt are even and Xt+1,... ,Xr,I are odd. It is
 also convenient to assume that if Xi is even, Xi, odd, oa E Xi, and oa/ E Xil, then
 j <j'.

 Let a = nimi . We let O 1 C D(G,Ao) be the unique sub-root system of
 i=l

 type Da+m containing

 (5.3) (uXi) UXr.

 Let 02 be the unique sub-root system of type Dn-a spanned by

 (5.4) {ajIlj>a+1}.

 We let Gi = G(03). Thus, G1 = SO(2(a+m)), and G2 = SO(2(n - a)). We consider
 Oi to be the root system for Gi. Let jB = ea - en-m+l We let A1 be the set of

 simple roots of 01G, which includes the set (5.3) and /3. We let A2 be the set of

 simple roots given in (5.4). For i = 1 or 2, we let Ai = AE)noe Mi = ZGi(Ai), and
 Pi = Pe,ino. Then, by Lemma 2.1,

 Ml GL(ml)n, x ... x GL(mt)nt x SO(2m),
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 REDUCIBILITY OF INDUCED REPRESENTATIONS 1135

 and

 M2 GL(mt+,)nt+i x ... x GL(l)nr+l x SO(2m).

 Let

 M' = GL(ml)n' x ... x GL(mt)nt,

 and

 M2 GL(mt+i)nt+l x ... x GL(1)nr+l.

 If a E &2(MO) then we write a c- al 0 c2 0 p, with each ui E 62(Mi'), and
 t ni ni

 p E 62(SO(2m)). Note that a1 a 00 crj, and (2 ) 0 0oTij, where each
 i=1 j=1 i>t+1 j=l

 i$r
 aij E 62(GL(mi)). For i = 1 or 2, we let Wi = W(Gi/Ai). Then, by Lemma 2.6,

 t

 W, - (Sni X 2i)'
 i=l

 and

 W2 (Sni KXi)
 t+l<i

 il/r

 The next lemma follows from the above computations and those of Section 2.

 LEMMA 5. 10. With 0, Oi, M1, and Wi as above,

 (1) Ao A1 x A2;

 (2) Mo c , x M2 x SO(2m), where Mi' x SO(2m) Mj
 (3) Wo WIxW2.

 Remark. If g E MO, then g = gl1 ... g(r+l)nr+l g', with gij E GL(mi) and
 g E SO(2m). If Xi is even then we can choose representatives for Wi which act
 trivially on the SO(2m) component g'. However, for the odd Xi, the Weyl group
 Wi acts on g' by the outer automorphism of SO(2m) induced by cn. If Xi is odd,
 then

 (5.5) (COcn)g(CciC)1 = g1l ... gi(ij-1) g gi(j+l) * * (Cng cn).

 Consequently,

 (5.6) Cicn(J) = j 1 0 *. 0 cT1(J-l) 0 j 0 Ji(j+l) 0 * 0 cn(P).
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 Therefore, if Cn(p) f p, then Cicn X W(c), for all i with Xi odd. However,
 from (5.5) and (5.6), it is clear that if Xi and Xk are odd, and oij and ckl are

 self contragredient, then CiC' = (CjCn)(CECn) E W(a). On the other hand, if
 Cn(p) - p, we will get a product decomposition for W(a). We choose to proceed
 as in case 1 and then describe any further reduction of R2, in the case cn(p) p,
 at the end of this section. o

 For i = 1 or 2, let Wi(i 0 p) be the stabilizer of oi 0 p in Wi.

 LEMMA 5.11. If f E 82(Mo), then W(a) - WI(aI (0 p) x W2(J2 () p).

 Proof. Let g E MO with g = glg2g', where gi E Mi', and g' E SO(2m).
 Let w = W1W2 E Wo. Then aW(g) = J(w-1(glg2g')W) = 91(W- Ig1WI) 0 (u2 0
 p)(wj-1g2g'w2) = lw'(gi) 0 (0f2 0 p)W2(g9g2). Therefore, w E W(() if and only
 if awl a , and (f2 0 p)W2 92 0 p. This is equivalent to wi E W1(aj 0 p) for
 i=1,2. 0J

 We now proceed as in case 1. The following result is a consequence of

 Lemma 3.4.

 LEMMA 5.12. If a E A', then a E EI U 02-

 For 0 of form (2.2), there are integers bi such that

 Xi = ?abi jmi+l 1j=O 1=1

 Let i < t, and let

 ni-I ni-I

 Qi = U U {ebi+jmi ? ebi+lmi+1 }'
 j=1 l=j
 ni t

 Ci = U U {ebi+jmi ? ebk+lmk+l }1=0
 j=1 k=i+1

 and

 ni

 i= U{ebi+jmi 1 + ebi+jmi}
 j=l

 If i > t + 1, and i 7 r, then we let Qi and Zi be defined as above, but

 ni

 Ci = U U {ebi+jmi ? ebk+lmk+l }1=0
 j=1 k>i

 k Ir
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 LEMMA 5.13.

 (1) lfi<t, then

 {cx E (D(Po,AO) nri I (a,) $Oforsome/3 EXi} = QiU ZUCj.

 (2) If i > t, and i $ r then

 {cx E D(Pe,AO) n02 I(c,) i Oforsome/3 E Xi} = QiUZUC.

 As in case 1, the Wo conjugacy classes in each of these sets are Qi, Ci, and Zi.

 Proof. The proof is essentially the same as that of Lemma 4.5. ol

 For ax E Oi, with i = 1 or 2, we set Ai, = (kerX XnAi)0, Mi, = ZGi(Ai,a),
 and *Pi, = Pi n Mi,.

 LEMMA 5.14. If cx E E)i n0 (P9,AO), with i = 1 or 2, andj = 3 - i, then

 (1) Ma Mi,a X Mjl;

 (2) *Pa *Pi, x M1,.

 Proof. The argument is essentially the same as the proof of Lemma 5.5. ol

 COROLLARY 5.15. If cx E 0i andj = 3- i, then

 (1) W(Ma/AO) = W(Mi,alAi);

 (2) IJnd,*p (a) I Ind*m, (ai 0 p) 0 oj.

 For i.= 1 or 2, we let

 A'= { a D(Pi,Ai) I Aa(gi 0 p) = O}, and Ri = {w E Wj(ai 0 p) | w(A) = A}.

 THEOREM 5.16. If a E ?2(M9), then

 (1) Al' Al / UAl\;

 (2) R R1 x R2.

 Proof. The first statement is a consequence of Lemma 5.15. The second part

 follows from (1), and Lemma 5.10(3). Ol

 In case 2, we have again reduced ourselves to considering the cases MO = MI,
 or MO = M2. We will further resolve the case MO = MI, and one instance of
 MO = M2.
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 For the moment, we assume that the mi all have the same parity. For 1 <

 i < r - 1, we let Oi C D(G,Ao) be the unique sub-root system of type Dnima+m
 containing Xi U Xr. We let 0r+1 = {cVj I j > b'}, and Xr+i = 0. We take a choice
 of simple roots, Ai = A(0i), in 0i which contains Xi U Xr. Let Gi = G(oi), so,
 Gi = SO(2(nimi + m)), with root system Oi. For i $ r, let Ai C Gi be given by

 Ai = AXiuxr, and Pi = PXjUXr. Then Pi = MiN1, with Mi = ZGj(Ai). By Lemma
 2.1, Mi - GL(mi)ni x SO(2m). Thus, Pi is a basic parabolic subgroup of Gi. For
 i $ r, we let Wi = W(Gi/Ai). By Lemma 2.6, Wi -_ Sni x 74. Thus, we get the
 following result.

 LEMMA 5.17. If all the integers mi have the same parity, then

 (1) AO -AI x ... x Ar-I x Ar+I,

 (2) MO M' x ... x Mr- x Mr+ x SO(2m), where Mi' x SO(2m) - Mi, and
 (3) W& WIX Wr-i X Wr+i.

 An argument similar to the proof of Lemma 4.4 yields the following result.

 LEMMA 5.18. Suppose all the integers mi have the same parity. Let a E
 D(P6,AO). If a E A', then a E Uifr Oi.

 Let a E 82(MO). Then, by Lemma 5.17, u - 91 i 92 0 ... 0 gr-1 (0) Ur+1 0) p,
 with each oi E ?62(Mi). Let Wi(ui 0 p) be the stabilizer of ai 0 p in Wi. Let
 = {a C ID(Pi,Ai) I p,(ai) ='O}, and Ri = {w E Wi(ai 0 p) I wi(A/) = A}. For
 a E D(Pi,Ai), let Ai,a, Mia,( and *Pi,a be defined as before.

 THEOREM 5.19. Suppose that G = SO(2n), and P C G is a parabolic subgroup.

 Let P = MN, and suppose M - GL(ml)n' x ... x GL(mr-I)nr-l x SO(2m), with
 each mi even. Let fJ 1 ui 0 ... 0 Ur-l 0 p c 62(M0) and a E 'D(Pi,Ai). Then

 (1) W(a) :WI (W (I 0 p) x ... x Wr-I (Ur-i 0 P);

 (2) Ma M' x ... x Mi'-i x Mi,a> x.. ***x Mr_-i;
 (3) *P M' x ..xMi'I x *Pix xMr_I;
 (4) W(Ma/AO) = W(Mi,aAi);

 (5) A=Ui 19rA;
 (6) R R1 x ... x Rr-i x Rr+i

 Moreover, (2), (3), and (4) also hold if mi is oddfor each i.

 Proof. The proofs of (2) and (3) follow from matrix considerations. This is

 similar to the proof of Lemma 5.5. Since each Xi is even, and nr+1 = 0, each Wi
 acts trivially on p. Therefore, (1) follows from Lemma 5.17(3). Now, (4) follows

 from (2) and Lemma 5.17(1). Result (5) then follows from Lemma 5.18 and

 (1)-(4). Finally, (6) then follows from (1),(4) and (5). El
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 Remark. Recall that if all the mi are odd, the obstruction to being able to write

 R = RI x ... x Rr_I x Rr+I is that, if Cn(p) 9 p, then the analogue of Theorem
 5.19(1) is false. However, if cn(p) c_ p then the corresponding statement is true.

 ]

 THEOREM 5.10. Suppose that 0 is of the form (2.2), with each mi odd. Let
 a E ?2(M9), with a c_ a1 0 ... 0 Ur-1 0 Ur+1 0 p, as above. If cn(p) - p, then

 (1) W(M ) WI (0i1 (0 p) X ... X Wr-I (Jr-i 0 p) X Wr+I (Jr+I (0 P);

 (2) A/= Ui?r Al;

 (3) R= RI x .. x Rr-I x Rr+I

 Proof. Since cn(p) - p, Lemma 5.17(3) and (5.6) show that (1) holds. Result
 (2) then follows from (1), and Theorem 5.19(2,3). Finally, (3) is a consequence
 of (1) and (2). 0

 6. Basic Parabolic Subgroups and Remaining Cases for SO(2n). In Sec-
 tion 4, we reduced the computation of R-groups for SO(2n + 1) and Sp(2n) to the
 case of basic parabolic subgroups. In Section 5, we reduced the computation of

 R-groups for SO(2n) to the computation of four cases. Namely,

 (1) M - GL(k)r, with k even;

 (2) m > 0, M - GL(k)r x SO(2m), a v ul 0 p, with k even, or k odd and
 Cn(P) p;

 (3) M t GL(ml)n1 x ... x GL(mr)nr x GL(l)nr+l, with each mi odd;

 (4) M GL(ml)n' x ... x GL(mr-l)nr-I x GL(l)nr+i x SO(2m), with each
 mi odd, m> 0, and cn(p) 7 p.

 In this section we compute each of these R-groups. We show that every R-group
 is an elementary 2-group. This will yield multiplicity 1 results.

 We begin with the case of a basic parabolic subgroup. We study Sp(2n),but

 the statements and proofs (with proper substitutions) are valid for SO(2n+ 1), and
 cases (1) and (2) for SO(2n) given above.

 Let k > 0, and m > 0. Let n = k + m, and G = Sp(2n). Consider the maximal

 parabolic subgroup P, with Levi component GL(k) x Sp(2m). For this parabolic

 subgroup, we take 0 = A \ {ek - ek+1 }. Let a E 82(GL(k)), and p E 82(Sp(2m)).
 Then

 AIk(A-Ik)

 Thus, WH -i 22, with the nontrivial element given by C: A A-A. For g e
 GL(k), and g' e Sp(2m), the action of C on MO is given by C(gg')C- = tg-l g.
 Therefore, (a 0 p)C a; 0 p. So, a 0 p ramifies in G if and only if a c a.
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 Definition 6.1. We say that the condition Xk,m(a 0 p), holds if Indg (p 0 p
 is reducible. Note that, if Xk,m(J 0 p) holds, then a -- a. We use this notation to
 remind ourselves that the reducibility of IndG (a 0 p) is determined by the poles
 of certain L-functions, [33,35], and thus, is arithmetic in nature.

 We now assume that r > 1, kr < n, and let m = n - kr. We intend to
 describe the possible R-groups when P = MN and M - GL(k)r x Sp(2m). Sally,
 [29], showed that Xi,o is the condition that u2 = 1, and a 7 1. Keys, [15,
 Theorem Cn], showed that, if k = 1, then R rV 22, where m is the number of

 inequivalent vi such that Xl,o(ai) holds. We intend to prove the generalization of
 this result.

 Let

 0 = {el -e2, ... ., ekI -ek} U {ek+l -ek+2, * ,e2k1 - e2k}

 U ... U {e(r-1)k+1 - e(r-I)k+2 *... * en-m- 1en-m }

 U{en-m+ - en-m+2, . * .e en-1 -en 2en} = A \ {ejk -ejk+l }J=1 }

 Then Pa is the parabolic subgroup in question. By Lemma 2.3,

 (6.1) WO r Sr X 7 .

 This is also obvious from the form of A = AO;

 (6.2) A= {diag{Al,...,Ar,2m,A7-l,..A,l }},

 where Ai stands for AiIk. Then, from (6.2), the explicit form of the isomorphism
 in (6.1) can be written

 (i i+1) : Ai >Ai+l;

 Ci : Ail >A-'

 Let g E M, with g = (g.... ,gr,g'). Then, the actions of (ij) and Ci on M are
 given by

 (6.3) (j)g(ij)1 = (gl. .. gi-1,gj, * j g;-1gi, *gr. )

 and

 (6.4) CjC'(i,.,jq tgl9,gjl9...9g99gf). (6.4) ~CigCi, = (gl IC * * Cgi- 1 C iCg+ ***1r

 If a E 62(M), then af - 1 0 ... 0 Ur 0 p, with each ori E ?2(GL(k)), and
 p E 82(Sp(2m)). Therefore, (6.3) and (6.4) show that a ramifies in G if, and only
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 if, at least one of the following conditions holds:

 (6.5a) li ?' uj for some i < j ( >- (ij) E W(o));

 (6.5b) a j for some i <j (j (ij)CiCj e W(a));

 (6.5c) ai 3i for some i ( Ci E W(a)).

 Recall that if m > 0, then ejk - ekr+I gives the same reduced root as 2ejk. Thus,
 by Lemma 4.5 or 4.14,

 (6.6) 'D(P, A) = {ejk ? elk+ }I _1 U {2eJk};1.

 Moreover, Q = {ejk ? elk+l }1j-llp 1, and Z = {2ejk} I form the W8 conjugacy
 classes in 1D(P,A).

 LEMMA 6.2.

 (1) ejk - elk+1 E A' if and only if aj al+ I

 (2) ejk + elk+1 E A' if and only if oj r al+1.

 (3) 2ejk E A' if and only if oj c aj and Xk,m(U 0 p) does not hold.

 Proof. We compute the zeros of the rank one Plancherel measures. Let /B =

 ek- ek+l. Then, by Lemma 2.1,

 M z GL(2k) x GL(k)r-2 x Sp(2m).

 Note that *P,J c Pk,k x GL(k)r2, where Pkk C GL(2k) is as in Section 3.
 Therefore, Lemma 3.4 implies ,u(cf) = 0 if and only if al - 92* Consequently,
 /3 E A' if and only if a, CJ 2. By (6.6), 13jl = ejk - elk+, is Sr-conjugate to /.
 Therefore, ,u,jl(u) = 0 if and only if oj - o1+i. This proves (1). Conjugating
 by the sign change C1+1, we see that lUejk+elk+l (c) = 0 if and only if oj a
 proving (2).

 Let = 2en if m = 0, Then, by Lemma 2.1,
 { en-m - en-m+l if m > 0.

 Ma - GL(k)r- 1 x Sp(2(k +i m)).
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 Note that Ma n W8 = (Cr), and *Pa - GL(k)r-l x P', where P' C Sp(2(k + m))
 is the GL(k) x Sp(2m) parabolic subgroup. Let G' = Sp(2(k + m)). Then,

 r-1

 IndAp- (ci) vi 0 Indg (Gir 0 P)
 i=l

 is reducible if and only if, Xk,m(cr 0 p) holds. Thus, jua(ci) = 0 if and only if

 cir (Jr and Xk,m(cir 0 p) does not hold. Let oj = 2ejk. Then, by the conjugacy

 of oj with a, each ,utj (a) = 0 if and only if cj ajj and Xk,m(cj 0 p) does not
 hold. ?l

 Remark. The proof of the next Lemma is essentially the same as Keys's proof

 of an analogous statement for the case of the minimal parabolic subgroup [15].

 For this reason we call such an argument a Keys argument. Ol

 LEMMA 6.3. If w = sc G R, with s E Sr and c C 22, then s = 1.

 Proof. Without loss of generality, we suppose that, under the isomorphism

 (6.1), s = (12 ... .j+ 1). We can make this assumption because any permutation is a
 product of disjoint cycles, and the sign changes act independently on these cycles.

 Note that, up to conjugation by sign changes in W4, we have c{1 ,j+1} = 1, or
 Cj+l. To see this, note that if both C1 and Cj+l appear in c, then C1wCl has two
 fewer sign changes than w, and we continue by induction.

 Suppose that cIl{2,...j+l} = 1. Then w c W(ci) implies ci - c2 Ui cj+i.
 By Lemma 6.2, ek - ejk+l c A'. Note that w(ek - ejk+1) = e2k - el < 0. This
 contradicts our assumption that w c R.

 Suppose cI{i,2,...j+1} = Cj+i. Then ci1 ? c2 * * * j+l c1* ,. Therefore,
 ek + ejk+l C A', while w(ek + ejk+l) = e2k - el < 0, which is a contradiction. El

 THEOREM 6.4. Let k > 0, and m > 0. Suppose that G = Sp(2n), P = MN, and

 M - GL(k)r x Sp(2m). Let ci = cl 0 ... 0 cr 0 p E 62(M). Then the R-group,
 R, associated to ci is given by R ? 4, where d is the number of inequivalent ci
 satisfying the condition Xk,m(cii 0 p).

 Proof. By Lemma 6.3, R C 2 . Thus, R c d for some d. Let I c { 1, ..., r}
 be such that w = C1 C E R, and I is maximal with respect to this property. Since

 jIci

 w C W(ci), we have cij -_ j for each j C I. Therefore, by (6.5c), Cj C W(ci).
 If R(w) = {a E C(P,A) I wa < 0}, then R(CJ) C R(w) for each j C I. Thus,
 wa > 0 Va C A', implies C1a > 0 Va E A'. Therefore, for each C I, we have

 Cj C R. Since I is maximal, R = (Cj I j C I).
 Let al = 2ejk. Since Cj(aj) < 0 and Cj E R, we conclude that aj 0 A'. Since

 cij 2? j, Lemma 6.2, implies Xk,m(cj 0 p) must be satisfied. Suppose ac -i cj for
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 some 1 > j. Let a = ejk- e(1-1)k+1. Then, by Lemma 6.2, a EC A'. On the other

 hand, Cja < 0, which contradicts our assumption that w C R. Thus, if Cj C R,
 then a, f i V1l > j.

 Conversely, suppose that oj aj, and al f cj, Vl > j. Then (6.5c) implies
 that Cj E W(cr). Note that, R(Cj) = {ejk?elk+ }11jU{aj}. Therefore, if Xk,m,(a0p)
 holds, then Lemma 6.2 implies A' nR(Cj) = 0. Hence, Cj E R. Since I is maximal,
 j C I. Consequently, I is in one to one correspondence with the equivalence classes
 of ai such that Xk,m(a 0 p) holds.

 As we remarked at the outset of this section the statements and proofs of

 Lemmas 6.1-6.3, and Theorem 6.4, can be extended, almost verbatim, to SO(2n +

 1), and the basic parabolic subgroups we need to consider for SO(2n). We state

 this explicitly.

 THEOREM 6.5.

 (1) Let G = SO(2n + 1). Suppose P = MN is a basic parabolic subgroup of G,

 with M - GL(k)r x SO(2m + 1). Suppose G' = SO(2(k+ m) + 1) and P' - M'N', with

 M' GL(k) x SO(2m + 1). Letcr a 1 X. 0 gr C p E ?2(M). Then, R(cr)W4,
 where d is the number of inequivalent ai with Indp, (ai 0 p) reducible.

 (2) Let G = SO(2n). Suppose k is even, and P = MN is a basic parabolic

 subgroup of G, with M - GL(k)r x SO(2m). Let G' = SO(2(k + m)) and P' = MINI,
 with M' GL(k) x SO(2m). Suppose a 2 91 0 ... 0 gr 0 p CE 2(M). Then,
 R(cr) D24 where d is the number of inequivalent ai with IndG, (ai 0 p) reducible.

 (3) Let G = SO(2n). Let k be odd, and m > 0. Suppose P = MN is a basic

 parabolic subgroup of G, with M - GL(k)r x SO(2m). Let G' _ SO(2(k + m)), and

 P' - M'N', with M' - GL(k) x SO(2m). Suppose a - al 0 ... 0 gr 0 p C ?2(M).
 We further suppose that cn(p) - p. Then, R(cr) c?d where d is the number of

 inequivalent v7i with Indp, (9r 0 p) reducible.

 We turn now to the two instances in which we were unable to reduce the R-

 group to a product of R-groups associated to basic parabolic subgroups. Namely,

 cases (3) and (4) for SO(2n), listed at the beginning of this section. First suppose

 M = GL(ml)n1 x . x GL(mr)nr x GL(1)nr+l,

 with each mi odd. In all our arguments we assume that b = > nimi > 2. If b = 2,
 then the same arguments work, by replacing conjugation in Wo, with conjugation
 by an appropriate element of 0(2n) \ SO(2n).
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 1144 DAVID GOLDBERG

 We assume that 0 is of the form (2.2). Recall that the reduced roots were

 given in Lemma 5.4. Let A = Ao, M = Mo, and P = Po. We recall that

 A= {diag{Aj,... ,A(r+l)nr+l,A(41A)nr+, ' ,Aj}} A

 where Aij means AijIm.i
 By Lemma 2.5, Wo (Jr+ 1 S ni) K I + We now make this isomor-

 phism explicit. Let Ci: Aij- A'1 be the product of mi sign changes described ii ii

 in Section 2. Then we showed that

 (6.7) Kl c I- 1 < i,k ? r+ C W9.

 For the permutations, we adopt the following notation. Let

 (6.8) (j j + I)i : Aij (-*Ai j+l)

 Suppose g C M. Then g = (g0j), with each gij c GL(mi). Then, following the
 actions given in (6.7) and (6.8),

 (6.9) (Jk): gij t ) giks

 and

 (6.10) { gkl gI

 If a E &2(M), then a _-? 0lai, with each ai c ?2(GL(m,)nj). We decompose
 this further; (7a g)Jn I jij, with each c1ij C ?2(GL(mi)). Making direct computations
 from (6.9) and (6.10), we find that

 (6.11a) (jk)i c W(a) if and only if aij aik,

 (6.1lb) CkC' E W(u) if and only if ufij aij and akl - akl,

 and

 (6.1Ic) (ik)OCiC cE W(u) if and only if aij c aik-

 Remark. If (jk)jCiCi'd E W(a) then Cij afik aij and arid v ald. There-
 fore, (jk)i, iCik, and CikCd E W(a). Consequently, conditions (6.1la-c) are the
 necessary and sufficient conditions for a to ramify in G. M

This content downloaded from 
� � � � � � � � � � � � � 50.127.35.57 on Fri, 15 May 2026 18:06:47 UTC� � � � � � � � � � � � � �  

All use subject to https://about.jstor.org/terms



 REDUCIBILITY OF INDUCED REPRESENTATIONS 1145

 Recall that bi = >j<i njmj. Let a = ebi+jmi- ebk+lmk+l. Choose (k', 1') so that (k', 1') 7 (i,j), (k, 1). (Note that our assumption that b > 2 guarantees that such

 k', 1' exist.) Then,

 (6.12) Cl1 Cf1 o = ebi+jmi + ebk+lmk+1,

 so these two reduced roots are Wo conjugate. If b = 2, one can use an an
 appropriate representative of the outer automorphism to show that the Plancherel

 measures along these two roots are related. Therefore, up to conjugation, we need

 only compute the rank 1 Plancherel measures in a few cases.

 LEMMA 6.6.

 (1) ae = ebi+jmi- ebi+kmi+C E A' if and only if (Jij 0Ji(k+1)

 (2) a = ebi+jmi + ebi+kmi+l AE A' if and only if (Jij (Ji(k+l).

 (3) 13 = ebi+jmi ? ebk+lmk+l A A', Vi $ k, Vj, 1, a.

 (3) v = ebi+jmi-1 + ebi+jmi f A', Vij, o .

 Proof. Suppose a = em1 - em1+1. By Lemma 2.1,

 r+1

 Mo GL(2m1) x GL(ml)nl-2 x f| GL(mj)nji.
 j=2

 Therefore, by Lemma 3.4, ae E A' if and only if all - o12. Conjugating in Wo
 gives (1). By (6.12), (1) implies (2).

 Let /3 = ebi - ebi+, for some i > 1. Then, by the remark following Lemma
 3.4, W(M3/Ae) = {1}. Therefore, B3 f A'. Then conjugation in Wo gives (3).

 For (4), we can conjugate by an appropriate permutation in W(G/Ao), so that

 i = r+ 1. We do not assume that mr+1 = 1 in this case. Then we take v = en_i +en.
 Using Lemma 2.1, we see that

 MV= ( GL(m)nj) x GL(m,)ni-l x SO(2mi).

 If g c Mv, then g has the form g = diag{D, Q, TD-1 }, where

 D E { diag { {gIk} {gil}l-l }| gjk E GL(mj), gil E GL(mi)},

 and Q E SO(2mi). Therefore, W(Mv/AO) = W(SO(2mi)/A'), where

 Al= (AImi Vii)}
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 Since mi is odd, this last Weyl group is trivial, and therefore, v , A'. Using

 permutations in S,i gives (4). 0

 We now use a Keys argument.

 LEMMA 6.7. If sc E R, with s E 1i Sni,, and c E /j 1-nr+l 1 then s = 1.

 Proof. Since the sign changes Cl. act independently on disjoint cycles, we can

 assume that s C Sni for some i, and that s is a cycle. We assume that s = (1 ... j)i
 Up to conjugation by an even number of sign changes, we can assume that

 CI{bi+1,..bi+jmi} = 1 C'S or Ci CJ

 If CI{bi+1,...bi+jmi} = 1 or CJ, then, by Lemma 6.6, we can use the arguments of

 Lemma 6.3 . If C {bi+l ...bi+jmi} = CF Ci then ail ' ?i2 oi * . j-l) !2 ij. By
 Lemma 6.6, ebi+mi + ebi+(j-1)mi+1 E A'. Then sc(ebi+mi + ebi+(fj-1)mi+1) < 0, which
 is a contradiction. Therefore, s = 1. C

 THEOREM 6.8. Suppose G = SO(2n), and P = MN is a parabolic subgroup with

 M c GL(ml)n' x ... x GL(mr)nr x GL(I)nr+l,

 with each mi odd. Let a E ?2(M) and write a 0 r1 (7irl aU1, with each aU1 E
 E2(GL(mi)). Let m(a) be the number of inequivalent aij satisfying aij v aij. Then,

 Rc_ JI1 m(a)=0
 R 2q(,7zm)-1 m(or) > I.

 Proof. Let m = ni + * * nr+l -1. By Lemma 6.7, R C 4. If m(a) = 0, then
 w(a) n zm = {1}. Therefore, R = {1}. Suppose that m(af) > 1. For w C Wo,
 let R(w) = {c E D(P,A) I wa < 0}. Then w E R if and only if, w G W(a)
 and R(w) n A' = 0. Suppose (i,j) 7A(k, 1), and a1ij aJij; ak, c akl. Then, (6.1lb)
 implies CClk E W(a). Note that, if ait - a1ij, for some t > j, then, by Lemma
 6.6, ae = ebi+jmi ebi+(t-1)m,i+l E A', while CiCloa < 0. In this case, Cl- f R. On
 the other hand, if aij 9 fit for all t > j, and akl 9 kau for all u > 1, then Lemma
 6.6 implies A' n R(C C7) = 0. Thus, under these conditions, C'JCk E R. Let

 3 ={(iJ) | i ij and

This content downloaded from 
� � � � � � � � � � � � � 50.127.35.57 on Fri, 15 May 2026 18:06:47 UTC� � � � � � � � � � � � � �  

All use subject to https://about.jstor.org/terms



 REDUCIBILITY OF INDUCED REPRESENTATIONS 1147

 Then

 R Cvi C' I (i, j), (k, 1) E n wo2 ) C

 Remark. Notice that, even though we were not able to reduce this R-group

 via a product formula, we were able to compute it explicitly. In Theorems 6.4

 and 6.5, we need further information to compute the R-groups explicitly from the

 inducing data. Ez

 Suppose that m > 1 and M GL(ml)n1 x ... x GL(I)nr+l x SO(2m), with
 each mi odd, o- = 91 0 ... 0 9r+1 0 p, and cn(p) 9 p. We assume that 0 is of the
 form (2.2), with each mi odd. Let A = AO, M = MO, and P = Po. Recall that

 (6.13) A = {diag {Al,...,A(r+l)nr+,1I2m,A1.l)n1,.. A-'}}
 By Lemma 2.6,

 (6.14) Wo - fJ Sni K 7i
 i7r

 This isomorphism is given by the the following actions on (6.13):

 ( j j + lI)i : Aij < Ai( j+,)

 and

 Cvicn Aij Ai

 Recall that the action of Cvicn on M is given by (5.5). Since cn(p) 9 p, no single
 sign change CJcn c W(u). Therefore, conditions (6.1la-c) describe the necessary

 and sufficient conditions for W(a) 11 {1}.

 LEMMA 6.9.

 (1) ebi+jmi-ebi+kmi+l - A' if and only if aij ( Ji(k+1)

 (2) ebi+jmi + ebi+kmi+l A' if and only if aij (i(k+1)

 (3) ebi+jmi i ebk+lmk+1 f A', Vi $ k, Va.

 (4) ebi+jmi -en-m+1 f A', Vi,j Va.

 Proof. The proofs of (1)-(3) are the same as in Lemma 6.6. For (4), assume

 i = r + 1, and let v = enm - en-m+1. Then, following the same line of reasoning
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 as in (4) of Lemma 6.6, we see that W(MI/Ao) c W(SO(2(mi + m))/A'), where

 f z AIm, AI )

 A'= tt ~ ~~A-1 iJJ

 Therefore, W(M, /AO) = { 1, Ci'i cn Thus, af ramifies in M, if and only if i aij
 oinj and c,(p) c p. However, by assumption, this last condition does not hold.
 Thus, ar never ramifies in M>, and (4) follows. El

 The Keys argument of Lemma 6.7 works verbatim to give the next lemma.

 We then apply the argument of Theorem 6.8, to explicitly describe R.

 LEMMA 6.10. If sc E R, with s c R1 Sni and c C 4i r In,il,then s = 1.

 THEOREM 6.11. Suppose G = SO(2n), and P = MN is a parabolic subgroup

 with

 M - GL(ml)ni x ... x GL(mr1)nr-I x GL( I)nr+l x SO(2m),

 with each mi odd. Let a E ?2(M), and write

 ( ni\

 < 7rj=1

 with each oi E ?2(GL(mi)), p E ?2(SO(2m)), and cn(p) 9 p. Let m(a) be the
 number of inequivalent uij satisfying cij - ;ij. Then

 R {1} m(a) = 0
 R Z(U)-l m() > 1.

 THEOREM 6.12. Let G = SO(2n + 1), Sp(2n), or SO(2n). Let P = MN be any
 parabolic subgroup, and let a E ?2(M). Suppose that a is generic. Then IndG (a)
 decomposes with multiplicity one.

 Proof. By Theorems 4.9,4.18,5.8, 5.9, 5.16, 5.19,5.20,6.4,6.5,6.8, and 6.11,

 the R-group R(cr) is abelian. Since a is generic, Theorem 1.9 implies multiplicity
 one holds. O

 Remark. By [5,14] every discrete series representation of GL(n) is generic.

 Therefore, the hypotheses of Theorem 6.12 are always satisfied in case 1. We

 write this down explicitly below. z

This content downloaded from 
� � � � � � � � � � � � � 50.127.35.57 on Fri, 15 May 2026 18:06:47 UTC� � � � � � � � � � � � � �  

All use subject to https://about.jstor.org/terms



 REDUCIBILITY OF INDUCED REPRESENTATIONS 1149

 COROLLARY 6.13. Let G and P = MN be as in Theorem 6.12. Suppose that

 M - GL(m,)nl x ... x GL(m1)nt. Then for any a E ?2(M), Indg (a) decomposes
 with multiplicity one.

 Remark. In [10], Herb extends Theorem 6.12 to the case where a is not
 generic. O

 7. Some Results for Maximal Parabolics. We will describe some results
 for maximal parabolic subgroups. For all of these results we require a to be a
 supercuspidal representation.

 THEOREM 7. 1. (Shahidi [34]) Suppose G = Sp(4) and 0 = {el -e2}. LetP = Po.

 Then MO ? GL(2). Let a E 08(M0) and let w, be the central character of a. Then
 IndG (a) is reducible if and only if ca a and w, - 1.

 Definition 7.2. Let G be a connected reductive p-adic group and let P = MN
 be a parabolic subgroup. Let a be a non-unitarizable irreducible admissible super-
 cuspidal representation of M. Then IndG (a) is said to be in the complementary
 series if it is unitarizable.

 THEOREM 7.3. Suppose G = SO(2n) with n > 1 an odd integer Let P = Po

 with 0 = A \ {enI + en}. Thus, MO - GL(n). Let a E 0e(M9). Then Indp (a) is
 irreducible. Moreover, there are no complementary series.

 Remark. This was actually noted in the proof of Lemma 6.6. 0

 Proof. We have

 AO={( )AI lIn)}

 By Lemma 2.5, W(G/AO) = {1}. Therefore, a is unramified in G. By Theorem
 1.1, IndG (a) is irreducible. Theorem 8.1 of [33] shows that there can be no
 complementary series. E]

 One can use Theorem 7.3 to prove the following results.

 THEOREM 7.4. (Shahidi [35])

 (1) Let G = Sp(2n) with n > 1 an odd integer, and let P = MN with M -

 GL(n). Let a E ??(M). Then IndG (a) is reducible if and only if a X a.

 (2) Let G = SO(2n + 1) with n > 1 odd, and let P = MN with M - GL(n). Let
 a E 05(M). Then IndpG (a) is irreducible.
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 We can use Theorem 7.4 to make the R-groups of Theorems 6.4 and 6.5a

 explicit in some cases.

 COROLLARY 7.5. Let k be odd and let n = kr, with r > 1.

 (1) Suppose G = Sp(2n), and P = MN, with M - GL(k)r. Let a 51 al 0
 a, E 08(M), with each vi E 08(GL(k)). Then, R 22/, where d is the number of
 inequivalent, self contragredient vi.

 (2) Let G = SO(2n + 1), and P = MN, with M - GL(k)r. Then, for any
 a E ??(M), IndG (a) is irreducible.

 Remark. Shahidi, [35], has determined the reducibility criteria in the case

 where G = GL(n), for any n. These criteria come from the theory of twisted

 endoscopy of Kottwitz and Shelstad [24,25]. In more recent work, [31], Shahidi

 has explored the general maximal parabolic subgroup of SO(2n), with n even.

 Here, the theory of twisted endoscopy also plays a key role. We hope to extend

 these results to cover the most general case for classical groups. This will be the

 subject of future joint work with Shahidi. O

 DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, IN 47907

 REFERENCES

 [1] I. N. Bernstein and A. V. Zelevinsky, Induced representations of reductive p-adic groups, I, Ann. Sci.
 Etcole Norm. Sup. (4) 10 (1977), 441-472.

 [2] A. Borel, Linear Algebraic Groups, W. A. Benjamin, New York, 1969.

 [3] P. Cartier, Representations of p-adic groups: A survey, Proc. Sympos. Pure Math. (1) 33 1979, pp. II1-
 155.

 [4] W. Casselman, Introduction to the theory of admissible representations of p-adic reductive groups,

 preprint.

 [5] I. M. Gelfand and D. A. Kazhdan, On representations of the group GL(n, K) where K is a local field,
 Funksional. Anal. i Prilozhen. 6 (1972), 73-74.

 [6] D. Goldberg, Some results on reducibility for unitary groups and local Asai L-functions J. Reine Angew.
 Math. 448 (1994), 65-95.

 [7] , Reducibility of generalized principal series representations for U(2,2) via base change,

 Compositio Math. 86 (1993), 245-264.
 [8] Harish-Chandra, Harmonic analysis on reductive p-adic groups, Proc. Sympos. Pure Math. 26 (1973),

 167-192.

 [9] , Harmonic analysis on real reductive groups III. The Maass-Selberg relations and the
 Plancherel formula, Ann. of Math. (2) 104 (1976), 117-201.

 [10] R. A. Herb, Elliptic representations for Sp(2n) and SO(n), Pacific J. Math. 161 (1993), 347-358.
 [11] R. A. Herb and J. A. Wolf, The Plancherel formula for general semisimple groups, Compositio Math.

 57 (1986), 271-225.

 [12] J. E. Humphreys, Linear Algebraic Groups, Springer-Verlag, New York, 1975.
 [13] H. Jacquet, Representations des groupes lineares p-adiques, Theory of Group representations and Fourier

 Analysis, CIME, Montecatini, 1971, pp. 121-220.

This content downloaded from 
� � � � � � � � � � � � � 50.127.35.57 on Fri, 15 May 2026 18:06:47 UTC� � � � � � � � � � � � � �  

All use subject to https://about.jstor.org/terms



 REDUCIBILITY OF INDUCED REPRESENTATIONS 1151

 [14] , Generic representations, Non Commutatuve Harmonic Analysis, Lecture Notes in Math.,

 vol. 587, Springer-Verlag, New York, 1977, pp. 91-101.

 [15] C. D. Keys, On the decomposition of reducible principal series representations of p-adic Chevalley

 groups, Pacific J. Math. 101 (1982), 351-388.

 [16] , L-indistinguishability and R-groups for quasi split groups: unitary groups in even dimension,

 Ann. Sci. Ecole Norm. Sup. (4) 20 (1987), 31-64.

 [17] A. W. Knapp, Commutativity of intertwining operators, Bull. Amer Math. Soc. 79 (1973), 1016-1018.

 [18] , Determination of intertwining operators, Proc. Sympos. Pure Math., vol. 26 1973, pp. 263-

 268.

 [19] , Commutativity of intertwining operators II, Bull. Amer Math. Soc. 82 (1976), 271-273.

 [20] , Commutativity of intertwining operators for semisimple groups, CompositioMath. 46 (1982),
 33-84.

 [21] A. W. Knapp and E. M. Stein, Intertwining operators for semisimple groups, Ann. of Math. (2) 93 (1971),

 489-578.

 [22] , Irreducibility theorems for the principal series, Conference on Harmonic Analysis, Lecture

 Notes in Math., no. 266, Springer-Verlag, New York, 1972, pp. 197-214.

 [23] A. W. Knapp and G. Zuckerman, Classification of irreducible tempered representations of semisimple

 Lie groups, Proc. Nat. Acad. Sci. U.S.A. 73 (1976), 2178-2180.

 [24] R. Kottwitz and D. Shelstad, Twisted Endoscopy I: Definitions, norm mappings and transfer factors,

 preprint.

 [25] , Twisted Endoscopy II: Basic global theory, preprint.

 [26] G. I. Ol'sanskil, Intertwining operators and complementary series in the class of representations induced
 from parabolic subgroups of the general linear group over a locally compact division algebra,

 Math. USSR-Sb. 22 (1974), 217-254.

 [27] F. Rodier, Modele de Whittaker et caracteres de repr6sentations, Non Commutative Harmonic Analysis,
 Lecture Notes in Math., vol. 466, Springer-Verlag, New York, pp. 151-171.

 [28] , Whittaker models for admissible representatons of reductive p-adic split groups, Proc. Sym-
 pos. Pure Math. vol. 26, 1973, pp. 425-430.

 [29] P. J. Sally, Jr., Unitary and uniformly bounded representations of the two by two unimodular group over
 local fields, Amer J. Math. 90 (1968), 406-443.

 [30] G. Schiffman, Int6grales d'entrelacement et functions de Whittaker, Bull. Soc. Math. France 99 (1971),
 3-72.

 [31] F. Shahidi, The notion of norm and the representation theory of orthogonal groups, Invent. Math. (to

 appear).

 [32] , On certain L-functions, Amer J. Math. 103 (1981), 297-355.
 [33] , A proof of Langlands conjecture for Plancherel measures; complementary series for p-adic

 groups, Ann. of Math. (2) 132 (1990), 273-330.
 [34] , Langlands conjecture for Plancherel measures for p-adic Groups, Harmonic Analysis on

 Reductive Groups (W. Barker and P. Sally, eds.), Birkhauser, Boston, 1991, 277-295.
 [35] , Twisted endoscopy and reducibility of induced representations for p-adic groups, Duke Math.

 J. 66 (1992), 1-41.

 [36] A. J. Silberger, The Knapp-Stein dimension theorem for p-adic groups, Proc. Amer Math. Soc. vol. 68
 1978, pp. 243-246.

 [37] , Introduction to harmonic analysis on reductive p-adic groups, Math. Notes, no. 23, Princeton
 University Press, Princeton, NJ, 1979.

 [38] T. A. Springer, Linear Algebraic Groups, Birkhauser, Boston, 1981.
 [39] N. Winarsky, Reducibility of principal series representations of p-adic Chevalley groups, Amer J. Math.

 100 (1978), 941-956.

This content downloaded from 
� � � � � � � � � � � � � 50.127.35.57 on Fri, 15 May 2026 18:06:47 UTC� � � � � � � � � � � � � �  

All use subject to https://about.jstor.org/terms


