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1. Infroduction

De Moivre's formula is eie = cos8 + 1isinb. It was discovered,
or perhaps defined,.in the seventeenth century. But whether a definition
or theorem, it contains Within ifself an amazing amount of information.
Thé key?to fhis information is the standard algebra of Complex Numbers.

| In this lecture I will propose a formula relating the iﬁdex of
vectorfield which, like De Moivre's formula, contains a large amount of
information.

Let M be a smooth manifold with boundary 3M. Let V be a
continuous vectorfield om M with no zeros on 3M. Then

Ind V + Ind(3_V) = x (™) )

Here Y(M) 1is the Euler-Poincare number of M, and Ind stands for the
Index of a vectorfield. The vectorfield % V 1is defined on pért of the
boundary oM as follows. Let 3 M éonsist of all m e oM such- .that
the vector Vm of V at m points into M. Then 3 V is defined
from V by

V> VM >3V +3V|isM=23V

In words, first restrict V to the boundary ©dM; then using

the normal vectorfield N on the boundary, projeét V|3M onto its
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component tangent to 9M. This we call 3V. Then restrict oV to
o.M to get o V.

The formula has a very simple proof given Hopf's result that
Ind V=yx(M) on a closed manifold. A version of it was known to
Morse who noted that critical points on the boundary where the
gradient points into the manifold should be added into hié—
inequalities for Morse theory for bounded manifolds.

There is a philosophical reason why this index formula
should have a large number of consequences: It serves as an inductive
"definition" of Index. 9V 1is definéd on a space which is one
dimension lower than M. Thus any result about indicies of vector
fields should "follow'from the formula.

First we shall prove the formula. Then we shall show some
examples of its use to érove known facts about vectorfields; Then we
shall construct vectorfields in various topological situations and
obtain formulas: we shall consider the case of ‘immersions of
manifolds with boundary into other manifolds; Actions of Lie Groups
on Manifolds; and a fecrmula relating the Euler-Poincare Number, the

Lefschetz number and the coincidence number of two maps.

2. Proof of formula
Let V be a vectorfield on M. Let M, = M U(3M x I) where

oM x I is a collar. We extend V to v, by adding the outward

pointing normal vector t N to Vm for t e I.




We choose N so large that Nm + Vm always points out of 3M+.

Then by the theorem of Hopf

Ind(V,) = x(00

The new zero's of V+ created by this process arise from those

vectors of V which point normally inward. The index around a zero

of 3V

is equal to the index of the zero created in V_ since

in the normal direction the index on m x I is 1 and the index at

the point in V_ 1is equal to the product of the index in the tamgent

direction and the normal direction. Thus Ind V., = Ind V+Ind(3_V)x1 =

= x(M).

a)

b)

c)

d)

Examples of known consequences

If oM =¢ them 3V 1is empty and Ind 3 V = ¢.

Thus Ind vV = 0,

If V always points outward then 3 _V ~is empty and

Ind é_V =0 and Ind V = y(M).

If V 1is tangent to oM, then 93 _V 1is empty and Ind 3_§=0
and Ind V = x(M).

If V 1is transverse to 23M, then BOM = ¢, where éOM'is the set
set of points in &M where the vectorfield is tangent to
aM.

If M 1is even dimensional, then 3M, is an odd dimensional
closed manifold and every component has Euler-Poincare

number equal to zero. Thus 1Ind(3 M) = x(3_M) = 0.

hence Ind V = y(M).




If M is odd dimensicnal, then %(3M) = 2y (M). Now
M = 3. Mu 3 M since 3 M=9¢. So x (M) = x(3,M) + x (3 M).
Now since Ind 3 _V = x(3_M) we see that 1Ind V_+Ind(8_M) = x (M) gives

Ind V + x(330) = 2(x(3,30 + x(3_M).

Hence Ind V = %{X(8+M) - x(3_M))

e) If M =1 and V assigns to t the vector t, then

]
—

Ind V

x (M) - Ind(3_V) = 1-0

Ind(-V) = xM) - Ind(3 V) = 1-2 = -1

]
Q

Ind C = x (M) —.ind(a_I) = 1-1 where C - is a constant
vectorfield.

(—l)nInd(V). This 1is true froﬁ

]

f) We can prove that Ina(—V)

0 1if n 1is even and

the formula because Y (3M)
y{(6M) = 2x(M) 1is n 1is odd. Here n = dim M.

Now Ind(d_(-V)) = Ind(-3,V) = (-1)" 'Ind(3,V)

a

Also x(8M) = Ind(aV) ='Ind(a+V) + Ind(3_V)

Il

Then Ind(-V) = (D) - Ind(3_(-V)) = x(0-(-1)" 'Ind(2,V) =

x ) + (1" (x(3M) - Ind(3_V))

If n is even Ind(-V) =y M) + (0-Ind3V) = Ind V

If n is odd Ind(-V)

x M) - 2x@®) - Ind(3_V))

=(x(M) = Ind(3 V)) = -Ind V.

4. Immersions

. . . n
Let f : M -+ R be a smooth 1mmersion. Let a ¢ R and



let V be the vectorfield given by the gradient of the distance
function da =R" >R : % +'llx*a|1.  Since f is an immersion-we have
a pullback vectorfield £*V on M. If we assume that a ¢ £(3M), we
can apply the formula to get |

Ind (£4V) + Ind (3_£*V) = x (M)

Since Ind V=1 and f - is an immersion, Ind £*V = number of points

in f—l(a). Thus can be calculated by sending a ray out from a and
counting +1 for each point where the ray intesects £(3M) pointing
out and -1 for each point where it points in. The sum we will call

the winding numbers of. f(oM). The 1Ind(3_f*V) can be shown to equal
the sum of the indicies of the gritical points of the function
f: M~>R whefe the gradient points inward.

Thus if £ : D > R2 is an immersion of the Disk D into the
plane we have

(Winding numﬁer‘about a of f|8D)~(# of~maxima of dof on 3 D)

+(# of minima of dof on 8_D)=1

The formula in the title of this section unites the most used
constants in one equation and follows from De Moivre's formula.
If £ : M->M is a self map of a compact manifold MN"

. . n . . . R
contalned in R with no fixed polnts on oM, then

Lo+ -
! £ A v,y X (M)




Here the Euler—Poincare number, the Lefschetz number A and -

£
the coincidence number are united into one formula. A—V y is the
b
coincidence number of the Gauss map vy : oM > Sn—1 and -V: 3M > Sn_1
. . f(m)-m
is given by m ~ -H—f—(m—)-_—m—n—.
Proof: Let V. be the vector field on M given by
m+ m-f(m). Then Ind Vg + Ind 3 V. = x(). Now Ind V. = hge
So Ind(B_Vf) = x M) - hg = deg vy — deg V.. Now y : oM - st is

the Gauss map and let V : OM - Sn_1 be the "Gauss'" map for the

; ; ! -
vectorfield Vf|8M. Then AV . = Z(—l)l trace (y'V¥*)=deg Y+(—-l)n ldeg V.

. >
So A  =degy ¥ 1) Ldeg (-v)=deg v + (-1)" F(<1)"deg V= deg y-deg V.
Then A‘V,Y = Ind(B_Vf).

6. Lie Group actions

Let G be a comﬁact Lie Group acting sméothly on a compact
manifold M. Every vector Vv ¢ Te(G) = g 1in the Lie Algebra g of
G gives rise to a vector field vV, on M as follows. The vector v

. . h
gives rise to_a one parameter subgroup R ——> G, Then

~

o
hx1 | oW . . . . .
R x M > @.X M > M 1is an R-action t - V- This gives rise

to a vectorfield on M by m - —é~{w (m))& .
dt 't =0

This vectorfield has the property that W€ VV is a zero if

and only if v 1is tangent to the isotropy subgroup of m at e.



THEOREM. Let T be a torus and let S be a subtorus acting on a manifold M . Suppose
that N is a submanifold of the same dimension as M and that N is invariant under S and

that x(N) is different from zero. Then either S has a fixed point on M or T has a fixed
point on N. 4 )

proof: Let v be a vector tangent to S . Then the vector field V,, is tangent to the
boundary of M . Assume that V,, has no zeros on the boundary of N , then

Ind(Vv) +0= X(M)

so V, has a nongero index. Now choose a vector w close to v and tangent to a dense
subgroup R of T . Then V, is close to V,, and so they must have equal indicies. Thus the

index of V,, is non zero and so V,, has a zero in N . Hence T must have a zero in N .

COROLLARY: tr(G,M) # 0, hence the orbit map w : G+ M is
trivial on integral homology.
Here tr(G,M) denotes the trace of the action (G,M).

It is defined in [1] and its properties are developed there.
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