PARAMETRIC DECOMPOSITION OF MONOMIAL IDEALS (I)

WiLLiaM HEINZER, L. J. RATLIFF, JR. AND KISHOR SHAH

ABSTRACT. Emmy Noether showed that every ideal in a Noetherian ring admits
a decomposition into irreducible ideals. In this paper we explicitly calculate this
decomposition in a fundamental case. Specifically, let R be a commutative ring
with identity, let z1,...,24 (d > 1) be an R -sequence, let X = (x1,...,2q)R,
and let I be a monomial ideal (that is, a proper ideal generated by monomials
x{t - z5?) such that Rad(I) = Rad(X). Then the main result gives a canonical
and unique decomposition of I as an irredundant finite intersection of ideals of the

form (z71,..., mgd)R, where the exponents ni,...,ng are positive integers. Specifi-

. . . . i1—1 ida—1
cally, if z1,..., zm are the monomials in (I : X) — I, and if z; = wcll”l .- ~xzj’d ,
then I = ﬂ{(azlllj’l,. ey mzj’d)R; j=1,...,m}. We also calculate the decomposition

of the ideals I[¥] generated by the k -th powers of the monomial generators of I. The
methods we use are algebraic, but they were suggested by the geometry of lattices.

1. Introduction. Throughout this paper, R is a commutative ring with identity
1#0,21,...,24 (d >1)isan R -sequence, X = (z1,...,24)R, and I is a monomial
ideal (that is, a proper ideal generated by monomials z{* - - - z§*) such that Rad(I)
= Rad(X).

It is known (for example, see [HRS2, (3.15)]) that in a regular local ring R
of altitude two, irreducible ideals are parameter ideals. Therefore in altitude two
regular local rings, Emmy Noether’s fundamental decomposition theorem [N, Satz
IV] shows that each open ideal in R is a finite intersection of parameter ideals (but
of course the z’s may vary). One consequence of our main result, (4.1), is that a
similar statement holds for open monomial ideals in a Cohen-Macaulay local ring.

Monomial ideals are important in several areas of current research, and they
have been studied in their own right in several papers (for example, [EH] and [T}),

so many useful results are known about such ideals. In the present paper we are
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interested in giving an explicit decomposition of I as an irredundant finite intersec-
tion of parameter ideals. We do this in Section 2 for the special case when I = X™
(n a positive integer), and it is shown that X" is the irredundant intersection of
the (n;rilIQ) parameter ideals (z{,...,z5")R, where a1, ... aq are positive integers
that sum ton +d — 1.

To extend this result to an arbitrary monomial ideal I (such that Rad(I) =
Rad(X)), in Section 3 we introduce and study the J -corner-elements of a monomial
ideal J. We show that they are the monomials in (J : X) — J, that there are only
finitely many of them, and that if (z1,...,24-1)R C Rad(J), then their J -residue
classes are a minimal basis, in any order, of (J : X)/J. Also, if ) is an open
monomial ideal in a regular local ring (R, M) of altitude two, then v((Q : X)/Q)
= v(Q) — 1 (where v(J) denotes the number of elements in a minimal basis of the
ideal J), and if ¢ is an integer such that v(Q) — 1 < ¢ < 2v(Q) — 1, then @ can
be chosen such that v(Q : X) = ¢. Finally, we give a geometric interpretation of
I -corner-elements, an algebraic construction of them, and then close this section
with several examples of such elements.

In Section 4 we show that if zq,...z,, are the I -corner-elements, then I is

the irredundant intersection of the m parameter ideals P(z;) = (z7"',... 25 )R,
where z; = g mgj’d_l. Three interesting corollaries are: U{Ass(R/I™); n >

1} € Ass(R/X); and, if R is a Gorenstein local ring with maximal ideal M, if
X is generated by a system of parameters, and if I is open, then v((I : M)/I)
= v((I : X)/I), and I is irreducible if and only if there exists exactly one I
-corner-element, and then [ is generated by a system of parameters. Also, unique
factorization holds in the sense that if I = N{P(z;); j =1,...,m} = "{P(w;); i =
1,...,n}, then n = m and {z1,...2,} = {w1,...,w,}. Further, if £ is a positive

integer and I

is the ideal generated by the k-th powers of the monomial genera-
tors of I, then I'*l = N{(P(z;))*); j = 1,...,m} and the I'*] -corner-elements are
the m monomials z](-k) = ghe R xsaj’ﬁk_l.

In Section 5 a related decomposition of I as an irredundant finite intersection
of irreducible ideals is proved. Specifically, with the notation of the preceding
paragraph, if R is local with maximal ideal M and if @; is maximal in S; = {Q;
@ is an ideal in R, P(z;) C Q, and z; ¢ Q} for j = 1,...,m, then each Q; is

irreducible, N{Q;; j = 1,...,m} is an irredundant intersection, and (N{Q;; j =



PARAMETRIC DECOMPOSITION OF MONOMIAL IDEALS (I) 3

L,...omp) N (I:X)=1+ M(I:X). It then follows that if R is a regular local
ring and X = M, then Q; = P(z;) for j =1,...m.

Finally, in Section 6 we show that: if I is irreducible, then I is a parameter ideal;
I is a parameter ideal if and only if I has exactly one corner-element; and, if R is
a Gorenstein local ring of altitude d, then I is a parameter ideal if and only if I is
irreducible. Also, the parameter ideals that are minimal with respect to containing
I are the ideals P(z), where z is an I -corner-element.

The authors have been fascinated by the historic and fundamental decomposition
theorems of Emmy Noether, and this fascination gave rise to the results in [HRS1,
HRS2, HRS3, HRS4] and the present paper. We are pursuing further topics in this
area (in particular, in [HMRS]), and we hope this theory turns out to be fascinating

and useful to others.

2. Parametric Decompositions of Powers of an R -Sequence. The main

result in this section, (2.4), shows that if X is an ideal generated by an R -sequence,

n+d—2

then X™ is the irredundant intersection of ( g1

) parameter ideals. To prove

this, we need a few preliminary results, so we begin with these.

(2.1) Definition. Let R be a ring, let z1,...,24 (d > 1) be an R -sequence, and
let X = (x1,...,24)R. Then:

(2.1.1) A monomial (in z1, ... z4) is a power product z{* - - - z5*, where ey, ..., €4
are nonnegative integers (so a monomial is either a nonunit or the element 1), and
a monomial ideal is a proper ideal generated by monomials.

(2.1.2) A parameter ideal (in 1, ..., z4) is an ideal of the form (z{*,...,25*)R,
where ai,...,aq are positive integers (so the parameter ideal (z{*,...,z5*)R is a
monomial ideal generated by the R -sequence z7*,...,z3%). If f =27 - -2 isa
monomial, then we let P(f) denote the parameter ideal (z*™',... 25" )R. (Note
that if f = 1, then P(f) = X.) And if a4,...a4 are positive integers, then we
let P(ay,...,aq) denote the parameter ideal (z{*,...,z3*)R (so P(ai,...,aq) =

P(f), where f = {71 .. g% 1),

(2.2) Remark. Let f and g be monomials. Then:
(2.2.1) If f1,..., f, are monomials then f € (f,..., f,)R if and only if f € f;R

for some i =1,...,n.
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(2.2.2) If f € gR, then there exists a monomial k (possibly k¥ = 1) such that f
= gk.

(2.2.3) If h is a monomial such that fh = gh, then f = g.

(2.2.4) If fa; = ga; for some i # j in {1,...,d}, then f € z;R and g € z;R.

Proof. Tt is shown in [T, Theorem 1] that if r € R and rf € (f1,..., fn)R, then
either f € f;R for some ¢ = 1,...,nor r € (z1,...,24)R. (2.2.1) readily follows
from this.

(2.2.2)—(2.2.4) readily follow by the “independence” of power products in an R

-sequence (that is, 7' - - -z = 27* ---2y? ifand only if a; = e, fori=1,...,d), O

(2.3) Lemma. Let f and g be monomials. Then g € P(f) (see (2.1.2)) if and
only if f ¢ gR.

Proof. Let f = a5 ---25'. Then f ¢ x5"T'R for i = 1,...,d, since e; < e; + 1 for

i=1,...,d,s0 (2.2.1) shows that f ¢ P(f). Therefore if g € P(f), then f ¢ gR.
For the converse assume that g ¢ P(f) and let g = 27" ---23?. Then a; <e; +1

fori=1,...,d,s0e; >a; fori=1,...,d, hence f € gR, O

(2.4), the main result in this section, extends [HRS2, (3.5)] (where it is shown
that in a regular local ring (R, M = (x,y)R), M™ = N{(z" "1~ y)R;i =1,...,n}).
Concerning the ideals P(ay,...,aq) in (2.4), see (2.1.2).

(2.4) Theorem. Let X be an ideal that is generated by an R -sequence 1, ..., xq
(d > 1) and let n be a positive integer. Then X™ = N{P(a1,...,aq);a1+ - +aq =

n+d — 1} and this intersection is irredundant. Therefore X™ is the irredundant

n+d—2

de1 ) parameter ideals.

intersection of (

Proof. If n =1, then this is clear, so it will be assumed that n > 1.

Let J = N{P(a1,...,aq);a1+---+aq = n+d—1}. Then since X" is generated by
the monomials z7* - - - z5*, where ey, ..., eq are nonnegative integers that sum to n,
to show that X™ C J it suffices to show that each such monomial is in J. For this,
fix f = 27" .-z and consider any of the ideals P(ay,...,aq). Then e; > a; for
some i = 1,...,d (since otherwise n = e1+---+eq < n+d = (e1+1)+---+(eg+1) <
ai+---+aqg = n+d—1, and this is a contradiction), so f € P(ay,...,aq). Therefore
f € J, so it follows that X™ C J.
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For the opposite inclusion, since Rad(P(a1,...,aq)) = Rad(X) for all positive
integers ay, ..., aq that sum to n + d — 1, [T, Lemma 6] shows that J is generated
by monomials, so it suffices to show that if f is a monomial in X — X", then f
is not in J. For this let f = 2{* -+ 25 € X* — X*T! where e; + -+ eq = k
and 1 < k < n. Then since k < n there exists a nonnegative integer h such that
(e1+1)+---+(eq1+1)+(ea+1+h)=n+d—1, and since z1,...,74 is an R
-sequence, it follows from (2.2.1) that f ¢ P((e; +1),...,(eq—1 +1),(eq + 1+ h)).
Therefore it follows that J C X", so J = X™.

Also, this intersection is irredundant, since if {aq,...,aq} and {by,...,bs} are
distinct sets of positive integers that sum to n + d — 1, then b; > a; for some i =
1,...,d, so wll’l_l . --wzd_l € P(ai,...,aq), hence it follows that wll’l_l . --wg‘i_l €
N{P(ai,...,aq); a1+ +aqg =n+d—1and a; # b; for some i}, and z2* =1 ... zbe =1 ¢
P(by,...,ba), by (2.3),s0 257 2%t ¢ N{P(ay,...,a4); a1+ - +ag = nt+d—1}.

For the final statement, each ideal P(aq,...,aq) is a parameter ideal, by (2.1.2).
And the preceding paragraph shows that they are distinct for distinct d-tuples
(a1,...,aq) of positive integers. To compute the number of these ideals, since
we are only interested in the number of ideals, it may be assumed that X =
(x1,...,24)R is the maximal ideal M in a regular local ring (R, M). Then by
[HRS2, (2.3.2) and (2.4)] the number of ideals is d(X") = dimpg /5 (X" : X)/X") =

dimpp (X771 /X") = o(X) = ("147), O

(2.5) Corollary. If R is a Gorenstein local ring and altitude (R) = d, then X™ =

N {P(a1,...,aq); a1 + -+ +aqg = n+d — 1} is an irredundant intersection of
(n;rif) irreducible ideals.

Proof. If R is Gorenstein, then each open parameter ideal is irreducible, so the

conclusion follows from (2.4), O

(2.6) Remark. It follows from (2.4) that the cardinality of {z{"---z*; e1,...,eq

n+d—2>

are positive integers that sum to n+d — 1} is ( do1

3. J-Corner-Elements. We now want to extend (2.4) to an arbitrary monomial
ideal I such that Rad(I) = Rad(X). (It should be noted that Rad(I) = Rad(X)
is a necessary condition to extend (2.4), since the radical of each parameter ideal

is the radical of X, and in (4.1) we show that this condition is also sufficient.) To
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accomplish this extension, we have found it useful to use “corner-elements”. So in
this section we introduce such elements and derive some of their basic properties,
and then use some of these properties in the proof of (4.1) to give the desired
extension of (2.4).

We think “corner-elements will be of interest and use in other problems, so in
this section we prove several results concerning them. Specifically, we show in (3.2)
and (3.7) that if J is a monomial ideal, then there exist only finitely many J -corner-
elements, that they are the monomials in (J : X) — J, and that if (z1,...,24-1)R
C Rad(J), then the J -residue classes of these corner-elements are a minimal basis,
in any order, of (J : X)/J. We then apply these results to the case when J is an
open monomial ideal in a regular local ring (R, M) of altitude two, give a geometric
interpretation of I -corner-elements and an algebraic construction of them, and then
close this section with several examples of such elements.

We begin with the definition.

(3.1) Definition. Let J be a monomial ideal. Then a J -corner-element is a

monomial z such that z ¢ J and zz; € J fori=1,...,d.

(The name “corner-element” is suggested by the geometric interpretation in
(3.13), where a corner-element is an element z = 2%y® with coordinates (a, b) such
that (a,b+1),(a+ 1,b), and (a + 1,b + 1) are the coordinates of points in I and
z¢1.)

Concerning (3.1), note that 1 is the unique X -corner-element (since each nonunit
monomial is in X). Also, if J is a monomial ideal and 1 is a J -corner-element,
then 1x; € Jfori=1,...,d,s0 J = X.

In (3.2) we characterize the J -corner-elements and show that there are only
finitely many of them. (It follows from (3.2) that J uniquely determines its corner-

elements. The converse of this is proved in (4.2) when Rad(J) = Rad(X).)

(3.2) Proposition. If J is a monomial ideal, then the J -corner-elements are
the monomials in (J : X) — J. Also, if z,2" are distinct J -corner-elements, then

2RZ 2R and 2’R € zR, so there exist only finitely many J -corner-elements.

Proof. Let C be the set of J -corner-elements (so each element in C is a monomial).

Then it is clear from (3.1) that C C (J : X) — J. And if z is a monomial in
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(J:X)—J, then z ¢ J and zz; € J for i =1,...,d, so z is a J -corner-element,
hence z € C. Therefore C is the set of monomials in (J : X) — J.

Now let z and 2’ be distinct J -corner-elements and suppose that zR C z'R.
Then (2.2.2) shows that z = 2’ f for some monomial f (and f # 1, since z # 2’).
But this implies that z = 2’ f € J (since 2’ is a J -corner-element), and this is a
contradiction. Therefore zR ¢ 2’ R and, similarly, 2’R Z zR.

Finally, the ideal generated by the J -corner-elements (viewed as elements in
Zilx1, ..., xq], where k is the characteristic of R and where Zj, is the ring generated
by the identity of R) is finitely generated, so since there are no inclusion relations
among the ideals they generate, (2.2.1) shows that there are only finitely many of
them, O

(3.3) Corollary. Let J be a monomial ideal and let 21, ...,z be the J -corner-
elements. Then for j =1,...,m it holds that (z1,...,2j-1,2j+1,- .-, 2m)R C P(z;)
and z; ¢ P(z;). Therefore "{P(z;);j =1,...,m} is an irredundant intersection of

parameter ideals.

Proof. (It follows from (3.2) that there are only finitely many J -corner-elements.
Also, if m =1 and 2z; = 1, then P(21) = X, (0) (the ideal generated by the empty
set) is contained in X, and 1 ¢ P(1) = X, so the conclusion holds in this case.)
Fix j € {1,...,m}. Then it follows from (3.2) that if ¢ € {1,...,5 — 1,
Jj+1,...,m}, then z; ¢ z R, so (2.3) shows that z; € P(z;) (hence (z1,...,2;_1,
Zjt1s---,2m)R C P(z;)) and z; ¢ P(z;). This shows that N{P(z;);j =1,...,m}is
an irredundant intersection, and (2.1.2) shows that the ideals P(z;) are parameter

ideals, O

In (3.4) we specify the X™ -corner-elements.

(3.4) Corollary. Ifn > 1 is a positive integer, then the X™ -corner-elements are

d—2 _ o
the (";_1 ) generators x{ - x5 of X" (soeq,...,eq are nonnegative integers

such that ey +---+eqg=n—1).

Proof. By (3.2) the X™ -corner-elements are the monomials in X"~! — X" (since

X" : X = X" 1), and since X is generated by an R -sequence of length d it follows

n+d—2

that there are ( a1

) distinct such elements, [
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It follows from (3.5) that if z is a J -corner-element, then the d elements
zxy,...,2cq are members of distinct principal ideals generated by monomials in

J.

(3.5) Proposition. Let f and g be monomials and let i # j € {1,...,d}. If
fx; € gR and fx; € gR, then f € gR.

Proof. If fx; € gR and fx; € gR, then (2.2.2) shows that there exist monomials
hi, h; such that fx; = gh; and fx; = gh;. Then fz;x; = ghix; = ghjx;, so
hizj = hjz; by (2.2.3). (2.2.4) then shows that h; € z;R, so h; = kx; for some
monomial k£ by (2.2.2). Therefore fz,x; = gh;jx; = g(kx;)zj, so f = gk € gR by
(2.2.3), O

(3.6) Corollary. If J is a monomial ideal that has a corner-element, and if

fi,-.., fn are monomials that generate J, then n > d.

Proof. This follows immediately from (3.5), O

In (3.7) it is shown that if (x1,...,24-1)R C Rad(J), then the J -residue classes
of the J -corner-elements are a minimal basis, in any order, of (J : X)/J. (In
this regard, note that if J : X = J, then there are no J -corner-elements, and the
empty set does generate the ideal (J : X)/J = J/J. On the other hand, if Rad(J)
= Rad(X) then J : X # J.)

(3.7) Theorem. Let J # X be a monomial ideal such that (x1,...,z4-1)R C
Rad(J). Then the J -residue classes of the J -corner-elements are a minimal

basis, in any order, of (J : X)/J.

Proof. (By “minimal basis”, we mean a basis such that no proper subset is a gen-
erating set of the ideal.) Since Rad((z1,...,z4-1)R) C Rad(J), [T, Theorem 6]
shows that J : X is a monomial ideal, so it follows from (3.2) that the J -residue
classes of the J -corner-elements generate (J : X)/J.

Let C = {z1,...,2m} be the set of J -corner-elements (C is a finite set by
(3.2)) and suppose that there exists a permutation 7l,...,7m of 1,...,m such
that z;1 € (2r2,--.,2rm)R. Then z;1 € z;R for some k = 2,...,m by (2.2.1),
so (2.2.2) shows that z;; = z;xf for some monomial f (f # 1, since z1,...,2m

are distinct). However, this implies that z;; = z;xf € J (since zpx is a J
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-corner-element), and this is a contradiction. Therefore z:1 ¢ (zr2,...,2xm)R
for all permutations 71,...,mm of 1,...,m. And no z; in in J, so it follows from
(2.2.1) that the J -residue classes of z1,..., 2, are a minimal basis, in any order,

of (J:X)/J, O

In (3.8) we consider the case when J = @ is open in a regular local ring R
of altitude two. ((3.8) was noted in [HRS2, (3.3)] for the case M = (z,y)R, and
therein a homological proof using [HS, (2.1)] was sketched for an arbitrary open
ideal (in an altitude two regular local ring). (3.8) gives a non-homological proof for
an arbitrary R -sequence of length two, but only for the case of an open monomial

ideal.)

(3.8) Corollary. Let (R, M) be a regular local ring of altitude two, let x,y be

an R -sequence, and let Q # (x,y)R be an open monomial ideal in x and y, say

v(Q) =n. Thenv((Q: X)/Q) =n—1.

Proof. Let Q = (f1,...,fn)R and lexicographically order the f; by saying that
fi < fj (for f; = 2%’ and f; = x°y°) if either @ < cor a = c and b < e.
Then it may be assumed that f; < fo < --- < f,. Therefore, since v(Q) = n
and @ is open, it follows that there exist positive integers h,k,ho < -+ < hy_q
(hp—1 <h—1),and k,,_1 < --- < kg (ko < k — 1) such that f; = y", f, = 2, and

k—kji1—1, h—hj—1

fi=abkiyh—hifori=2... ,n—1. Forj=1,...,n—1let zj = Y
(with hy = 0 = k,,). Then z; ¢ Q, zjz = zF~Finiyh~hi=l ¢ f, R C Q, and
zjy = ab~kinimlyh=hi ¢ £ RC Q 502, € (Q:X)—Q for j=1,...,n— 1. Thus
each z; is a @) -corner-element, and the geometric interpretation in (3.13) shows
that every @) -corner-element is one of these z1,...,2,_1. Therefore the conclusion

follows from (3.7), O

For the next corollary of (3.7) we need the following definition.

(3.9) Definition. If J is a monomial ideal, then c(J) denotes the number of J

-corner-elements.

(3.10) Corollary. With the notation of (3.8), there exists a polynomial p(z) of
degree two such that p(n) = c¢(Q™) for large n.

Proof. 1t is well known that there exists a polynomial ¢(z) of degree two such that
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g(n) = v(Q™) for large n. But @™ is a monomial ideal, so the conclusion follows

immediately from (3.7) and (3.8) with p(z) = ¢(z) — 1, O

In (3.11) it is shown that if v(Q) = n, where @ is as in (3.8), then n — 1 <
v(Q : X) < 2n —1 and for each integer ¢t between n — 1 and 2n — 1 the ideal @ can
be chosen so that v(Q : X) = t.

(3.11) Proposition. With the notation of (3.8) assume that v(Q) = n. Then
n—1<wv(Q:X)<2n-1, and for each intermediate integer t there exists an ideal

Q such that v(Q) =n and v(Q : X) =t.

Proof. (3.8) shows that (Q : X)/Q is generated by v(Q) —1 = n — 1 elements, so
it follows that @@ : X can be generated by the preimages of these n — 1 elements
together with the n generators of Q. Therefore n — 1 < v(Q : X) < 2n — 1.

Now let ¢t be a given positive integer such that n — 1 <t < 2n — 1 and let
s be the integer such that ¢t = (n — 1)+ 5,500 < s < n. Fori =1,...,s
let f; = x20-Vynts=2i for 4 = s+ 1,...,n let f; = z°t" 1y and let Q =
(f1,---, fn)R. Then the Q -corner-elements are the elements z; = g%/~ lynts=2i~1
(for j =1,...,s) and the elements z; = 2T~ 1y""177 (for j =s+1,...,n—1). If
s =0, then f; € 1R, f; € z;_1RNz;Rfori=2,...,n—1,and f, € z,_1R, and if
s> 0, then f; € z;_jRfori=s+1,...,nand f; ¢ (21,...,2n_1)Rfori=1,... s,
so by (2.2.1) (and (3.8)) it readily follows that fi,..., fs,21,...2,p—1 iS @ minimal
basisof @ : X sov(Q:X)=s+n—-1=¢, O

(3.12) Corollary. Let (R,M = (x,y)R) be a regular local ring of altitude two,
let Q@ # M be an open monomial ideal in x and y, and let n = v(Q). Then
v((Q : M)/Q) =n—-1,n—-1<vQ: M) <2n-—1, and for each intermediate
integer t there exists an ideal Q such that v(Q) =n and v(Q : M) = t.

Proof. This follows immediately from (3.8) and (3.11), since M = X, O
In (3.13) we give a geometric interpretation of the I -corner-elements for a mono-
mial ideal I in an R -sequence z,y of length two such that Rad(I) = Rad((z,y)R).

(3.13) Geometric Interpretation. Assume that d = 2, let x = z; and y = o,
let fi,...,fn, be a minimal basis of I (where the f; are monomials in z and y,

say f, = x¥y’t), and assume that Rad(I) = Rad((z,y)R). Lexicographically order
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the f; (as in the proof of (3.8)) and assume that f; < --- < f,. Plot the n points
(i1, 71) (corresponding to the f;) in the first quadrant of the xy-plane. Then for each
of these n points draw the horizontal line segment connecting (i, 7;), (i; + 1, ),
(i1 + 2,7),..., and draw the vertical line segment connecting (i, j;), (i1,5; + 1),
(41,51 + 2),.... (Then it is clear that there is a one-to-one correspondence from
the set D = {(a,b);a > ¢; and b > j; for some [ = 1,...,n} to a subset M of the
set of monomials in @, and it follows from (2.2.1) that, in fact, every monomial
in @ is in M.) Since (i,51) < (é+1,01+1), (4141, 1) are the coordinates of the
intersection of the rightward extending horizontal line segment thru (i;,j;) with
the ascending vertical line segment thru (i;y1,j;41). Then z; = atr1=1yii=1 ¢ Q
z1y has coordinates on the rightward extending horizontal line segment thru (i, j;)
(so z1y € @), and z;z has coordinates on the ascending vertical line segment thru
(G141, J1+1) (so zix € @), hence z; is a @ -corner-element. And since a () -corner-
element must correspond to some (a,b) with 0 < a < i, and 0 < b < 73, it is readily
checked that all ) -corner-elements are obtained in this way, so there are exactly

n — 1 of them, where n = v(Q).

(3.14) Algebraic Construction. Let z1,...,24 be an R -sequence and let I be
a monomial ideal such that Rad(I) = Rad((x1,...,x4)R). Then the following is
an algebraic construction of the I -corner-elements. (For ease of description it will
be said that deg(f) = n if f = 27 -2 and e; +--- + eq = n.) Let S be the
set of monomials (in z1,...,x4) that are not in I (so S is a finite set, since for i =
1,...,d there exists a positive integer n; such that " € I). Let w = max{n;n =
deg(f) for some f € S}. For j = 1,...,w let D; = {f € S;deg(f) = j}, let
Cy =Dy,and for j=1,...,w—1let C; ={f € Dj; fa; ¢ Dj;q fori=1...,d}
(possibly some of the sets C; are empty for j < w). Then C; U --- U C,, is the set

of I -corner-elements (and this union is disjoint).

Proof. Let f € C; for some j = 1,...,w. Then f ¢ I (since f € C; C S) and for
i=1,...,dit holds that deg(fz;) = j+1. If j = w, then fz; ¢ S (for no element in
S has degree greater than w = j), and if j < w, then fz; ¢ D, 11 = {g € S;deg(g) =
j + 1} (by the definition of C;). Therefore in either case (j = w or j < w)fz; ¢ S
fori=1,...,d,so fx; € I, hence f is an I -corner-element. Therefore C;U---UC,,

C C ={f; fis an I -corner-element}.
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And if g € C, then g ¢ I, so g € S, so g € Dj, where j = deg(g). Also,
deg(gz;) =j+1and gz; € I fori=1,...,d, so gx; ¢ Djy1. Therefore g € C;, so
CCcChU---uly,, O

(3.15) Remark. With the notation of (3.14) let f be a monomial that is not in
I. Then there exists a monomial g (possibly g = 1) such that fg is an I -corner-

element.

Proof. It may be assumed that f is not an I -corner-element, so fx; ¢ I for some
i=1,...,d. Let T = {g;g is a monomial in z1,...,24 and fg ¢ I}. Then T is a
finite set (since 7" is contained in the finite set S of (3.14)), so let g € T such that
the sum of its exponents is greater than or equal to the sum of the exponents of
the other monomials in 7. Then fgz; € I for i« = 1,...,d, by the maximality of

the sum of the exponents of g, so fg is an I -corner-element, [J

Before giving some examples of I -corner-elements, we first prove one more result

concerning them. (Some additional properties are given in (4.11)-(4.12).)

(3.16) Proposition. Let I C J be monomial ideals such that Rad(I) = Rad(X).

Then some I -corner-element is in J.

Proof. There exists a monomial f € J — I, by hypothesis. Then (3.15) shows that
there exists a monomial g (possibly g = 1) such that fg is an I -corner-element,

and it is clear that fg € J, O

This section will be closed with several examples of () -corner-elements for an

open monomial ideal ) in a regular local ring.

(3.17) Example. Let (R, M = (z,y)R) be a regular local ring of altitude two, let
1 = and 2o = y, and let Q = (y°, zy”, 23y*, %92, 2R, so f1 = %, fo = 297,
fa = z3y*, fi = 2°y?, f5 = z''. Then the Q -corner-elements are z; = g5,
29 = 2%y8, 23 = z%y3, and z4 = 2'%. (This can be checked by using either (3.13)
or (3.14).) Therefore (Q : M)/Q = (v, 2?y®, z1y3, 21%)R/Q by (3.7).

(3.18) Example. Let (R, M = (z,y, z)R) be a regular local ring of altitude three,

let 1y =z, 15 = y, and 23 = z, and let Q = (2%, y?23,y3, vyz, 2%, 2%)R. Then the

3

Q -corner-elements are yz3, y?22, 223, and xy. (This can be checked by writing
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down the sets S, D;, and C; (for j = 1,...,4) of (3.14). Thus S = {z,2%,2°,y,yz,
y22 y23,y? Y22, y?222, o, 22, w22, w23, vy} (in lexicographic order), Dy = {z,y,z},
Dy = {22 yz,y?, vz, 2y}, D3 = {23,922, 9y%2, 22}, and Dy = {yz3,4%2%,223}. Then
Cy = Dy, C3 = 0 (since at least one of fx, fy, fz is in Dy for each f € Dj3), Cs
= {xy} (since at least one of fx, fy, fz is in D3 for f € {2%,yz,4% xz} and none
of xyz, xy? zyz is in D3) and C; = ) (since at least one of fz, fy, fz is in Dy for
each f € Dy).)

(3.19) Example. Let (R,M = (w,x,y,z)R) be a regular local ring of altitude

four, let 7y = w, T3 = x, x3 = y, and x4 = z, and let Q = (25, y2*,y?22,y3, 222, zy2,

23z, 23y% x*, w)R. Then the Q -corner-elements are 2%, yz3,y?z, ©

(This can be checked by using (3.14).)

22, 2%y?, and 23y.

(3.20) Example. Let (R,M = (w,z,y,z)R) be a regular local ring of altitude
four, let x; = w, 3 = x, z3 = y, and 24 = 2, and let Q = (z¢,y¢, 2, wryz, w*)R,
where a > 1, b > 1, ¢ > 1, d > 1 are integers. Then the ) -corner-elements
are pP~lycT1d=1 qpa—lycmlyd=1 ga—lgb=lyd=1 " and wa12zb~1yc~Ll. (This can be

checked by using (3.14).)

(3.21) Example. Let (R,M = (z1,...,24)R) be a regular local ring of altitude

d and let Q = (z7",...,z5*)R, where the a; are positive integers. Then @ is irre-
ducible, so by (4.3) there is only one @ -corner-element, namely z = 2$* ! - .. mgd_l.

4. Parametric Decompositions of Monomial Ideals. (2.4) (together with
(3.4)) shows that X" is the irredundant finite intersection of the parameter ideals
P(z), where z is an X™ -corner-element. The main result in this section, (4.1),
generalizes this to an arbitrary monomial ideal I such that Rad(I) = Rad(X).

And in (4.10) we show that such a decomposition is unique.

(4.1) Theorem. Let I be a monomial ideal such that Rad(I) = Rad(X) and
let z1,...,2m be the I -corner-elements. Then I = N{P(z;);j = 1,...,m} is a

decomposition of I as an irredundant intersection of parameter ideals.

Proof. Let J = N{P(z;);j =1,...,m}. Then (3.3) shows that J is the irredundant
intersection of the m parameter ideals P(z;).
Now let f be a monomial in I and suppose that f ¢ P(z;) for some j =1,...,m.

Then z; € fR C I, by (2.3), and this contradicts the fact that z; ¢ I (since z; is
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an I -corner-element). Therefore I C J.

Finally, [T, Lemma 6] shows that J is a monomial ideal (since Rad(P(z;)) =
Rad(X) for j =1,...,m), so it suffices to show that each monomial that is not in /
is not in J. For this, let f be a monomial that is not in I. Then (3.15) shows that
there exists a monomial g (possibly g = 1) such that fg is an I -corner-element, so
fg = z; for some j = 1,...,m (since (3.2) shows that the I -corner-elements are
finite in number and uniquely determined by I). Then f ¢ P(z;), by (2.3), so it
follows that I O J, hence I = J by the preceding paragraph, U

In (4.2) it is shown that the corner-elements of a monomial ideal I determine I

when Rad(I) = Rad(X).

(4.2) Corollary. If I and J are monomial ideals such that Rad(I) = Rad(X) =
Rad(J) and if (I : X)—I = (J: X) —J, then I = J.

Proof. If (I : X) —1 = (J : X)—J, then I and J have the same corner-elements,
by (3.2), so this follows immediately from (4.1), O

(4.3) Corollary. If Q is an open monomial ideal in a Gorenstein local ring R
of altitude d > 1, then @ tis irreducible if and only if there exists exactly one Q)

-corner-element, and then Q) is generated by a system of parameters.

Proof. Let m be the number of @) -corner-elements. Then @ is the irredundant
intersection of m (open) parameter ideals, by (4.1). Since R is Gorenstein, an open
parameter ideal is irreducible, so @ is the irredundant intersection of m (open)
irreducible ideals. Since each such decomposition of () has the same number of
factors, m = 1 if and only if @ is irreducible.

For the final statement, if @ is irreducible, then @ = P(z) is generated by a

system of parameters, where z is the () -corner-element, [

The next corollary is closely related to (2.5) and (4.3).

(4.4) Corollary. LetI andzi,...,zm be asin (4.1) and assume that R is a Goren-
stein local ring of altitude d. Then I = N{P(z;);j = 1,...,m} is an irredundant

intersection of m irreducible ideals.

Proof. If R is Gorenstein, then each open parameter ideal is irreducible, so the

conclusion follows from (4.1), O
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In [T, Theorem 8] it is shown (among other things) that if Rad(I) = Rad(X),
then U{P; P € Ass(R/I)} = U{Q;Q € Ass(R/X)}. (4.1) yields a simple proof of

the following closely related result.
(4.5) Corollary. If I is as in (4.1), then U{Ass(R/I");n > 1} C Ass(R/X).

Proof. 1t is well known that if Y and Z are ideals that are generated by R -sequences
such that Rad(Y) = Rad(Z), then Ass(R/Y) = Ass(R/Z). It therefore follows
that if zq,..., 2, are the I -corner-elements, then Ass(R/X) = Ass(R/P(z;)) for
j =1,...,m (since each P(z;) is generated by powers of z1,...,24). Therefore,
since I = N{P(z;);j =1,...,m}, it follows that Ass(R/I) = Ass(R/(N{P(z;);j =
1,...,m})) € U{Ass(R/P(z;));j = 1,...,m} = Ass(R/X). Finally, I" is gen-
erated by monomials for all n > 1, so it follows from what was just shown that

Ass(R/I™) C Ass(R/X), O

For the proof of the next corollary we need the following definition.

(4.6) Definition. If P is a prime divisor of an ideal I in a Noetherian ring, then
Dp(I) denotes the number of P -primary ideals in a decomposition of I as an

irredundant intersection of irreducible ideals.

Concerning (4.6), a classical result of E. Noether [N, Satz VII] says that Dp([I) is
well defined (that is, Dp(I) is independent of the particular irredundant irreducible

decomposition of I).

(4.7) Corollary. Let (R, M) be a Gorenstein local ring, let X be an ideal generated

by a system of parameters x1,...,xq, and let Q be an open monomial ideal. Then
v((@Q: M)/Q) =v((Q: X)/Q).

Proof. Let m be the number of @ -corner-elements. Then (3.7) shows that
v((Q : X)/Q) = m, and (4.1) shows that @ is the irredundant intersection of
m parameter ideals. Since R is Gorenstein, each of these parameter ideals is irre-
ducible, so @ is the irredundant intersection of m irreducible ideals, so Dy (Q) = m

(see (4.6)). However, [HRS2, (2.4)] shows that D/ (Q) = v((Q : M)/Q). Therefore
v(@: X)/Q) =m=0((Q: M)/Q), T

(4.1) shows that the I -corner-elements determine a decomposition of I as an

irredundant intersection of parameter ideals. (4.8) shows that the converse also
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holds.

(4.8) Proposition. For j =1,...,m let a; = (a;1,...,a;4) be a d-tuple of pos-
itive integers and let I = N{P(a;);j = 1,...,m} be a decomposition of I as an
irredundant intersection of parameter ideals. Then the I -corner-elements are the

aj1—1 ajq—1
m elements x}”' -

Proof. (Note: Rad(I) = Rad(X), since Rad(P(a;)) = Rad(X) for j =1,...,m.)

It will first be shown that each of the m elements z; = A ng’d_l is an
-corner-element.

For this, note first that P(z;) = P(a;) for j = 1,...,m. Therefore z; ¢ 2z;R
for all i # j € {1,...,m} (for if z; € 2;R, then P(a;) = P(z;) C P(z;) = P(a;),
and this is a contradiction). Therefore (2.3) shows that z; ¢ P(z;) = P(a;) (so
zj ¢ I) and that z; € P(z;) = P(ay) for k € {1,...,5—1,57+1,...,m}. Also,
2T; € mgaj‘l_l)HR C P(aj)fori=1,...,d,s0 zjz; € "{P(ap);h=1,...,m} = 1.
Therefore z; is an I -corner-element, so it follows that zq,..., 2z, are among the I
-corner-elements.

Now let w be an I -corner-element. Then w ¢ I, so w ¢ P(z;) = P(a;) for some
j =1,...,m. Therefore z; € wR, by (2.3), so z; = wg for some monomial g by
(2.2.2). If g # 1, then wg € I, since w is an I -corner-element. But this implies
that z; € I, and this contradicts the fact that z; is an I -corner-element. Therefore

g=1,s0w = zj, 80 21,...,2n are all the I -corner-elements, [

(4.9) Corollary. Let z1,..., %z, be monomials such that z; ¢ z;R for i # j €
{L,...,m}, let J = (z1,...,2m)R, and let I = N{P(z);j = 1,...,m}. Then

Z1y. .., 2m are the I -corner-elements and I : X =1+ J.

Proof. If N{P(z;);j =1,...,m} is an irredundant intersection, then it follows from
(4.8) that the I -corner-elements are the elements zq,...,2m,,s0 I : X =1+ J by
(3.2). Therefore it remains to show that this intersection is irredundant.

For this, suppose, on the contrary, that it is redundant. Then by resubscripting
the z;, if necessary, it may be assumed that I = N{P(z;);j = 1,...,k} for some
kE < m (so z1,...,2; are the I -corner-elements, by (4.8)). Then z, ¢ I, since
Zm ¢ P(zm) 2 I, so (3.15) shows that there exists a monomial g such that gz, is

an I -corner-element. Therefore gz,, = z; for some i = 1,..., k, and this contradicts
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the hypothesis that z; ¢ z; R for i # j € {1,...,m}. Therefore the intersection is

irredundant, [

In (4.10) we show that a decomposition as in (4.1) of a monomial ideal is unique.

(4.10) Theorem (Unique Factorization). Let zi,...,z, and wi,...,w, be
monomials such that "{P(z;);j = 1,...,m} = N{P(w;);¢ = 1,...,n} are ir-
redundant intersections of parameter ideals. Then n = m and {z1,...,2m} =

{wl,. .o ,wn}.

Proof. Let I = N{P(z;);j =1,...,m}. Then it follows from (4.8) that z1,..., 2z
are the I -corner-elements, so they are the monomials in (I : X) — I by (3.2).
However, I = N{P(w;);i =1,...,n}, by hypothesis, so similar statements hold for
w1, ..., Wy in place of z1, ..., z;,, hence it follows that n = m and that {wy,...,w,}

={z1,...,2m}, O

In (4.11) we note two additional results concerning I -corner-elements.

(4.11) Proposition. Assume that z1,...,zq is a permutable R -sequence, let I
be a monomial ideal such that Rad(l) = Rad(X), let z1,...,2y, be the I -corner
-elements, and let f be a monomial. Then:

(4.11.1) fI = (N{P(fz;);j=1,....,m})NfR and fz1,..., fzm are fI -corner-
elements.

(4.11.2) I : fR = nN{P(w;);j = 1,...,k}, where zj = w;f for j =1,...,k and
zj & fR for j =k+1,...,m (for some k € {0,1,...,m}) and w1, ..., wy are the

I: fR -corner-elements.

Proof. For (4.11.1), since each permutation of z1,...,x4 is an R -sequence, each
monomial is regular. Therefore since z; € (I : X) — I, by (3.2), it is read-
ily checked that fz; € (fI : X) — fI for j = 1,...,m, so each fz; is an fI
-corner-element by (3.2). Also, P(fz;) : fR = P(z;), for if f = mlil---a:zd and
zj = x{'--x2%, then P(fz;) : fR = (airTortl . glatbathyp o ghgbep
= (et gttt gGatbat R gl bR = = (2T 2% TR =
P(zj). Therefore it follows that (\{P(fz;);j =1,...,mH)NfR = f[(N{P(fz);] =
Loom}) s PR = [I0{P(f2) - TReG = 1, om}] = f0{P()ij = 1, m}] =
f1, the last equality by (4.1).

1+1
)
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For (4.11.2), z; € fRif and only if f ¢ P(z;), by (2.3). Therefore if z; = fw; for
j=1,...,kandif z; ¢ fR (so f € P(z;)) for j = k+1,...,m, then it follows from
(4.1) that I : fR= ("{P(2j);5=1,...,m}): fR=N{P(zj): fR;j=1,...,m} =
N{P(w;f) + fR;j =1,...,k} = {P(w;);5 = 1,...,k}. Finally, it follows from
(4.8) that if N{P(w;);j =1,...,k} is an irredundant intersection, then wy,...,wy
are the I : fR -corner-elements, so it remains to show that this intersection is
irredundant.

For this, suppose that the intersection is redundant, so (by resubscripting, if
necessary) there exists h < k such that I : fR = N{P(w;);j = 1,...,h} is an
irredundant intersection, so wq,...,w, are the I : fR -corner-elements by (4.8).
Therefore either (a) wy € I : fR; or, (b) wy ¢ I : fR. If (b) holds, then gwy, is
an I : fR -corner-element for some monomial g by (3.15), so gw, = w; for some
j=1,...,h (so g # 1). Therefore gz, = fgwr = fw; = zj, so z; = gz € I (by
the definition of I -corner-element, since g # 1 is a monomial), and this contradicts
the fact that z; in an I -corner-element. Therefore (b) does not hold, so (a) holds,
hence zp = fwy € I, and this contradicts the fact that z; is an I -corner-element.
Therefore neither (a) nor (b) holds, so it follows that N{P(w;);j =1,...,k} is an

irredundant intersection, hence wy,...,wy are the I : fR -corner-elements, [J

(4.12) Corollary. With the notation of (4.11), let J = (f1,..., fn)R be a mono-
mial ideal and let w;; be monomials such that z; = w;; fi (if z; € fiR) or w;; =1
(if zj ¢ fiR). Then I:J =nN{P(w,;);j=1,...,mandi=1,...,n}, sothel:J

-corner-elements are among the mn monomials w; ;.

Proof. If w;; = 1, then P(w;;) = X, and X contains all other parameter ideals.
Therefore the conclusion follows from (4.11.2) and the fact that I : J = n{I : f;R;
i=1,...,n}, O

To prove the next theorem, which gives an irredundant parametric decomposition
of the ideal generated by the k-th powers of the monomial generators of a monomial

ideal, we need the following definition and lemma.

(4.13) Definition. If J = (f1,..., f,)R is a monomial ideal and k is a positive
integer, then J*¥! denotes the ideal (fE £ .. MR,
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(4.14) Lemma. Let J be a monomial ideal, let g be a monomial, and let k be a

positive integer. Then g € J if and only if g* € J*.

Proof. Tt is clear that g € J implies that g* € JI¥.
For the converse assume that g* € JI. Let J = (f1,..., fo)R, where each f;

is a monomial. Then the hypothesis and (2.2.1) imply that ¢* € fFR for some

i=1,...,n. Now ¢g* and ff are monomials in the R -sequence z¥,. .. ,w’j, so by
(2.2.2) there exists a monomial s in 2%, ..., 2% such that g® = sfF. Then it is clear
that there exists a monomial ¢ in z1,...,z4 such that t* = s, so ¢* = tkfik, hence

g=1tf; € J, as desired, O

(4.15) Theorem. Let I be a monomial ideal such that Rad(I) = Rad(X), let
Z1,...,2m be the I -corner-elements, and let k be a positive integer. Then I'Fl =
N{(P(z;)l:j = 1,...,m} is a decomposition of I¥] as an irredundant intersection

)

of parameter ideals.

Proof. Let I = (f1,..., fn)R and note that zf,...,z% is an R -sequence. Therefore
since each f; is a monomial (in z1,...,24) and since I'*l = (fF ... f*)R, it follows
that I* is generated by monomials in ¥, ..., 2%, and Rad(I*)) = Rad(X*]) (since
Rad(I) = Rad(X)). Also, for each j = 1,...,m it holds that z; is a monomial in

Z1,...,2q such that z; ¢ I and z;z; € I for i = 1,...,d, so it follows that z;“
is a monomial in z¥,...,z% such that z;-“ ¢ I¥ (by (4.14)) and szf € I for
i = 1,...,d. Therefore the m elements 2¥,...,2*F are among the I'*] -corner-
elements (for the R -sequence zf,...,z%).

Now let z* be an I*] -corner-element (for the R -sequence z¥,. .. ,x’j), so z* is
a monomial in z¥, ..., z% such that z* ¢ I'¥l and z*xk € I for i =1,...,d. Then
it is clear that there exists a monomial z in 1, ..., 24 such that z¥ = 2*, so 2 ¢ I

(since 2* ¢ IM) and zx; € I (by (4.14), since z*z¥ € IFl). Therefore z is an I

-corner-element, so z = z, for some p = 1,...,m, so z* = ¢ = z;;. Therefore it
follows that 2f,..., z* are all the I*l -corner-elements (for z¥,...,z%) so it follows

from (4.1) that I* = N{P(zF);5=1,...,m}.
Finally, fix j € {1,...,m} and let z; = z{* ---z3*. Then 2} = ghor ... ghae —
(z§) - (xh)®, so it follows from (2.1.2) that P(zF) = ((zf)=*!,..., (z§)* R

and that P(z;) = (z{*,...,2% TR, so it follows that P(z;“) = (P(z)).
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Therefore it follows from the preceding paragraph that I'*) = N{(P(z;))*]);j =
1,...,m}, O

The final result in this section shows that the I -corner-elements determine the

Ik _corner-elements.

(4.16) Corollary. With the notation of (4.15), c¢(I) = c¢(I'*) (see (3.9)). More
specifically, if z1, ..., zm are the I -corner-elements, and if z; = x{"" --- ", then
the I¥! _corner-elements are the m monomials zJ(k) = w]faj’lJrk_l . wgaj’d+k_1.

Proof. This follows immediately from (4.15) and (4.8), O

5. A Related Irredundant Irreducible Decomposition. Let I be a monomial
ideal in a local ring (R, M) such that Rad(I) = Rad(X). Then the main result in
this section, (5.1), gives a decomposition of I + M (I : X) that is closely related to
(4.1).

(5.1) Theorem. Assume that R is local with mazimal ideal M, let I be a monomial
ideal such that Rad(I) = Rad(X), let z1,..., 2y, be the I -corner-elements, and for
Jj=1,...,m let Q; be mazimal in S; = {Q;Q is an ideal in R, P(z;) C Q, and
zj ¢ Q}. Then each Q; is irreducible, jrrjl Q; is an irredundant intersection, and

(ﬁl Q)NI:X)=1+M({I:X).

Proof. Fix j € {1,...,m}. Then P(z;) € S;, by (2.3), so S; is not empty, so there
exists an ideal (); that is maximal with respect to being in S;. Then each ideal
that properly contains ); must contain z;, so (); is irreducible.

Also, zj € P(z) CQ; forie {1,...,j—1,5+1,...,m} (by (3.3)) and z; ¢ Q,
SO jFi Q; is an irredundant intersection.

Further, since z;M C z;R, it follows that z;M C Q;, and I + (21,...,2j_1,
Zjt1,---2m)R C P(z;) C Qj, by (3.3) and (4.1), so it follows from (3.7) that I +
M :X)CI+ (21,.--,2j-1,%j+1,---2m)R + z;M C @Q;. Therefore it follows
that T+ M(I: X) C (ﬁl Q;) N (I: M).

Finally, if y € (Trrﬁbl Q)N : M), theny = > s;fi+ > rjz; (by (3.7), where I =
Jj= i=1 j=1
(f1s---, fn)R) and y is in each Q. However, since I+(21,...,2j-1,2j41,-- -, 2m )R+

ziM C Q; and z; ¢ @Q;, it follows that 7,z; € Q;, hence r; € Q; : z;R = M. Since
this holds for each j =1,...,m it follows that y € I + M (I : X), O
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(5.2) Remark. It is readily checked that the following are equivalent for two
ideals J and Y in a local ring (R, M): (a) M(J :Y)C J;(b) J:Y =J: M; (c)
J:(J:Y)= M. If any of (a) - (c) hold with I and X in place of J and Y, then
X = M and R is a regular local ring.

Proof. 1t follows from [T, Theorem 6] that I : (I : X) is generated by monomials, so
if any of (a) - (c) hold, then in particular (c) holds, so M is generated by monomials.
But every ideal generated by monomials is contained in X, so M = X is generated

by an R -sequence, hence R is a regular local ring, [

(5.3) Corollary. With the notation of (5.1) assume that R is a regqular local ring
with mazimal ideal M = X. Then I = N{Q;;j = 1,...,m} is an irredundant
irreducible decomposition of I and Q; = P(z;) forj=1,...,m.

Proof. Since X = M, M(I : X) C I, so (5.1) shows that (jﬁl Q)N :M)=1,
hence (jrr_rﬁb1 (Q;/D)N((I:M)/I)=1/I. Also, (I : X)/I = (I:M)/I is the socle
of R/I, and it is shown in [HRS3, (3.3.2)] that (jﬁl (@Q;/I)N((I: M)/I) = (0)
if and only if ﬁl (Q;/I) = (0). It therefore follows that T = N{Q;;j = 1,...,m},
and (5.1) shows that this is an irredundant intersection of irreducible ideals.

To see that Q; = P(z;) for j = 1,...,m, fix j € {1,...,m} and note that it
is shown in (4.1) that I = N{P(z;);j = 1,...,m}. Since R is regular, it follows
that each parameter ideal P(z;) is irreducible. Also, P(z;) C Q;, by construction
(see (5.1)). Further, it is shown in [HRS3, (3.6)] that there are no containment
relations among the ideals in IC(I) = {g; there exists an irredundant irreducible
decomposition of I with ¢ as a factor}. Therefore it follows that Q; = P(z;) for
7=1....m, O

(5.4) Remark. If either M # X or if R is a Gorenstein local ring, but not
regular, in (5.3), then the parameter ideal P(z;) is irreducible and every monomial
ideal that contains P(z;) must contain z; (by (3.16), since z; is the unique P(z;)
-corner-element, by (4.3)). However, there are ideals that contain P(z;) that are not
monomial ideals, so the unique cover of P(z;) is properly contained in (P(z;), 2;) R,

and hence P(z;) C @, in (5.1).

6. Parametric and Irreducible ideals. In this section we prove a few additional
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results concerning parameter ideals and their relation to irreducible ideals.

(6.1) Proposition. Consider the following statements about a monomial ideal I
such that Rad(I) = Rad(X):

(6.1.1) T has exactly one corner-element.

(6.1.2) I is a parameter ideal.

(6.1.8) 1 is irreducible.

Then (6.1.3) = (6.1.1) < (6.1.2), and all three statements are equivalent when R
is Cohen-Macaulay and Rad(X) = P is a prime ideal such that Rp is a Gorenstein
local ring of altitude d.

Proof. Since Rad(I) = Rad(X), (4.1) shows that I = N{P(z;);j = 1,...,m},
where z1,...,z,, are the I -corner-elements. Therefore if I is irreducible, then
m =1, so (6.1.3) =(6.1.1).

(4.1) shows that (6.1.1) = (6.1.2).

Assume that (6.1.2) holds and let I = (2{*,...,2%*)R. Then 2*~'... 2% ! is
the unique I -corner-element (since I : X = 2§*~"... 2% R), s0 (6.1.2) = (6.1.1).

Finally, if R is Cohen-Macaulay and Rad(X) = P is a prime ideal such that
Rp is a Gorenstein local ring, then it readily follows from (4.3) that (6.1.1) =
(6.1.3), O

(6.2) Remark. (6.1) provides an alternate proof that open monomial ideals are
finite intersections of parameter ideals in Gorenstein local rings. Specifically, let Q
be such an ideal. If @ is irreducible, then @ is a parameter ideal by (6.1). If Q) is not
irreducible, then @ is the intersection of two monomial ideals that properly contain
it. (Forif@Q = (fi1,...,fn)Rand fi = 27" -~ 2" issuch that e; ; > 1 and e; > 1,
then @ = Q1NQ2, where Q1 = (f1,..., ficy,af"" a5 - 2§, fip1,..., fa)R
and Q2 = (f1,..., fi—1, 27" - -wzi’k_l e w(ej’d, fix1y---y fn)R.) Therefore by in-
duction on the (finite) number of monomial ideals between X and @ it follows that
the open monomial ideals @)1 and @)- are finite intersections of parameter ideals, so

Q is.

(6.3) characterizes the parameter ideals that are minimal with respect to con-

taining a given monomial ideal I.
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(6.3) Proposition. Let I be a monomial ideal such that Rad(I) = Rad(X) and
let @ be an ideal that is minimal in {q;I C q and q is a parameter ideal}. Then

Q = P(z) for some I -corner-element z.

Proof. By (4.1) and (6.1), @ = P(w) for the unique @ -corner-element w. Then
w ¢ @, sow ¢ I, hence fw is an I -corner-element for some monomial f by (3.15).
Then I C P(fw) C P(w) = @, and P(fw) is a parameter ideal. Therefore the

definition of @ shows that P(fw) = P(w), so w = fw is an I -corner-element, [

(6.4) Corollary. Let I C J be monomial ideals such that Rad(I) = Rad(X), and
let z1,...2m (resp., wi,...,wy) be the I (resp. J) -corner-elements. Then each

P(w;) contains some P(z;) and then z; € w;R.

Proof. Let P(I) = {¢;I C q and q is a parameter ideal}. Then I C J C P(w;) for
i=1,...,n, by (4.1), so each P(w;) € P(I). Fixi € {1,...,n}. Then P(w;) €
P(I), so P(w;) contains an ideal ¢ that is minimal in P(I). Then ¢ = P(z;) for
some I -corner-element z;, by (6.3), so P(z;) € P(w;), and it is readily checked
that this implies that z; € w; R, [

In our final result, by “Q is an irreducible component of I” we mean that there
exists a decomposition N{Q;;j = 1,...,m} of I as an irredundant finite intersection

of irreducible ideals (); such that Q = @; for some j =1,...,m.

(6.5) Corollary. Let I be a monomial ideal such that Rad(I) = Rad(X) and let
Q be minimal in {q; I C q and q is an irreducible monomial ideal in R}. If R is a

Gorenstein local ring, then Q is an irreducible component of I.

Proof. If R is a Gorenstein local ring, and if @) is an irreducible monomial ideal,
then @ is a parameter ideal, by (6.1), so this follows immediately from (6.3) and
(4.1), O
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