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Abstract

Let R be a Noetherian commutative ring with unit 1 # 0, and let I be a regular
proper ideal of R. The set P(I) of integrally closed ideals projectively equivalent to I
is linearly ordered by inclusion and discrete. There is naturally associated to I and to
P(I) a numerical semigroup S(I); we have S(I) = IN if and only if every element of
P(I) is the integral closure of a power of the largest element K of P(I). If this holds,
the ideal K and the set P(I) are said to be projectively full. A special case of the
main result in this paper shows that if R contains the rational number field Q, then
there exists a finite free integral extension ring A of R such that P(IA) is projectively
full. If R is an integral domain, then the integral extension A has the property that
P((IA + z*)/z*) is projectively full for all minimal prime ideals z* in A. Therefore in
the case where R is an integral domain there exists a finite integral extension domain
B = A/z* of R such that P(IB) is projectively full.

1 INTRODUCTION.

All rings in this paper are commutative with a unit 1 # 0. Let I be a regular proper ideal of
the Noetherian ring R (that is, I contains a regular element of R and I # R). Recall that
an ideal J in R is projectively equivalent to I in case (J7), = (I*), for some positive
integers i and j (where K, denotes the integral closure in R of an ideal K of R). The
concept of projective equivalence of ideals and the study of ideals projectively equivalent to
I was introduced by Samuel in [16] and further developed by Nagata in [8]. Making use of
interesting work of Rees in [13], McAdam, Ratliff, and Sally in [7, Corollary 2.4] prove that
the set P(I) of integrally closed ideals projectively equivalent to I is linearly ordered by
inclusion and is discrete. They also prove that if I and J are projectively equivalent, then
the set Rees I of Rees valuation rings of I is equal to the set Rees J of Rees valuation rings
of J and the values of I and J with respect to these Rees valuation rings are proportional

[7, Proposition 2.10]. We observe in [1] that the converse also holds and further develop the



connections between projectively equivalent ideals and their Rees valuation rings. For this
purpose, we define in [1] the ideal I to be projectively full if the set P(I) of integrally
closed ideals projectively equivalent to [ is precisely the set {(I™),} consisting of the integral
closures of the powers of I. If there exists a projectively full ideal J that is projectively
equivalent to I, we say that P([) is projectively full. As described in [1], there is naturally
associated to I and to the projective equivalence class of I a numerical semigroup S(I). One
has S(I) = IN, the semigroup of nonnegative integers under addition, if and only if P(I) is
projectively full.

In [7, (3.6)] and in [1, (4.13)] it is noted that P(I) is projectively full for each nonzero
ideal I in a regular local ring of altitude two. On the other hand, in [2] we give an example
of an integrally closed local (Noetherian) domain (L, M) of altitude two such that M (and
hence P(M)) is not projectively full. We mention in the paragraph just before Proposition
4.3 of [2] that a problem we have not been able to solve is whether, for a given nonzero ideal
I of a Noetherian domain R, there always exists a finite integral extension domain A of R
such that P(IA) is projectively full. In [2, Proposition 4.3] we give a “logical candidate”
for A and prove for this A that there exists an ideal H of A such that every J € P(I) has
the property that (JA), is the integral closure of a power of H. A special case of Theorem
2.4 in the present paper shows that if I is a regular proper ideal in a Noetherian ring R
that contains the rational number field, then there exists a finite integral extension ring A
of R such that P(IA) is projectively full. To obtain in Theorem 2.4 such an extension ring
A of R, the additional requirement needed in the construction given in Proposition 4.3 of
[2] is that certain subsets of the Rees valuation rings of I are unramified with respect to
the extension.

We now give a brief summary of the contents of this paper

In Section 2 we show in Theorem 2.4 that if I = (by,...,bg)R and {(Vi, N1),...,(Vs, Ny)}
is a nonempty subset of Rees I such that: (a) b;V; = IV, (= N;%, say) fori =1,...,g and
j=1,...,n;and, (b) the greatest common divisor c of ey,...,e, is a unit in R; then A =
R[z1,...,24] (= R[X1,..., Xg]/((X1¢=b1,..., X4 —bg))) is a finite free integral extension
ring of R such that its ideal J = (z1,...,x,4)A is projectively full and projectively equivalent

to I, so P(IA) is projectively full. Also, if R is an integral domain and if z1*%,..., z,* are



the minimal prime ideals in A, then P(IBy) is projectively full for h = 1,...,m, where
By, = A/z,*. Then in Remark 2.6.1 and Remark 2.6.2 it is shown that I has a basis
bi,...,by such that (a) holds if either R is local with an infinite residue field, or n = 1. In
Remark 2.6.4 it is shown that (b) may be replaced with the weaker assumption that ¢ ¢
(NiNR)U---U(N,NR). Corollary 2.7 states that if R is a Noetherian ring that contains
the field of rational numbers, then for each regular proper ideal I of R there exists a finite
free integral extension ring A of R such that P(IA) is projectively full. If R is an integral
domain, there exists a finite integral extension domain B = A/z* of R such that P(IB) is
projectively full.

In Proposition 3.1 of Section 3 we observe the following: (i) R and A satisfy the Theorem
of Transition as formulated by Nagata in [9, Section 19]; (ii) A/J = R/I, so there is a one-
to-one correspondence between the ideals H in R that contain I and the ideals H' in A that
contain J; (iii) A is Cohen-Macaulay if and only if R is Cohen-Macaulay; and (iv) b1, ..., by
is an R-sequence if and only if z1,...,24 is an A-sequence. The relation between the ideals
H in P(I) and the ideals (HA), in P(IA) is considered in Corollary 3.2 and Remark 3.3.
The special case of Theorem 2.4 where R is local and I is an open ideal is considered in
Corollary 3.4.

In Section 4 we concentrate on the case of Theorem 2.4 where n = 1, that is, only one
Rees valuation ring (V, N) of I is considered. In this case, (a) of Theorem 2.4 holds by
Remark 2.6.2. If the integer ¢ such that IV = N€ is a unit in V, then it is shown in Lemma
4.2.3 and Corollary 4.3 (together with Proposition 4.1.3) that there exists a valuation ring
(U, M) extending V and a minimal prime ideal z* in A such that H is projectively full for
all ideals H in all Noetherian rings B such that A/2* C BC U and JBC H C M NB. In
particular, if B is such a ring, then there exists a prime ideal P containing JB such that
JB, P, JBp, and PBp are projectively full.

In Example 5.1.1 of Section 5 it is shown that a regular ideal I of R is projectively
full if the associated graded ring G(R,I) has a minimal divisor p that is its own p-primary
component of (0), while in Example 5.2 it is shown that the projectively full ideal J of
Theorem 2.4 may have an embedded prime divisor P that is the center of a Rees valuation

ring (U, M) such that JU = M. Then some cases where J, is a prime (resp., radical) ideal



are considered in Example 5.3 (resp., Example 5.4).

In Example 6.1 of Section 6, we consider the behavior of the projectively full property
between R and R, where R is a Noetherian domain and R™ is a Noetherian integral
extension domain of R contained in the field of fractions of R. For a nonzero proper ideal
I of R, (i) if IR" is projectively full, then I is projectively full, but the converse fails, (ii)
there exist examples where P([I) is projectively full and P(IR™) fails to be projectively full,
and examples where, conversely, P(I) fails to be projectively full and P(IR™) is projectively
full. In Example 6.4 we present several examples of Noetherian domains R that are not
integrally closed and have the property that P(I) is projectively full for each nonzero proper
ideal I of R. In Example 6.6 we present a family of examples of Noetherian domains R for
which there exists an integral extension domain B that differs from the integral extension
domain obtained using Theorem 2.4, and has the property that P(IB) is projectively full for
each nonzero proper ideal I of R. In Example 6.8 we present an example of a normal local
domain (R, M) of altitude two such that M is projectively full and the associated graded
ring G(R, M) is not reduced. In Remark 6.9, we present an argument of J. Lipman to show
that if (R, M) is a normal local domain of altitude two that has a rational singularity, then
P(I) is projectively full for each M-primary ideal I of R.

Our notation is as in [9] and [5]. Thus, for example, elements b1, ... ,by in an ideal I

form a basis of I if they generate I.

2 FINITE FREE EXTENSION RINGS A OF R IN WHICH
P(IA) IS PROJECTIVELY FULL.

Projectively full ideals are introduced in [1, Section 4]. It is observed in [1, (4.13)] that P(I)
is projectively full for every nonzero proper ideal I in a regular local domain of altitude
two; see also [7, (3.6)]. In [2] a number of basic properties of a projectively full ideal are
developed, and then it is asked if, for a given regular proper ideal I in a Noetherian ring
R, there exists a finite integral extension ring A of R such that P(IA) is projectively full.
It follows from Theorem 2.4 that this is frequently the case.

The following two remarks and definition will be useful in the proof of Theorem 2.4.



Remark 2.1 Let R be a Noetherian ring, let I = (b1, ...,by)R be a regular proper ideal of
R, let c be a positive integer, let Ry = R[X1,...,X,], and let K = (X1°=b1,..., X, —bg)Ry.
In Theorem 2.4 (and throughout this paper) we let A = R[z1,...,z4] (= Ry/K) and J =
(x1,...,24)A, so Ais a finite free “root” (integral) extension ring of rank ¢? of R. Also, for i
=1,...,g it holds that z; =b; € IA, and A C J¢ so (IA)g = (J)q, hence P(1A) = P(J).
Note that for each minimal prime ideal z* in A it holds that A/2* = R,/P (where P is a

minimal prime divisor of K') has the form A/z* = (R/(2*NR))[Z1, ..., T4), where T; = x;+2*

fori =1,...,g9. Since x;° = b; in A, it follows that A/z* = (R/(z* N R))[El/c,...,gl/c],
where b; = b;+ (z*NR) (fori =1,...,g), so A/z* is generated by c-th roots El/c, e ,b_gl/c
of by, ... , by, respectively, in a fixed algebraic closure of the quotient field of R/(2* N R).

Definition 2.2 Let I be a regular proper ideal in a Noetherian ring R. Then Rees I
denotes the set of Rees valuation rings of I, and if (V, N) € Rees I, then the Rees integer
of I with respect to V is the integer e such that IV = N¢.

Remark 2.3 Let I be aregular proper ideal in a Noetherian ring R. If the greatest common
divisor of the Rees integers of I is equal to one, then I is projectively full, by [1, (4.10)].
(The converse is false, by [7, Example 3.4, page 401].) Therefore if there exists an ideal K
€ P(I) whose Rees integers have greatest common divisor equal to one, then K and P(I)
are projectively full. (If such an ideal K exists, then since the ordered sets of Rees integers
of I and K are proportional, necessarily K is the largest ideal in the linearly ordered set

P(I).)

It is clear that assumption (a) in Theorem 2.4 holds if ¢ = 1 (that is, if [ is a regular
principal ideal). Additional comments concerning assumptions (a) and (b) of Theorem 2.4

are given in Remarks 2.6.1 - 2.6.3.

Theorem 2.4 Let I be a reqular proper ideal in a Noetherian ring R, let by,...,by be a
basis of I, let {(V1,N1),...,(Va, Np)} be a nonempty subset of Rees I, and forj =1,...,n
let e; be the Rees integer of I with respect to V;. Assume:

(a) b;V; = N;% fori=1,...,g and j = 1,...,n; and,

(b) the greatest common divisor ¢ of ey, ..., ey is a unit in R.



Let A = R[x1,...,x4] and let J = (x1,...,24)A (see Remark 2.1). Then A is a finite free
integral extension ring of R, IA and J are projectively equivalent, and J is projectively full,

so P(IA) is projectively full.

Proof. If ¢ = 1, then A = R and I and P(I) are projectively full (by Remark 2.3), so the
conclusion holds in this case. Therefore it may be assumed that ¢ > 1.

As noted in Remark 2.1, A is a finite free integral extension ring of R and ([A), =
(J)a, so IA and J are projectively equivalent in A. Therefore it suffices to show that .J is
projectively full.

For this, let (Ui, M1),...,(Ug, M) be all the Rees valuation rings of J, and for j =
1,...,k let f; be the Rees integer of J with respect to U;. Then by Remark 2.3 it suffices

to show that the greatest common divisor of fi,..., fi is 1.
For this, for j = 1,...,n let D; = Vj[ulyjl/c,...,ug,jl/c], where u1j,...,uq; are units
in V; determined by b1, ...,by, and let V;* = (D;), (where ¢ is a minimal prime divisor of

N;Dj). Assume it is known that V;* is a discrete valuation ring such that ¢V;* = N;V;*
and V;* = Uy, for some h € {1,...,k}. Then it follows (after resubscripting Uy, ..., Uy, if
necessary) that, for j = 1,...,n, JU; = IU; = (IV;)U; = N;%U; = M;%, so JU; = M;,

where c¢; is the positive integer such that c;jc = e;. However, by hypothesis JU; = Mjfj,

so it follows first that f; = c;, and then that the greatest common divisor of fi,..., f is
1 (since k > n and the greatest common divisor of ¢1,...,¢, is 1). Therefore it remains to
show that for j = 1,...,n: (i) there exists a prime ideal ¢ in D; = Vj[u1 ;¥/¢, ... u,4 /]

such that V;* = (D;), is a discrete valuation ring whose maximal ideal is generated by Nj;
and, (i) V;* is a Rees valuation ring of J.

To see that (i) holds, fix j € {1,...,n}. Then by the construction of Rees valuation
rings (see [1, (2.9)]) there exists a minimal prime divisor z; of zero in R such that R/z; is
a subring of V;. Let c; be the positive integer defined by c;jc = e; (where ¢ is the greatest
common divisor of ei,...,ey), let m; be a generator of N;, and for i = 1,...,g let b; ; =
bi +z; (so bj; € R/z; CVj, and b; j; = b; if R is an integral domain). Then it follows from
assumption (a) that, for i = 1,..., g, there exists a unit u; ; € V; such that b; ; = u; jm;
c

_ i : 1/c 1/c 1 1
= uidﬂ'jc]c. Fix c-th roots bl,j / g ubg,j / , UL,j / gy Ug g /e of bl,ju"'7bg,j7ul,j7"' y Ug,js



respectively, in an algebraic closure of the quotient field of V;. Then since b; ; = w; jm;%°¢,

it follows that

(%) Vj[ui’jl/c] and Vj[bi,jl/c] have the same quotient field for i=1,...,g.

Let Xi,...,X, be indeterminates and for 7 = 1,...,g let ¥; = ﬂféj. Now the deriva-
tive of f;;(V;) = Y;¢ — w;; (with respect to Y;) is f;,;'(¥;) = cY;¢~1. Also, the roots of
fi;(Y:) = 0 are whu; ;¢ (h = 1,...,¢, where w is a primitive c-th root of the unit ele-
ment 1 € V}), so it follows from [9, (10.17)] that the discriminant Disc(f; ;(Y;)) of f; ;(Y3)
is +II§_, fi,j’(whum-l/c) = tcf(wltr o)ty 671 = £cfu; ;71 Therefore, since u;; is a
unit in Vj, and since c is is a unit in V; (since, by assumption (b), ¢ is a unit in R, so c is
a unit in R/z; C V;), it follows that Disc(f; ;(Vi)) = £cu; ;7! is a unit in V;. Therefore
it follows from [9, (38.9)] that Vj[y;] = V;[Yi]/(fi;(Y:)V;[Yi]) is integrally closed and that
N;V;ly;] = m;Vj[y;] is a radical ideal (so for each prime divisor P of N;V;[y;], Vj[y:]p is a
discrete valuation ring whose maximal ideal is N;V;[y;]p). Now y;¢ = u; j, so it follows that
V;lyilp = Vj[ui j*/¢|p, for some height one prime ideal P; in Vj[u; j'/¢] that contains N;, so
Vij = Vjui ;Y€ p, is a discrete valuation ring and PyV; j = N;V; ;. (Note that, since V;[Yj]
is a unique factorization domain, it follows that V;[u; ;'/¢] = V;[Vi]/(1:(Y:)V;[Yi]), where
1;(Y;) is the minimal polynomial of ui’jl/ ¢ over Vj.)

By repeating much of the previous paragraph (first with V; j and up, ; (with h € {1,..., g}
and h # j) in place of V; and u; ; to get V3 j, then with Vs ; and up, ; (with m € {1,..., g}
and m # j,h) in place of Vi ; and uy; to get V3 j, etc.), it follows that, for j = 1,...,n,
there exists a chain of discrete valuation rings Vo ; = V; C Vi ; = Vp ; [Ul’jl/C]Pl cC ... C
Vy—1,[ug,;Y¢lp, = Vj; such that N;V}, ; is the maximal ideal of V}, j for h = 1,...,g. Let
D; = Vj[ul,jl/c, . ,ug,jl/c], so it follows that Vj ; = (D;), for some height one prime ideal
q in D; and that ¢(D;)q = N;(D;)g, so (i) holds.

To see that (ii) holds (that is, that Vj ; is a Rees valuation ring of J = (z1,...,24)A),
note that R/z; C V; and by construction (see [1, (2.9)]) there exists a height one prime
divisor p of by ;B;' such that V; = (B,’), and N; = pV;, where B;' is the integral closure of
B = (R/zj)[b2,j/b1j,- -, by ;/b1;] in its quotient field (here we use assumption (a) (that IV}

=bVjforj=1,...,nandi=1,...,g)). By integral dependence, there exists a minimal



prime ideal z;* in A = R[z1,...,x,] such that z;* "R = z;; then A/z;* = (R/2)[T1,...,%4)
= (R/z)[blyjl/c, e ,bg,jl/c] (see Remark 2.1). (Note that if R is an integral domain, then
each minimal prime ideal z* in A is a suitable choice for z;*.) Then, since R/z; and V}
have the same quotient field, it follows from (*) that A/z;* and D; = Vj[u1 ;/¢, ..., u,4 '/
have the same quotient field. Also, A is a finite free integral extension ring of R and
bij/b1; € Bj is such that b; ;/b1; = (Ti/T1)¢ (for i = 1,...,g), so it follows that C; =
(A/zj*)[z2/T1;,- - Tq,;/T1;) is a finite integral extension domain of B;. Therefore C;' =
B;" C V", where C}' (resp., B;”, V;") is the integral closure of C; (resp., Bj, V;) in the
quotient field of C; (which is the quotient field of A/z;* and of D;). Also, u;;'/¢ € V}”,
since u; ; € Vj, s0 D; = Viuy j1/°, ... uy ;Y€ C V", s0o V;" is an integral extension domain
of D;. Let q be as at the end of the second preceding paragraph, so V,; = (D;), is a
discrete valuation ring. Therefore it follows that V,; = (V;”)g+, where ¢* = ¢V, ; N V;".
Since ¢* N B}’ = (¢* NV;) N B;’ = N;j N B/ = p (where p is a height one prime divisor of
b1,;B;’ (by the start of this paragraph)), and since C;’ = B;"” C V;”, it follows that ¢; =
¢* N C;' is a prime ideal in C}’ such that g; N B;’ = p. Therefore g; is a height one prime
divisor of ZTC}" = by ;1/°C}', so (Cj')q; = Vg,; is a Rees valuation ring of J (by [1, (2.9)]),
hence (ii) holds. =

It is clear from the preceding proof that the ring A = R[z1,...,%,4] and the ideal J =
(x1,...,24)A are not canonical, in that they depend on the basis by,...,b, chosen for I.
The next two remarks mention several positive things about the extension ring A, the ideal

J, and the proof of Theorem 2.4.

Remark 2.5 (2.5.1) The proof of Theorem 2.4 shows the following: if V; is a Rees val-
uation ring of I, if e; is the Rees integer of I with respect to Vj, and if ¢ is the greatest
common divisor of ey, ..., ey, then U; = Vj[ulyjl/c, e ,ugyjl/c]q is a Rees valuation ring of J
= (21,...,24)R[1,...,24] (for some height one prime ideal ¢), the Rees integer of J with
respect to Uj is ¢; = e;/c, and the greatest common divisor of ¢y, ..., ¢, is equal to one. In
particular, if e; = -+ = e, (for example, if n = 1), thene; = candc; =--- = ¢, = 1.

(2.5.2) If R is a Noetherian domain in Theorem 2.4, then it follows from the last paragraph
of the proof of Theorem 2.4 that, for each minimal prime ideal z* in A, the ideal (IA +



z*)/z* in A/z* is such that P((IA + z*)/z*) if projectively full (since the proof shows that
(IA+ z*)/z* has n Rees valuation rings whose Rees integers have greatest common divisor
equal to one). Therefore in the case where R is an integral domain there exists a finite

integral extension domain B = A/z* of R such that P(IB) is projectively full.

Remark 2.6 (2.6.1) Concerning assumption (a) of Theorem 2.4 that “bq,...,b, is a basis
of I such that b;V; = IV fori=1,...,gand j = 1,...,n", if Ris alocal ring with maximal
ideal M such that R/M is infinite, then there exists such a basis for I for every nonempty
subset {(V1,N1),...,(Vyn, Np)} of Rees I.

(2.6.2) Let I be a regular proper ideal in a Noetherian ring R and let (V, N) € Rees I.
Then assumption (a) of Theorem 2.4 holds for I and V': that is, I has a basis (say b1, ... ,by)
such that b,V =1V fori =1,...,g4.

(2.6.3) If R as in Theorem 2.4 contains a field F such that either: char (F) is not a divisor
of ¢; or, char (F) = 0; then assumption (b) holds (since the greatest common divisor ¢ of
e1,...,eq is in F'). Of course, the larger n is chosen (that is, the more Rees valuation rings
of I that are considered), the more likely it is that assumption (b) holds. On the other
hand, if H is any ideal that is projectively equivalent to I, then by [7, (2.10)] H and I have
the same Rees valuation rings and their corresponding Rees integers are proportional, so
by choosing H as the largest ideal in P(I), the more likely it is that assumption (b) holds
(for the greatest common divisor of the Rees integers of H).

(2.6.4) Ifc¢ (NN R)U---U (N, N R), and if assumption (a) of Theorem 2.4 holds for I,
then there exists a finite free integral extension ring A of R and an ideal J in A such that

P(IA) = P(J) is projectively full.

Proof. For (2.6.1), fix a nonempty subset {(V1,N1),...,(V,, N,)} of Rees I, and for j =
1,...,nlet Hy = {x € I|xV; C IV;}. Then it is readily checked that each H; is an ideal in
R that is properly contained in I. Therefore H; = (H; + MI)/(MI) is a proper subspace
(over the field R/M) of I = I/(MI). Since R/M is infinite, it follows that I has a basis
by,. .. ,E such that no b; is in Hy U --- U H,,. Therefore if by, ..., b, are preimages in R of

bi,..., g, then it follows that by, ..., b, are a basis of I such that b;V; = IV, fori=1,...,g

and j =1,...,n.



For (2.6.2), let ¢y, ...,cq beabasis of I, so IV = ¢;V for some i € {1,...,g}. Resubscript
the ¢; so that ¢V = IV for h =1,...,f and ¢,V C IV for h = f +1,...,9. For h =
1,...,flet by = cp,and for h = f+1,...,9 let b, = by + ¢,. Then it is readily checked
that by,...,by is a basis of I such that b;V = IV fori=1,...,g.

For (2.6.4), let S = R[1/c|]. If c ¢ (Nt N R)U---U (N, N R), and if assumption (a)
holds for I, then assumptions (a) and (b) hold for I.S. Therefore there exists a finite free
integral extension ring B = S{z1,... ,x4| of S such that J' = (z1,... ,z4)B is projectively
full (by Theorem 2.4, with S and IS in place of R and I). Let A = Rxy,...,z4| and
J = (x1,... ,24)A, and let K € P(J). Then there exist positive integers n,s such that
(K™ = (7)ar 50 (KB)")a = (K"aB)a = (J)aB)a = (JB)*)a = (J"*)a, hence n
divides s, as JB = J' is projectively full. This implies that K = (J*/™),. It follows that
P(J) is projectively full, and P(J) = P(IA), by Remark 2.1. =

Corollary 2.7 Let R be a Noetherian ring that contains the field Q of rational numbers.
For each reqular proper ideal I of R there exists a finite free integral extension ring A of R
such that P(IA) is projectively full. If R is an integral domain, there exists a finite integral
extension domain B = A/z* of R such that P(IB) is projectively full.

Proof. Apply Remarks 2.6.2 - 2.6.3, and Remark 2.5.2. =
In Corollary 2.8, we show that P(IA™) is projectively full for certain integral overrings

AT of the ring A constructed in Theorem 2.4. (A related result is considered in Corollary

4.3 and Remark 4.4 below.)

Corollary 2.8 With the notation and assumptions of Theorem 2.4, let AT be a finite
integral extension ring of A that is contained in the total quotient ring of A. Then P(IA™)

is projectively full.

Proof. The Rees valuation rings of IA (and of J) are the Rees valuation rings of TA™ (and
of JA™), and by integral dependence the Rees integers of A1 (resp., JAT) with respect to
these valuation rings are the same as for I A (resp., J). Also, IA" and JA™ are projectively

equivalent (since IA and J are projectively equivalent). The conclusion follows from this

10



and Remark 2.3, since the greatest common divisor of these Rees integers of J is equal to
one. W
Corollary 2.9 extends Theorem 2.4 to certain finite collections of regular proper ideals

of certain local rings.

Corollary 2.9 Let (R, M) be a local ring and let I, ..., I, be reqular proper ideals of R.
Assume that Q C R and that there exist nonempby subsets C; of Rees I; such that, fori # j
in {1,...,m}, there are no containment relations between the centers in R of the valuation
rings in C; and the centers in R of the valuation rings in C;. Then there exists a finite free

local integral extension ring A of R such that P(I;A) is projectively full fori = 1,...,m.

Proof. Fori =1,...,mlet C; = {(Vi1,Ni1),-.., (Vin;» Nin,)}, and for h = 1,...,n; let
v, be the valuation of V; 3, let P, = N;, N R be the center in R of V;p,, let w5 € Vi
such that N; ;, = m; ,V; 5, let e; 5 be the Rees integer of I; with respect to V; 5, let ¢; be the
greatest common divisor of €;1,...,€;,;, and define ¢; ;, by ¢; n¢; = €;p-

Fix i € {1,...,m}, let H; ;) = {z € I; | vip(x) > vin(l;)} (for h = 1,...,n;), and
let H;jpy = Li N Pjp (for j # i in {1,...,m} and for h € {1,...,n;}). Then by the
hypothesis concerning the sets C; and C; it follows that each H; ;) (j =1,...,m and
h € {1,...,n;}) is a proper subset of I;, so (since R/M is infinite) there exists a basis
bi1,- -, big of I; such that no b; y is in any H; ;). Therefore: (i) for k = 1,...,g; and for
h =1,...,n; it holds that b; 1V, = I;V; , (so there exist units uy, € V; such that b;;, =
Uk b3 p S0 = Up T3 p 50, SO (bi7k/7r2-7h)1/ci = up Y p%0); and, (i) for k = 1,...,g;, for
j#ie{l,...,m}, and for h € {1,...,n;} it holds that b; ;V;, = Vj .

Since Q C R, it follows that assumption (b) of Theorem 2.4 is satisfied for I; in place
of I, and assumption (a) of Theorem 2.4 is satisfied (for I; in place of I) by the preceding
paragraph, so let Ay = R[z11,...,%4,1] (= Ry, /K1, where Ry, = R[X11,...,Xg 1] and
Ki = (X110 = b, , X1 1" —bgy1)Ry,), and let J; = (21,1,...,24,,1)A1. Then A; is
a local ring, by Proposition 3.1.5 below, and a finite free integral extension ring of R, by
Theorem 2.4. Also, using (i) in the preceding paragraph it follows from Remark 2.5.1 that
the greatest common divisor of the Rees integers of J; is equal to one, and Theorem 2.4

shows that P(I; A1) = P(J1) is projectively full. Further, by (ii) of the preceding paragraph,
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each by (k= 1,...,91) is a unit in each V;; (j = 2,...,m and h € {1,...,n;}), so by
using [9, (38.9)] (as in the proof of Theorem 2.4) it follows that there exists a height one
prime ideal g; in Vj7h[u1,11/01, . ,ul,gll/cl] such that U;j = Vj’h[uml/el, . ,uLgll/Cl]qj,h
is a Rees valuation ring of I;A; whose maximal ideal is N;,U;p = q;pUjn (so the Rees
integer of I;A; with respect to Ujp is e;p, (so the greatest common divisor of these Rees
integers of I;A; is ¢;)).

It therefore follows from iterating the preceding paragraph (first with A; and IA; in
place of R and Iy, etc.) that the conclusion holds. m

Before deriving more corollaries of Theorem 2.4, we first observe several properties of

the extension ring A.

3 PROPERTIES OF THE FREE EXTENSION RING A.

In this section we record some of the properties of the finite free integral extension ring A
of Theorem 2.4. Concerning the Theorem of Transition in Proposition 3.1.1, see [9, Section
19]. Also, for Proposition 3.1.3, recall that the altitude of an ideal H is defined to be the

maximum of the heights of the minimal prime divisors of H.

Proposition 3.1 Assume notation as in Theorem 2.4.

(3.1.1) R and A satisfy the Theorem of Transition.

(3.1.2) For each prime ideal p in R and for each prime ideal P of A such that PN R = p
it holds that R, is a subspace of Ap.

(3.1.3) For each ideal H in R it holds that: ht(H) = ht(H A); altitude(H) = altitude(H A);
and dim(R/H) = dim(A/(HA)).

(3.1.4) A/J = R/I.

(8.1.5) There exists a one-to-one correspondence between the ideals H' in A that contain
J and the ideals H in R that contain I given by H = H' N R and H' = (J,H)A (so
if H is prime (resp., primary), then (J, H)A is prime (resp., primary), and if Nf_ ¢; is
an irredundant primary decomposition of H, then N*_;(J,¢;)A is an irredundant primary
decomposition of (J, H)A). In particular: H and (J, H)A have the same number of minimal
prime divisors; ht((J, H)A) = ht(H); A/((J,H)A) = R/H; and A has exactly k¥ maximal
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ideals containing (J, H)A if H is contained in exactly k& maximal ideals of R.

(3.1.6) R is a Cohen-Macaulay ring if and only if A is a Cohen-Macaulay ring.

(3.1.7) by,...,by is an R-sequence if and only if 1,..., 2, is an A-sequence.

(3.1.8) If (V1,N1),...,(Vy, N,,) are all the Rees valuation rings of I in Theorem 2.4, then

{c1,...,cn} are all the Rees integers of J, where cjc = ¢; for j = 1,...,n.

Proof. Since A is a finite free integral extension ring of R, (3.1.1) follows from [9, (19.1)],
so (3.1.2) follows from [9, (19.2)(3)], and (3.1.3) follows from [9, (22.9)].

For (3.1.4), as in Remark 2.1let R, = R[X1,..., X, ] and K = (X1°—b1,...,X;°—bg) Ry,
so A= Rlz1,...,24] = Rg/K and J = (z1,...,24)A = (X1,..., Xy, K)/K. Therefore A/J
= Ry/((X1,...,Xg, K)Ry) = Ry/((b1,...,bg, X1,...,Xg)Ry) = R/I.

(3.1.5) follows immediately from (3.1.4) and (3.1.3).

For (3.1.6), apply [5, Theorem 23.3 and Theorem 17.6].

For (3.1.7), since A is a free R-module, it follows that (H :p G)A = HA :4 GA for all

ideals H,G in R, so it follows that by,...,b, are an R-sequence if and only if they are an
A-sequence. Since x;° = b; for i = 1,...,g, it follows that by,...,b, are an A-sequence if
and only if z1,...,z, are an A-sequence. Therefore by,...,b, are an R-sequence if and only
if x1,...,24 are an A-sequence.

For (3.1.8), let z* be a minimal prime ideal in A and let z = z* N R, so z is a minimal
prime ideal in R (since A is a finite free integral extension ring of R). Let an overbar denote

residue class modulo z* and let F' be the quotient field of R, so the quotient field of A is
E=FB"", .. 5"
/c ’El/c] is

is clear that F[w] is a Galois extension field of F', so it follows that F'[w, b_ll b

]. Let @ be a primitive c-th root of the unit element 1 in F. Then it

a Galois extension field of both F' and E. Therefore the Rees valuation rings of JA[w] =
(21,...,24)Alw] (and of T = (77,...,7)A = (b1/%,...,b;"'“)A (see Remark 2.1)) that lie
over a given Rees valuation ring (say, V;) of I = (by,...,by)R (and I = (by,...,by)R) are
conjugate, so these Rees integers of J are all equal to ¢; = e;/c, by the fourth paragraph
of the proof of Theorem 2.4. Thus if (V1, N1),...,(Vy, N,) are all the Rees valuation rings

of I, then the Rees integers of J are {c1,...,c,}. =
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Since TA C J¢ (by Remark 2.1), since J¢ C J°~! C ... C J, and since JN R = I (by
Proposition 3.1.4), it follows that if J¢ = (J%), for some i € {1,...,c}, then I = I,.

We close this section with two more corollaries of Theorem 2.4. For the first of these,
the integer d in Corollary 3.2.2 is the integer d shown to exist in [7, (2.8) and (2.9)] (and
denoted d(I) in [1, Section 4] and in [2]). It is a common divisor of the Rees integers of I,
and it is the smallest positive integer k such that, for all ideals G € P(I), (G¥), = (I?), for

some positive integer i.

Corollary 3.2 With the notation and assumptions of Theorem 2.4, assume that H is an
ideal in R that is projectively equivalent to I. Then:

(3.2.1) If h,i are positive integers such that (H")y = (I')a, then (HA)q = (J/"), and
ci/h is a positive integer.

(3.2.2) Ifey,...,e, are all the Rees integers of I in Theorem 2.4, then there exists a positive
integer k such that (H%), = (I¥)4, so (HA), = (J*),, where d* is the positive integer
c/d.

Proof. For (3.2.1), if H is projectively equivalent to I, then by definition there exist
positive integers h,i such that (H"), = (I?),, and then it follows that (H"A), = (I'A),.
By Theorem 2.4, (I'A)q = (J%)q, so (HA)q = Jp (= {z € A | 0s(x) > ci/h}; see [T,
(2.3)]). Also, HA is projectively equivalent to I A, and I A is projectively equivalent to J,
so H A is projectively equivalent to J. However, J is projectively full, by Theorem 2.4, so
(HA), = (J*), for some positive integer k. It follows that Jeijn = (HA)q = (JF)e = Ji
(by [7, (2.3)]), so ci/h = k.

For (3.2.2), as noted preceding this corollary, there exists a smallest common divisor d
of the Rees integers ey, ..., e, of I such that for all ideals G that are projectively equivalent
to I it holds that (G9), = (I*), for some positive integer k. Let k be the integer such that
(H%) 4 = (I*),, and let ¢ be the greatest common divisor of ey, ...,e,. Then ¢ = dd* for
some positive integer d*, so it follows that (H¢), = (H9"), = (I*¥4"),, so (HA), = (J*"),
by (3.2.1). m

Remark 3.3 It is shown in [7, Corollary 2.4] that P([) is linearly ordered and discrete,

so there exist positive integers ¢; < ¢y < --- such that P(I) = {(I¢/?), | i is a positive
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integer}, where d is as in Corollary 3.2.2. Let d* = ¢/d as in Corollary 3.2.2, so P(I) =
{(I%97/°), | i is a positive integer}. With this in mind, it follows from Corollary 3.2.2 that
(P(I))A = {(J%%"), | i is a positive integer} C P(IA) (and P(IA) = {(J%), | i is a positive

integer}, by Theorem 2.4).

Corollary 3.4 With the notation and assumptions of Theorem 2.4, assume that R is a
local ring with maximal ideal M. Then:

(3.4.1) If I is an open ideal in R, then there exists a finite free local integral extension ring
A of R such that P(IA) is projectively full.

(3.4.2) If I = M in (3.4.1), then A = R[x1,...,x4] is a finite free local integral extension
ring of R whose mazximal ideal N = (x1,...,24)A is projectively full.

(3.4.3) Assume that by,...,bf (f < g) in (3.4.2) are such that X = (b1,...,bs)R is a
reduction of M, let Ay = Rlx1,...,xy], and let C = (x1,...,25)Ao. Then C is a reduc-
tion of the maximal ideal (z1,...,25, M)Ay = (21,...,T¢,bpr1,...,b9)Ag of Ay, and C' is
projectively full.

Proof. For (3.4.1), if R is local, then I = (b1,...,by)R C M, so A= Rx1,...,x4|is alocal
ring with maximal ideal (M, z1,...,24)A, by Proposition 3.1.5, so the conclusion follows
from Theorem 2.4.

(3.4.2) follows from (3.4.1), since if I = M, then MA = (b1,...,by)A C (x1,...,24)A,
so it follows that A/((x1,...,24)A) = R/M, hence N = (x1,...,z4)A.

For (3.4.3), X and M (= I) have the same Rees valuation rings and Rees integers, since
X is a reduction of M, so C is projectively full by Theorem 2.4. Also, it is clear that C
C (C,M)Aqg and that (C,M)Ag = (x1,...,2¢,bfy1,...,bg)Ap is the maximal ideal in Ay.
Further, (M Ag), = (X Ag), (since X, = M, = M in R) = (C°), C C,, so MAy C C,.
Therefore (C, M)Ay C Cq, so Cy = (C, M)Ag (since (C, M)Ay is the maximal ideal in Ay),
hence C' is a reduction of (C,M)Ay. m

4 IDEALS WITH A REES INTEGER EQUAL TO ONE.

The last part of Remark 2.5.1 shows that if the number of Rees valuation rings considered

in Theorem 2.4 is one, then the ideal J of Theorem 2.4 has a Rees valuation ring U such
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that the Rees integer of J with respect to U is equal to one. In this section we consider
some consequences of this.

We begin with the following proposition.

Proposition 4.1 Let I be a regular proper ideal in a Noetherian ring R, let R = R[u,tI],
where t is an indeterminate and u = 1/t, and let R’ be the integral closure of R in its total
quotient ring. Then:

(4.1.1) I has a Rees integer equal to one if and only if uR’ has a primary component that
1S prime.

(4.1.2) Every Rees integer of I is equal to one if and only if uR’ is a radical ideal.
(4.1.3) If there exists an ideal K in P(I) such that some Rees integer of K is equal to one,
then K and P(I) are projectively full.

Proof. For (4.1.1), it follows from [2, (2.3)] that the Rees valuation rings V' of I correspond
to the rings R'p, where p is a (height one) prime divisor of uR’, and the Rees integer e of T
with respect to V' is given by uR’, = p°R/),. Therefore it follows that I has a Rees integer
equal to one if and only if uR’ has a (height one) prime divisor p such that uR’, = pR/,.
The conclusion readily follows from this.

(4.1.2) follows immediately from (4.1.1).

For (4.1.3), if some Rees integer of K is equal to one, then the greatest common divisor
of the Rees integers of K is equal to one, so K and P(I) are projectively full, by [1, (4.10)].
]

Concerning Proposition 4.1.1, some properties of a regular ideal I in a Noetherian ring
R such that uR (rather than uR’) has a primary component that is prime are noted in

Examples 5.1.1 and 5.1.2 below.

Lemma 4.2 Let I be a reqular proper ideal in a Noetherian ring R and let ey, ..., e, be all
the Rees integers of I. Then:

(4.2.1) e; = 1 for some j € {1,...,n} if and only if there exists a minimal prime ideal z
in R such that some Rees integer of (I + z)/z is equal to one. If these hold, then I, P(I),
(I +2)/z, and P((I + 2)/z) are projectively full.
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(4.2.2) e; =1 for some j € {1,...,n} if and only if there exists a multiplicatively closed
subset S in R such that some Rees integer of IRg is equal to one. If these hold, then I,
P(I), IRs/, and P(IRg:) are projectively full for all multiplicatively closed subsets S of R
such that PN S" = 0 (where P = N N R with (V,N) a Rees valuation ring of I such that
IV = N).

(4.2.3) Assume that (V,N) is a Rees valuation ring of I such that the Rees integer of I
with respect to V is equal to one. Let B be a Noetherian domain such that R/z C B C 'V
for some minimal prime ideal z in R (z = (0), if R is an integral domain), and let K be an
ideal in B such that IB C K C NNB. ThenV is a Rees valuation ring of K such that the
Rees integer of K with respect to V' is equal to one, so K is projectively full. In particular,

1B is projectively full,

Proof. For (4.2.1), the construction of Rees valuation rings in [1, (2.9)] shows that, for
each minimal prime ideal z in R, each Rees valuation ring of (I + z)/z is a Rees valuation
ring (V, N) of I such that the Rees integer of (I + z)/z with respect to V is the Rees integer
of I with respect to V. The same construction shows that, for each Rees valuation ring
(V,N) of I, there exists a minimal prime ideal z in R such that V is a Rees valuation ring
of (I + z)/z and the Rees integer of (I + z)/z with respect to V is the Rees integer of I
with respect to V. The conclusion clearly follows from this and Proposition 4.1.3.

The proof of (4.2.2) is similar, so it will be omitted.

For (4.2.3), by hypothesis there exists b € I such that bV = IV = N. Therefore b €
K CN=10bV,s0D = B[K/b CV. Also, C = R[I/b] C D, and N NC’ is a height one
prime divisor of bC’ (by [1, (2.9)]). Therefore it follows that N N D’ is a height one prime
divisor of bD’, so V is a Rees valuation ring of K (by [1, (2.9)]). Since N = bV C KV C
N, it follows that the Rees integer of K with respect to V is equal to one. The remaining
conclusions follow from this and Proposition 4.1.3. m

Example 5.2 below concerns a special case of Lemma 4.2.3

We remark that the hypothesis “e is a unit in V” in Corollary 4.3 holds if either: (i) e
is not a multiple of char (V;/Nj); or, (ii) char (V;/N;) = 0.

Corollary 4.3 Let I be a proper nonzero ideal in a Noetherian ring R and assume that R
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has a Rees valuation ring (V, N') such that the Rees integer e of I with respect to V' is a unit
of V.. Then there exists a finite free integral extension ring A = R[x1,...,x4] of R and an
ideal J = (x1,...,%4)A in A such that J has a Rees integer equal to one. Therefore there
exists a minimal prime ideal z* in A such that if B is a Noetherian domain between A/z*
and its integral closure (A/z*)', then there exists a prime ideal P containing JB such that

each of P, JB, PBp, and JBp has a Rees integer equal to one.

Proof. Remark 2.6.2 shows that assumption (a) of Theorem 2.4 holds for I with respect to
V, and Remark 2.6.4 shows that P(IA) = P(J) is projectively full. It follows from Remark
2.5.1 that J has a Rees valuation ring (U, M) such that the Rees integer of J with respect
to U is equal to one. The final statement follows from this and Lemma 4.2.3. =

In Corollary 4.3, P need not be a minimal prime divisor of JB; see Example 5.2 below.

Remark 4.4 It follows immediately from the last part of Corollary 4.3 (and Proposition
3.1.8) that if R is a Noetherian domain, if Rad([) is a prime ideal, and if there exists only
one prime ideal in the integral closure R’ of R that lies over Rad(I), then PBp has a Rees
integer equal to one for each prime ideal P in B that lies over (J,Rad([))A.

5 EXAMPLES OF IDEALS WITH SOME REES INTEGER,
EQUAL TO ONE.

In Proposition 4.1.3 it was noted that if I is a regular proper ideal in a Noetherian ring R
such that some Rees integer of I is equal to one, then I is projectively full. In this section
we give some examples of such ideals.

Concerning the conclusion of Example 5.1.2, recall that an ideal I is normal in case

each power I™ of I is integrally closed.

Example 5.1 Let I be a regular ideal in a Noetherian ring R and let G(R, I) = X;—> I'/I**!
denote its associated graded ring.

(5.1.1) If G(R, I) has a minimal prime ideal p such that p is its own p-primary component
of (0), then I has a Rees integer equal to one.

(5.1.2) If G(R, I) is reduced, then I is a radical ideal and a normal ideal, and each Rees

integer of I is equal to one.
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Proof. Let R = R[u,tI], where t is an indeterminate and u = 1/¢. It is shown in [14] that:
G(R,I) = R/(uR); u is a regular element in R; and, u"RN R = I" for all positive integers
n.

For the proof of (5.1.1), observe that uR,, = pR,, implies that R,, is a discrete valuation
ring. It follows that p’ = pR, N R’ is the p’-primary component of uR’, so one of the Rees
integers of I is equal to one by Proposition 4.1.1.

For the proof of (5.1.2), if G(R, I) is a radical ideal, then uR is a radical ideal. Therefore
it follows from [9, (33.11)] that uR’ is a radical ideal, so each Rees integer of I is equal to
one by Proposition 4.1.2. Also, I = uR N R is a radical ideal. Further, uR, = ¢R,, for each
(minimal) prime divisor g of uR, so each R, is a discrete valuation ring. It follows that, for
all positive integers n, u"R = N{u"R; N R | ¢ € Ass(R/(uR))} (by [9, (12.6)]) and that
each u"R, N R is integrally closed, so u"R = (u"R),, by [11, Lemma 4]. Therefore I" =
u"RNR = (u"R),NR = I", (by [12, Lemma 2.5]) for all positive integers n, so it follows
that I is a normal ideal. m

Several specific examples of ideals I as in Example 5.1.2 are given in Example 6.6. We
delay giving these examples till the next section, since they are also examples of a Noetherian
domain R with a proper finite integral extension domain A such that P(IA) is projectively
full for all nonzero ideals I of R, and since they are also closely related to Examples 6.1.4

and 6.1.5.

Example 5.2 Let I be a regular ideal in a Noetherian ring R such that the center ¢ in R
of some Rees valuation ring (V, N) of I is not a minimal prime divisor of I and the Rees
integer e of I with respect to V' is a unit of V. Let b1,...,b, be a basis of I such that b;V’
= N¢fori=1,...,g (see Remark 2.6.2), let A = R[z1,...,x4], let J = (21,...,24)A be
as in Corollary 4.3, and let (U, M) be the extension of V' to a Rees valuation ring of J as
in the proof of Theorem 2.4. Then (J,q)A = M N A, (J,q)A properly contains a minimal
prime divisor of J, and every ideal H between J and (J, q)A has Rees integer equal to one

with respect to U.

Proof. It follows from the hypothesis concerning ¢ and Proposition 3.1.5 that (J,¢q)A is a

prime ideal that properly contains a minimal prime divisor of J. Therefore the conclusion
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follows immediately from Corollary 4.3 and Lemma 4.2.3. =

Example 5.3 Let I be a nonzero ideal in a Noetherian domain R such that I has a unique
Rees valuation ring (V, N) and the Rees integer e of I with respect to V' is a unit of V. Let
bi,...,by be a basis of I such that b,V = N€ for i = 1,...,g (see Remark 2.6.2) and let
A = R[z1,...,x4] and J = (x1,...,74)A be as in Corollary 4.3. Then J, is a prime ideal.
Also, each prime ideal in each Noetherian ring A™ between A and its integral closure A’

that lies over J, has a Rees integer that is equal to one.

Proof. The hypothesis implies that Rad([) is a prime ideal and that there exists a unique
prime ideal in R’ that lies over Rad(I). Therefore the last statement follows from Corollary
4.3.

Also, J, = N{JU; N A | U; is a Rees valuation ring of J}, by [15, Theorem 4.12, page
61] (or by [12, (2.5)] together with [2, (2.3)]), and each such U; is an extension of V, so
the maximal ideal M; of U; lies over the maximal ideal N of V' (so M; N R = Rad([)), and
JU; = M; (since the Rees integer of J with respect to U; is equal to one (by Proposition
3.1.8)), so JU; N A = M; N A. Further, there exists a one-to-one correspondence between
the minimal prime divisors of I and the minimal prime divisors of J, by Proposition 3.1.5,
so it follows that J, has a unique minimal prime divisor and that J, is a prime ideal. =

Example 5.4 generalizes Example 5.3.

Example 5.4 Let R, I, (V1,N1),...,(Vy, Np), €1,...,€n, A, and J be as in Theorem 2.4,
and let p1,...,pp be the distinct prime ideals in {N;NR | j = 1,...,n} (subscripted so that

p;j = N; N R). Assume that e; = -+ = ¢, = (say) e is not in N; for j = 1,...,n and that
P1,--.,pp are minimal prime divisors of I. Then J, has h primary components that are
prime ideals and each of them has a Rees integer equal to one. In particular, if p1,...,pn

are all the minimal prime divisors of I, then J, is a radical ideal that is the intersection of

h (and no fewer) minimal prime divisors.

Proof. It follows from the fourth paragraph of the proof of Theorem 2.4 that the Rees
integer of J with respect to each of its Rees valuation rings (U1, M1), ..., (Up, My) (with U;

the extension of V; constructed in the proof of Theorem 2.4) is equal to one. Therefore JU;
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= Mj, so it follows as in the proof of Example 5.3 that M; N A = (J,pj)A, that J,A(jp)4
= (J,pj)Apja for j = 1,...,h, and that each (J,p;)A has a Rees integer equal to one.
Also, there exists a one-to-one correspondence between the minimal prime divisors p of I
and the minimal prime divisors P of J (given by P = (J,p)A), by Proposition 3.1.5. The

conclusions clearly follow from this. m

6 EXAMPLES OF PROJECTIVELY FULL IDEALS.

In [2, Section 4] we give a number of examples of projectively full ideals. In this section we

give some additional examples.

Example 6.1 Let R be a Noetherian domain, let R’ be the integral closure of R in its
quotient field, and let R™ C R’ be a Noetherian integral extension domain of R. Let I be
a nonzero proper ideal of R.

(6.1.1) We have Rees I = Rees IR™. Also, for each V' € Rees I, the Rees integer of I with
respect to V is equal to the Rees integer of IR™ with respect to V. Thus the gcd of the
Rees integers of I is equal to the gcd of the Rees integers of TR™.

(6.1.2) If IR™ is projectively full in R, then I is projectively full in R.

(6.1.3) It is possible for I to be projectively full, while IR™ is not projectively full.
(6.1.4) It is possible for P(I) to be projectively full in R, while P(IR") is not projectively
full in RT.

(6.1.5) It is possible for P(IR™) to be projectively full, while P(I) is not projectively full.

Proof. To establish (6.1.1), since R" is contained in the quotient field of R, we have
Rees I = Rees IRt and RT C V for each V € Rees I. Also, IV = (IR")V, so the Rees
integer of I with respect to each V; is the same as the Rees integer of IR* with respect to
Vi. The last statement in (6.1.1) is clear from this.

(6.1.2) is proved in [2, (3.2)(1)].

For (6.1.3), we use [7, Example 3.4]. Let X and Y be indeterminates over a field E, let
Rt =E[X,Y]and let R = E[X?, XY,Y] (so R* = R'). Then I = X2R is projectively full,
but X2R* is not projectively full.
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For (6.1.4), let R = E[X?,XY,Y] as in the proof of (6.1.3), and let Rt = R[X?] =
E[X?,X3,XY,Y]. Since I = X?R is projectively full, P(I) is projectively full. How-
ever, (IR"), = (X? X3)R* := J is such that P(J) is not projectively full in Rt =
E[X?% X3,XY,Y]. For if H := (X3, X*)R*, then J3 = H? = (X%, X")R" (so J and H are
projectively equivalent), and J and H are not the integral closure of powers of any ideal of
R*.

For (6.1.5), let X be an indeterminate over a field E, let R = E[[X?, X?]], and let
I = (X2, X?®)R be the maximal ideal of R. Let RT = E[[X]] (so R* = R'). Then R* is a
DVR, so P(IR") is projectively full. Let J = (X3, X*)R. Then J? = I3 = (X% X")R, so
it follows that P(I) is not projectively full. m

Question 6.2 Does there exist an example of a Noetherian domain R for which Example

6.1.4 holds with R™ taken to be the integral closure R’ of R?

In Example 6.4 we present several examples where R is a Noetherian domain that is
not integrally closed and P(I) is projectively full for all nonzero proper ideals I of R. The

following lemma will be used in explaining why these examples hold.

Lemma 6.3 Let (R, M) be a local domain and let R™ be a Noetherian integral extension
domain of R. Assume that M is the Jacobson radical of Rt and that P(IR™) is projectively
full for all nonzero proper ideals I of R. Then P(I) is projectively full for all nonzero proper
ideals I of R.

Proof. The hypothesis that R and R™ have the same Jacobson radical implies that H
C M C R for each ideal H in R™ that is projectively equivalent to IR*. The conclusion
readily follows from this. =

In the three examples in Example 6.4, the Noetherian integral extension domain R of

Lemma 6.3 is chosen to be the integral closure R’ of R.

Example 6.4 For the following rings R, P(IR) is projectively full for all nonzero proper
ideals I of R.

(6.4.1) Let E be a finite algebraic extension field of a field F, let X be an indeterminate,
and let R' = E[[X]] and R=F + XR'.
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(6.4.2) Let F' C E be as in (6.4.1), let X, Y be indeterminates, and let R’ = E[[X,Y]] and
R=F+(X,Y)R

(6.4.3) Let R C R/ be as in [9, Example 2, pp. 203-205] in the case where m = 0 and r =
2.

Proof. For (6.4.1), since E[[X]] is a discrete valuation ring, it follows from Lemma 6.3 that
P(IR) is projectively full for all nonzero proper ideals I of R.

For (6.4.2), since R’ is a regular local ring of altitude two, it follows from Lemma 6.3
and either [7, (3.6)] or [1, (4.13)] that P(IR) is projectively full for all nonzero proper ideals
I of R.

For (6.4.3), it is shown in [9] that: dim(R) = 2; the integral closure R’ of R is a unique
factorization regular domain with exactly two maximal ideals M = xR’ and N; R'js is a
discrete valuation ring and R’y is a regular local domain of altitude two; M N N is the
maximal ideal of R; and, ' = R + eR for all elements e € R’ — R. Using these it can be
shown that, for each nonzero ideal I in R, IR’ = z'q (= IR"); N IR'y) for some positive
integer ¢ and for some ideal ¢ in R’ such that ¢ C N and ¢ € M. Since R’y is a regular
local domain of altitude two, it follows that g, = Q™, for some positive integer m, where
@ is the largest element in the projectively full projective equivalence class P(q) (see either
[7, (3.6)] or [1, (4.13)]). Then, since projectively equivalent ideals H, K have the same
Rees valuation rings and proportional Rees integers (by [7, Proposition 2.10] and [1]), it
follows that P(IR') is projectively full with largest ideal z%/¢(Q™/¢),, where ¢ is the greatest

common divisor of ¢ and m. The conclusion follows from this and Lemma 6.3. =

Remark 6.5 If the Noetherian domain R has a finite integral extension domain R™ that
is a regular local domain of altitude two, then [7, (3.6)] or [1, (4.13)] implies that P(IR™) is
projectively full for every nonzero proper ideal I of R. We present in Example 6.6 specific

examples of such rings R.

Example 6.6 Let F' be a field, let X,Y be indeterminates, let n be a positive integer,
let R, = F[{X"'Y}? (]], and let M,, = {X" Y} )R,. Then R; = F[[X,Y]] is a

finite integral extension domain of R, and a regular local domain of altitude two. Therefore
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P(IR;) is projectively full for each nonzero proper ideal I in R,. Also, M,, is a projectively
full normal ideal that has only one Rees valuation ring V;, and its Rees integer with respect

to V, is equal to one.

Proof. That P(IR;) is projectively full is immediate from Remark 6.5.

For the last statement, note first that R,[M,/X"] = R,[Y/X] (since Xy;;yi = % for

i =1,...,n). For each positive integer j let C; = R;[M;/X’] and let C;' be the integral
closure of Cj. Then, in particular, C; = Ry[Y/X], and it is well known that C; = C;’ and
that X is a prime ideal such that (C1)x¢, is the ord valuation ring of M; (and the only
Rees valuation ring of Mj). Also, C,,[X] (resp., C,,'[X]) is a free integral extension domain
of Cp, (resp., Cy), and Y = X(Y/X) € C,[X] (so Ry C Cy[X]), so it follows that C; =
Cn[X] = C,)/[X] is a free integral extension domain of C,, and of C,,’. Therefore, since C),
C @,/ it follows that C, = C,’. Also, X"C; is XC;-primary, so it follows that X"C,, is
primary for p, = XCj N C,,. Since the Rees valuation rings of M,, are the rings (Cy,)p,,
where the p; are the (height one) prime divisors of X"C,,’ (= X"C,,), it follows that V,, =
(Cn)p, is the only Rees valuation ring of M,,.

To see that M, is a normal projectively full ideal and that the Rees integer of M,, with
respect to V,, is equal to one, it suffices (by Example 5.1.2) to show that X™C,, is a prime
ideal.

For this, since X™, Y™ is a system of parameters in R,, it is well known that P =
M,R,[Y"/X"| is a prime ideal and that the P-residue class T of Y™ /X™ is transcen-
dental over F' = R, /M, (so R,[Y"/X"|/(M,R,[Y"/X"]) = F[T] is a polynomial ring
over F). Also, X"C, = M,C,, (since X"7'Y" = X"(Y/X%) € X"C,, for i = 0,1,...,n),
so Cp/(X"Cy) = F[Y/X]. Further, C,, = R,[Y/X] is a finite integral extension ring of
R,[Y"/X"], s0 P = MuRy[Y"/X"] = MnCh 0 Ru[Y"/X"] = X"C, N Ry[Y™/X"]. Tt fol-

lows that F[Y/X] = C,/(X"C,) is a finite integral extension ring of the polynomial ring
R, [Y"/X"|/(M,R,[Y"/X"™]) = F[T], hence X"C, is a prime ideal. m

Remark 6.7 If one applies the construction in Theorem 2.4 to the ring R, of Example
6.6 and the set {X"?Y*}? , of generators of the ideal M, = ({X" 'Y} )R, of R,

one obtains a finite free integral extension ring A, of R,. By Remark 2.1 there exists a
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minimal prime ideal z* in A,, such that A,/z* = R,[(X™)V/" (X"~ Y)Y/, ... (Y™ is
a proper finite integral extension domain of Ry = F[[X,Y]]. However, if instead of applying
the construction in Theorem 2.4 to the ideal M,, we instead apply it to the generators
X™ Y™ of the reduction (X™,Y™)R,, of M,, then the free integral extension ring A, =
R, [Th, T5]/(Th"™ — X™, 1™ — Y™) of Theorem 2.4 has a minimal prime ideal z* such that
A, /2" = Ry = F[[X,Y]].

In Example 6.8 we present an example of a normal local domain (R, M) of altitude two

such that M is projectively full and the associated graded ring G(R, M) is not reduced.

Example 6.8 Let F' be an algebraically closed field with char FF = 0, and let Ry be a
regular local domain of altitude two with maximal ideal My = (z,y) Ry and coeflicient field
F,e.g., Ry = F[x,y|,y), or Ro = F[[z,y]], where x and y are indeterminates over F'. Let
R = Ry[z], where 22 = 23 + 7, where j > 3. It is readily checked that R is a normal
local domain of altitude two with maximal ideal M = (z,y, z)R, and that G(R, M) is not

reduced. We prove that M is projectively full.

Proof. The unique Rees valuation ring of My is Vo = Ro[y/z],r,| Notice that I =

y/x]:
(z,y)R is a reduction of M since z is integral over I. It follows that every Rees valuation
ring of M is an extension of V. Let V be a Rees valuation ring of M and let v denote the
normalized valuation with value group Z corresponding to V. Then v(z) = v(y) and the
image of y/z in the residue field of V is transcendental over F. Since z?> = z3 + 3/ and

7 > 3, we have
20(2) = v(2%) = v(x® +¢) = 3v(x).

It follows that v(x) = 2 and v(z) = 3. Therefore V' is ramified over Vj. This implies that V'
is the unique extension of V and thus the unique Rees valuation ring of M.

For each positive integer n, let I,, = {r € R|v(r) > n}. Thus I = M. Since V is the
unique Rees valuation ring of M, we have Iy, = (M"), for each n € N. To show M is
projectively full, we prove that V is not the unique Rees valuation ring of I, for each

n € N. Consider the inclusions
M?C I, C (2,22 zy,y>)R:=J C I3 C M.
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Since A(M/M?) = 3 and since the images of z and y in M/M? are F-linearly independent,
J=1I3and M? = I = (M?),. Since 2> = 22 —y/ and j > 3, L = (z,y?)R is a reduction
of I3 = (2,22, 2y,y°)R. Indeed, (z2)® € L? and (zy)® € L? implies 2% and zy are
integral over L. It follows that V is not a Rees valuation of I3, for zV # 32V. Consider
M3 C I3M C Iy C Iy = M?. Since the images of 22, 2y,y?, rz,yz in M?/M? are an F-
basis, it follows that I3M = I5 and M3 = (M3), = Is. Proceeding by induction, we assume

M = (M™1), = I, 2, and consider
M"™2 C IsM™ C Ippyz C M™M= Iy,

Since the images in M"+t1/M"+2 of {x%|a +b = n + 1} U {z2%|a + b = n} is an
F-basis, A(M"T1/M"*2) = 2n + 3, and the inequalities A(M"!/I5,.3) > n+2 and
AMIzM™/M™2) > n+ 1 imply IsM™ = I5,,3 and M?**2 = (M?"*2),. Therefore
the ideal I5,43 has a Rees valuation ring different from V', and thus is not projectively
equivalent to M. We conclude that M is projectively full. We have also shown that M is

a normal ideal. m

Remark 6.9 In [4], Joseph Lipman extends Zariski’s theory of complete ideals of a regular
local domain of altitude two to a situation where R is a normal local domain of altitude
two that has a rational singularity. Lipman proves that R satisfies unique factorization of
complete ideals if and only if the completion of R is a UFD. For R having this property, it
follows that P(I) is projectively full each nonzero proper ideal I. An example to which this
applies is R = F[[z,v, z]], where F is a field and 22 + y3 + 2% = 0. In [3, Corollary 3.11],
Hartmut Gohner proves that if (R, M) is a normal local domain of altitude two that has
a rational singularity, then the set of complete asymptotically irreducible ideals associated
to a prime R-divisor v consists of the powers of an ideal A, which is uniquely determined
by v. In our terminology, this says that if I is a nonzero proper ideal of R having only
one Rees valuation ring, then P([I) is projectively full. Gohner’s proof involves choosing a
desingularization f : X — Spec R such that v is centered on a component F; of the closed
fiber on X. Let Es,...,E, be the other components of the closed fiber on X. Let Ex

denote the group of divisors having the form )" ; n; E;, where n; € Z. Define

Ef={De€eEx|D+#0and (D-E;) <0forall<i<n}
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and

E}é(E ={D € Ex|D # 0 and O(—D) is generated by its sections over X }.

Lipman shows in [4] that Ef; C EY and that equality holds if R has a rational singularity.
Also, if D = Y. n;E; € EY,, then negative-definiteness of the intersection matrix (E; - E;)

implies n; > 0 for all 4. For if D € E;g and D = A — B, where A and B are effective, then
(A—B-B)<0and (A-B)>0imply (B-B) >0, soB=0. Let v=u;,v9,...,v, denote
the discrete valuations corresponding to Ei, ..., E,. Associated with D =) . n;E; € Ef;
one defines the complete M-primary ideal Ip = {r € R|v;(r) > n; for 1 <i < n}. This sets
up a one-to-one correspondence between elements of Ef; and complete M-primary ideals
that generate invertible Ox-ideals. Lipman suggested to us the following proof that P(I)
is projectively full for each complete M-primary ideal I if R has a rational singularity. Fix
a desingularization f : X — Spec R such that I generates an invertible Ox-ideal and let
D =% .nE; € Eﬁ be the divisor associated to I. Let g = gcd{n;}. Since E* = E#,
(1/9)D € E#. The ideals J € P(I) correspond to divisors in E# that are integral multiples
of (1/g)D. Thus if K is the complete M-primary ideal associated to (1/g)D, then each
J € P(I) is the integral closure of a power of K, so P(I) is projectively full. Since the rings
R, = F[[{X"%Y"}2 (]] as in Example 6.6 are normal local domains of altitude two that
have rational singularities, it follows that P(I) is projectively full for each nonzero proper

ideal I of R,,.

ACKNOWLEDGMENT OF PRIORITY:

(i) In [1, Remark 4.2(d)] we noted that it was shown in [7, (2.9)] that if I is a regular ideal
in a Noetherian ring R, then there exists a positive integer d such that, for all ideals J in R
that are projectively equivalent to I, (J%), = (I"), for some positive integer n. This result
was also proved in [6, (1.4)].

(ii) In [1, Proposition 3.3] we showed that Rees I URees J = Rees IJ if dim(R) < 2, and we
noted just prior to [1, Proposition 3.3] that for the case that R is a pseudo-geometric normal
Noetherian domain, this result appears in [3, Lemma 2.1]. The equality Rees I URees J =
Rees IJ was first proved for an equicharacteristic integrally closed analytically irreducible

local domain of dimension two in [10, Theorem 3.17].
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