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Introduction

Let Fbe a/?-adic field ofcharacteristic zero and let Fbe the algebraicclosure off. In [20],
Shahidi describes the relationship of the poles of certain Langlands L-functions attached to
representations of GL(n, F), to the theory of twisted endoscopy. Here we carry out this
program for the generalized Asai L-function attached to a representation of GL(n, E),
where E/F is a quadratic extension. The problem is equivalent to certain reducibility
questions for unitary groups.

More precisely, let G = U (n, n) be the quasi-split unitary group in 2n variables
defined with respect to E l F. Let G = G(F). Then there is a maximal parabolic subgroup
P = MN of G, with M isomorphic to ResEfF(GLl). Thus, the F-points are given by
M = M(F) GL(n, E). The L-group LM of M is isomorphic to

( L(n, C)*GL(n9C))xWF,

where Wf is the Weil group ofF/F. Let Ψ be the adjoint representation of LM acting on the
Lie algebra Ln of LN [17], § 4. This is the generalization to rank n of the Situation studied by
Asai [1]. Let w be the non-trhtial element of the Weyl group of G with respect to M. Suppose
π is an irreducible unitary supercuspidal representation of M. Then nw α n if and only if π is
invariant under the automorphism ε of GL (n, E) which takes g to *g ~* (here g is the Galois
conjugate of g). If π"^ π, then the unitarily induced representation Indf (π ® !#) is
irreducible if and only if L(s9 π, Ψ) has a pole at s =* 0 [18].

We compute the poles of L (s, π, Ψ) by Computing the residue of the Standard inter-
twining operator that determines the reducibility of/(π) = Indf (n ® lw). In Section 2, we
prove that if nw π, then /(π) is irreducible if and only if there is some matrix coefficient φ of
π for which a certain sum of ε-twisted orbital integrals is non-zero (cf. Theorems 2.7 and 2.8).

*) Partially supported by NSF Postdoctoral FeUowship DMS9206246.
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More precisely, if nw Ά π, then /(π) is irreducible if and only if there is some matrix coefficient
φ of n such that

f Φ* (<5, φ) Φ 0 if n is even,
{ Φ?(δ, φ)φΟ if n is odd,

where δ is a hermitian fonn in GL(n, E), Φ*(δ9 φ) is the non-stable sum of twisted orbital
integrals, and 4Pf (5, φ) is the stable sum (cf. Section 1). The theory of twisted endoscopy, s
developed by Kottwitz and Shelstad [12], [13], says that the non-vanishing of such sums
points to the representation π being a lift from the group U (n) (cf. Section 4). In Section 4 we
show that, for n = 3, the pole of L (s, π, Ψ) at s = 0 determines whether or not π is a Standard
base change lift from [7(3) [14]. This is similar to our results for n = 2 [6].

t
In Section 5, we explicitly determine the generalized Asai L-function L (s, σ, Ψ) for any

irreducible admissible representation σ of GL(n, E). We use the results of Section 2 to
compute L (s, π, Ψ) for any irreducible supercuspidal representation π of G L (n, E). We then
use Theorem 3.5 of [18] to compute L (s, σ, Ψ) for a in the discrete series. This determines
L (s9 σ, Ψ) in general. One consequence of these computations is the following identity
(cf. Corollary 5*5):

(1) L(s9 σ x σ) = L(s9 σ, Ψ)L(s9 σ <g> μ ο det, Ψ),

where σ (g) = σ (g), μ is an extension to E* of the local class field theory character attached to
E/F9 and L(s9 σ x σ) is the Rankin-Selberg product L-function attached to σ and σ [10].

In Section 6 we consider a second group where redutibility of induced representa-
tions is also determined by Asai L-functions (by means of (1)). Let G' = U (H, n +1)
be the quasi-split unitary group in 2n +1 variables defined with respect to E/F. Then
there is a maximal parabolic P' = M'N', with M'^ Res^iGLJxUil). Thus,
M' = M'(F) GL(n9 E) x t/(l). If fr is an irreducible unitary representation of GL(n9 E)9
and v is a character of t/(l), then we denote by (π, v) the representation of M' given by
(π> v)(f> J>) = n(g) v(y det(ge(g))). Suppose that π is an irreducible unitary supercuspidal
representation of GL(n9 E). Then, unless n = l and π = l, the reducibility of
/(π, ν)' β Indjt'(fl, v) is determined by whether or not L(s9 π ® μ o* det, Ψ) has a pole at
s = O.Ifftw π, then£(^, n x f) has a simple pole at 5 = 0[10],andtherefore,by(l),exactly
one ofL(s, π, Ψ) and £(s, π ® μ « det, !P) has a pole at 5 = 0. Thus, exactly one of/(π) and
/(π, v)' is reducible (cf. Proposition 6.2). The results pf Section 2 allow us to explicitly
describe the reducibility criteria for I(n9 v)' in terms of twisted endoscopy (cf. Theorem 6.3).
It is interesting to note how these results parallel those of Shahidi [20], Theorem 6.3.

In Section 7, we use the explicit formulas for L(s9 σ, Ψ)9 with σ a discrete series
representation to determine the reducibility for Indf (σ) and Indfl (σ, ν) (cf. Theorem 7.1).
These results are similar to the reducibility criteria for Sp(2n9 F) and SO(2n +1, F)
determined by Shahidi [20].

I would like to thank Freydoon Shahidi for encouraging me to study these questions,
and for many discussions and insights. Among other things, Lemmas 5.3,5.4, and Corollary
5.5 are due to him. I would like to thank Robert Kottwitz for pointing out a mistake in an
earlier proof of some of these results.
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§ 1. Twisted orbital integrals for G L (n)

Let F be a nonarchimedean local field of characteristic 0. Let MF be its ring of integere
and pF the unique maximal ideal in ̂ F. Let WF be a uniformizer in F, that is, pF = wf&t¥.
Let qf = | ̂ F/pF| be the residual characteristic of F. Let Fbe a (separable) algebraic closure
ofF

Let Fbe a quadratic extension of F. Suppose E = F(J?), with 2 e FX\(FX)2. Let #£,
p£, wE9 and qE be the appropriate objects in E. Let τ : E -» E be the non-trivial Galois
automorphism ofE/F. We also denote the action of τ by τ(χ) = je. Let N: E* -» Fx be the
norm map, N(x) = xx. We assume that fi = — .

Let H = V (n) be an algebraic group over F. H is defined s follows. Let

/ 1\
""J ίΦ , η odd,l , and <5„ = < Λ1 ,, n even.

Then we let H = {g e GL (n) \ g n'g = δη}. Let fl = Res™ (H). Then fl is an algebraic group
such that fl(F) = H(£) = GL(n, E) [3]. Over F, H ̂  H x H. Let H = H(F) be the
F-rational points of H. Let ff = fl(F) be the F-rational points of ft. We define the
automorphism ε : ff -+ by g H> 'g""1.

Definition 1.1. An element δ of ̂ is said to be B-semisimple if (δ, ε) is semisimple in the
non-connected group fix <ε>.

Definition 1.2. Two elements δ and <5' offfare said to be ε-conjugate if there is a g € ff
such that δ' = g"1

Let <5 be an ε-semisimple element of ff. Let oe =* {g€ ff\g~iδ e(g) = δ}9 and let
f)'u = {g e ff | g^1 δ ε (g) δ -1 € ZF}, where ZF is the set of F scalar matrices. Similarly, for γ a
semisimple element of H, we define Hy = {g e ίί lg""1?«· = y}.

Definition 1.3. An element effis stably e-conjugaie to δ' if there is a g e fl (F) so
that δ = g"1 δ' ε (g). In this case r(g)g^e flie [14]. Two elements of H are tfofr/y conjugate if
they are conjugate by some g in H(F). This implies that τ (g) g""1 € Hr

Lemma 1.4. (1) ^i .st ofe conjugacy class in H is a union of conjugacy classes.

(2) A st hle s-conjugacy class in ff is the union of ε-conjugacy classes. D

For y € H we let Φ (γ) be the conjugacy class of γ and 0§t (γ) the stable conjugacy class of
γίηΗ. For<5 € # we let <ί?β (δ) be the ε-conjugacy class of<S and 0^ (δ) the stable 6-conjugacy
class of δ in ff.
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Definition 1.5. We define the norm map f o t d e f f by N (δ) = δε(δ). Note that
N(g~l$e(g)) = g~lN(6)g. Thus, N defines an injection Jf : [<5] h-> N ([<?]) from ε-stable
conjugacy classes of ff, to the set of stable conjugacy classes of H.

Proposition 1.6 (Rogawski [14], Proposition 3.11.1(c)). The norm map defines a
bijection between stable -conjugacy classes in ff and stable conjugacy classes in H. D

Corollary 1,7. For any n, e.Bi(dn) consists of all hermitian matrices in ff.

Proof. δη is hermitian, i.e. δη » '£"„. Therefore, Ν(δη) = /„. Since {/„} is a stable
conjugacy class in H, Proposition 1.6 implies δ is stably ε-conjugate to δη if and only if
Ν(δ) = /„. This holds if and only if δ is hermitian. D

Lemma 1.8. For any n,

where δ'η is any nondegenerate hermitian form which is inequivalent with δη.

Proof. Note that if δ is hermitian, then <5' is ε-conjugate to δ if and only if δ and δ'
define equivalent hermitian forms. For each n there are two classes of hermitian forms in
GL(n, E)> indexed by F*/NE*. That is, if δ and δ' are hermitian, then δ is equivalent to δ' if
and only if det^"1) 6 NE* [9]. The result then follows from Corollary 1.7. D

Remark. Suppose z e Fx. Then δ and ζδ define the same unitary group. Thus, the
isomorphism class of ff^ only depends on F*/NE*(F*)n. Therefore, when n is odd,

Let E1 be the norm l elements in £, i.e. E1 = {z £ E*\zz = 1}. Note that
Z = Z(H) El,md2 = Z(ff) J£x. Lete beacharacterofJ?1. Let C(if, ω)bethespace
of locally constant functions, compactly supported modulo Z, such that/(zg) == ω ~l (z) f(g)
for all z€ Z, and g 6 H. Let ώ be the character of E* given by ώ(ζ) = ω (z /z). Then we let
C(fi, ώ) be the space of locally constant functions, compactly supported modulo 2, such
that (p(zg) « ώ""1^)^^) for all z € 2, and g € #.

Definition 1.9. (a) For γ a semisimple element of H and/e C(/f, ω), we define

where rfgx is the right invariant measure bn the quotient coming from Haar measure dg
on H. Tliis is referred to s the orbital integral of/at y.

(b) Sim arly, for δ an ε-semisimple element of ff and φ € C(ff9 ω), we define

where again the measure dg* m the right invariant one coming from Haar measure. This is
callcd the β-twisted orbital integral of φ at δ.

'\
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Definition 1.10. (a) Let G be a reductive F group. Let q (G) be the F rank of the
derived group of G. Let e(G) = (-l)««*)-««*'), where G' is the quasi split form of G.

(b) Let y be a semisimple element of H. Then we let e(y) = e(Hy).

(c) Let 5 be an ε-semisimple element of ff. Then we let e(S) =

Definition 1.11. Let y e /f be a semisimple element and let {/} be a collection of
representatives of the conjugacy classes in 08t(y). Let ω be a character of E1 and let
f€C(H, ω). Then we let

Φ"(7,Λ = Σ *(/

Definition 1.12. Let Δη = {<5η, <5^} be the chosen representatives of the β-classes in
0e.8t(<5„). Consider the bijection Δη <-> F*/NE* given by δ H-* det(<5) (mod JV£X). Let
κ : F*/NE* -» {±1} be a character. Let φ e C(B, ω). Define

When κ = l we write Φ* (δη, φ). By the remark following Lemma l .8 we know that, when n is
odd,e(<5n) = e( 'n) = l.Therefore,inthiscaseΦf (δη, φ) = ΦΒ(δη, φ) + Φ8(<5^, φ)· However,
when η is even, e (<5n) = l and e (δ'η) = — l . Therefore, in the even case, the sum of the twisted
orbital integrale is Φ*(<5η, φ\ where κ is the non-trivial character.

§ 2. Reducibility criteria

In this section we repeat the argument of Section 2 of [6] in the wider context of the
group U (n, n). Let £/Fbe s in § l. Recall that E = F( ). In this section we use the hermitian

( 0 R ϊ \
l . Let G = U(2fl) be defined with respect to J', and

—p/n 0 /
G = U (n, ri) = G(F). Let T be the maximal torus of diagonal elements in G. Then

r / * . \

Let Ίά be the maximal F-split sub-torus of T. Then

χ'1/·*· *
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The restricted root System Φ (G, T^) is of type Cn. Let A be the subtorus of Ίά given by

Let M be the centralizer of A in G. Then

M = < ( S f „x j \g e Res^CGL,,)l ~ fl.

The Weyl group W (A) is of order two, with the non-trivial element w represented by

(/ ~/ j -^ t p = MNwith

-{(o- D-=
Then P is a maximal parabolic subgroup of G. Let P = P(F) = A/W, with
M = M(F) GL(n, E)9 and

Let X (M)F denote the F-rational characters of M. Let α be the real Lie algebra of A.
Then α = Hom(JT(M)F, H) [7], Let a* = JSf(M)F <8>z ffS be its dual, and let α £ = α* ®R C.
There is a ^πιοηιοφΜ8ηι [7] HP : M -> α defined by

Let ρ be half the sum of the positive roots in N. Let α = 2 e„ be the unique simple root in ΛΓ.
Let α = <ρ, α)""1 ρ, where <yls y2) *s defined s follows. Choose non-restricted roots yi and
γ 2 restricting to yt and y2> respectively. Then

where ( · , · ) is the Standard Euclidean inner product on Φ (G, T) [17]. Clearly <ρ, α> is well
defined. Let 3 be the complexified lie algebra of the split component of G. Then we identify
aj£/3 with C via the map s H-» sS. Note that the non-restricted roots Φ (G, T) are of type A2n.i.
Let l * { l9 . . . , j?2i.-i} b6 Λβ set of simple roots of Φ (G, T), with t = et - ei+1. Then

Therefore, <ρ, α> = (ρ^, β,) = n. This implies that, in terms of non-restricted roots,
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Thus, if m € GL(n, E), we have

Let °δ(Μ) be the set of equivalence classes of irreducible unitary supercuspidal
representations of M. Let (π, F) € °f (M). Let ώ be the central character of π. Let s € Cand let

V(s, n) = {/e C°°(G, V)\f(mng) = n(m)qi***™>S¥2(m)f(g)9Vg e G, m e M, * e #} .

Then G acts on V (s, n) by right translations. We denote this action by

I(s, π) = Ιηά?(π ® <?<**>**<>>) = Ιηα£(π Θ |det()|f ).

We write /(π), or Ind$(n) for /(Ο, π). Note that by Bruhat theory [7] Indf (π) is irreducible

if π™ φ π. If m = f * f_°1 j with g e GL(n, E), then wmw'1 = Γ* ° J . Therefore,
TCW = TCC, where π ε ( ) = π

We formally define an operator A (s, π) on F(y, π) by

for/€ V (s, π), g e G. If A (s, π) converges, then it defines an intertwining operator between
I(s, n) and I(—s9 π*). It is a Theorem of Harish-Chandra [15] that, for π supercuspidal,
A (s, n) converges for Re s > 0. Moreover, s i-> A (s, n) is meromorphic s an operator valued
function, and has a meromorphic continuation to the whole plane. This means that there is
some fixed polynomial P (t) so that s H-» P(qps) (A (s, n) /(g), #> is holomorphic for each
geG9ve V,fe V (s, π), and the operator P(qp*)A(s, π) is non-zero.

Harish-Chandra's completeness Theorem, [21], implies Indpfa) is reducible if and
only if π ~ π™ and 0 is not a pole of s H-> A (s, n).

Lemma 2.1 (Rallis, Shahidi [20]). Let

V (s, π)0 = {/ 6 V (s, n) \ supp/c P# and is compact mod P} .

Then every pole of s *-» A (s, π) is a pole of s i-+ A (s, n)f(e)for somefe V (s, π)0. D

Thus, we study poles of ̂  H+ A (s, π) f(e) for/e V (s, π)0 and π ̂  πβ. Let L = M (n,
for some m e Z*. Let L' c N be given by

Let/€ F(5, π)0. We assume that there is a t; e F so that, for yeff,

17' ^€L''
0, otherwise.
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Lemma 2.2. Ify € N9 then w~"*y e P ff ifand only ify = ( J with aeGL (n, E)

Proof. Suppose a, b, c e M (n, E), and g e G L (n, E). If

/O -/\ // <Λ /£ * \ // 0\
\i °Ao // \o frvV i)9

0 -A _ f g + bc b \
ι a)-\rlc rve

then

Therefore, α = 'g 1, which implies α e GL(n, E). Moreover, if y e N then a = 'ά.
Conversely if α e GL(n, E) with ' = a, then the above calculation shows

/O -7\ /a'1 -7\ / / 0\
(/ e j - ( o .)(.- /)' D

Let JT e f . By Lemma 2.2

(2.1) <A (s, n)f(e), v> = f <f(w~ V), «> <fy
N

(«) -/W i o\\ \JU- 'in
deta*0

Lemma 23. 7/rfxa = |detal^<^ >db then d*a~l = rfxa.

. Let M act on ΛΓ by conjugation. If '% = X € M(n, £) and g e GX (n, J5) then

-* o\(i x\(g o \ // r1^-1^o ^AO /A» fi"v \° j /
Therefore, on ΛΤ, d(g-lX*r*)l*X** \detX\E2<*>&>.

Now suppose g = X. Then

and therefore»
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<p(g) = <n(g)», v). For χ e M (n, E) let

fl . «L.
[0, x<tL.

Then using the relation — *a and Lemma 2.3, we rewrite (2.1) s

(2.2) <Λ(5, π)/(έ?), ϋ> = J 4>(a~1)|detfl|;*/2£Ii(a-1)rfxe
1 αΜαΦΟ

= i <p(a)|deta|fiL(a)rfxa.

Remark. Since t? and t; were arbitrary, any matrix coefficient φ of π can appear in
(2.2).

Recall that Δη = {δη, δ'η} are the representatives of the ε-classes in 0Β.3ί(δη). If
a € GL(/i, £) is hermitian, then a = g~iδs(g) for some g and a unique δ e J„. Thus, using
the notation in Section l, we can rewrite (2.2) s

(2.3) <Λ& *)/(*), fl>- Σ f
Λη #*\#

where rfxg is the invariant measure on the quotient coming from </xa.

Notice that the integrals in (2.3) are not of the form given in Section l . The next lemma
allows us to decompose the integrals in (2.3) into an iterated integral involving twisted
orbital integrals, s defined in Section 1.

Lemma 2.4. (a) If n is even then ^fi'^ F\for any δ € An.

(b) If n is odd then fid,\fif
oti NE\ for any δ e Δη [14], Proposition 3.11.2(c).

Proof. (a) Note that ψ : fi'6t -> Fx given by \p(g) == g~iδε(g)δ~l is a homomor-
phism. By its definition ffoe is the kernel of ψ. Let zeFx. Note that £toe = (zo}B9 and
therefore, since n is even the two hermitian forms δ and z<J are equivalent. Since -conjugacy
is an equivalence of hermitian forms, there is someg 6 ff so that g"15e(g) = ζδ. Therefore,
g is in ff'Ae. Since φ (g) = z, we see φ is surjective.

The proof of (b) is similar, once one notes that if δ and z δ are equivalent, then z e N E*
[14]. α

Suppose g e ff is a representative of a coset of β'δι\β. If n is even and z0 € Fx, then
there is some g0 e J, so that

If w is odd, and z0 € £x, then there is some g0 e ̂ e so that
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Therefore, we choose representatives for ffL\ff so that, if z e < ' ' then[NE , n even,

(2.4) g~lz δε (g) € L if and only if | z \E £ l .

If n is even, we now can rewrite (2.3) s

(2.5 a) <Λ (*,*)/(*),«>

=Σ ί ί
Δη Fx fi^

= J
#F *n tt'»\

If n is odd, we rewrite (2.3) s

(2.5 b) (A(s,n)f(e)9vy

=Σ ί ί
An NE* fi'

= f

Lemma 2.5. {g e ̂ <5\jl9F|g-"15e(g) e supptjp} ώ compact.

Proof. Let || jj^ denote the supremum norm on M (n, E). Let X = {î 1*, ^Em+1}·
Let LO = {JC| Hxl looG X} c M(n, £). We have already chosen representatives g with
g~ldB(g) e L0. Let S c Af (it, £) be the set of hennitian matrices. Since transposition and
Galois conjugation are continuous, S is closed in M (n, E). Define ψ : ff -+ S by

" " 1 · Then

Ξ det<5 modNE*} .

Since both JVls x and its complement are closed in Fx, and the determinant is continuous,
Im (φ) is closed in 5, thus is closed in ff.

Ify € Sand tp(g) == 7, then ψ~*({γ}) = ^g. Note that y~l(ZFy) = /%,g. Let Cbe a
compact subset of ff such that supp<p c CJ?. Since χ Η-» HJC « and χ Η-+ |detx|£ are
continuous we can choose integers j9 k9 /, t so that #| g || c H^ <J ̂ | and 9^ g | det c | £ ̂  ̂
for all c e C. Therefore, if c e C and cz€CZr\ LQ then i£iw"/ ̂  | z \E £ q^1 ̂ *. We let

Then C2 n L0 c CO, which is compact. Therefore, Im φ n supp φ n L0 is compact in /?.
Hence the lemma holds. Q
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By Lemma 2.5,

— V f i ~M ( Yl//x — J **^»> Φ)> n even»
1 Φ?(<$Μ, <p), /ι odd.

Consequently, if n is even, the residue at 0 of A (s9 n)f(e) is given by

(2.7a) lim* <A(s9 n)f(e)9 tT> = (lim s f <5(z)|z|f 2ά*ζ)Φ?(δη9 φ).
s-*0 s-*0 £

Similarly, when n is odd, the residue is given by

(2.7b) lim s (A (s9 n) f(e)9 tf> = (lim s f e (z) | z |~/2rfx z) «f (<5„, φ).

Consider the case where n is even. If A (s9 n)f(e) has a pole at s = 0 then

jr-> f e3(z)|z|f 2rfxz

has a pole at s = 0.

where L (s9 χ) is the local Hecke-Tate L-function attached to a character χ of Fx. Thus, (2.7a)
is zero, unless c5|Fx is unramified, in which case it is proportional to

/ °°/•Λ f\\ t "̂̂  / m / χ — ns
(2·9) L (°>(WF)<IF·

Therefore, there is no pole at s = 0 unless ώ (WF) = 1. Since cS|Fx is unramified and

Lemma 2.6. Lei η : E* -+ C* be a character.

(a) Suppose n is even and,for some \peC(/)9 η)9 Φ?(<5η, ψ) φ 0. Then η (ζ) = Ifor all
zeF*.

(b) Suppose n is odd and9for some \peC(ft9 η)9 Φ? ( „9 ψ) φ 0. Then η (ζ) -1 for any

Proof. (a) Since Φ?(<$Β, ψ) φ 0, we know that ΦΒ(δ9 ψ) Φ Ο, for some δ e An. Let
ζ € Fx, By Lemma 2.4 we can choose some g0 € R^ with fo 1^ feo) " z^· Therefore,
changing f to g0g in Φ,(δ, φ)» w^ have



76 Goldberg, Unitary groups and local Asai L-fwctions

J

The proof of (b) is similar. D

Therefore, the condition eS|Fx = l is guaranteed by the non-vanishing of Φ*(<5Λ, ψ).
We can now state the result precisely.

Theorem 2.7. Lei n be even. Leine °<£(M). The intertwining operator A (s, π) has a
pole at s = 0 if and only if n π*, and there is a matrix coefficient φ of n such that
Φβ

κ(<5Λ,φ)Φθ. D

Now consider the case where n is odd. Since we are assuming that π π*, we know that
&(zz) = 1. Therefore, the integral appearing in (2.7 b) can be rewritten s

(2.10) f \Nz\S*d*z = J |z|»Vxz - (l - l/qE) -— .
&E ®E **Ε

Therefore, we have the following theorem.

Theorem 2.8. Lei n be odd and π e °<f (M). Then the intertwining operator A (s, π) has a
pole at s = 0 if and only if n π*, and there is a matrix coefficient φ of n such that

*o. D
Theorem 2.9. Lei G = U (n, n) and M = GL(n, E) s above. Letne °δ(Μ\ Let κ

denote the trivial character ofF*/NE* ifn is oddt and the non-trivial character ifn is even.
Then I(n) is reducible ifand only ifit~if and Φ* (<5„, φ) = Ofor every matrix coefficient φ
ofn. α

§ 3. Complementary series

In this section we use the results of Shahidi [18] to determine when the representation
I(s,n) is reducible, for 5 φ ί Κ . Let F be a separable algebraic closure of F, and let
FF = Gal(F/F). We denote by WF the Weil group of F over F [23].

Recall that, for a connected, reductive, algebraic group G, defined over F, the L-group
is given by LG = LG° * Wp, where LG° is the complex group whose canonical root datum is
dual to that of G, and WF acts on LG° through the action of FF on root data [3].

For H « U (n) weknowt]hatH(i?) c* GL(n, J^Xandtherefore^0 = GL(n, C). Since
H(E) x H(£), we have L ° GL(n, C) x GL(n, C). Let τ be the generator of
). Then the action oft on LH° is given by τ(χ) = Φη(*χ~*)Φϊι. The Galois group

Gal (E/F) acts on Lff° by τ (x9 y) = (τ (y)9 τ (χ)). The action oft determines the action of WF
in each case [14], p. 47.

Wfe compute the constituents of the adjoint representation of LM on %, where LM is the
i-groupofM^istheLiealgebraof^and^P ~ LMLN [3]. Recall that G = U(2n)arises
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from an action of Gal (E/F) on the root System A 2n _t . Let A = {aj fi \ * be the simple roots
in A2n„i9 with &t = ef - ej+1. The action is given by 1(0^) = Sa^. This is case 2A2n~1 - 2 of
[17].

By the above discussion, LG° = GL(2n, C) is a group of type A2n„i9 while the
restricted root system Φ (G, Td) is of type Cw. The Levi subgroup M is generated by the subset
0 — {<**}?= ί· As described above, each af is the restriction of two roots from Λ2»-ι»
«i and ά^. Thus, £

Therefore, LM° = |Γ J J J g, A e GL(/i, C)l GL(«, C) χ GL(w, C). Note that

the action of Gal (E/F) on LM° is given by

( *e ON" 1 /Φ'Α"1*""1 Ο
ο Ϊ) **"·-( ο ΦΒ^Φ-

which is consistent with the description given above. LM = LM° >i W .̂ with this action.

The unipotent radical LN = LN° is given by LN = \\ " r } \Xe M (n, E)\. Thus,
f /0 X\\ l r i\° 7 · /Ι JLn = < l J LST e M (n, £) > . Let LM act on Ln by the adjoint representation. We denote

this representation by Ψ. Then Ψ (m) Υ = rnFm""1. Let (g, A) e ̂ M0. Then

Therefore, r\LMQ ρη (g) ρη, where ρη is the Standard representation of GL(w, C). Thus,
Ψ \LMO is irreducible, so Ψ must also be irreducible. Note that the action oft on A shows that

where (xy) e M (n, C) and >fy = x(n+1^Mn+1^ir We will use this in Section 5 in Computing
L (s, σ, Ψ) for σ in the discrete series of M.

Theorem 3.1. Let G^ U (n, n) and suppose P = MN9 with Mz*GL(n,E). Let
n € ° (M). Suppose that n π* am/ /(π) ώ irreducible (see Theorem 2.9).

(a) For 0 < s < l fAe representation I(s, n) = Indf (n ® |det()||/2) w irreducible and
unitarizable (i.e. in the complementary series).

(b) The representation 7(1, π) & reducible. It has a unique generic non-supercuspidal
discrete series subrepresentation. Its Langlands quotient is degenerate (non-generic) pre-
unitary, and nontempered.

(c) Ifs>i then I(s9 n) is irreducible andnever unitarizable.

6 Journal f r Mathematik. Band 448
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Proof. Fix a non-trivial additive character ψρ of F. Theorem 3.5 of [18] describes a
function γ (s, π, Ψ9 t/?F), which is rational in q? *. If Pn(t) is the polynomial such that
Pn(V) = l and P (i> 0 is the numerator of γ (s, π, Ψ, tpF), then L(s9 π, Ψ) = P(qps)~i [18],
§ T.Since Ψ is irreducible, Pn = PM in the language of [18].Therefore,Corollary7.6of [18]
implies that the polynomial Pn (t) has a zero at t = l. Since π Α π* and /(π) is irreducible, (a),
(b) and (c) follow immediately from Theorem 8.1 of [18]. α

Theorem 3.2. Suppose π Α π* am/ /(π) ώ reducible (see Theorem 2.9). TAen /or a//
5 > 0, *Ae representation I(s, n) is irreducible, but not unitarizable.

Proof. This follows from Theorem 2.9 and Theorem 8.1 (d) of [18].

§ 4. Reducibility and base change

In this section we discuss the relation of the reducibility criteria derived in Section 2 to
the theory of base change from U (n) to GL (n, E). We will obtain specific results when n = 3.
In [6] we obtain similar results when n = 2.

Let COE/F be the local class field theory character attached to E/F. That is

l, xeNE*,
— l, X(

Let μ : J?x -+ C be any character whose restriction to Fx is COE/F.

There are two base change maps ψΗ, \p'H: LH -> L^. These homomorphisms of
L-groups are described by Rogawski [14], p. 50. The maps ψα and \p'H are relat^i by the
cocycle α : WF -* L which defines χμ = μ ° det over F. We will describe some properties of
these base change maps.

Definition 4.1. A distribution on C (H, ω) is called stable if it vanishes on every/such
that Φ*1^,/) = 0 for every regul r semisimple γ e H.

Let δ (H) be the set of equivalence classes irreducible admissible representations of H,
£2 (H) c g (H) the collection of square integrable equivalence classes, and °£ (H) the unitary
supercuspidal equivalence classes. We make no notational distinction between a class [π]
and its representative π. For any π e /(H) with central character ω, we define the distri-
bution character of π on C(H, ω) by χ*(/) = ΤΓ(π(/)), where

*(f)** i f(g)n(g)dg.
Z(H)\H

We assume that, for every reductive group G == G(F), δ% (G) can be partitioned into
finite subsets, called L·ρackets9 with the following property: for every L-packet U we can
choose non-zero integers, m (n) for each π€/Ι, so that χπ = J] ^(π)χΛ is a stable

*cir
distribution, This distribution is referred to s the stable character of the Ι,-packet J7. We
let <?2(G) t>e the collec on of discrete series L-packets. One can then define tempered
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L-packets by parabolic induction [18], § 9. We let S (G) be the collection of tempered
L-packets.

For each Π e δ (H} there should be two base change lifts, ψα (U) and ψ'Η (II), given by
the Langlands correspondence. Namely, if ξ : WF -* LH is an admissible homomorphism
defining Π then ψα·ξ:ΐνρ-> L should define ψΗ (Π). Similarly φ'Β°ξ:ΐνρ-+ LB should
define ιρ'Η(Π). Since L-packets of G L (n) are singletons, these lifts will actually define
representations. Since ψΗ and \p'H differ by the cocycle a, Theorem 10.3 (2) of [3] implies the
two lifts are related by

(4.1) V*(f f ) e Vir( f f )®Xn·

Let π = ψ α (Π). One of the properties of base change lifting is that the central
characters of Π and ψΗ (Π) should be related by ωη = ωπ o N9 where N is the norm map.
Recall that Z(ff) E* and Z(H) <* E1. If z e Fx then ωη(ζ) = ο^ζ*-1) = 1. Therefore,
ΨΗ(Π) always has central character whose restriction to F* is trivial. Note that if n is even,
then χμ is trivial on F* s well, while if n is odd, then χμ^ = o>£/F. Therefore, if π7 = \ρ'Η(Π),
then <*V|FX = COE/F if n is odd, and ωπ,||!ν = l if n is even.

In [6] we discussed the relation of the reducibility criteria given in Theorem 2.7 to the
theory of base change when n = 2. For the remainder of this section we consider the case
where n = 3. Recall that we must determine when <Pf (<53, <p) φ 0 for some matrix coefficient
φ of π. Let ω be a character of E1 , and let ώ be the character of E defined by <3 (z) = ω (ζ /ζ).

Theorem 4.2 (Rogawski). Let n = 3 and φ € C(ff, ώ).

(a) There exists anfe C(H, ω) so that Φ? (δ, φ) = #§t(y,/) whenever δ is a regul r
B'semisimple element of and γ = Ν(δ) e ΑΓ [14], Proposition 4.10.1.

(b) Ify = JV(5) is central then Φ*(δ, φ) =/(y), where fis given by (a) [14], Proposition
8.4.1. α

Let f'( ) be the collection of irreducible admissible representations of β such that
tf π, and the central character of π has trivial restriction to Fx. Let π (ε) be an equivalence
between π and π*. Let ώ be the central character of π. We define a distribution on C(ff9 ω) by

Definition 4.3. If π e δ'(β) is tempered, then n - ψΗ(Π) if and only if there is a
choice of π (ε) so that the character identity xm((p) = #π(/) holds whenever φ -» / s in
Theorem 4.2 [14], p. 200.

Let HQ = U (2) x 17(1). Then JfiT0 <^ H, and we consider #0 s a subgroup of ίί.
Moreover, H0 is an endoscopic group for H [14]. The L-packets for ff0 are understood, and
some L-packets for ff should arise from the map LH0 -+ LH [14]. Such L-packets are said to
come from endoscopic transfer in the sense of character identities. Suppose ρ0 is an L-packet
of H0. Denote by ξαο(ο0) the corresponding L-packet of H.

Theorem 4.4 (Rogawski [14], Theorem 13.1.1, Proposition 13.1.3). (1) An L·packet
Π of H has morejhan one element if and only ι/H «= £jf0(<?0)/0r some L-packet ρ0 ofH0.
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(2) Ifllisa tempered L·packet of H mth more than one element 9 then Π is either a
discrete series L-packet, or Π consists ofthe constituents o/Indf (0),/or a character θ ofthe
torus U (i) x 17(1) x £7(1). Here B is the Standard Borel subgroup of H.

(3) I f T I i s a tempered L·packet ofH mth more than one element, then

%Π == La %Q9

ρεΠ
i.e. m (ρ) = l, ΥρεΙΓ.

(4) If Π e /2 (ff) and Π = ξΗο (ρ0) then every element of Π has the same formal
degree. D

Theorem 4.5 (Rogawski [14], Propositions 13.2.1, 13.2.2). (1) For every tempered
L·packet Π ofH, there is a unique Standard base change lift n = ψΗ(Π) e S'( ). The map
ψΗ : /(H) -* '(H) is injective.

(2) The representation ψΗ (Π) is square integrable ifand only ifn is a square integrable
L-packet which consists ofone element. Moreover, if<£s (H) is the collection ofsingleton square
integrable L»packets, then

is bijective. Furthermore, ψΗ (Π) is supercuspidal ifand only ifn E $s (H ) is super cuspidal. o

Therefore, if π is a supercuspidal representation of ff such that πβ ̂  π, then
π = ψΗ(/Ι), or π = ψ'Η(Π) for a unique L-packet Π of H. Which map π lifts through is
determined by the restriction of the central character of π to F* .

Corollary 4.6. Suppose G = C7(3, 3) an d M = G L (3, E). Ifn € °δ (M) and A (s, π) has
a pole at s = 0, then n is a base change lift from (7(3).

Proof. This follows immediately from Theorem 2.8. Ώ

We will now proceed to show that we can find a matrix coefficient φ of π such that
Φ?(δ39 φ) Φ 0 if and only if π is a Standard base change lift. Since Ν(δ3) = 73, Theorem
4.2 (b) implies Φ"(δ3, φ) =/(/3), where φ -+/is s ia Theorem 4.2 (a).

Let e = J3. We use the Plancherei formula [8] to expand/(e). The description ofthe
tempered L-packets, given in Theorem 4.4, allows us to rewrite the Plancherel formula in
terms of stable tempered characters. Using the character relation which defines base change,
and orthogonality relatiom of twisted characters, we show that/(e) Φ 0 for some choice
of φ if and only if n « ψα(Π) for some H. Note that if π has central character ώ then

Let Ji be the collection of Standard Levi components of H. Suppose ρ is a discrete
series representation of L for some LG M. Then we write $ for Indf^fe), where N is the
Standard unipotent radical associated to L. For each L 6 M, let <$2 (L)& - 1 be the collection of
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discrete series representations of L with central character ω""1. We denote by <?2 (L)m- 1 the
collection of discrete series L-packets of L with central character ω^1. Then, by the
Plancherel formula

(4.2) /(*)= X C(L) f

where C(L) > 0 is a constant, d(o) is the formal degree of ρ, μ (ρ) is its Plancherel measure,
and αρ is the Euclidean measure given in [8].

Suppose Π e <?2 (L)m. i . Let U be the tempered L-packet of H obtained by induction. If
U is not a singleton L-packet, then U is either a discrete series L-packet, or the collection of
constituents of Indf (0). In the first case the representations in U appear in (4.2) with L = H.
So ρ = g and μ (ρ) = l for all ρ e ΐί = Π. By Theorem 4.4(4), d(o) = α(ρ') for all ρ, ρ'ε 17.
We let λΗ(Π) be this common formal degree. Then, collecting terms for this L-packet, and
applying Theorem 4.4(3), the stable character χπ appears with coefficient λΗ(Π) in (4.2),
In the second case d(0) = l, and part (3) of Theorem 4.4 implies χ# appears in (4.2) with
coefficient λΗ(Π) = μ (θ). If U = {§} then we let λα(Π) = ά($)μ(§)· Collecting terms
according to L-packets we rewrite (4.2) s

(4.3) f(e)= £ C(L) J
LeM

The character identity defining base change (Definition 4.3) shows that we can replace χ^ (f)
by χπ>β(<ρ), where n' = \pH(fi). We need the following orthogonality relation whose proof is
identical to that of Lemma 2.7 of [6].

Lemma 4.7. Let π, n' be irreducible admissible representations of M. Suppose their
central characters are relatedby ώ' Α ώ"1. Further suppose that nissupercuspidalandn' φ π.
Then, for any matrix coefficient φ ο/π, π' (φ) = 0. Inparticular, ifn and n' are both B-invariant ,

χη,ε(φ) = 0. D

Theorem 4.8. Let n € ° (M). Then A (s, π) hos a pole at s = 0 if and only ifnisa
Standard base change liftfrom f/(3), i.e. n = t/>H(/I)/or some Π e /(H).

Proof. We already noted, in Corollary 4.6, that if A (5, π) has a pole at s = 0, then π is
a base change lift from J7(3). Now suppose that π is a base change lift. By Theorem 2.8,
A (s9 π) will have a pole at s = 0 if and only if <Pf (<53, φ) Φ 0, for some matrix coefficient φ
of π. Let/e C(H, ω"1) be the function associated to φ by Theorem 4.2 (a). Then/(e) is
given by (4.3). By Theorem 4.5(2), π is also a base change lift from H. Moreover, by
considering central characters, π is a Standard base change lift if and only if π is a Standard
base change lift.

Lemma 4.7 and Definition 4.3 show that every term of (4.3) vanishes, unless
π = ψα(Π) for some Π. Thus, if π = ψ'α(Π)9 then Theorem 4.5(2) implies f(e) == 0.
Therefore, if π is a non-standard base change lift, then there is no pole of A (s, n) at s = 0.
On the other hand, if π = ψα(Π), then
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for some e > 0. Thus, it woidd be enough to know that, for some matrix coefficient φ of π,
χ&(φ) Φ 0. Such a matrix coefficient is called an 6-pseudo coefficient, and their existence is
guaranteed by [14], p. 188. Therefore, we can find a matrix coefficient φ of π for which
Φ?(<53, φ) Φ 0 and hence A ($, π) has a pole at s = π. α

§ 5. Computation of local Asai L -functions

We wish to compute the local L-function L (s, π, Ψ) referred to in Section 3. Once we
have computed this L-function when π is supercuspidal, we will compute L(s9 σ, Ψ) in
general.

Recall that G is of type Α2η~ι· Let Δ = { j} be the set of simple roots, where
j = ei — ej+i. Then, s described in Section 3, the Galois action identifies j and 2n-j f°r

j = l, 2, . . . , n — 1. Therefore, the L-function in question is the generalization of the Asai
L-function [1] s described in Section 4 of [17].

Let π be a supercuspidal representation of M. Then L (s, π, Ψ ) = Pn (qf s) ~\ where Pn is
the polynomial defined in Section 7 of [18]. Let ns = π <g> | det() |^2. Then, for any ̂  e C,
Theorem 3.5(2) of [18] implies,

/V^fr ·) = *.(* '"'O-
Suppose that, for every s e C, we have π, φ (π .̂ Then l = Ρπβ(ί) = PK(qps). Thus, under
this assumption, L (5, π, Ψ) = 1 . Therefore, we may suppose that π Ά π*. We need to find the
normalized polynomial P (^5) such that Pn(qps)A(s, π) is holomorphic and non-zero.

Let/e V(s9 n)0 be s in Section 2, and let t; e Ϋ. Let φ be the matrix coefficient
associated to/and t;. For s e C we let cps (g) = φ (g) | det g |^/2 . Then φ, is a matrix coefficient
ofns.

Suppose n is odd. The poles of A (s, π) are among those of (l — q^ ns)~1. Let s e C.
Suppose qs**0 = 1. Then (2.7b) shows that

Res (A (s, n)f(e), fi> = f Res ( , ,« ) ) *f ·(*., O -
S«S0 \S=SO V 1 HE / /

Therefore, A (s, n) has a pole at s = 50 if and only if *f (5 , φ,0) Φ 0, for some matrix
coefficient φ of π.

Since ff π, the central character ώ of π satisfies ώ (z) = l for all z e ME x. By Lemma
2.6 (b), the non-vanishing of Φ" (δη, φβο) implies that ώ \ \ ̂  nso/2 is trivial on N E x . Therefore,
the unramified character | (J1110^ is trivial on NE*. Thus, evaluating at NwE, we see that
s = s0 is a root of l - q^m = 0. So, if Φ? (δη, φ^) Φ 0 for some φ, then (l - q*/~s) divides
PK(qf*). Note that

-ί?",
unramified.
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Finally notice that if η « | ||0/2, then (π <g> η o det)8 π8 ® j^1 o det. Therefore, the
above discussion shows that π <8> *? <> det is ε-invariant at the points in question. We
summarize our results below.

Theorem 5.1. Let n be odd. Suppose that π is an irreducible supercuspidal representation
ofMsuchthatn ~ tf .Let Λ be the setof all unramified character s η e £*,notwoofwhichhave
equal squares, such that Φ?(δΛ9 ψ) φ 0 for some matrix coeffident ψ ofn ® η ° det.

(a) Suppose E/F is ramified. Then

L(s, π, ψ) = Π Ο - v'dOfc')'1 - Π Ο - i («r)**')"1 -

(b) If E/F is unramified then

L(s, n, ψ) = Π O - f'O^fc·)'1 = Π Ο ~ ̂ K)^2·)"1 ·
IfG^l l f€ / l

Note than when n = 3, then Lemma 4.7 and the argument of Theorem 4.8 show that
η Ε Λ if and only if π (g) ^ o det = ψα(Π) for some supercuspidal L-packet Π of H = t/ (3).

Now suppose that « is even, and π Α π€. Then (2.9) shows that the poles of A (s9 π) are
amongthoseof(l — 5(tz7F)^ns)~1. Moreover,if,s0isazeroof(l — c5(roF)ipns), thens0isa
pole of ^4 (s, π)ίί and only if Φ^ (δη, ψ) Φ Ο for some matrix coefficient ψ of n ® |det()J£0/2.
Since ώ is trivial on NE*9 Lemma 2.6 (a) implies 1 1|0/2 = ώ on Fx. Therefore, if η = | if/2

5
then π ® y; o det is ε-invariant.

Theorem 5.2. Let n be even. Suppose that n is an irreducible supercuspidal representa-
tion ofM such that n ^ πβ. Let Λ be the collection of unramified characters η € ̂ x, no two of
which have equal value at mF, such that Φ* (δη9 ψ) φ 0 for some matrix coeffident \p ofn ® η.
Then

Ζ,(*,π,<Ρ)= Π (ΐ-ν(^)ίΓ)"1· D

If n = 2, then the results of [6] show that Λ is the set of η such that
π (g) ^ o det = ψΉ(Π) for some supercuspidal L-packet Π of 17(2).

We now compute the L-function L (s, σ, Ψ) for any irreducible admissible representa-
tion σ ofM. By the discussion in Section 7 of [l 8], it is enough to compute L (s, σ, Ψ) where σ
is in the discrete series ofM. From now on we write Ψη for Ψ, and denote by α the character

Let σ be an irreducible admissible discrete series representation of M . Let ψρ be a
non-trivial additive character of F. Let γ (s, σ, Ψη, \pF) be the rational function of q?s

attachedtoaand ΨΛ by Theorem 3.5 of [18]. ThenLfo σ, FJistheinverseof thenorma zed
numerator of γ (s, σ, ΨΛ, tpF). That is, there is a monomial 8(5, σ, ϊ^, φκ) in qf \ such that

(5.1) y(s, σ, !Pn, VF) -β(*, σ, ίΡΛ, tpF)£(l - 5, σ, yj/L(5, σ,
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Let Δ be the set of simple roots of M. Suppose σ € δ2 (Μ). By Jacquet's theorem [7],
we can find a parabo c M' N' of M, and an irreducible supercuspidal representation σ^ of M '
so that σ is a subquotient of IndjJJ,^ (at ® 1N,). We can assume that there is a subset 0 of A so
that Af'JVP = ΜβΝθ. By [2], [24], there are integers a and 6, with a* = it, so that

Μθ GX(a, £) x · · · x GL(a, E} .

Moreover, we can assume that there is an irreducible unitary supercuspidal representation π0
of G L (a, E) so that σ1 = π1 ® · · - ® %, where

Note that
LM0° = GL(a, C) x · · · x GL(a, C) c GL(2«, C) .

Suppose that

(5.2) i-(f1,...,A, 1,..., ,)6LJlff°.

Then, Computing directly, we see that

where τ( |̂) is, up to an inner automorphism, the element described in Section 3.

Consider the restriction Ψθ of Ψη to LMe. If X e Μ(Λ, C), then we write

with each Jfy 6 Αί(α, C). Then if g is given by (5.2), we have

(53) W9((g, 1)) - (XtJ) = fe, JTyA;1)

and

(5.4) yf ((l, τ)) · (ATy) = σ(6+1-Λ(6+1-0).

We look at the irreducible constituents of Ψ9. Let Vu be the subspace of ̂  given by

ry)|jrw-0, (U) + (*,/)}.

Let Gt « t/(e, a), Mi =s GL(a, J?), and /"i = M1Nl. Then, we see that

C) x GL (a, C)) κ W,.
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Let X be the Lie algebra of LNt. Then, for l ^ i g 6, fj(fc+1.0 is irredudble, and !Pe
restricted to Ki(b+l_0 is isomorphic to the representation ΨΛ of LM1 on χ.

If 7 Φ fe + l - i, then RKy = V^u V(b+l_Mb+1_i} is irreducible, and the action of Ψθ
restricted to Wtj is given by Ind^Jfee ® ρα), where ρβ is the Standard representation of
GL(a, C).

The following two lemmas and their corollary were pointed out to me by Freydoon
Shahidi. I would like to thank him again for bis time and effort in this matter.

Lemma 5.3. Consider ρ = ρα (g) ρβ s a representation ofLM*. Let η be the non-trivial
character ofGal(E/F). Let 7(ρ) = Ind^fe). Then /(ρ) = Ψα φ (Ψα ® η).

Proof. Let fa} be a basis for Ce, and let {ef} be the dual basis for (Ca)*. Then

Let τ (ρ) be the representation of LM ° given by

Note that {/(β)((1,1,τ))(β, ® e/)} is a basis for τ (ρ) s a subspace o

Let vtj = et ® ef 4- 7(ρ)((1,1,τ))(^ ® ef). Let F0 be the subspace generated by
{vy \ l ig i, 7 g α}. Then we will show that F0 is invariant and isomorphic to Ψα. First note that

= Λ e, (8) ejfo1 + 7(ρ)((1, 1,τ))τ(ρ)(^, g2, 1))^ ® ef

Let

Then
α α

**'£!= Σ <^* and ^2^;= Σ
i= l f c« l

Thus,
α

*i**®***ilss Σ Cifai®*
/,*«!

while
α

ig21^®^* l«i= Σ ctdkek®e
i , f c= l

Therefore,

/(ff) (fei. ^2» 1)K = Σ ^Λ»» 6

l* k
Furthennore

ef
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Thus, VQ is invariant, and the deseription of /(ρ) acting on F0 given above clearly shows that
VQ is isomorphic to ΨΛ (see Section 3).

Note that the complement of F0 in /(ρ) is generated by

Moreover, /(ρ) ((l, l, τ)) n>y = — w^. Therefore, /(ρ) acts on this subspace s Ψα ® η acts on
Lnv This proves the lemma. α

Remark. For the following lemma, we allow the possibility that F = IS (and E = C
or ί? φ Λ).

Lemma 5.4, Lei ρ and /(ρ) be s in Lemma 5.3. Suppose that n is any irreducible
admissible representation of GL(a, E) which can be parameterized, i.e. F= i?, or n is
unramified in the sense of [3]. Then L (s, σ, /(ρ)) = L (s, σ χ σ), /ifere σ (g) = σ (g), am/ fAe
L-function on the right is the Rankin-Selberg product L-function attached to σ and σ [10].

Proof. Since ρβ is the Standard representation, ρα is isomorphic to the representation
ρτ, given by ρ* (g) = ρ (τ (g)). The action of Gal(E/F) on Res£/F(GLn) sends σ to σ. Taking
the viewpoint of £-groups, we have L (s, σ, /(ρ)) = I/(^, σ, ρ). However, by definition
L(s, σ, ρ) = L(s, σ χ σ) . D

Corollary 5.5« Lei π £e an irreducible admissible supercuspidal representation of
GL(a,E). Then

L(s, n x π) = L(5, π, «Pa)L(^, π ® χμ, !Ρα) .

Proof. By Proposition 5.1 of [18] we can choose a number field K, with ^ = F
for some place VQ of ΑΓ, a quadratic extension K' /K, a place w0 lying over i?0 so that /i^0 = £,
and a cusp form Π = (X) /Iw of GL (a, A^/), such that /Iw is unramified for every finite place

W

w Φ w09 and /IWo π. For each non-split place w ofK' we let fjw be the non-trivial character
of Gal(J^/J^), where w lies over v. By local class field theory, η^ corresponds to the
character #Mw of G L (a, K'„). Let η K, be the non-trivial character of Gal (K'IK). By Lemmas
5.3 and 5.4 we have

(5.5) L(5, Hw x Jf7w) = L(s, Hw, ye)L (5, JIW ® χμ>ν, Ψα) ,

for every w Φ H>O. We have a global functional equation

L(s9 Π x Π) * ε(5, /I x /T)L(1 « 5, 17 x ) ,

s well s one for £,(·$·, U, !Pe) and L (5, U, !Pe ® ^). At each place of JT, we have

£(^/lwx^w) = L(5,/Iw,^)
and
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Using global functional equations for each of these L-functions and equation (5.5) for every
w Φ w0, we conclude

L(s, π x π) = L(s, π, !Ρβ)Ζ,(*, π ® χμ9 Ψα),
s desired. α

We return to the Situation in which σ is a discrete series subquotient of
with σι = 0 π,·. In what follows we use the symbol = to denote two rational functions

i
which differ by a monomial. Applying part 3 of Theorem 3.5 of [l 8] along with Lemmas 5.3
and 5.4 to (5.3), and (5.4), we find

b
y(s, σ, Ψη9 \pF) = Π y& πί? Ψα, \pF)

i=l

where y(s9nt x nj9 ψρ) is the Rankin-Selberg factor attached to (π(, π^) [10], [16].

By part (2) of Theorem 3.5 of [18] and page 409 of [10], we have

(5.6) y(s, π,., Ψα, ipF) = y(s + b + i- 2i, π0, Ψα, Vj?),
and

(5.7) γ (s, Ttt x nj9 ψρ) = γ (s 4- b -h l - (i + 7), π0 x π0, y>F) .

Using this, and (5.1) we have

^ + * + 1"(f+^^^

Since π0 is unitary and supercuspidal, [19] implies that, up to a monomial, the right hand
side is equal to

v- - - D / 2

λ "ο

Ψα) Μ L(s + b - 2ι, π0 x π0)'

By [10], L (s, π0 x π0) is identically one unless some unramified twist n0 ® η satisfies
π0 (g) ij (π0 (g) η)". By [2], § 7, the contragredient of an irreducible admissible representa-
tion of GL(a, E) is given by composition with the automorphism g h-* 'g""1. Therefore,
L (s, π0χπ0) is identically one unless there is an unramified character η such that
π0 <g) η Α (π0 ® fj)*. By Theorems 5.1 and 5.2, this is the same s the condition for
L (s, π0, Ψα) to be non-trivial. Note that
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(see [4]). Therefore, if L (s, σ, Ψη)φί, then σ^ σ{9 which implies that π0 π£.

Suppose that A is even. Then

2fc, π0 x π0) '
and

2*. *0, <Pa)L(* - 2(k + 1), π0,

Therefore, using Corollary 5.5, we have

kV0 L(s - 2(k + 1), π0, <ee)-lL(s - (2k + 1), π0 ® χμ, Ψ,)'1 '

Note that both the numerator and denominator of the above expression are poly-
nomials in qp ', and there are no further cancellations. For each 0 ̂  k ^ (b — 2)/2, we let
/ = (A/2) - k. Then l ^ ι ̂  6/2. Moreover,

L(J + (2k + 1), π0, «Ρβ) = L(s, π,, «Ρβ) ,
and

L (5 + 2fc, π0 <8> χ,, Ψα) = L(s, nt ® χμ ® α'1/2, Ψα) .

Let 3ί, = π0 ® α(6+1-2ί>/2_ Then

L(s -2(k + 1), π0, «Pj
and

L(i - (2k + 1), π0 (g) χμ, Ψα) = L(l - s, π{ ® χ;1 0 cT1'2, «Ρβ) .

Now suppose that b is odd. Then

fc-l (j - /, π0 x π0) (6 J//2 L (i - 2 :, π0 x π0)
M L(i + i» - 2», π0 x π0) /4 L(s + (2/t-l), π0χπ0) '

and

Ζ,(5-2Α:,π0,«Ρβ) , L(i + 2*. π0, «Ρβ) '

Thus,

-l). π0 (g) χ,.W. « Ψ «,\ « π , ,
7( ' ' "' VF' ~ A1» L(* - (2k + 1), «o, ^a)-1 M L(s - 2k, π0 ® χμ, ΨαΓι '

Rewriting the product above in terms of the π, we get part (b) of the following theorem.
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Theorem 5.6. Let σ be a discrete series representation of GZ, (H, E). Choose an
irreducible unitary supercuspidal representation π0 ofGL(a, E\ n = ab, such that σ is the
unique discrete series component of the representation of GL(n, E) induced from
% ® · · · ® nb, n, = π0 ® α(5+1~2ί)/2. Let n, = π0 <g> «<*+l-2i>/2.

(a) Suppose b is even. Then

b/2
L(s, σ, Ψη) = Π L(s> *» ^a)L(s9 *i ®Χμ® «~1/2> ̂ ) ,

i = l
and

b/2

L(s9 σ, Ψη) = Π L(s> *t> *JL(s* *ι ® ζ;1 ® «""1/2, ̂ )-

(b) Suppose b is odd. Then

(fe + D/2 (b-D/2
L(j,a,yj= Π L(s9ni9Wa) fl ^(^ ̂

i=l i=l
and

(b-HD/2 (fc-D/2
,^)= Π L(s9ni9Wa) Π Lfe*i®

Corollary 5.7. Let σ be an irreducible admissible representation ofGL(n, E). Then

L(s, σ x σ) = L(s, σ, Vn)L(s, σ (g) χβ, Ψη) .

Proof. It is enough to prove the claim for the case when σ is in the discrete series.
Suppose that σ is of the form described in Theorem 5.6. Then, by Theorem 8.2 of [10],

We rewrite this s
b b

(5.8) Π L(s + b - i* πο x *o) = Π L(s + b - '*» πο> Va)L(s> π0 (8) χβ, Ψα) .
1=1 ί=1

Examining the formulas in Theorem 5.6 we see that L(s, σ, Ψα)1(ί, σ ® χμ, Ψα) also has
the form (5.8). D

§ 6. Redndbility for U (n, n +1)

We now use the results of Section 5 to determine reducibility criteria for the group
U(n, n +1). Let E/Fbc a quadratic extension of local nonarchimedean fields of characteri-

/ ln\
stic 0. Let n ̂  1. Let /= l , where eE\F satisfies P= - . Let

V-R /
G = U(2/i + l), defined with respect to /. Let G = G(F) - U(n,n +1). Then
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elements. Then
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'i9E)\gJ*g = J}. Let r=T(F) be the maximal torus of diagonal

\

xteE*.
yeE1

Let T,, be the maximal F-split subtorus. Then

The restricted root System #(G,Td) is of type BCn. We choose the set of simple roots
Δ = {e{ — ef+1}"~} u {en}. Let θ = A \{en}. Let P = P , be the maximal parabolic subgroup
of G associated to Θ. Let P = MN be the Levi decomposition of P, and P = P(F) = MN.
Then

M = M( f)=if8 , ^l«·«^·}-«^«-«1)·IV Ί- /Ι j-e£ ]
Let II be an irreducible admissible representation of M. Then we write /I = (π, ν), in

the following way. Π (g, j>) = π (?) v (det (ge (g)) 7), i.e., (π, ν) = (π ® v o det) ® v, with π an
irreducible admissible representation ofGL(n, E), v e £1

9 and v (z) = v (z/z). We choose this
normalization so that our notation is consistent with that of Keys [11] and Rogawski [14].

/ 0 0 7„\
Let A be the split component of M. Since l 0 l 0 l represents the non-trivial

\-/. 0 0 7
element w of W( ), we see that Π /7W if and only if π Α π*.

We now consider the Ι,-groups. Note that LG° = GL(2n -hl, C). If
g 6 GL(2n +1, C), then τ (g) = /Cg"1)/"1. We also note that

LM° , A
a e C

χ CL χ GL(nj

The action of Gal(£/F) restricted to LM° is given by τ ((g, a, A)) = (Ά"1, a'1,'g'1).

The Lie algebra ^n of LN is given by

z, y e C",
XeM(n,C)
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The adjoint action r of LM on Ln has two constituents. We order these constituents
s in [18] and write r = r± φ r2. Thus

Moreover, [18], pp. 297-298, shows that L(s9 77, r2) = L(s9 π, Ψη ® >;), where η is the
nontrivial character of Gol(E/F). Thus, L (s, /I, r2) = L (5, π ® χμ, !?„).

Lemma 6.1. Lei π be an irreducible admissible representation ofGL (n, E), and v e £l .
Suppose Π = (π, v). Then L(s9 77, rj = L (s, π), where L (s, π), is the Godement-Jacquet
L-function attached to n [5].

Proof. Let φ : WF -> GX (l , C) x W .̂ be an admissible homomorphism attached to v,
and φ0 : WF -> GL(\9 C), the associated 1-cocycle. Then φ0 : WF -* G L (i, C) x GX(1, C),
given by <p0(w) = (φοί^)» ^οί^))^ is attached to the character v of J?x [14], p. 50. Let
M! = Res£/F(GLw). Then LAf! = (GL(n, C) x GL(n, C)) x FTF. We consider a representa-
tion r; of LM1 on C" θ Cn. Namely,

and

where (yl9 . . .,yn)' = (yn, . . . , yj. Suppose π is a class one representation, and ξ : WE -»
GL(n, C) parametrizes π. Then there is an admissible homomorphism ξ' : WF -» LM1 which
parametrizes π s a representation of an F-group [14], p. 48. For simplicity, we write
£Q(W) = (^(w), ξ2(η)). Then, by our choice of normalization, Π is parameterized by the
map \p :WF -+ LM9 given by

Let φ0 be the map from Wf to LM°. Thus, if (y9*z) € C" ® C"9 then

= r

Similarly, ^(1,1, l, τ) = Γί(Ι,Ι,τ). Therefore, L(s9 Π9 r^ = L(s9 π, r[) = L (5, π). The
lemma now follows from global considerations, s in the proof of Corollary 5.5. α

By Lemma 6.1 and Proposition 5.11 of [5], L(s9 U9 rj = l, for n Φ 1. If n = l, then,
by [22], L(s9 π) is holomorphic and non-zero at s = 0, unless π = 1. Assume that if n = l,
then π Φ 1. By Corollary 7.6 of [18], we know that /(/I) = Ind£(il) is reducible if and only
if JIW Π and L (s9 Π9 rt) has no pole at 5 = 0 for i = l or 2. Since L (s9 17, r^ is holomorphic
and non-zero at 5 = 0, we know that 7(17) is reducible if and only if πβ Α π, and
L (5, π ® χμ, !PB) has no pole at s = 0.

Proposition 6.2. Lei π 6e an irreducible unitary supercuspidal representation of
GL(n9 E)9 with if π, nrf fei v 6e α wniVary character ofE*. Ifn**l9 then we assume that
n*l.LetG~ U(n9 n)9 P = MN9 with M C?L(n, £). Let G' ~ U (n9 n + 1), P' « M'JV,
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with M1 GL (n, E) x £7(1). Lei Π = (π, v) s above. We denote by /(π) the representation of
G inducedfrom π, αηάΙ(Π)' the representation ofG' inducedfrom Π. Then /(π) is reducible if
and only ifl(liy is irreducible.

Proof. Since π Α π*, [10] implies L (s, π χ π) has a simple pole at s = 0. By Corollary
5.5, exactly otie of L(s9 π, Ψη) and L(s, π ® χΜ, Ψη) has a pole at s = 0. The first L-function
determines reducibility of /(π), while the second determines the reducibility of /(Π)'.
Therefore, the proposition holds. D

For the remainder of this section we let G, G\ P, and P' be s in Proposition 6.2. Let
ρ = ρθ be the half sum of the positive roots in N'. Let α = en be the unique simple root in N'9
and let α = <ρ, α)"1 ρ, where <ρ, α> is defined s in Section 2. Then Δ = {βί9 . . . , 2n}, and
# = \{ n, n+i}. Here, s is Section 2, j?f = ^ — ei+1 is the ι-th simple, non-restricted root.
Therefore,

and thus
ι 4

<ρ, α> = (ρ^, βη) = -y-

So, we have

Therefore, I(s9 II)' = Ind£'(U <g> |det()|0.

Theorem 6.3. Let G\ and P' be s in Proposition 6.2. Let n be an irreducible unitary
supercuspidal representation ofGL(n, E), and let Π = (π, v) e °<?(M'). Let κ be the trivial
character ofF*/NE* ifnis odd, and the non-trivial character ifn is even.

(1) I(Iiy is reducible if and only ifn πε and there is some matrix coefficient φ ofn so

(2) Suppose that if n = l, then π φ 1. If π Α πε and Ι(Π)' is irreducible, then the
following hold.

(a) For 0 < s < 1/2,1(s> Π)' is irreducible and unitarizable.

(b) The representation 1(1/2, Π)' is reducible. It has a unique generic non-supercuspidal
discrete series subrepresentation. It's Langlands quotient is degenerate, pre-unitary and non-
tempered.

(c) If s > 1/2 then I(s, Π)' is irreducible and never unitarizable.

(3) Ifn = l and π = l, then /(Π)' is irreducible, and the complementary series is of
length 1. That is, we replace "1/2" by "l" in (a)-(c) above.

(4) Ifl(ny is reducible, then I(s9 U)' is irreducible and never unitarizable for s>0.
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Proof. (1) follows from Theorem 2.9 and Proposition 6.2. Parts (2) and (4) follow
from Theorem 8.1 of [18]. Part (3) follows from Corollary 5.5, part (2), and Theorem 8.1
of [18]. Part (3) also follows from [11]. D

Definition 6.4. Let π be an irreducible unitary supercuspidal representation of
GL («, E) satisfying π Α πβ. Let κ be the non-trivial character ofF*/NEx. Then we say that π
is a standardlift from U (n) if there is a matrix coefficient φ of π satisfying Φε

81 (δη9 φ) Φ 0. We
say that π is a κ-lift from U (n) if there is a matrix coefficient φ of π so that Φ*(<5Λ, φ) Φ 0.

In this language, Theorems 2.7, 2.8, 6.3(1), and Proposition 6.2 can be restated s
follows.

Theorem 6.5. Let G = U (n, n) and M = GL(n9 E). Let <7 = t/(n, Λ + 1) and
M' = GL(n9 E) x £7(1). Let n e °S (M) with π Α π*. If n = l, then we suppose that π Φ 1.
Suppose n is odd. Then thefollowing are equivalent:

(1) π is a Standard liftfrom U (n).

(2) L (s, π, Ψη) has a pole at s = 0.

(3) π ® χμ is not a Standard liftfrom U (n).

(4) /(π) £s irreducible and /(π, v)' reducible for any character v of U(1).

Suppose that n is even. Then (l)-(4) are valid ifwe replace "standardlift" by "κ-lift" in
(1) and (3). D

§7. Reducibility from discrete series

We finally compute the reducibility of/(σ) for discrete series representations of M. We
first consider the group G = U(n9 n) and M = GL (n9 E). Suppose that σ e δ2 (M). ^σ Φ ̂
then /(σ) is irreducible [21]. So we assume that σ c- σ*. Let a and b be integers with ab = n9
such that σ is the unique discrete series constituent of the representation induced from
n1 (g) · · · (g) nb. Then σ Α σδ implies π0 Α π^.

By [21], Corollary 5.4.2.3, we have to check whether μ (s9 σ) has a zero at s = 0. Here
μ(s9 σ) is the Plancherel measure attached to σ and s. By Corollary 3.6 of [18], we need to
check whether L (l + s, σ, Ψη) L (s9 σ, Ψη) ~l has a zero at s = 0. Suppose that b is even. Then
Theorem 5.6 and equations (5.6) and (5.7) imply

SincebothLCs, π0, Wa)andL(s9 π0 <g> χμ9 f'JareholomorphicforRes > l,weseethat(7.1)
is zero if and only if L(s9 π0 ® χΜ, Ψα) has a pole at s = 0. By Theorem 6.5 this holds if and
only if π0 ® χμ is a Standard lift from U (a) if α is odd, and a κ-lift from U (a) if α is even. Now
suppose b is odd. Then using Theorem 5.6, and making a computation similar to (7.1) we find

7 Journal f r Mathematik. Band 448
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that/φ, σ) has a zero at,? = Oif andonlyifLfo π0, fjhasapoleat,? = 0. Therefore/(σ) is
irredueible if and only if π0 is a Standard lift from U (a) if α is odd, and a ic-lift from U (a),
otherwise.

Now suppose that G' = U (n, n + 1) and M' = GL(n, E) x t/(l). Let σλ e <f2 (M'), and
suppose that vt ^ (σ, ν) = (σ ® ν ο det) ® v. If σ φ σ* then /(σ^' is irreducible. Let
σ e S2 ((?£(«, £)) be the diserete series constituent of an induced representation s above.
We again wish to determine whether μ(0, at) = 0. By Corollary 3.6 of [18] we need to
examine the behavior of

(7.2) L(l + s, σΐ9 ri)L(l + 2s, σ, ® χμ, Wn)L(s9 σί9 r,)'1 L(2s, σ, ® χβ9 ΨηΓι

at 5 = 0. Here rt, is s in Section 6. If α > l, then L(s, ai9r±) = 1. In this case, our
computations for U (n, n) above determine the zeros of (7.2). If b is even then (7.2) is zero
if and only if π0 is a Standard lift from U (a) if α is odd, and a κ-lift from U (a) ifa is even.
If b is odd, then (7.2) is zero if and only if π0 ® χμ is a Standard lift if α is odd, and a κ-lift
if a is even.

Now suppose a = 1. If w = l, then π0 = χ is a character of E*. Let H = (7(1, 1) and B
be its Borel subgroup. Then Indf (χ) is reducible if and only if χ|/?χ = a>E/F. Therefore
L (s9 1, ΪΊ) has a pole at s = 0, and L(s, χμ9 Ψ^ does not. By [11], Indp (χ, ν) is reducible if
and only if χ Φ l and χ\ρ* = 1. Therefore, if χ = l, then L (s, (χ, v), rt) must have a pole at
5 = 0. Notice that this is consistent with L (s, (χ, v), rt) = L (5, χ), which has a pole at
5 = 0 if and only if χ = l [22]. If n > l , then Proposition 7.11 of [5] shows that
L (5, 0i, rt) = L (5, %), which cannot have a pole at 5 = 0.

Theorem 7.1. Lei G = C/(n, «), M = GL(n, £), G' = U(n, n + 1), and
M' = GL(n, 1s) x (7(1). Lei σ, σ1? α, £>, v, am/ π0 be s above. Suppose that σ ̂  σε. Wefirst
assume that ifn = l, then σ Φ 1. Ifboth a and b are odd, then /(σ) is irredueible ifand only
ifn0 is a Standard lift from U (a). I f a i s even and b is odd then /(σ) is irredueible ifand only
ifn0 is a κ-lift from U (a). Ifa is odd and b is even, then /(σ) is irredueible ifand only ι/π0 (g) χμ
is a Standard lift from U (a). Ifa and b are both even then /(σ) is irredueible ifand only if
n0 ® χμ is a κ-lift from U (a). Furthermore, /(σ) is irredueible ifand only ifl(o^i is reducible.
Finally, ifn~l and σ = l, then both /(σ) and /(σ^' are irredueible.

Proof. Only the next to last Statement remains to be proved. But this follows
immediately from the above computations and Theorem 6.5. D

References

[1] T. Asai, On certain Dirichlet series associated with Hubert modular forms and Rankin's method, Math. Ann.
m (1977), 81-94.

[2] /. N. Bernstein and A. K Zelevinsky, Representations of the group G L (n, F) where F is a local non-archi-
medean local field, Russian Math. Surv. 33 (1976), 1-68.

[3] A. Borel, Automorphic L-functions, Proc. Sympos. Pure Math. 33 part 2 (1979), 27-61.
[4] W. Casselman, Introduction to the theory of admissible representations ofp-adic reductive groups, preprint.
[5] R. Godement and H. Jacqwt, Zeta Functions of Simple Algebras, Lect. Notes Math. 260, New York -

Heidelberg - Berlin 1972.



Goldberg, Unitary groups and local Asai L·fwctions 95

[6] D. Goldberg, Reducibility of generalized principal series representations for 17(2, 2) via base change, Comp.
Math., to appear.

[7] Harish-Chandra, Harmonie analysis on reductive p-adic groups, Proc. Symp. Pure Math. 26 (1973), 167-192.
[8] Harish-Chandra, The Plancherel formula for reductive p-adic groups, in: Collected Papers, vol. IV, New

York - Heidelberg - Berlin 1984.
[9] N. Jacobson, A note on hermitian forms, Bull. Amer. Math. Soc. 46 (1940), 264-268.

[10] H. Jacquet, /./. Piatestski-Shapiro and J.A. Shalika, Rankin-Selberg convolutions, Amer. J. Math. 105
(1983), 367-464.

[l 1] C. D. Keys, Principal series representations of special unitary groups over local fields, Comp. Math. 51 (1984),
115-130.

[12] R. Kottmtz and D. Shelstad, Twisted Endoscopy I: Definitions, norm mappings and transfer factors, preprint.
[13] R. Kottmtz and D. Shelstad, Twisted Endoscopy II: Basic global theory, preprint.
[14] J. D. Rogawski, Automorphic Representations of Unitary Groups in Three Variables, Ann. Math. Stud. 123,

Princeton, NJ, 1990.
[15] F. Shahidi, On certain L-functions, Amer. J. Math. 103 (1981), 297-355.
[16] F. Shahidi, Fourier transforms of intertwining operators and Plancherel measures for GL(n), Amer. J. Math.

106(1984), 67-111.
[17] F. Shahidi, On the Ramanujan conjecture and finiteness of poles for certain L-functions, Ann. Math. (2) 127

(1988), 547-584.
[18] F. Shahidi, A proof of Langlands conjecture for Plancherel measures; complementary series for p-adic groups,

Ann. Math. (2) 132 (1990), 273-330.
[19] F. Shahidi, On multiplicativity of local factors, in: Festschrift in honor of 1.1. Piatetski-Shapiro, Part II, Israel

Math. Conf. Proc. 3 (1990), 279-289.
[20] F. Shahidi, Twisted endoscopy and reducibility of induced representations for/?-adic groups, Duke Math. J. 66

(1992), 1-41.
[21] A. J. Silberger, Introduction to Harmonie Analysis on Reductive/?-adic Groups, Math. Notes 23, Princeton,

NJ, 1979.
[22] /. Täte, Fourier analysis in number fields and Hecke's zeta functions, in: Algebraic Number Theory,

London - New York - San Francisco 1968.
[23] /. Täte, Number theoretic background, Proc. Symp. Pure Math. 33 part 2 (1979), 3-26.
[24] A. V. Zelevinsky, Induced representations of reductive p-adic groups II, on irreducible representations of

GL(n), Ann. Sei. fecole Norm. Sup. (4) 13 (1980), 165-210.

Department of Mathematics, Purdue University, West Lafayette, In 47907

Eingegangen 22. Juli 1992, in revidierter Fassung 14. Mai 1993




