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ABSTRACT. In this monograph the authors gather together results and exam-
ples from their work of the past two decades related to power series rings and
to completions of Noetherian integral domains.

A major theme is the creation of examples that are appropriate inter-
sections of a field with a homomorphic image of a power series ring over a
Noetherian domain. This technique goes back to work of Akizuki in the 1930s
and Nagata in the 1950s. In certain circumstances, such an intersection is
computable as a directed union, and the Noetherian property for the associ-
ated directed union is equivalent to a flatness condition. This flatness criterion
simplifies the analysis of several classical examples and yields new examples
such as

e A catenary Noetherian local integral domain of any specified dimension
bigger than one that has geometrically regular formal fibers and is not
universally catenary.

e A three-dimensional non-Noetherian unique factorization domain B such
that the unique maximal ideal of B has two generators; B has precisely
n prime ideals of height two, where n is an arbitrary positive integer;
and each prime ideal of B of height two is not finitely generated but all
the other prime ideals of B are finitely generated.

e A two-dimensional Noetherian local domain that is a birational extension
of a polynomial ring in three variables over a field yet fails to have Cohen-
Macaulay formal fibers. This also demonstrates that Serre’s condition
S1 need not lift to the completion. It is related to an example of Ogoma.

Another theme is an analysis of extensions of integral domains R — S
having trivial generic fiber, that is, every nonzero prime ideal of S has a nonzero
intersection with R. Motivated by a question of Hochster and Yao, we present
in Chapters 29, 30 and 31 results about

o The height of prime ideals maximal in the generic fiber of certain exten-
sions involving mixed power series/polynomial rings.

e The prime ideal spectrum of a power series ring in one variable over a
one-dimensional Noetherian domain.

e The dimension of S if R < S is a local map of complete local domains
having trivial generic fiber.

A third theme relates to the questions:
e What properties of a Noetherian domain extend to a completion?
e What properties of an ideal pass to its extension in a completion?
e What properties extend for a more general multi-adic completion?
We give an example of a three-dimensional regular local domain R having a
prime ideal P of height two with the property that the extension of P to the
completion of R is not integrally closed.

All of these themes are relevant to the study of prime spectra of Noether-
ian rings and of the induced spectral maps associated with various extensions
of Noetherian rings. We describe the prime spectra of various extensions in-
volving power series.



Contents

Preface
Chapter 1. Introduction

Chapter 2. Tools
2.1.  Conventions and terminology
2.2. Basic theorems
2.3. Flatness
Exercises

Chapter 3. More Tools
3.1. Introduction to ideal-adic completions
3.2. Basic theorems about completions
3.3. Chains of prime ideals, fibers of maps and excellence
Exercises

Chapter 4. First Examples of the Construction
4.1. Elementary examples
4.2. Historical examples
4.3. TIterative examples
Exercises

Chapter 5. Describing the Construction
5.1. Two construction methods and a picture
5.2.  Universality
Exercises

Chapter 6. Two Approximations and their Connection
6.1. Approximations for Inclusion Construction
6.2. Approximations for Homomorphic Image Construction
6.3. The Inclusion Construct is a Homomorphic Image Construct
6.4. Basic properties of the approximation domains
Exercises

Chapter 7. Revisiting the Iterative Examples
7.1. Properties of the iterative examples
7.2. Residual algebraic independence
Exercises

Chapter 8. Building Noetherian domains
8.1. Flatness and the Noetherian property
8.2.  The Inclusion Version

ix

10
12
14

17
17
19
21
23

27
27
28
31
32

35
35
37
39

41
41
45
47
49
o4

99
55
58
63

65
65
69



vi CONTENTS

Exercise

Chapter 9. Examples where flatness holds
9.1. Polynomial rings over special DVRs
9.2. Transfer to the intersection of two ideals
9.3. Regular maps and geometrically regular formal fibers
Exercises

Chapter 10. Introduction to the insider construction
10.1. The Nagata example
10.2. Other examples inside a Localized Polynomial Example

Chapter 11. The flat locus of a polynomial ring extension
11.1. Flatness criteria
11.2. The Jacobian ideal and the smooth and flat loci
11.3. Applications to polynomial extensions
Exercises

Chapter 12. Height-one primes and limit-intersecting elements
12.1. The limit-intersecting condition
12.2. Height-one primes in extensions of integral domains
Exercises

Chapter 13. Insider construction details,
13.1. Describing the construction
13.2. The flat locus of the insider construction
13.3. The non-flat locus of the insider construction

Chapter 14. Excellent rings: motivation and explanation

Chapter 15. Integral closure under extension to the completion
15.1. Integral closure under ring extension
15.2. Extension to the completion
15.3. Comments and Questions

Chapter 16. Catenary local rings with geometrically normal formal fibers

16.1. Introduction

16.2. Geometrically normal formal fibers

16.3. A method for constructing examples

16.4. Examples that are not universally catenary

16.5. Regular maps and geometrically regular formal fibers
Exercises

Chapter 17.  Non-Noetherian insider examples of dimension 3,
17.1. Introduction
17.2. A family of examples in dimension 3
17.3.  Verification of the three-dimensional examples
Exercises

Chapter 18. Non-Noetherian insider examples of dimension 4,
18.1. Introduction
18.2. A 4-dimensional prime spectrum

70

71
71
76
78
79

81
81
83

85
85
87
91
94

97
97
100
102

105
105
106
107

109

115
115
118
120

123
123
125
128
129
132
132

133
133
133
137
143

145
145
145



CONTENTS vii

18.3. Verification of the example 147
Exercises 153
Chapter 19. Idealwise algebraic independence 155
19.1. Introduction 155
19.2. Introduction 159
19.3. Background 160
19.4. 2. Idealwise independence, weakly flat and PDE extensions 164
19.5. 3. Primary independence 169
19.6. Residual algebraic independence 173
19.7. Idealwise independence and flatness 178
19.8. Composition, base change and polynomial extensions 182
19.9. Passing to the Henselization 186
19.10. Summary diagram for the independence concepts 189
Chapter 20. The first Noetherian theorem 191
20.1. Introduction 191
Chapter 21. Properties of ring extensions 193
21.1. Independence properties for elements 193
21.2. Related properties for extensions 193
Chapter 22. Intermediate rings between a local domain and its completion 195
22.1. Background 196
22.2.  Outline 197
22.3. Background material 198
22.4. Intersections and directed unions 199
22.5. Limit-intersecting elements 202
22.6. Some examples 209
22.7. Corrigendum to “Intermediate rings ...”, 216
Chapter 23. Noetherian rings between a semilocal domain and its completion 217
23.1. Introduction 217
23.2. Preserving Noetherian under directed unions of localized polynomial
extensions 218
23.3.  Applications and a classical construction of Noetherian rings 224
Chapter 24. A non-Noetherian limit-intersecting example 229
24.1. An example where B = A is non-Noetherian 229
Chapter 25. Approximating discrete valuation rings by regular local rings 239
25.1. Introduction 239
25.2. Expressing a DVR as a directed union of regular local rings 240
25.3.  Proof of Theorem 25.3 241
25.4. More general valuation rings as directed unions of RLRs 244
Chapter 26. Intermediate rings between a local domain and its completion IT 247
26.1. Introduction 247
26.2. Flatness criteria 248
26.3. Cohen-Macaulay formal fibers and Ogoma’s example 252
26.4. Related examples not having Cohen-Macaulay fibers 253



viii CONTENTS

Chapter 27. Building Noetherian and non-Noetherian integral domains using

power series 259

27.1. Noetherian results 259
27.2. Flatness, approximations 259
27.3. Explicit constructions 260
Chapter 28. What properties extend to an ideal-adic completion? 263
28.1. Associated graded rings of ideals under completion 264
28.2. The Sy condition and completion 265
Chapter 29. Generic formal fibers of mixed power series/polynomial rings 267
29.1. Introduction and Background 267
29.2. Variations on a theme of Weierstrass 269
29.3.  Weierstrass implications for the ring B = K[[X]] [Y]x v) 276
29.4.  Weierstrass implications for the ring C' = K[Y]y[[X]] 279
29.5. Subrings of the power series ring K[|z, t]] 281
29.6. Weierstrass implications for the localized polynomial ring A 283
29.7. Generic fibers of power series ring extensions 286

Chapter 30. Mixed polynomial/power series rings and relations among their

spectra 289

30.1. Introduction and Background 289
30.2. Trivial generic fiber (TGF) extensions and prime spectra 291
30.3. Spectra for two-dimensional mixed polynomial/power series rings 293
30.4. Higher dimensional mixed power series/polynomial rings 297
Chapter 31. Extensions of local domains with trivial generic fiber 303
31.1. Introduction 303
31.2. General remarks about TGF extensions 304
31.3. TGF-complete extensions with finite residue field extension 305
31.4. The case of transcendental residue extension 309
Chapter 32. Multi-ideal-adic Completions of Noetherian Rings 313
32.1. Introduction 313
32.2. Basic mechanics for the multi-adic construction 314
32.3. Preserving Noetherian under multi-adic completion 317
32.4. Preserving excellence or Henselian under multi-adic completion 320
Bibliography 323

Index 331



Preface

The authors have had as a long-term project the creation of examples using
power series to analyze and distinguish several properties of commutative rings
and their spectra. This monograph is our attempt to expose the results that have
been obtained in this endeavor, to put these results in better perspective and to
clarify their proofs. We hope in this way to assist current and future researchers in
commutative algebra in utilizing the techniques described here.

William Heinzer, Christel Rotthaus, Sylvia Wiegand






CHAPTER 1

Introduction

Over the past eighty years, important examples of Noetherian integral domains
have been constructed using power series, homomorphic images and intersections.
The basic idea is that, starting with a typical Noetherian integral domain R such as
a polynomial ring in several indeterminates over a field, we look for more unusual
Noetherian and non-Noetherian extension rings inside a homomorphic image S of
an ideal-adic completion of R. An ideal-adic completion of R is a homomorphic
image of a power series ring over R; see Section 3.1 of Chapter 3. The constructed
ring A has the form A := L N S, where L is a field between the field of fractions of
R and the total quotient ring of S.

We have the following major goals:

(1) To construct new examples of Noetherian rings, continuing a tradition
that goes back to Akizuki and Schmidt in the 1930s and Nagata in the
1950s.

(2) To construct new non-Noetherian integral domains that illustrate recent
advances in ideal theory.

(3) To study birational extensions of Noetherian local domains; this is related
to Zariski’s constructions of valuation rings that are birational approxi-
mations of Noetherian local domains.

(4) To consider the fibers of an extension R < R*, where R is a Noether-
ian domain and R* is the completion of R with respect to an ideal-adic
topology, and to relate these fibers with birational extensions of R.

These objectives form a complete circle, since (4) is used to accomplish (1).

The development of this popular technique to create interesting new rings from
well-known ones goes back to work of Akizuki in [7], Schmidt in [98] and Nagata
in [78]. This work is continued by Ferrand-Raynaud [29], Lequain [66], Nishimura
[80], Rotthaus [91], [92], Heitmann [58], Ogoma [84], [85], Brodmann-Rotthaus
[11], [12], and Weston [109]. The present authors have been captivated by this
technique and have been examining it for a number of years. Several chapters of this
monograph (for example, see Chapters 4, 5, 6, 8, 22, 23, 17) contain a reorganized
development of previous work of the present authors on this technique.

This construction technique is universal in the following sense: Every Noether-
ian local domain A having a coefficient field k£ and having field of fractions L such
that L is finitely generated over k is such an intersection L N S, where S = ﬁ/ 1
and I is a suitable ideal of the m-adic completion R of a Noetherian local domain
(R,m). Furthermore we can choose R so that k is also a coefficient field for the
ring R, L is the field of fractions of R and R is essentially finitely generated over k;
see Section 5.2 of Chapter 5.
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In his 1935 paper Akizuki gives an example in characteristic zero of a one-
dimensional Noetherian local domain that is analytically ramified [7], while Schmidt
gives such an example in positive characteristic [98, pp. 445-447].! An example
due to Nagata is given in [79, Example 3, pp. 205-207]. (See also [79, (32.2), p.
114].)

In Chapter 4 (Example 4.8) we consider another example constructed by Na-
gata. This is the first occurence of a two-dimensional regular local domain con-
taining a field of characteristic zero that fails to be a Nagata domain. Because the
example is not Nagata, it is also not excellent. For the definition and information
on Nagata rings and excellent rings see Definitions 2.3.1 and 3.27 in Sections 2.1
and 3.3 We describe in Example 4.10 a construction due to Rotthaus of a Nagata
domain that is not excellent.

An interesting construction first introduced by Ray Heitmann in [58, page 126]
shows how to adjoin a transcendental power series in an element a to the ring R
in a way that is consistent with the (a)-adic completion. In a 1997 article [39,
Theorem 2.8], the present authors adapted the construction of Heitmann to prove
a semilocal inclusion version of the Noetherian Flatness Theorem 8.8 of Chapter §;
see Remark 8.9.2.

We consider this construction in the more general context of an arbitrary Noe-
therian integral domain in Chapter 5. We apply the construction, and its natural
generalization to finitely many transcendental power series in the (a)-adic comple-
tion R* of R in order to exhibit Noetherian extension domains inside R*.

In the foundational work of Akizuki, Nagata and Rotthaus (and indeed in
most of the papers cited above) the description of the constructed ring A as an
intersection A := LN.S, where L is a field between the field of fractions of R and the
total quotient ring of .S, is not explicitly stated. Instead A is defined as a direct limit
or directed union of subrings. The fact that in certain circumstances the intersection
domain A may be computable as a directed union is crucial to our development of
this technique; the description of A as an intersection is often unfathomable. There
is sometimes a natural direct limit domain B associated with A such that B C A.
We examine conditions for A to equal B. This motivates our formulation of the
limit-intersecting property that we define in Chapter 6 (Definition 6.5) and discuss
in Chapter 12.

In Chapters 4 to 12, we develop the construction using an ideal-adic completion
with respect to a principal ideal. We construct two integral domains:

(1) An “intersection” integral domain of the form A := L NS as above, the

intersection of a field L with a power series ring .S, and

(2) An integral domain B that approximates A and is more easily computable,

sometimes as a nested union of localized polynomial rings.?

To see a specific example, consider the ring R := Q[z,y|, the polynomial ring
in the variables « and y over the field Q of rational numbers. Let S be the formal
power series ring Q[[x, y]] and let L be the field Q(z, y, e, e¥).? Since z—y is a factor
of e” —e¥, the intersection domain A = Q(z,y, e”, e¥)NQ|[z, y]] is larger than might

1For the definition of analytically ramified and most other terminology used here, see Chap-
ters 2 and 3.

2The details of the construction of B are given in Chapter 6.

3This example with power series in two variables may be realized by taking first the (z)-adic
completion R* and then taking the (y)-adic completion of R*.
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be expected. In this example, the intersection domain A is Noetherian, whereas
the approximation domain B is not Noetherian. More details about this example
are given in Chapter 4 (Example 4.4, Theorem 4.12), Chapter 7 (Theorem 7.2,
Example 7.3) and Chapter 8 (Example 8.11).

A primary task of our study is to determine for a given Noetherian domain R
whether the ring A := L NS is Noetherian. Here the ring S is a homomorphic
image of an ideal-adic completion of R and L is a subfield of the total quotient
ring of S that contains R. An important observation related to this task is that
the Noetherian property for the associated direct limit ring B is equivalent to a
flatness condition; see Chapter 8, Theorem 8.3. Whereas it took only about a page
for Nagata [79, page 210] to establish the Noetherian property of his example, for
the example of Rotthaus [91, pages 112-118], the proof of the Noetherian property
took 7 pages. The results presented in Chapter 8 establish the Noetherian property
rather quickly for this and other examples.

In the case when S = R*, and L is an intermediate field between R and the
total quotient ring of R*, the integral domain A = L N R* sometimes inherits nice
properties from R* such as the Noetherian property. If the approximation domain
B is Noetherian, then B is equal to the intersection domain A. However, as we
demonstrate with examples, the converse fails; it is possible for B to be equal to A
and not be Noetherian, If B is not Noetherian, we can sometimes identify the prime
ideals of B that are not finitely generated. If a ring has exactly one prime ideal
that is not finitely generated, that prime ideal contains all nonfinitely generated
ideals of the ring.

In Chapters 7, 10, and 17, we adjust the construction from Chapters 4-9. An
“insider” technique is introduced in Chapter 10 for building new examples inside
more straightforward examples constructed as above. Using the insider process,
the verification of the Noetherian property for the constructed rings is streamlined.
Even if one of the constructed rings is not Noetherian, the proof is simplified. We
analyze classical examples of Nagata and others from this viewpoint. Chapter 7
contains an investigation of more general rings that involve power series in two
variables  and y over a field k as with the specific example mentioned above. In
Chapters 17 and 18, we construct low-dimensional non-Noetherian integral domains
that are strangely close to being Noetherian: One example is a three-dimensional
local unique factorization domain B inside k[[x,y]]; the ring B has maximal ideal
(z,y)B and exactly one prime ideal that is not finitely generated.

Recently there has been considerable interest in non-Noetherian analogues of
Noetherian notions such as the concept of a “regular” ring. Rotthaus and Sega in
[97] show that the rings B constructed in Chapters 17 and 18, even though non-
Noetherian, are coherent regularlocal rings in the sense that every finitely generated
submodule of a free module has a finite free resolution; see [97] and Remark 17.11.4

One of our additional goals is to consider the two questions: “What properties
of a ring extend to a completion?” and “What properties of the base ring R are pre-
served by the construction?” Chapter 15 contains an example of a three-dimensional
regular local domain (A, n) with a height-two prime ideal P such that the extension

4Rotthaus and Sega show more generally that rings constructed with Insider Construc-
tion 13.1 are coherent regular if R = k[z,y1 ... vyr](z,yl.'.,yr]) is a localized polynomial ring over
a field k, m =1, r,n € N and 71,...,7, are algebraically independent elements of zk[[z]]. Such
rings can have arbitrarily large Krull dimension, whereas the rings constructed in Chapters 17
and 18 have dimension 3 or 4.
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PA to the n-adic completion of A is not integrally closed. In Chapter 16 we prove
that the Henselization of a Noetherian local ring having geometrically normal for-
mal fibers is universally catenary; we also present for each integer n > 2 a catenary
Noetherian local integral domain having geometrically normal formal fibers that is
not universally catenary. We present in Chapter 14 a brief exposition of excellent
rings. In some cases we identify when the constructed ring is excellent; for example,
see Chapter 9 (Polynomial Example Theorems 9.2, 9.5 and 9.7) and Chapter 17.

Assume the ring R is a unique factorization domain (UFD) and R* is the (a)-
adic completion of R with respect to a prime element a of R. We observe that the
approximation domain B is then a UFD; see Proposition 6.21.

Since the Noetherian property for the approximation domain is equivalent to
the flatness of a certain homomorphism, we devote considerable time and space to
exploring flat extensions. We present results involving flatness in Chapters 9, 11
and 12.

The idealwise construction in Chapter 19 is of a nature different from the
construction in Chapters 4 and 5. Let (R,m) be a excellent normal local do-
main and let R denote the m-adic completion of R, we consider D := LN E,
where L is a purely transcendental extension of the field of fractions K of R; say
L =K(r,72,...,Tn), where 71,7a,...,7, € R are algebraically independent over
K. The elements 11, ..., 7, are said to be idealwise independent, if K (71, ... ,Tn)ﬁﬁ
equals the localized polynomial ring R[ry, .. .,Tn](m,n’”_,.,-n). The idealwise con-
struction demonstrates that the intersection domain can sometimes be small or
large, depending on whether expressions in the power series have additional prime
divisors. The consideration of idealwise independent elements leads to other re-
lated flatness conditions, namely two other concepts of independence over R for
algebraically independent elements 71, ..., 7, of m. A summary of the analysis and
properties related to the idealwise independence definition is given in Chapter 19.

In later chapters of this monograph, we study prime ideals and their relations in
mixed power series/polynomial extensions of low-dimensional rings. For example,
we describe the prime ideal structure of the power series ring R[[z]] over a one-
dimensional Noetherian domain R, as well as the prime ideal structure of k[[x]][y],
where k is a field in Chapter 30. We analyze the generic formal fibers of mixed
power series in Chapter 29. Motivated by a question of Hochster and Yao, we
consider in Chapter 31 ring extensions S < T having trivial generic fiber; that is,
every nonzero prime ideal of T intersects S in a nonzero prime ideal.

The topics of this book include the following;:

(1) Flatness properties of maps of rings, Chapters 8, 9, 11, 12, 19 and 22.

(2) Preservation of properties of rings and ideals under passage to completion,
Chapters 15 32 and 28.

(3) The catenary and universally catenary property of Noetherian rings, Chap-
ter 9 and 16.

(4) Excellent rings and geometrically regular and geometrically normal formal
fibers, Chapters 9, 14 and 16.

(5) Examples of non-Noetherian local rings having Noetherian completions,
Chapter 17 and 18.

(6) The prime ideal structure of certain rings, Chapters 17, 29, 30, and 31.

(7) The approximation of a DVR using higher dimensional regular local rings,
Chapter 25.
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Trivial generic fiber extensions, Chapters 29, 30, and 31.
Transfer of the excellence property, Chapter 23.

Birational extensions of Noetherian integral domains, Chapter 8.
Multi-ideal-adic completions, Chapter 32.

(

(8
(9
10
(11

—_






CHAPTER 2

Tools

In this chapter we review conventions and terminology, state several basic the-
orems and review the concept of flatness of modules and maps.

2.1. Conventions and terminology

We generally follow the notation of Matsumura [73]. We also reference Dummit
and Foote [24] for more elementary concepts. Thus by a ring we mean a commuta-
tive ring with identity, and a ring homomorphism R — .S maps the identity element
of R to the identity element of S. The set of prime ideals of a ring R is denoted
Spec R. The set Spec R is naturally a partially ordered set with respect to inclusion.
For an ideal I of a ring R, let

V() = {Pe€SpecR|ICP}.

The Zariski topology on Spec R is obtained by defining the closed subsets to be the
sets of the form V(I) as I varies over all the ideals of R.

We use Z to denote the ring of integers, N for the positive integers, Ny the non-
negative integers, Q the rational numbers, R the real numbers and C the complex
numbers.

Regular elements. An element r of a ring R is said to be a zerodivisor if
there exists a nonzero element a € R such that ar = 0, and r is a reqular element
if r is not a zerodivisor. The total ring of fractions of the ring R, denoted Q(R),
is the localization of R at the multiplicatively closed set of regular elements, thus
Q(R):={a/b|a,be Randbis aregular element }. There is a natural embedding
R — Q(R) of a ring R into its total ring of fractions Q(R), where r — { for every
r e R.

An integral domain, sometimes called a domain or an entire ring, is a nonzero
ring in which every nonzero element is a regular element. If R is a subring of an
integral domain S and S is a subring of Q(R), we say S is birational over R, or a
birational extension of R.

Krull dimension. The Krull dimension, or briefly dimension, of a ring R,
denoted dim R, is n if there exists a chain Py C Py € --- C P, of prime ideals of
R and there is no such chain of length greater than n. We say that dim R = oo if
there exists a chain of prime ideals of R of length greater than n for each n € N.
For a prime ideal P of a ring R, the height of P, denoted ht P, is dim Rp, where
Rp is the localization of R at the multiplicatively closed set R\ P.

Unique factorization domains. An integral domain R is a unique factor-
ization domain (UFD) if every nonzero nonunit of R is a finite product of prime
elements; an element p € R is prime if pR is a prime ideal.

In a UFD every height-one prime ideal is principal.

7
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Local rings. If a ring R (not necessarily Noetherian) has a unique maximal
ideal m, we say R is local and write (R, m) to denote that R is local with maximal
ideal m. If (R, m) and (S,n) are local rings, a ring homomorphism f: R — S is a
local homomorphism if f(m) C n.

Let (R, m) be a local ring. A subfield k of R is said to be a coefficient field for
R if the composite map k < R — R/m defines an isomorphism of k£ onto R/m.

If (R,m) is a subring of a local ring (S,n), then S is said to dominate R if
m = n N R, or equivalently, if the inclusion map R < S is a local homomorphism.
The local ring (S,n) is said to birationally dominate (R,m) if S is an integral
domain that dominates R and S is contained in the field of fractions of R.

Jacobson radical. The Jacobson radical J(R) of a ring R is the intersection
of all maximal ideals of R. An element z of R is in J(R) if and only if 1 4+ 2r is a
unit of R for all r € R.

If T is a proper ideal of R, then 1+ 1:={ 14 a | a € I } is a multiplicatively
closed subset of R that does not contain 0. Let (1 + I)~'R denote the localization
R141) of R at the multiplicatively closed set 1+ I, [73, Section 4]. If P is a prime
ideal of R and PN (1+1) =0, then (P+1I)N(1+1I) = (. Therefore I is contained
in every maximal ideal of (14 I)"*R, so I C J((1 + I)"'R). In particular for the
principal ideal I = zR, where z is a nonunit of R, we have z € J((1 + zR)"'R).

Finite type. An extension ring S of a ring R is of finite type over R if S
is finitely generated as an R-algebra. An extension ring S of R is essentially of
finite type over R if S is a localization at some multiplicatively closed subset of an
extension ring of R of finite type. We also say that S is essentially finitely generated
in this case.

Symbolic powers. If P is a prime ideal of a ring R and e is a positive integer,
the e™ symbolic power of P, denoted P(®), is defined as

P := {ae€R|abe P°forsomebe R \ P }.

Valuation domains. An integral domain R is a valuation domain if for each
element a € Q(R) \ R, we have a~! € R. A valuation domain R is called a discrete
valuation ring (DVR) if R is Noetherian and not a field, or equivalently, if R is a
local principal ideal domain (PID) and not a field.

REMARK 2.1. If R is a valuation domain with field of fractions K and F' is a
subfield of K, then RN F' is again a valuation domain and has field of fractions F’
[79, (11.5)]. If R is a DVR and the field F is not contained in R, then RN F is
again a DVR [79, (33.7)].

Integral closure, normal domains. An integral domain R is said to be
integrally closed provided it satisfies the following condition: for every monic poly-
nomial f(x) in the polynomial ring R[z], if a € Q(R) is a root of f(z), then
a € R. The ring R is a normal ring if for each P € Spec R the localization Rp
is an integrally closed domain [73, page 64]. If R is a Noetherian normal ring and
P1,--.,Pr are the minimal primes of R, then R is isomorphic to the direct product
R/p1 x-+- X R/p, and each R/p; is an integrally closed domain. Since a nontrivial
direct product is not local, a normal Noetherian local ring is a normal domain.

If R is a normal Noetherian integral domain and L is a finite separable algebraic
field extension of Q(R), then the integral closure of R in L is a finite R-module by
[73, Lemma 1, page 262] or [79, (10.16)]. Thus, if R is a normal Noetherian integral



2.1. CONVENTIONS AND TERMINOLOGY 9

domain of characteristic zero, then the integral closure of R in a finite algebraic
field extension is a finite R-module.

The order function associated to an ideal. Let I be a nonzero ideal of a
ring R such that (2, I™ = (0). Adopt the convention that I° = R, and for each
nonzero element r € R define

ordp (r) == n if rel™ \ 1"

REMARK 2.2. With R, I and ordp ; as above, consider the following two prop-
erties for nonzero elements a, b in R:

(1) If a+b#0, then ordg ;(a + b) > min{ordg ;(a),ordg 1(b)}.

(2) ordRJ(ab) = ordRJ(a) + OI‘dRJ(b).
Clearly the function ordg,; always satisfies item 1. If ordg ; satisfies item (2) for
all nonzero a,b in R, then the function ordg ; extends uniquely to a function on
Q(R) \ (0) by defining ordg ;($) := ordg (a) — ordg,;(b) for nonzero elements
a,b € R, and the set

V= {qg €Q(R) \ (0)|ordns(g) > 0} U {0}

is a DVR. Therefore if item (2) holds for all nonzero a,b in R, then R is an integral
domain and I is a prime ideal of R.

Let A be a commutative ring and let R := A[[z]] = {f = > .2, fiz" | fi € R},
the formal power series ring over A in the variable z. With I := zR and f a
nonzero element in R, we write ord f for ordg ;(f). Thus ord f is the least integer
1 > 0 such that f; # 0. The element f; is called leading form of f.

In the case where (R, m) is a local ring, we abbreviate ordg m by ordg.

Regular local rings. A local ring (R, m) is a regular local ring (RLR) if R is
Noetherian and m can be generated by dim R elements. If (R, m) is a regular local
ring then R is an integral domain, and the function ordp satisfies the conditions of
Remark 2.2. The associated valuation domain

V:={q € Q(R)\ {0} | ordr(q) = 0} U {0}

is a DVR that birationally dominates R. If z € m\ m?, then V = RmM/x], pim/a),
where m/z = {y/z | y € m}.

We record the following definitions.

DEFINITIONS 2.3. Let R be a commutative ring.

(1) Ris called a Nagataring if R is Noetherian and, for every P € Spec R and
every finite extension field L of Q(R/P), the integral closure of R/P in L is
finitely generated as a module over R/P. In Nagata’s book [79] a Nagata
ring is called pseudo-geometric. It is clear from the definition that a
homomorphic image of a Nagata ring is again a Nagata ring. An important
result proved by Nagata is that a polynomial ring in finitely many variables
over a Nagata ring is again a Nagata ring [79, Theorem 36.5, page 132].

(2) An integral domain R is said to be a Krull domain if there exists a family
F = {Vx}area of DVRs of its field of fractions Q(R) such that

o R={1ycpVa, and
e Every nonzero element of Q(R) is a unit in all but finitely many of
the V)\.
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A unique factorization domain (UFD) is a Krull domain, and a Noetherian
integral domain is a Krull domain if and only if it is integrally closed. An
integral domain R is a Krull domain if and only if it satisfies the following
three properties:

e Rp is a DVR for each prime ideal P of R of height one.

o R=(){ Rp | P is a height-one prime }.

e Every nonzero element of R is contained in only finitely many height-

one primes of R.

If R is a Krull domain, then F = {Rp | P is a height-one prime } is the
unique minimal set of DVRs satisfying the properties in the definition of
a Krull domain [73, Theorem 12.3]. Moreover, for each nonzero nonunit
a of R the principal ideal aR has no embedded associated prime ideals
and a unique irredundant primary decomposition aR = g3 N --- N g If
p; = rad(g;), then R,, € F and ¢; is a symbolic power of p;; that is,

4 = pgei), where ¢; € N, [73, Corollary, page 88].

(3) Let R be a Krull domain and let R < S be an inclusion map of R into
a Krull domain S. The extension R — S satisfies the PDE condition
(“pas d’éclatement”, or in English “no blowing up”) provided that for
every height-one prime ideal @ in S, the height of @ N R is at most one
[28, page 30].

(4) A local ring (R, m) is Henselian provided the following holds: for every
monic polynomial f(x) € R[z] satisfying f(z) = go(z)ho(x) modulo m[z],
where go and hy are monic polynomials in R[z] such that

goR[z] + hoR[x] + m[z] = R]x],

there exist monic polynomials g(x) and h(z) in R[z] such that f(z) =
g(z)h(x) and such that both

g(z) — go(z) and h(z) — ho(z) € m|zx].

In other words, if f(x) factors modulo m[z] into two comaximal factors,
then this factorization can be lifted back to R[x]. Alternatively, Henselian
rings are rings for which the conclusion to Hensel’s Lemma holds [73,
Theorem 8.3].

DEFINITIONS 2.4. Let I be an ideal of a ring R.

(1) An element r € R is integral over I if there exists a monic polynomial
f(z) = 2"+ 3" a;z" " such that f(r) = 0 and such that a; € I’ for
each 7 with 1 <7 <mn.

(2) The integral closure I of I is the set of elements of R integral over I; T is

an ideal.

The integral closure of I is equal to I.

If I = I, then I is said to be integrally closed.

The ideal I is said to be normal if I™ is integrally closed for every n > 1.

If J is an ideal contained in I and JI"~! = I™, then .J is said to be a

reduction of I.

w

=~
D

Py

2.2. Basic theorems

Theorem 2.5 is a famous result proved by Krull that is now called the Krull
intersection theorem.
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THEOREM 2.5 (Krull [73, Theorem 8.10]). Let I be an ideal of a Noetherian
ring R.
(1) If I is contained in the Jacobson radical J(R) of R, then (\,—, I" =0,
and, for each finite R-module M, we have (\,_, I"M = 0.
(2) If I is a proper ideal of a Noetherian integral domain, then (),—; I"™ = 0.

Theorem 2.6 is another famous result of Krull that is now called the Krull
Altitude theorem.

THEOREM 2.6 (Krull [73, Theorem 13.5]). Let R be a Noetherian ring and let
I = (a1,...,a,)R be an ideal generated by r elements. If P is a minimal prime
divisor of I, then ht P < r. Hence the height of a proper ideal of R is finite.

To prove that a ring is Noetherian, it suffices by the following well-known result
of Cohen to prove that every prime ideal of the ring is finitely generated.

THEOREM 2.7 (Cohen [19]). If each prime ideal of the ring R is finitely gen-
erated, then R is Noetherian.

Theorem 2.8 is another important result proved by Cohen.

THEOREM 2.8 (Cohen [20]). Let R be a Noetherian integral domain and let S
be an extension domain of R. For P € SpecS and p = PN R, we have

ht P+ tr.deg.ppk(P) < htp + tr.deg.gS,
where k(p) is the field of fractions of R/p and k(P) is the field of fractions of S/P.
Theorem 2.9 is a useful result due to Nagata about Krull domains and UFDs.

THEOREM 2.9. [99, Theorem 6.3, p. 21] Let R be a Krull domain. If S is
a multiplicatively closed subset of R generated by prime elements and S™'R is a
UFD, then R is a UFD.

We use the following:

Fact 2.10. If D is an integral domain and c is a nonzero element of D such
that ¢D is a prime ideal, then D = D[1/c] N D¢p.

PrOOF. Let 8 € D[l/c] N D.p. Then B = L = Y for some b,b; € D,
s € D\ ¢D and integer n > 0. If n > 0, we have sb = ¢"by = b € ¢D. Thus we
may reduce to the case where n = 0; it follows that D = D[1/¢] N D¢p. O

REMARKS 2.11. (1) If R is a Noetherian integral domain and S is a multiplica-
tively closed subset of R generated by prime elements, then S~ R a UFD implies
that R is a UFD [99, Theorem 6.3] or [73, Theorem 20.2].

(2) If  is a nonzero prime element in an integral domain R such that Ryp
is a DVR and R[1/x] is a Krull, then by Fact 2.10, R is a Krull domain; and by
Theorem 2.9, R is a UFD if R[1/z] is a UFD.

(3) If R is a valuation domain with value group Z@®Z ordered lexicographically,
then the maximal ideal m of R is principal, say m = xR. It follows that R[1/x] is
a DVR, however, R is not a Krull domain.

The Eakin-Nagata Theorem is useful for proving descent of the Noetherian
property.
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THEOREM 2.12 (Eakin-Nagata [73, Theorem 3.7(i)]). If B is a Noetherian ring
and A is a subring of B such that B is a finitely generated A-module, then A is
Noetherian.

Krull domains have an approximation property with respect to the family of
DVRs obtained by localizing at height-one primes.

THEOREM 2.13 (Approximation Theorem [73, Theorem 12.6]). Let A be a Krull
domain with field of fractions K, let Py,..., P, be height-one primes of A, and let
v; denote the valuation with value group Z associated to the DVR Ap,, for each i
with 1 < ¢ < r. For arbitrary integers ey, ..., e, there exists x € K such that

vi(x) = e for 1 < i < r and v(z) > 0,
for every valuation v associated to a height-one prime of A not in the set {Py, ..., P.}.
An interesting result proved by Nishimura is

THEOREM 2.14 (Nishimura [80, Theorem, page 397], or [73, Theorem 12.7]).
Let R be a Krull domain. If R/ P is Noetherian for each P € Spec R withht P =1,
then R is Noetherian.

REMARK 2.15. It is observed in [37, Lemma 1.5] that the conclusion of The-
orem 2.14 still holds if it is assumed that R/P is Noetherian for all but at most
finitely many of the height one primes P of R.

Theorem 2.16 is useful for describing the maximal ideals of a power series ring
R[[z]]. Tt is related to the fact that an element f = ag + a12 + azx?® + - -- € R[[z]]
with the a; € R is a unit of R[[z]] if and only if a is a unit of R.

THEOREM 2.16 ([79, Theorem 15.1)). Let R[[z]] be the formal power series ring
in a variable x over a commutative ring R. There is a one-to-one correspondence
between the maximal ideals m of R and the maximal ideals m* of R[[x]] where m*
corresponds to m if and only if m* is generated by m and x.

As an immediate corollary of Theorem 2.16, we have

COROLLARY 2.17. The element x is in the Jacobson radical J(R[[x]]) of the
power series ring R[[x]]. In the formal power series ring S := R|[[x1,...,x4]], the
ideal (x1,...,2,)S is contained in the Jacobson radical J(S) of S .

Theorem 2.18 is an important result first proved by Chevalley.

THEOREM 2.18 (Chevalley, [17]). Let (R,m) be a Noetherian local domain.
There exists a DVR that birationally dominates R.

More generally, let P be a prime ideal of a Noetherian integral domain R. There
exists a DVR V' that birationally contains R and has center P on R, that is, the
maximal ideal of V intersects R in P.

2.3. Flatness

The concept of flatness was introduced by Serre in the 1950’s in an appendix
to his paper [100]. Mumford writes in [74, page 424]: “The concept of flatness is
a riddle that comes out of algebra, but which technically is the answer to many
prayers.”
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DEFINITIONS 2.19. A module M over a ring R is flat over R if tensoring with
M preserves exactness of every exact sequence of R-modules. The R-module M is
said to be faithfully flat over R if, for every sequence of R-modules

S: 0 Ml M27

S is exact if and only if S ®r M is exact.
A ring homomorphism ¢ : R — S is said to be a flat homomorphism if S is flat
as an R-module.

Flatness is preserved by several standard ring constructions as we record in
Remarks 2.20. There is an interesting elementwise criterion for flatness that is
stated as item 2 of Remarks 2.20.

REMARKS 2.20. The following facts are useful for understanding flatness. We
use these facts to obtain the results in Chapters 8 and 17.

(1) Since localization at prime ideals commutes with tensor products, the
module M is flat as an R-module <= M, is flat as an Rg-module, for
every prime ideal @ of R.

(2) An R-module M is flat over R if and only if for every my,...,m, € M
and ay,...,a, € R such that Y a;m; = 0, there exist a positive integer k,
a subset {b;;}7_;,%_, C R, and elements m{, ..., mj € M such that m; =
Z§:1 bijm/; for each i and Y77, a;bi; = 0 for each j, [73, Theorem 7.6]
or [71, Theorem 1]. Thus every free module is flat.

(3) A finitely generated module over a local ring is flat if and only if it is free
[71, Proposition 3.G].

(4) If the ring S is a localization of R, then S is flat as an R-module [71,
(3.D), page 19].

(5) Let S be a flat R-algebra. Then S is faithfully flat over R <= one has
JS # S for every proper ideal J of R, [71, Theorem 3, page 28] or [73,
Theorem 7.2].

(6) If the ring S is a flat R-algebra, then every regular element of R is regular
on S [71, (3.F)].

(7) Let S be a faithfully flat R-algebra and let I be an ideal of R. Then
ISNR=1[73, Theorem 7.5].

(8) Let R be a subring of a ring S. If S is Noetherian and faithfully flat over
R, then R is Noetherian. This is an easy exercise; see Exercise 6 at the
end of this chapter.

(9) Let R be an integral domain with field of fractions K and let S be a
faithfully flat R-algebra. By item (6), every nonzero element of R is
regular on S and so K naturally embeds in the total quotient ring Q(.5)
of S. By item (7), all ideals in R extend and contract to themselves with
respect to S, and thus R = K NS. In particular, if S C K, then R = S
[71, page 31].

(10) If ¢ : R — S is a flat homomorphism of rings, then ¢ satisfies the going-
down theorem [71, (5.D), page 33]. This implies for each P € Spec S that
the height of P is greater than or equal to the height in R of ¢~1(P).

(11) Let R — S be a flat homomorphism of rings and let I and J be ideals of
R. Then (INJ)S =15nNJS. If J is finitely generated, then (I :g J)S =
IS :s JS [73, Theorem 7.4] or [71, (3.H) page 23].
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(12) Consider the following short exact sequence of R-modules:

0 A B C 0.

If A and C are flat over R, then so is B.
(13) If Sis aflat R-algebra and M is a flat S-module, then M is a flat R-module
[73, page 46].

The following standard result about flatness follows from what Matsumura
calls “change of coeflicient ring”. It is convenient to refer to both the module and
homomorphism versions.

Fact 2.21. Let C be a commutative ring, let D, E and F be C-algebras.
(1) Ifv : D — Eis aflat C-algebra homomorphism, then v @c1lp : DQcF —
E ®¢ F is a flat C-algebra homomorphism.
(2) If Eis a flat D-module via the C-algebra homomorphism v, then F®¢ F
is a flat D ® ¢ F-module via the C-algebra homomorphism ¢ ®¢ 1.

PROOF. By the definition of flat homomorphism, the two statements are equiv-
alent. Since F is a flat D-module, E ®p (D ®¢ F) is a flat (D ®¢ F)-module by
[73, p. 46, Change of coefficient ring]. Since E ®p (D ®¢ F) = E ®¢ F, Fact 2.21
follows. O

We use Remark 2.22.3 in Chapter 7.

REMARKS 2.22. Let R be an integral domain.

(1) Every flat R-module M is torsionfree, i.e., if r € R,z € M and rz = 0,
then r =0 or z =0 [71, (3.F), page 21]

(2) Every finitely generated torsionfree module over a PID is free [24, Theo-
rem 5. page 462].

(3) Every torsionfree module over a PID is flat. This follows from item 2 and
Remark 2.20.3.

(4) Every injective homomorphism of R into a field is flat. This follows from
Remarks 2.20.13 and 2.20.4.

In Chapter 3 we discuss other tools we will be using involving ideal-adic com-
pletions and properties of excellent rings.

Exercises

(1) Prove that every height-one prime ideal of a UFD is principal.

(2) Let V be a local domain with nonzero principal maximal ideal yV. Prove that
Visa DVRif (o—; y"V = (0).
Comment: It is not being assumed that V' is Noetherian, so it needs to be
established that V' has dimension one.

(3) Prove as stated in Remark 2.1 that if R is a valuation domain with field of
fractions K and F is a subfield of K, then RN F is again a valuation domain
and has field of fractions F; also prove that if R is a DVR and the field F is
not contained in R, then RN F is again a DVR.

(4) Prove that a unique factorization domain is a Krull domain.

(5) Prove the assertions in Remark 2.2.
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Let R][[z]] be the formal power series ring in a variable x over a commutative

ring R.

(i) Prove that ap + a1z + agz? + - -+ € R[[z]], where the a; € R, is a unit of
R[[z]] if and only if ag is a unit of R.

(ii) Prove that x is contained in every maximal ideal of R[[x]].

(iii) Prove Theorem 2.16 that the maximal ideals m of R are in one-to-one cor-
respondence with the maximal ideals m* of R[[z]], where m* corresponds
to m if and only if m* is generated by m and z.

Prove items 4-8 of Remarks 2.20.
Suggestion: For the proof of item 8, use item 7.

Let f : A — B be a ring homomorphism and let P be a prime ideal of A. Prove
that there exists a prime ideal ) in B that contracts in A to P if and only if
the extended ideal f(P)B contracts to P in A, i.e., P = f(P)BN A. (Here we
are using the symbol N as in Matsumura [73, item (3), page xiii].)

Let f : A — B be an injective ring homomorphism and let P be a minimal
prime of A.

(i) Prove that there exists a prime ideal @) of B that contracts in A to P.

(ii) Deduce that there exists a minimal prime @ of B that contracts in A to P.

Suggestion: Consider the multiplicatively closed set A\ P in B.

Let P be a height-one prime of a Krull domain A and let v denote the valuation
with value group Z associated to the DVR Ap. If A/P is Noetherian, prove
that A/ P(©) is Noetherian for every positive integer e.

Suggestion: Using Theorem 2.13, show there exists € Q(A) such that v(z) =
1 and 1/xz € Aq for every height-one prime @ of A different from P. Let
B = Alz].

(i) Show that P=2BN A and B= A+ zB.

(ii) Show that A/P = B/xB = x'B/x'T!B for every positive integer i.

(iii) Deduce that B/z¢B is a Noetherian B-module and thus a Noetherian ring.
(iv) Prove that 2°BNA C 2°ApNA = P(®) and B/x°B is a finite A/(z¢BN A)-

module generated by the images of 1,z,...,2° %
(v) Apply Theorem 2.12 to conclude that A/(z¢B N A) and hence A/P©) is
Noetherian.

Let A be a Krull domain having the property that A/P is Noetherian for all
but at most finitely many of the P € Spec A with ht P = 1. Prove that A is
Noetherian.

Suggestion: By Nishimura’s result Theorem 2.14 and Cohen’s result Theo-
rem 2.7, it suffices to prove each prime ideal of A of height greater than one is
finitely generated. Let P, ..., P, be the height-one prime ideals of A for which
A/P; may fail to be Noetherian. For each nonunita € A \ (PLU---UP,), ob-

serve that aA = Qgel) n-- -mQﬁjS% where Q1, ..., Qs are height-one prime ideals
of A not in the set {Py,..., P,}. Consider the embedding A/aA — H(A/Qgei).

By the previous exercise, each A/ Qgei) is Noetherian. Apply Theorem 2.12 to
conclude that A/aA is Noetherian. Deduce that every prime ideal of A of height
greater than one is finitely generated.






CHAPTER 3

More Tools

In this chapter we discuss ideal-adic completions. We describe several results
concerning complete local rings. We review the definitions of catenary and excel-
lence and record several important results about catenary and excellent rings.

3.1. Introduction to ideal-adic completions

DEFINITIONS 3.1. Let R be a commutative ring with identity. A filtration on
R is a decreasing sequence {I,,}52 of ideals of R. Associated to a filtration there
is a well-defined completion R* that may be defined to be the inverse limit !

(3.1.0) R :me R/I,

and a canonical homomorphism 1 : R — R* [83, Chapter 9]. If ("I, = (0),
then 1 is injective and R may be regarded as a subring of R* [83, page 401]. In the
terminology of Northcott, a filtration {I,,}52, is said to be multiplicative if Iy = R
and I, I, C L1, for all m >0, n > 0 [83, page 408].

A well-known example of a multiplicative filtration on R is the I-adic filtration
{I"}5°,, where [ is a fixed ideal of R such that (),—,I™ = (0). In this case we say
R* = @ R/I™ is the I-adic completion of R. If the canonical map R — R* is an

isomorp%ism we say that R is I-adically complete. An ideal L of R is closed in the
I-adic topology on R if (\_,(L+I") = L.

n=1

REMARK 3.2. In the special case where I = zR is a principal ideal with z € R
having the property that (), 2R = (0), then the z-adic completion of R is the
inverse limit
(3.2) R = Jim R/z"R.

Let y be an indeterminate over R. If the ideal (y — z)R[[y]] is closed in the J-adic

topology on R[[y]], where J := (y, z) R[[y]], then the J-adic completion R* also has
the form

(3.2.2) R =

This follows from [79, (17.5)].

We observe that if R is Noetherian, then the ideal (y — z)R][[y]] is closed in the
J-adic topology on R[[y]]. To see this, let ~ denote image in R][[y]]/(yv — z)R][[y]]. Tt
suffices to show that N%2, (y, 2)"R[[y]] = (0).

IWe refer to Appendix A of [73] for the definition of direct and inverse limits.

17
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We have (y,2)"R[[y]] = y™R][y]], for every n € N. By Corollary 2.17, the
element y is in the Jacobson radical of R[[y]]. Hence 7 is in the Jacobson radical of
R][y]], a Noetherian ring. We have

() (v, "Ry = () y"RIy]] = (0).

The second equality follows from Theorem 2.5.1. Therefore (y —z) R[[y]] is closed in
the J-adic topology. Thus if R is Noetherian then R* has the form of Equation 3.2.2.

In general, if R* has the form of Equation 3.2.2, then the elements of R* are
power series in z with coefficients in R, but without the uniqueness of expression
as power series that occurs in the formal power series ring R[[y]]. If R is already
complete in its (z)-adic topology, then R = R*, but often it is the case for a Noe-
therian integral domain R that there exist elements of R* that are transcendental
over the field of fractions of R.

Fact 3.3. If R is a countable Noetherian integral domain and z is a nonzero
nonunit of R, then the (z)-adic completion R* of R contains an uncountable subset
that is algebraically independent over R.

ProOF. The (z)-adic completion R* of R is uncountable. By Fact 3.4 there
exists a minimal prime Py of R* such that R*/ Py is uncountable. Since R is a Noe-
therian integral domain, R* is flat over R by Remark 3.7.2. Thus, by Remark 2.20.9,
PyNR=0. In R*/Py there exists an uncountable subset of algebraically indepen-
dent elements over R. By taking preimages in R*, we get an uncountable subset
of the (z)-adic completion R* of R. This set is is algebraically independent over
R since the algebraic closure of the field of fractions of the countable ring R is
countable. O

Fact 3.4. If D is an uncountable Noetherian commutative ring, then there
exists a prime ideal P of D such that D/P is uncountable. Hence there exists a
minimal prime Py of D such that D/P, is uncountable.

PROOF. The ring D contains a finite chain of submodules
0=MycCc My C---C My =D
such that each quotient M;/M;_1 = D/P;, for some prime ideal P; of D, [73, Theo-
rem 6.4]. If each of the quotients were countable then D would be countable. Thus

D/P is uncountable for some prime ideal P of D, and hence D/P, is uncountable,
for each minimal prime P, contained in P. (I

We reserve the notation R for the situation where R is a local ring with maximal
ideal m and R is the m-adic completion of R. For a local ring (R, m), we say that

R is “the” completion of R. If m is generated by elements aq,...,a,, then R is
realizable by taking the ai-adic completion R} of R, then the as-adic completion
R; of RY, ..., and then the a,-adic completion of R} _;.

Fact 3.5. If I is an ideal of a Noetherian ring R contained in the Jacobson
radical of R, then every ideal L of R is closed in the I-adic topology on R.

PRrROOF. Let ~ denote image in R/L. It suffices to show that NS, (L + I") =
(0). Notice that (L +I)™ = (L + I™) and that L + I is in the Jacobson radical of

R. Thus N2, (L + 1) =N, (L +I)™ = (0) by Theorem 2.5, as desired. O

n=1 n=1
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We use the following definitions.

DEFINITION 3.6. A Noetherian local ring R is said to be

(1) analytically unramified if the completion Ris reduced, i.e., has no nonzero
nilpotent elements;

(2) analytically irreducible if the completion R is an integral domain;

(3) analytically normal if the completion Risan integrally closed (i.e., normal)
domain.

If R has any one of the properties of Definition 3.6, then R is reduced. If R has
either of the last two properties, then R is an integral domain. If R is not reduced,
then R is analytically ramified; if R is not an integral domain, then R is analytically
reducible.

3.2. Basic theorems about completions

REMARK 3.7. Let I be an ideal of a ring R.

(1) If R is I-adically complete, then I is contained in the Jacobson radical
J(R), where J(R) is the intersection of the maximal ideals of R [73, The-
orem 8.2] or [71, 24.B, pages 73-74].

(2) If R is a Noetherian ring, then the I-adic completion R* of R is flat over
R [71, Corollary 1, page 170].

(3) If R is Noetherian then the I-adic completion R* of R is faithfully flat
over R <= for each proper ideal J of R we have JR* # R*.

(4) If R is a Noetherian ring and I C J(R), then the I-adic completion R* is
faithfully flat over R [71, Theorem 56, page 172].

(5) If I = (a1,...,a,)R is an ideal of a Noetherian ring R, then the I-adic
completion R* of R is isomorphic to a quotient of the formal power series
ring R[[z1,...,Z,]]; namely,

Rl[z1,...,24]]
(1 — a1y ., Tn — an)R[[T1,. .., 2p]]

[73, Theorem 8.12].

R =

In Theorem 8 of Cohen’s famous paper [18] on the structure and ideal theory
of complete local rings a result similar to Nakayama’s lemma is obtained with-
out the usual finiteness condition of Nakayama’s lemma. As formulated in [73,
Theorem 8.4], the result is:

THEOREM 3.8. (A version of Cohen’s Theorem 8) Let I be an ideal of a ring R
and let M be an R-module. Assume that R is complete in the I-adic topology and
Mo, I"M = (0). If M/I is generated over R/I by elements w1, ..., Wws and w; is
a preimage in M of w; for 1 <i<s, then M is generated over R by wy, ..., ws.

Let K be a field and let R = K[[z1,...,%,]] be a formal power series ring in
n variables over K. It is well-known that there exists a K-algebra embedding of R
into the formal power series ring K|[[y, z]] in two variables over K [117, page 219).
We observe in Corollary 3.9 restrictions on such an embedding.

COROLLARY 3.9. Let (R, m) be a complete local ring and assume that the map
¢ : (R,m) — (S,n) is a local homomorphism.
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(1) If mS is n-primary and S/n is finite over R/m, then S is a finitely
generated R-module.

(2) If mS =n and R/m = S/n, then ¢ is surjective.

(3) If R = K|[z1,...,x4]] is a formal power series ring in n > 2 variables
over the field K and S = K|y, z]] is a formal power series ring in two
variables over K, then o(m)S is not n-primary.

We record in Remarks 3.11 several consequences of Cohen’s structure theorems
for complete local rings. We use the following definitions.

DEFINITIONS 3.10. Let (R, m) be a local ring.

(1) (R, m) is said to be equicharacteristic if R has the same characteristic as
its residue field R/m.

(2) A subfield k of R is a coefficient field of R if the canonical map of R —
R/m restricts to an isomorphism of & onto R/m.

REMARKS 3.11.

(1) Every equicharacteristic complete Noetherian local ring has a coefficient
field. [18], [73, Theorem 28.3], [79, (31.1)].

(2) If k is a coefficient field of a complete Noetherian local ring (R, m) and
Z1,...,T, are generators of m, then every element of R can be expanded
as a power series in 1, . . ., x,, with coefficients in k. [79, (31.1)] Thus R is
a homomorphic image of a formal power series ring in n variables over k.

(3) (i) Every complete Noetherian local ring, whether equicharacteristic or
not, is Henselian (defined in Definition 2.3.4) by [79, (30.3)].

(ii) Every complete Noetherian local ring is a homomorphic image of a
complete regular local ring.

(iii) Every complete regular local ring is a power series ring over either a
field or a complete discrete valuation ring [18], [79, (31.1)].

(4) If (R, m) is a complete Noetherian local domain, then R is a finite integral
extension of a complete regular local domain [79, (31.6)] and the integral
closure of R in a finite algebraic field extension is a finite R-module [79,
(32.1)].

(5) If a Noetherian local ring R is analytically unramified, then the integral
closure of R is a finite R-module [79, (32.2)].

(6) Let (R, m) be a one-dimensional Noetherian local domain. The following
two statements then hold [79, Ex. 1 on page 122] and [63].

(i) The integral closure R of R is a finite R-module if and only if the
completion Rof Ris reduced, i.e., if and only if R is analytically
unramified. R

(ii) The minimal primes of R are in one-to-one correspondence with the
maximal ideals of R.

A classical result of Rees describes necessary and sufficient conditions in order
that a Noetherian local ring (R, m) be analytically unramified.

THEOREM 3.12. (Rees) [90] Let (R, m) be a reduced Noetherian local ring with
total ring of fractions Q(R). Then the following are equivalent.

(1) The ring R is analytically unramified.
(2) For every choice of finitely many elements A1, ..., A, in Q(R), the integral
closure of R[A1,..., ] is a finite R[A1, ..., A\y]-module.
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The following is an immediate corollary of Theorem 3.12.

COROLLARY 3.13. (Rees) [90] Let (R,m) be an analytically unramified Noe-
therian local Ting and let Ay, ..., \, be elements of Q(R). For every prime ideal P
of A= R[A1,...,\n], the local ring Ap is also analytically unramified.

3.3. Chains of prime ideals, fibers of maps and excellence
We begin by discussing chains of prime ideals.

DEFINITIONS 3.14. Let P and @ be prime ideals of a ring A.

(1) If P C Q, we say that the inclusion P C @ is saturated if there is no prime
ideal of A strictly between P and Q.

(2) A possibly infinite chain of prime ideals --- C P, C Piyq € --- is called
saturated if every inclusion P; C P41 is saturated.

(3) A ring A is catenary provided for every pair of prime ideals P C Q of A,
every chain of prime ideals from P to @ can be extended to a saturated
chain and every two saturated chains from P to @ have the same number
of inclusions.

(4) A ring A is wuniversally catenary provided every finitely generated A-
algebra is catenary.

(5) A ring A is said to be equidimensional if dim A = dim A/P for every
minimal prime P of A.

Theorem 3.15 is a well-known result of Ratliff [73, Theorem 31.7].

THEOREM 3.15. A Noetherian local domain A is universally catenary if and
only if its completion A is equidimensional.

A sharper result also due to Ratliff relating the universally catenary property
to properties of the completion is Theorem 3.16.

THEOREM 3.16.  [88, Theorem 2.6] A Noetherian local ring (R, m) is uni-
versally catenary if and only if the completion of R/p is equidimensional for every
minimal prime ideal p of R.

REMARK 3.17. Every Noetherian local ring that is a homomorphic image of a
regular local ring, or even a homomorphic image of a Cohen-Macaulay local ring,
is universally catenary [73, Theorem 17.9, page 137].

Discussion 3.18. Let f: A — B be a ring homomorphism. The map f can
always be factored as the composite of the surjective map A — f(A) followed by the
inclusion map f(A) < B. This is often helpful for understanding the relationship
of A and B. If J is an ideal of B, then f~!(J) is an ideal of A called the contraction
of J to A with respect to f. If Q is a prime ideal of B, then P := f~1(Q) is a prime
ideal of A. Thus associated with the ring homomorphism f : A — B, there is a
well-defined map f* : Spec B — Spec A of topological spaces, where for Q) € Spec B
we define f*(Q) = f~1(Q) = P € Spec A.

Let A be a ring and let P € Spec(A). The residue field of A at P, denoted
k(P), is the field of fractions Q(A/P) of A/P. By permutability of localization and
residue class formation we have k(P) = Ap/PAp.

Given a ring homomorphism f : A — B and an ideal I of A, the ideal f(I)B
is called the extension of I to B with respect to f. For P € Spec A, the extension
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ideal f(P)B is, in general, not a prime ideal of B. The fiber over P in Spec B is the
set of all @ € Spec B such that f*(Q) = P. Exercise 7 of Chapter 2 asserts that
the fiber over P is nonempty if and only if P is the contraction of the extended
ideal f(P)B. In general, the fiber over P in Spec B is the spectrum of the ring
B ®a k(P) = SY(B/f(P)B), where S is the multiplicatively closed set A\ P.
Notice that a prime ideal @ of B contracts to P in A if and only if f(P) C @ and
QNS = 0. This describes exactly the prime ideals of S~(B/f(P)B).

DEFINITION 3.19. Let f : A — B be a ring homomorphism and let P € Spec A.
The fiber over P with respect to the map f is said to be regular if the ring B® 4 k(P)
is a Noetherian regular ring, i.e., B®4 k(P) is a Noetherian ring with the property
that its localization at every prime ideal is a regular local ring.

DEFINITION 3.20. Let f : A — B be a ring homomorphism and let P € Spec A.
The fiber over P with respect to the map f is said to be geometrically reqular if
for every finite extension field F' of k(P) the ring B ® 4 F' is a Noetherian regular
ring. The map f : A — B is said to have geometrically reqular fibers if for each
P € Spec A the fiber over P is geometrically regular.

REMARK 3.21. Let f : A — B be a ring homomorphism with A and B Noether-
ian rings and let P € Spec A. To check that the fiber of f over P is geometrically
regular as in Definition 3.20, it suffices to show that B® 4 F' is a Noetherian regular
ring for every finite purely inseparable field extension F of k(P) [32, Théoreme
(22.5.8)].

DEFINITION 3.22. A homomorphism f : A — B of Noetherian rings is said to
be regular if it is flat with geometrically regular fibers. See Definition 2.19 for the
definition of flat.

ExAMPLE 3.23. Let z be an indeterminate over a field k of characteristic zero,
and let

A = k[I(I — 1),1‘2(1’ — 1)](95(35—1),352(35—1)) C k’[:l?](x) =: B.
Then (A,my4) and (B, mp) are one-dimensional local domains with the same field
of fractions k(x) and with msB = mp. Hence the inclusion map f : A < B has

geometrically regular fibers. Since A # B, the map f is not flat by Remark 2.20.8.
Hence f is not a regular morphism.

We present in Chapter 11 examples of maps of Noetherian rings that are regular,
and other examples of maps that are flat but fail to be regular.

The formal fibers of a Noetherian local ring as in Definition 3.24 play an im-
portant role in the concept of excellence of a Noetherian ring.

DEFINITION 3.24. Let (R, m) be a Noetherian local ring and let R be the m-
adic completion of R. The formal fibers of R are the fibers of the canonical inclusion
map R — R.

DEFINITION 3.25. A Noetherian ring A is called a G-ring if for each prime ideal
P of A the map of Ap to its PAp-adic completion is regular, or, equivalently, the
formal fibers of Ap are geometrically regular for each prime ideal P of A.

REMARK 3.26. In Definition 3.25 it suffices that for every maximal ideal m of
A, the map from Ay, to its mAy,-adic completion is regular, by [73, Theorem 32.4]
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DEFINITION 3.27. A Noetherian ring A is excellent® if

(i) A is universally catenary,
(ii) A is a G-ring, and
(iii) for every finitely generated A-algebra B, the set Reg(B) of primes P of
B for which Bp is a regular local ring is an open subset of Spec B.

REMARK 3.28. The class of excellent rings includes the ring of integers as well
as all fields and all complete Noetherian local rings [73, page 260]. All Dedekind
domains of characteristic zero are excellent [71, (34.B)]. The usefulness of the con-
cept of excellent rings is enhanced by the fact that the class of excellent rings is
stable under the ring-theoretic operations of localization and passage to a finitely
generated algebra [32, Chap. IV], [71, (33.G) and (34.A)]. An excellent ring is a
Nagata ring [71, Theorem 78, page 257].

We give some motivation and explanations for the definition of excellence in
Chapter 14.

REMARK 3.29. In Corollary 9.14 of Chapter 9, we prove that the 2-dimensional
Noetherian local ring B constructed in Example 9.11 has the property that the map
f:B— B has geometrically regular fibers. This ring B of Example 9.11 is also an
example of a catenary ring that is not universally catenary. Thus the property of
having geometrically regular formal fibers does not imply that a Noetherian local
ring is excellent.

Exercises

(1) ([25]) Let R be a commutative ring and let P be a prime ideal of the power
series ring R[[z]]. Let P(0) denote the ideal in R of constant terms of elements
of P.
(i) Ifz ¢ P and P(0) is generated by n elements of R, prove that P is generated
by n elements of R[[z]].
(ii) If z € P and P(0) is generated by n elements of R, prove that P is generated
by n + 1 elements of R[[z]].
(iii) If R is a PID, prove that every prime ideal of R[[z]] of height one is principal.

(2) Let R be a DVR with maximal ideal yR and let S = R[[z]] be the formal power
series ring over R in the variable z. Let f € S. Recall that f is a unit in S if
and only if the constant term of f is a unit in R by Exercise 4 of Chapter 2.
(a) Show that S is a 2-dimensional RLR with maximal ideal (z,y)S.

(b) If g is a factor of f and S/fS is a finite R-module, then S/¢S is a finite
R-module.

(c) If n is a positive integer and f := z™ + y, then S/fS is a DVR that is a
finite R-module if and only if R = ﬁ, i.e., R is complete.

(d) If f is irreducible and fS # xS, then S/fS is a finite R-module implies
that R is complete.

(e) If R is complete, then S/fS is a finite R-module for each nonzero f in S.

Suggestion: For item (d) use that if R is not complete, then by Nakayama’s

lemma, the completion of R is not a finite R-module. For item (e) use Theo-

rem 3.8.
Let f be a monic polynomial in z with coefficients in R.

2For motivation and more information about excellent rings see Chapter 14.
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What are necessary and sufficient conditions in order that the residue class
ring S/ fS is a finite R-module?

(3) ([23]) Let R be an integral domain and let f € R][z]] be a nonzero nonunit

of the formal power series ring R[[z]]. Prove that the principal ideal fR[[z]] is
closed in the (x)-adic topology, that is, fR[[z]] = ,,50(f,2™)R[[z]].

Suggestion: Reduce to the case where ¢ = f(0) is nonzero. Then f is a

unit in the formal power series ring R[1][[z]]. If g € Nmso(f:2™)R[[z]], then
g = [h for some h € R[L][[z]], say h = > >0 ™, with hy, € R[] Let
m > 1. As g € (f,2™)R[[z]], g = fq+ «™r, for some ¢,r € R[[z]]. Thus

g=fh=fq+a™r, hence f(h—q) = z™r. As f(0) #0, h—q = z™s, for some
s € R[%[[x]] Hence hg, hy,...,hyn_1 € R.

Let R be a commutative ring and let f = 3" - fn2™ € R[[z]] be a power series
having the property that its leading form f, is a regular element of R, that is,
ordf =r,s0 fo=f1 =---= fr_1 =0, and f, is a regular element of R. As
in the previous exercise, prove that the principal ideal fR[[z]] is closed in the
(x)-adic topology.

(5) Let f: A B be as in Example 3.23.

(i) Prove as asserted in the text that f has geometrically regular fibers but is
not flat.

(ii) Prove that the inclusion map of C := k[z(x — 1)](z(z—1)) < k[z](z) = B is
flat and has geometrically regular fibers. Deduce that the map C — B is
a regular map.

(6) Let ¢ : (R,m) < (5,n) be an injective local map of the Noetherian local ring

~—

(R,m) into the Noetherian local ring (S,n). Let R = lim R/m™ denote the

o~

m-adic completion of R and let S = lim S/n™ denote the n-adic completion

H
n

of S. o
(i) Prove that there exists a map ¢ : R — S that extends the map ¢ : R — S.
(ii) Prove that $ is injective if and only if for each positive integer n there

exists a positive integer s, such that n** N R C m".
(iii) Prove that ¢ is injective if and only if for each positive integer n the ideal

m” is closed in the topology on R defined by the ideals {n"™ N R},¢n, i.e.,

the topology on R that defines R as a subspace of S.
Suggestion: For each n € N, we have m™ C n” N R. Hence there exists
a map ¢, : R/m” — R/(n" ﬂR) — S/n” for each n € N. The family
of maps {¢,}nen determine a map ¢> R — S. Since R/n™ is Artinian, the
descending chain of ideals {m™ + (n® N R)},en stabilizes, and m™ is closed in
the subspace topology if and only if there exists a positive integer s, such that
n® N R C m". This holds for each n € N if and only if the m-adic topology
on R is the subspace topology from S.
Let (R,m), (S,n) and (T,q) be Noetherian local rings. Assume there exist
injective local maps f : R — S and g:S < T and let h := gf R — T be
the composite map. For f R — S and g : S Tandh:R— T as in the
previous exercise, prove that h= g f
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(8) Let (R,m) and (S,n) be Noetherian local rings such that S dominates R and
the m-adic completion R of R dominates S.

(i) Prove that R is a subspace of S.

(ii) Prove that R is an algebraic retract of §, ie., R <+ S and there exists a
surjective map 7 : S — R such that 7 restricts to the identity map on the
subring Rof S.

(9) Let k be a field and let R be the localized polynomial ring k[x],4[,), and thus
R = k[[z]]. Let n > 2 be a positive integer. If char k = p > 0, assume that n is
not a multiple of p.

(i) Prove that there exists y € k[[z]] such that y" =1+ x.

(ii) For y asin (i), let S := R[yz] — k[[z]]. Prove that S is a local ring integral
over R with maximal ideal (z,yz)S. By the previous exercise, B = k|[[z]]
is an algebraic retract of S.

(iii) Prove that the integral closure S of S is not local. Indeed, if the field
k contains a primitive n-th root of unity, then S has n distinct maximal
ideals. Deduce that R #* S , SO R is a nontrivial algebraic retract of S.

Suggestion: Use Remark 3.11 parts (3) and (6ii).






CHAPTER 4

First Examples of the Construction

The basic idea of the Inclusion Construction 5.3 defined in the next chapter
is: Start with a well understood Noetherian domain R, then take an ideal-adic
completion R* of R and intersect R* with an appropriate field L between R and
the total quotient ring of R*. Define A := L N R*. This is made more explicit in
Section 5.1 of Chapter 5.

In this chapter we illustrate the construction with several examples.

4.1. Elementary examples

We first consider examples where R is a polynomial ring over the field Q of
rational numbers. In the case of one variable the situation is well understood:

ExXAMPLE 4.1. Let y be a variable over Q, let R := Q[y], and let L be a
subfield of the field of fractions of Q[[y]] such that Q(y) C L. Then the intersection
domain A := LN Q[[y]] is a rank-one discrete valuation domain (DVR) with field
of fractions L (see Remark 2.1), maximal ideal yA and y-adic completion A* =
Q[[y]]. For example, if we work with our favorite transcendental function e¥ and
put L = Q(y, eY), then A is a DVR having residue field Q and field of fractions L
of transcendence degree 2 over Q.

The integral domain A of Example 4.1 is perhaps the simplest example of a
Noetherian local domain on an algebraic function field L/Q of two variables that is
not essentially finitely generated over its ground field Q, i.e., A is not the localization
of a finitely generated Q-algebra. However A does have a nice description as an
infinite nested union of localized polynomial rings in 2 variables over Q; see Example
6.6. Thus in a certain sense there is a good description of the elements of the
intersection domain A in this case.

The two-dimensional (two variable) case is more interesting. The following
theorem of Valabrega [107] is useful in considering this case.

THEOREM 4.2. (Valabrega) Let C be a DVR, let y be an indeterminate over
C, and let L be a subfield of Q(C[[y]]) such that Cly] C L. Then the integral
domain D = LNC|[y]] is a two-dimensional regular local domain having completion
D = C[[y]], where C is the completion of C.

Exercise 4 of this chapter outlines a proof for Theorem 4.2. Applying Val-
abrega’s Theorem 4.2, we see that the intersection domain is a two-dimensional
regular local domain with the “right” completion in the following two examples:

ExXAMPLE 4.3. Let z and y be indeterminates over Q and let C' be the DVR
Q(z,e”) NQ[[z]]. Then A; := Q(z,e”,y) N Cly]] = Clyl(z,y) is a two-dimensional
regular local domain with maximal ideal (z,y)A; and completion Q|[z, y]].

27
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Example 4.4 is mentioned in Chapter 1 and is generalized in Theorem 9.5; see
Remark 9.8.2.

ExXAMPLE 4.4. Let = and y be indeterminates over Q and let C' be the DVR
Q(z,e”) N Q[z]] as in Example 4.3. Then Ay := Q(z,y,e*,e¥) N C[ly]] is a
two-dimensional regular local domain with maximal ideal (z,y)As and completion
Q[[z, y]]. See Theorem 4.12.

REMARKS 4.5. (1) There is a significant difference between the integral domains
A; of Example 4.3 and Ay of Example 4.4. As is shown in Theorem 9.5, the
two-dimensional regular local domain A; of Example 4.3 is, in a natural way, a
nested union of three-dimensional regular local domains. It is possible therefore to
describe A; rather explicitly. On the other hand, the two-dimensional regular local

e —eY

domain As of Example 4.4 contains, for example, the element ﬁ As discussed
in Example 7.3, the associated nested union domain B naturally associated with
Ay is a nested union of four-dimensional RLRs, is three-dimensional and is not
Noetherian. Notice that the two-dimensional regular local ring A; is a subring
of an algebraic function field in three variables over QQ, while A5 is a subring of
an algebraic function field in four variables over Q. Since the field Q(x,e",y) is
contained in the field Q(z,e®,y,e¥), the local ring A; is dominated by the local
ring As.

(2) It is shown in Chapter 19 Theorem 19.30 and Corollary 19.33 that if we go
outside the range of Valabrega’s theorem, that is, if we take more general subfields
L of the field of fractions of Q[[x,y]] such that Q(z,y) C L, then the intersection
domain A = LNQ[[z, y]] can be, depending on L, a localized polynomial ring in n >
3 variables over Q or even a localized polynomial ring in infinitely many variables
over Q. In particular, A = L N Q[[x,y]] need not be Noetherian. Theorem 4.12
describes possibilities for the intersection domain A in this setting.

4.2. Historical examples

There are classical examples, related to singularities of algebraic curves, of
one-dimensional Noetherian local domains (R, m) such that the m-adic completion
R is not an integral domain, that is, R is analytically reducible; see Section 2.2,
Remarks 3.11, and Theorem 3.12. We demonstrate this in Example 4.6.

EXAMPLE 4.6. Let X and Y be variables over Q and consider the localized
polynomial ring
S
(X2 -Y2-Y3)8

S: = Q[X,Y]x y)x,y] and the quotient ring R: =

Since the polynomial X2 — Y2 — Y is irreducible in the polynomial ring Q[X, Y],
the ring R is a one-dimensional Noetherian local domain. Let x and y denote the
images in R of X and Y, respectively. The principal ideal yR is primary for the
maximal ideal m = (x,y)R, and so the m-adic completion R is also the y-adic
completion of R. Thus

QUXJ[[Y]]
(X2-V2((1+Y))

ﬁ:
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Since 1 + Y has a square root (1 + Y)Y? € Q[[Y]], we see that X2 — Y2(1 +Y)
factors in Q[X][[Y]] as

X2 -Y2(1+4Y) = (X -YA+VY?) (X +Y(Q+Y)V?).

Thus R is not an integral domain. Since the polynomial Z% — (1 + y) € R[Z] has

x/y as a root and z/y € R, the integral domain R is not normal; see Section 2.1.

The birational integral extension R := R[7] has two maximal ideals,

Y YR,
Y Yy

To see, for example, that m; = (‘;y )R, it suffices to show that m C (%)E

It is obvious that z —y € (%)E We also clearly have I2y§y2 € (%)E, and

m; = (m,%—l)ﬁ = ( )R and my := (mvi_‘_l)ﬁ = (

2?2 —y?2 = 33 Hence z—z =y € (%)E, and so my is principal and generated
by I—;y Similarly, the maximal ideal m, is principal and is generated by %
Thus R = R[%] is a PID, and hence is integrally closed. To better understand the
structure of R and R, it is instructive to extend the homomorphism
S
p: S — = R.

(X2-Y2-Y3)S8

Let X7 := X/Y and S’ := S[X;]. Then S’ is a regular integral domain and the
map ¢ can be extended to a map ¢ : §' — R[] such that ¢(X1) = 7. The kernel
of 1 is a prime ideal of S’ that contains X2 — Y2 — Y3, Since X = Y X, and Y2
is not in ker 1), we see that ker v = (X? — 1 —Y)S’. Thus

S’ x —
x-i-vs IR
Notice that X? — 1 — Y is contained in exactly two maximal ideals of S’, namely

n;: = (Xl - 1, Y)S/ and ng : = (X1 + ].7 Y)S,

The rings S := S}, and Sy := S, are two-dimensional RLRs that are local
quadratic transformations of S, and the map v localizes to define maps
S1 — S —

—————— = Rm d ¥p,: S9 > —————— = Rpn,.
(X2 -1-Y)5 voand Wn,: 52 2 TN 2

REMARK 4.7. Examples given by Akizuki [7] and Schmidt [98], provide one-
dimensional Noetherian local domains R such that the integral closure R is not
finitely generated as an R-module; equivalently, the completion R of R has nonzero
nilpotents [79, (32.2) and Ex. 1, page 122] and [63, Corollary 5].

v 8 —

’(ﬂnll Sl —

If R is a normal one-dimensional Noetherian local domain, then R is a rank-one
discrete valuation domain (DVR) and it is well-known that the completion of R is
again a DVR. Thus R is analytically irreducible. Zariski showed that the normal
Noetherian local domains that occur in algebraic geometry are analytically normal;
see [117, pages 313-320] and Section 3.3. In particular, the normal local domains
occuring in algebraic geometry are analytically irreducible.

This motivated the question of whether there exists a normal Noetherian local
domain for which the completion is not a domain. Nagata produced such examples
in [78]. He also pinpointed sufficient conditions for a normal Noetherian local
domain to be analytically irreducible [79, (37.8)].
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In Example 4.8, we present a special case of a construction of Nagata [78],
[79, Example 7, pages 209-211] of a two-dimensional regular local domain A that
is not excellent and a two-dimensional normal Noetherian local domain D that is
analytically reducible. These concepts are defined in Section 3.3 and Section 3.1.
Nagata constructs A as a nested union of subrings. He proves that A is Noetherian
with completion A= Q[[z, y]].- Since the completion of a Noetherian local ring is a
faithfully flat extension, it follows by Remark 2.20.9 that A is also an intersection
as defined in Example 4.8.

ExAMPLE 4.8. (Nagata) [79, Example 7, pages 209-211] Let z and y be
algebraically independent over Q and let R be the localized polynomial ring R =
Q[z,Y](z,y)- Then the completion of R is R = Q[[z,y]]. Let € zQ[[z]] be an
element that is transcendental over Q(zx,y), e.g., 7 = ¢* — 1. Let p := y + 7 and
f:=p?=(y+7)% Now define

Al7]

A= Qzy, )OQllwyl] and D= mr—gam

where z is an indeterminate. It is clear that A is a quasilocal integral domain.
Nagata proves that f is a prime element of A and that A is a two-dimensional
regular local domain with completion A= Q[[z, y]]; see Proposition 10.2. He also
shows that D is a normal Noetherian local domain. We return to this example in
Section 10.1.

REMARKS 4.9. (1) The integral domain D in Example 4.8 is analytically re-
ducible. This is because the element f factors as a square in the completion A of

A. Thus
ﬁ o QH%, Y, Z]]
G-+ G+
which is not an integral domain.

(2) The two-dimensional regular local domain A of Example 4.8 is not a Nagata
ring and therefore is not excellent. (For the definition of a Nagata ring, see Defini-
tion 2.3.1, and for the definition of excellence, see Section 3.3, Definition 3.27.) To
see that A is not a Nagata ring, notice that A has a principal prime ideal gener-
ated by f that factors as a square in A= Q[[z, y]]; namely f is the square of the
prime element p of A. Therefore the one-dimensional local domain A/fA has the
property that its completion /T/ fﬁ has a nonzero nilpotent element. This implies
that the integral closure of the one-dimensional Noetherian domain A/fA is not
finitely generated over A/fA by Remark 3.11.6(i). Hence A is not a Nagata ring.
Moreover, the map A — A= Q[[z, y]] is not a regular morphism; see Section 3.3.

The existence of examples such as the normal Noetherian local domain D of
Example 4.8 naturally motivated the question: Is a Nagata domain necessarily
excellent? Rotthaus shows in [91] that the answer is “no” as described below.

In Example 4.10, we present a special case of the construction of Rotthaus.
In [91] the ring A is constructed as a direct limit. The fact that A is Noetherian
implies that A is also an intersection as defined in Example 4.10. To see this, we
use that A is Noetherian implies that its completion Aisa faithfully flat extension,
and then we apply Remark 2.20.8.

ExAMPLE 4.10. (Rotthaus) Let x,y, z be algebraically independent over Q and
let R be the localized polynomial ring R = Q[z,y, 2](4,4..)- Let 71 = > .2, ay' €
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Q[ly]] and 7 = >°2, biy* € Q[[y]] be power series such that y, 71, 7> are alge-

braically independent over Q, for example, 71 = €Y — 1 and 7o = e’ — 1. Let
u:=x+ 7 and v := z + 75. Define

A = Qz,y,z,uv) N (Qz, 2], [Y]])-

REMARK 4.11. The integral domain A of Example 4.10 is a Nagata domain
that is not excellent. Rotthaus shows in [91] that A is Noetherian and that the
completion Aof Ais Q[[z,y,z]], so A is a 3-dimensional regular local domain.
Moreover she shows the formal fibers of A are geometrically reduced, but are not
geometrically regular. Since u,v are part of a regular system of parameters of E,
it is clear that (u,v)A is a prime ideal of height two. It is shown in [91], that
(u,v)AN A = uwA. Thus uvA is a prime ideal and E(u,u)z/“”g(u,y)ﬁ is a non-
regular formal fiber of A. Therefore A is not excellent.

Since A contains a field of characteristic zero, to see that A is a Nagata domain
it suffices to show for each prime ideal P of A that the integral closure of A/P is
a finite A/P-module. Since the formal fibers of A are reduced, the integral closure
of A/P is a finite A/P-module; see Remark 3.11.5.

4.3. Iterative examples

We present a family of examples contained in k[[x,y]], where k is a field and
x and y are indeterminates. We show that for certain values of the parameters
that occur in the examples, one obtains an example of a 3-dimensional local Krull
domain (B,n) such that B is not Noetherian, n = (x,y)B is 2-generated and the
n-adic completion B of B is a two-dimensional regular local domain.

Let R be the localized polynomial ring R := k[x,y](s,,. If 0,7 € R = k[[z,y]]
are algebraically independent over R, then the polynomial ring R[t1,¢2] in the two
variables t1,to over R, can be identified with a subring of R by means of an R-
algebra isomorphism mapping t; — o and t; — 7. The structure of the local
domain A = k(z,y,0,7) N R depends on the residual behavior of ¢ and 7 with
respect to prime ideals of R. Theorem 4.12 illustrates this in the special case
where o € k[[z]] and 7 € E[[y]]. A special case of this is given in Example 4.4.
Theorem 4.12 introduces a technique that is further developed in Chapters 5, 6, 7
and 8.

THEOREM 4.12. Let k be a field, let © and y be indeterminates over k, and let
o= a;z’ € k] and =Y by’ € k[[y]]
i=0 1=0

be formal power series that are algebraically independent over the fields k(x) and
k(y), respectively. Then A := k(x,y,0,7) N k[[x,y]] is a two-dimensional regular
local domain with mazimal ideal (z,y)A and completion A = k[[z,y]]. The inter-
section ring A has a subring B with the following properties:

e The local ring A birationally dominates the local ring B.

e The ring B is the directed union of a chain of four-dimensional reqular
local domains that are localized polynomial rings in four variables over k
and are birationally dominated by both A and B.

e The local ring B is a Krull domain with mazimal ideal n = (x,y)B.

o The dimension of B is either 2 or 3.
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e The local ring B is Hausdorff in the topology defined by the powers of n.
e The n-adic completion B of B is canonically isomorphic to k[[z,y]].

Moreover the following statements are equivalent:

(1) The ring B is Noetherian.

(2) The dimension of B is 2.

(3) The rings B and A are equal.

(4) Ewery finitely generated ideal of B is closed in the n-adic topology on B.
(5) Ewery principal ideal of B is closed in the n-adic topology on B.

Depending on the choice of o and T, B may or may not be Noetherian. In particular
there exist certain values for o and T such that B # A and other values such that
B=A.

To establish the asserted properties of the ring A of Theorem 4.12, we use
the following consequence of the useful result of Valabrega stated as Theorem 4.2
above. Since the construction of A can be realized by a succession of two principal
ideal-adic completions, first using power series in x, then using power series in y,
we consider it an “iterative” example.

PROPOSITION 4.13. With the notation of Theorem 4.12, let C = k(x,0) Nk[[x]]
and let L be the field of fractions of Cly,7]. Then the ring A= LNC[[y]] and A is
a two-dimensional regular local domain with maximal ideal (x,y)A and completion
A = K[[z,y]].

PrOOF. The ring C is a rank-one discrete valuation domain with completion
E[[z]], and the field k(z,y,0,7) = L is an intermediate field between the fields of
fractions of the rings Cly] and C[[y]]. Hence, by Theorem 4.2, A = LN C[[y]] is a
regular local domain with completion k[[z, y]]. O

REMARK 4.14. In examining properties of subrings of the formal power se-
ries ring k[[x,y]] over the field k, we use that the subfields k((x)) and k((y)) of
the field Q(k[[x,y]]) are linearly disjoint over k as defined for example in [116,
page 109]. It follows that if aq,...,a, € k[[z]] are algebraically independent over
k(x) and B1,...,Bm € k[[y]] are algebraically independent over k(y), then the ele-
ments aq, ..., Qn, 31, .., Bm are algebraically independent over k(z,y).

We return to the proof of Theorem 4.12 in Chapter 7.

Exercises
(1) Prove that the intersection domain A of Example 4.1 is a DVR with field of
fractions L and (y)-adic completion A* = Q|[y]].

Comment. Exercise 2 of Chapter 2 implies that A is a DVR. With the addi-
tional hypothesis of Example 4.1, it is true that the (y)-adic completion of A
is Q[[y]]-

(2) Let R be an integral domain with field of fractions K. Let F' be a subfield of K
and let S := F'N R. For each principal ideal aS of S, prove that aS =aRNS.

(3) Let R be a local domain with maximal ideal m and field of fractions K. Let
F be a subfield of K and let S := F N R. Prove that S is local with maximal
ideal m N S, and thus conclude that R dominates S. Give an example where
R is not Noetherian, but S is Noetherian.
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Remark. It can happen that R is Noetherian while S is not Noetherian; see
Chapter 17.

(4) Assume the notation of Theorem 4.2. Thus y is an indeterminate over the
DVR C and D = C[[y]] N L, where L is a subfield of the field of fractions of
Clly]] with Cly] C L. Let = be a generator of the maximal ideal of C' and let
R := Clyl(zy)cly. Observe that R is a two-dimensional RLR with maximal
ideal (z,y)R and that C[[y]] is a two-dimensional RLR with maximal ideal
(x,y)C[[y]] that dominates R. Let m := (z,y)C[[y]] N D.

(i) Using Exercise 2, prove that
R D Cllyl]
C =2 = =5 — <
yR yD yCllyll

(ii) Deduce that C = y%, and that m = (z,y)D.

iii) Let k := < denote the residue field of C. Prove that - is a DVR and
zC xD
that

o~

(iv) For each positive integer n, prove that

R D Cllyl]

>~

(@ y"R — (z,y)"D — (z,9)"Clyl]
Deduce that R = D = 6[[3/]], where C is the completion of C.

(v) Let P be a prime ideal of D such that « ¢ P. Prove that there exists b € P
such that b(D/xD) = y"(D/xzD) for some positive integer r, and deduce
that P C (b, z)D.

(vi) For a € P, observe that a = ¢1b + ayx, where ¢; and a1 are in D. Since
x ¢ P, deduce that a; € P and hence a; = ¢ob + agx, where co and ay are
in D. Conclude that P C (b,z?)D. Continuing this process, deduce that

bD CP C ()(b,a")D.
n=1

(vii) Extending the ideals to C[[y]], observe that

oo
bClyll € PO € () (b,a™)Cllyll = bCIyll,
n=1
where the last equality is because the ideal bC|[[y]] is closed in the topology
defined by the ideals generated by the powers of = on the Noetherian local
ring C[[y]]. Deduce that P = bD.
(viii) Conclude by Theorem 2.7 that D is Noetherian and hence a two-dimensional
regular local domain with completion D = C[[y]].

(5) Let k be a field and let f € k[[z,y]] be a formal power series of order r > 2.
Let f = > >°, fn, where f, € k[z,y] is a homogeneous form of degree n. If
the leading form f, factors in klx,y] as f, = a - 3, where o and /3 are coprime
homogeneous polynomials in k[x,y] of positive degree, prove that f factors in
kl[x,y]] as f = g - h, where g has leading form « and h has leading form S.
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Suggestion. Let G = @, , G, represent the polynomial ring klz,y] as a
graded ring obtained by defining degz = degy = 1. Notice that G, has
dimension n + 1 as a vector space over k. Let dega = a and deg 8 = b. Then
a + b = r and for each integer n > r + 1, we have dim(a- G,,—y) =n—a+1
and dim(8 - G,,—p) = n — b+ 1. Since o and § are coprime, we have

(OZ : ana) N (ﬁ : anb) = fr G
Conclude that - Gp_q + 8- Gp_p is a subspace of GG, of dimension n + 1
and hence that G,, = a-Gn_q + 0 Gn_p. Let g, :== « and hy := 3. Since
f’l’+1 € Gr+1 = - GT+1,a + ﬁ GrJrlfb = Ya 'Gb+1 + 'Ga+1; there exist
forms hpt1 € Gpy1 and ggy1 € Goyq such that fr11 = gg-hpy1+hp-gat1. Since
Gria = ¢a-Gpio+ hy - Ggya, there exist forms hpyro € Gpyo and g2 € Goia
such that fri2 — gat1 - Po+1 = ga - hor2 + b - gato. Proceeding by induction,
assume for a positive integer s that there exist forms g4, got1,---,gat+s and
Ry hot1, - - - hpts such that the power series f—(go+- -+ gats)(Ro+- -+ hpys)
has order greater than or equal to r + s + 1. Using that

Gr+s+1 = Ga- Gb+s+1 + hb : Ga+s+17

deduce the existence of forms gqys11 € Garst1 and hyysi1 € Gpysat such that
the power series f — (go + -+ + gatst1)(hp + - + hpysy1) has order greater
than or equal to r + s + 2.

Let k be a field of characteristic zero. Prove that both
ry+ 2> and wxyz+at+yt 42t

are irreducible in the formal power series ring k[[z,y, z]]. Thus there does not
appear to be any natural generalization to the case of three variables of the
result in the previous exercise.



CHAPTER 5

Describing the Construction

We discuss a universal technique that yields the examples of the previous section
and also leads to more examples. There are two versions of the construction that
we use. At first they appear to be quite different:

e The Inclusion Construction 5.3 defines an intersection A = A;,. := R*NL
included in R*, where R* is an ideal-adic completion of a Noetherian
integral domain R and L is the subfield of the total quotient ring of R* that
is generated over Q(R) by elements 71, ..., 7s of R* that are algebraically
independent over R.

e The Homomorphic Image Construction 5.4 is an intersection A = Apom
of a homomorphic image of an ideal-adic completion R* of a Noetherian
integral domain R with the field of fractions of R.

The two versions are explained in more detail below. Construction 5.4 includes, up
to isomorphism, Construction 5.3 as a special case.

We begin with the setting for both constructions. This setting will also be used
in later chapters.

SETTING 5.1. Let R be a Noetherian integral domain with field of fractions
K := Q(R), let z € R be a nonzero nonunit, and let R* denote the (z)-adic
completion of R.

REMARK 5.2. Section 3.1 contains material on the (z)-adic completion R* of a
Noetherian integral domain R with respect to a nonzero nonunit z of R. Remark 3.2
of Chapter 2 implies that R* has the form

Ryl

(y — 2)R[y]]’

where y is an indeterminate over R. It is natural to ask for conditions in order that
R* is an integral domain, or equivalently, that (y — z)R][[y]] is a prime ideal. The
element y — z obviously generates a prime ideal of the polynomial ring R[y]. Our
assumption that z is a nonunit of R implies that (y — z)R][[y]] is a proper ideal. We
consider in Exercise 3 of this chapter examples where (y — z)R][y]] is prime and
examples where it is not prime.

R* =

5.1. Two construction methods and a picture

With R, z and R* as in Setting 5.1 we describe two methods for the con-
struction associated with R*. The Inclusion Construction Aj,. results in a domain
transcendental over R and contained in a power series extension of R, whereas the
Homomorphic Image Construction Ayep, results in a domain that is birational over
R and is contained in a homomorphic image of a power series extension of R.

35
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CONSTRUCTION 5.3. Inclusion Construction: Let 11,...,7s € zR* be alge-
braically independent elements over R such that K(7,...,7s) C Q(R*). We define
A to be the intersection domain A = Ay := K(71,...,7s) N R*, so that Aj,. is
contained in R* and is a transcendental extension of R.

CONSTRUCTION 5.4. Homomorphic Image Construction: Let I be an ideal of
R* having the property that P N R = (0) for each P € Spec R* that is associated
to I. Define A = Apom := KN (R*/I). Thus Apom is contained in a homomorphic
image of R* and is a birational extension of R.

NoTE 5.5. The condition in (5.4), that P N R = (0) for every prime ideal P
of R* that is associated to I, implies that the field of fractions K of R embeds in
the total quotient ring Q(R*/I) of R*/I. To see this, observe that the canonical
map R — R*/I is an injection and that regular elements of R remain regular as
elements of R*/I. In this connection see Exercise 1.

P1cTURE 5.6. The diagram below shows the relationships among these rings.

AN\

R*

NN

*

R Q(R*/I)

R*/I  K=Q(R)

| Anom = (R*/T) N K |

tranmiW onal
R
(5.3) A== LNR* (5.4) A= Kn(R*/I)

REMARKS 5.7. (1) Chapters 4, 17, 22 and 23 feature the Inclusion Construc-
tion 5.3 that realizes the intersection domain A = Ay, := K(71,...,7) N R*, while
Chapter 8 features the Homomorphic Image Construction 5.4. Construction 5.3
yields the examples of Sections 4.1, 4.2 and 4.3; e.g., Nagata’s Example 4.8 fits the
format of Construction 5.3, since

A= Q(z,y,p°) N Qllz, yl] = Qz,y, p*) N QL] [y]]-

(2) Construction 5.4 includes, up to isomorphism, Construction 5.3 as a special
case. To see this, let R,z, R* and 71,...,7s € zR* be as in Construction 5.3. Let
t1,...,ts be indeterminates over R, define S := RJ[t1,...,ts], let S* be the z-adic
completion of S and let I denote the ideal (¢; — 71,...,ts — 75)S*. Consider the
following diagram, where Dy, is the intersection domain result of Construction 5.4,
when R and R* there are replaced by S and S*, and where X is the R-algebra
isomorphism of S into R* that maps t; — 7; for i = 1,...,s. The map A naturally
extends to a homomorphism of S* onto R* with the kernel of this extension being

the ideal I. Thus there is an induced isomorphism of S*/I onto R* that we also
label as A.
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S = R[th...,ts} —— Dyom = K(t1,...,t5)ﬂ(5*/1) E— S*/I

| | |

R—— R[n,...,7s] —— Apnc:=K(n,...,7s)NR* ——— R*.

Since A maps Dyom isomorphically onto Aj,g, we see that Construction 5.4 includes
as a special case Construction 5.3.

(3) Many of the classical examples of interesting Noetherian local domains can
be obtained with Construction 5.3 where R is a regular local domain. Construc-
tion 5.3, however, is not sufficient to obtain certain other types of rings such as
Ogoma’s celebrated example [84] of a normal non-catenary Noetherian local do-
main. Ogoma’s example can be realized, however, as an intersection with the homo-
morphic image of a completion as described in Construction 5.4. In Example 9.11
of Chapter 9, we construct a Noetherian local domain with geometrically regular
formal fibers that is not universally catenary; this requires the homomorphic image
construction.

5.2. Universality

In this section we describe how the methods of Section 5.1 can be regarded as
universal for the construction of certain Noetherian local domains. Consider the
following general question.

QUESTION 5.8. Let k be a field and let L/k be a finitely generated field exten-
sion. What are the Noetherian local domains (A4, n) such that
(1) L is the field of fractions A, and
(2) k is a coefficient field for A?
Recall from Section 2.1, that & is a coefficient field of (A, n) if the composite map
k — A — A/n defines an isomorphism of k onto A/n.

In relation to Question 5.8, we observe in Theorem 5.9 the following general
facts.

THEOREM 5.9. Let (A,n) be a Noetherian local domain having a coefficient
field k. Then there exists a Noetherian local subring (R, m) of A such that:
1) The local ring R is essentially finitely generated over k.
2) If Q(A) = L is finitely generated over k, then R has field of fractions L.
3) The field k is a coefficient field for R.
4) The local ring A dominates R and mA = n.
5) The inclusion map ¢ : R — A extends to a surjective homomorphism
Q: R— A of the m-adic completion R of R onto the n-adic completion
A of A.
(6) For the ideal I := ker(p), of the completion R of R from item 5, we have:
(a) R/I = A, so ﬁ/] dominates A, and
(b) PN A = (0) for every P € Ass(R/I), and so the field of fractions
Q(A) of A embeds in the total ring of quotients Q(ﬁ/[) of R/1, and
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(c) A= Q(A)n (R/I).

PROOF. Since A is Noetherian, there exist elements t¢q,...,t, € n such that
(t1,...,tn)A = n. For item 2, we may assume that L = k(¢1,...,t,), since every
element of Q(A) has the form a/b, where a,b € n. To see the existence of the integral
domain (R, m) and to establish item 1, we set T := k[t1,...,t,] and p:=nnNT.
Define R := T, and m :=nNR. Then £k C R C A, mA = n, R is essentially
finitely generated over k and k is a coefficient field for R. Thus we have established
items 1- 4. Even without the assumption that Q(A) is finitely generated over k,
there is a relationship between R and A that is realized by passing to completions.
Let ¢ be the inclusion map R < A. The map ¢ extends to a map @ : R— E, and
by Corollary 3.9.2, the map ¢ is surjective; thus item 5 holds. Let I := ker ¢. Then
}AE/ I= 21\7 for the first part of item 6. The remaining assertions in item 6 follow from
the fact that A is a Noetherian local domain and A }AE/ I. Applying Remarks 3.7,
we have }AE/ I is faithfully flat over A, and by Remark 2.20.6 the nonzero elements
of A are regular on R/I.

The following commutative diagram, where the vertical maps are injections,
displays the relationships among these rings:

R—2 A=R/I — s Q(R/I)
(5.1) T T T
R

R 5 A=0A)N(R/I) —— Q(A)

This completes the proof of Theorem 5.9. O

In relation to Question 5.8, we summarize as follows.

SUMMARY 5.10. Every Noetherian local domain (A, n) having a coefficient field
k, and having the property that the field of fractions L of A is finitely generated over
k is realizable as an intersection L N }AE/ I, where I is an ideal in the completion R
of a Noetherian local domain R essentially finitely generated over k and Q(R) = L.

REMARK 5.11. Summary 5.10 is a first start towards a classification of the
Noetherian local domains A with the stated properties. The drawback with (5.10),
however, is that it is not true for every triple R, L, I as in (5.10) that L N (ﬁ/[) is
Noetherian (see Chapter 26, Section 26.4 below). In order to have a more satisfying
classification an important goal is to identify the ideals I of R and fields L such
that L N (R/I) is Noetherian.

If a Noetherian local domain R is essentially finitely generated over a field k,
then there often exist ideals I in the completion R of R such that the intersection
domain Q(R) N (R/I) is an interesting Noetherian local domain that birationally
dominates R. This technique may be used to describe the example given by Nagata
[78] or [79, Example 7, page 209], and other examples given in [11], [12], [58], [84],
[85], [91], [92], and [109].

In order to give a more precise criterion for the intersection domain A to be
Noetherian, we restrict Constructions 5.3 and 5.4 to a completion R* of R with
respect to a nonzero nonunit z of R. This sometimes permits an explicit description
of the intersection via the approximation methods of Chapter 6. In Chapter 8 we
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give necessary and sufficient conditions for A to be computable as a nested union
of subrings of a specific form. We also prove that the Noetherian property for the
associated nested union is equivalent to flatness of a certain map.

Exercises

(1) Let A be an integral domain and let A < B be an injective map to an extension
ring B. For an ideal I of B, prove that the following are equivalent:
(i) The induced map A — B/I is injective, and each nonzero element of A is
regular on B/I.
(ii) The field of fractions Q(A) of A naturally embeds in the total quotient ring
Q(B/I) of B/I.
If A and B are Noetherian, prove that conditions (i) and (ii) are also equivalent
to the following condition:
(iii) For each prime ideal P of B that is associated to I we have PN A = (0).
(2) Let A := k[z] — k[z,y] =: B be a map of the polynomial ring k[z] into the
polynomial ring k[x,y] and let I = zyB. Prove that the induced map A — B/I
is injective, but the field of fractions Q(A) of A does not embed into the total
quotient ring Q(B/I) of B/I.
(3) Let z be a nonzero nonunit of a Noetherian integral domain R, let y be an

% be the (z)-adic completion of R.

(i) If z = ab, where a,b € R are nonunits such that aR + bR = R, prove that
there exists a factorization

sy = (otay+ ) (brbyt) = (Ve (3 b,
=0 =0

indeterminate, and let R* =

where the a;,b; € R, ag = a and by = b.
(ii) If R is a principal ideal domain, prove that R* is an integral domain if and
only if zR has prime radical.

(4) Let A be an integral domain and let A < B be an injective map to an extension
ring B. Let I be an ideal of B having the property that /N A = (0) and every
nonzero element of A is a regular element on B/I. Let C' := Q(A) N (B/I).

(i) Prove that C = {a/b|a,b€ A, b#0 andacI+bB }.

(ii) Assume that J C I is an ideal of B having the property that every nonzero
element of A is a regular element on B/J. Let D := Q(A)N (B/J). Prove
that D C C.

Suggestion: Item ii is immediate from item i. To see item i, observe that
bC =b(B/I)NQ(A), and a € bC <= a € b(B/I) < a€I+bB.






CHAPTER 6

Two Approximations and their Connection

Our goal in this chapter is to describe in detail Inclusion Construction 5.3 and
Homomorphic Image Construction 5.4. The first difficulty we face is identifying
precisely what we have constructed—because, while the form of the example as
an intersection as given in Constructions 5.3 and 5.4 of Chapter 5 is wonderfully
concise, sometimes it is difficult to fathom.

We use the notation of Setting 5.1. The approximation methods in this chap-
ter describe a subring B inside the constructed intersection domain A of Con-
structions 5.3 and 5.4. This subring is useful for describing A. We discuss two
approximation methods corresponding to the two construction methods of Chap-
ter 5. In Chapter 7 we use the approximation from Section 6.1 to continue the
proof of Theorem 4.12 concerning the iterative examples of Section 4.3.

Associated to each of the Constructions 5.3 and 5.4, the computable subrings B
contained in the intersection domains A approximate A in each of the constructions.
In the case of Construction 5.3 we obtain an “approximation” domain B that
is a nested union of localizations of polynomial rings in s variables over R. In
the case of Construction 5.4, the “approximation” domain B is a nested union of
birational extensions of R that are essentially finitely generated R-algebras. In both
constructions B is a subring of the corresponding intersection domain A.

6.1. Approximations for Inclusion Construction

In this section we give an explicit description of the approximation domain B of
the previous paragraph for Construction 5.3. We use the last parts, the endpieces,
of the power series 71, ..., 7s. First we describe the endpieces for a general element
~v of R*.

ENDPIECE NOTATION 6.1. Let R be a Noetherian integral domain and let z
be a nonzero nonunit element of R. Let R* be the z-adic completion of R; see
Remark 3.2. Each v € zR* has an expansion as a power series in z over R,

o
v o= g ¢;2', where ¢; € R.!
i=1

1

For each nonnegative integer n we define the n*® endpiece 7, of v with respect

to this expansion:

(6.1.1) Vn = i ez

1=n—+1

1YWe are interested in the ring R[], where v is algebraically independent over R and nonzero
elements of R[y] are regular in R*. By modifying v by an element in R, we may assume vy € zR*.

41
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It follows that, for each n € N, we have the relation

(6.1.2) Yn = Cp41Z + ZVn+1-

In Construction 5.3, the elements 71, ... 7, € zR* are algebraically independent
over the field of fractions Q(R) of R and have the property that every nonzero
element of the polynomial ring R[r,...,7s] is a regular element of R*. Thus
Q(R[r1,...,7s]) is contained in the total quotient ring Q(R*). Hence it makes
sense to define the intersection domain A := R* N Q(R[1,...,7s]) inside Q(R*).
We set

Uy := R[r1,...,7s] € R*NQ(R[m,...,7s]) = A,

and U is a polynomial ring in s variables over R. Each 7; € zR* has a representation

T; = Zjoil r;j27, where the r;; € R. For each positive integer n, we associate with
this representation of 7; the n*® endpiece,

oo
(6.1.3) Tin = Z rijzj_".
Jj=n-+1

We define
(6.1.4) Un == R[tip,...,7en] and B, := (14 2U,)"'U,

Then U, is a polynomial ring in s variables over R, and z is in every maximal
ideal of B, so z € J(B,), the Jacobson radical of B,; see Section 2.1 Using
(6.1.2), we have for each positive integer n a birational inclusion of polynomial
rings U,, C U,+1. We also have U, 41 C U,[1/z]. By Remark 3.7.1, the element z is
in J(R*). Hence the localization B,, of U, is also a subring of A and B,, C B, 1.
We define

U, = GR[TM,...,TS”] and B := GBn.

(@

(6.1.5) U =
n=1 n=1 n=1
It follows that
(6.1.6) B=(1+4+zU)"'U and B C A := R*NQ(R[m,...,7]).

REMARK 6.2. With the notation and setting of (6.1), the representation

0o
T = E T'ijZJ
Jj=1

of 7, as a power series in z with coefficients in R is not unique. Indeed, since
z € R, it is always possible to modify finitely many of the coefficients r;; in this
representation. It follows that the endpiece 7;, is also not unique. However, as we
observe in Proposition 6.3 the rings U and U,, are uniquely determined by the 7;.

PROPOSITION 6.3. Assume the notation and setting of (6.1). Then the ring U
and the rings U, are independent of the representation of the T; as power series in
z with coefficients in R. Hence also the ring B and the rings B, are independent
of the representation of the T; as power series in z with coefficients in R.
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ProoOF. For 1 <i < s, assume that 7; and w; = 7; have representations
oo oo
T; = Zaijzj and w; = Zbijzj,
j=1 j=1

where each a;5,b;; € R. We define the nth—endpieces Tin and wjy, as in (6.1):

00 00
Tin — E aijz]ﬂl and Win = E bijzjin.

j=n+1 j=n+1
Then we have

o0 n
T = E amzj E az]zj + 2" = E b”z] = E bijz? + 2"win = w;.
i=1

=1
Therefore, for 1 < i < s and each positive 1nteger n,

n n n
n n j i 2 j=1(bij — aij) 2!
2" Ty — 2" Wiy, = E bi;z’ — E ai;7’, andso Ty —win =

Z’I’L

Thus E] ((bij — a;;)z7 € R is divisible by 2" in R* . Since 2" R is closed in
the (z)-adic topology on R, we have z"R = RN z"R*. It follows that 2" divides
the sum Z?Zl(bij — a;j)#’ in R. Therefore 7;;, — w;, € R. Thus the rings U,
and U = UZO:I U, are independent of the representation of the 7;. Since B, =
(1 +zUn)_1Un and B = Uf;l B,,, the rings B,, and the ring B are also independent
of the representation of the 7;. ([

REMARK 6.4. Let R be a Noetherian integral domain, let z € R be a nonzero
nonunit, let R* denote the (z)-adic completion of R, and let 71,...,7s € zR* be
algebraically independent elements over R, as in the setting of Construction 5.3.

(1) Assume in addition that R is local with maximal ideal m. We observe in
this case that the ring B defined in Equation 6.1.5 is the directed union of the
localized polynomial rings C,, := (U,)p,, where P, := (m, 71, ..., Tsn)Upn and U,
is as defined in Equation 6.1.4. Tt is clear that C,, C Cy41, and P, N (14 2U,) =0
implies that B,, C C,,. We show that C}, C B, 41: Let § € C,, where a € U,, and
d e U, \ P,. Then d = dy + Zle Tinb;, where dg € R and each b; € U,. Notice
that dy ¢ m since d ¢ P,,, and so dy* € R. Thus

ddy' =14 7inbidy' € (14 2Ups1),
i=1

since each 7;, € 2Up 41 by (6.1.2). Hence § = %3 € B,11, and so

B=|]JB.={JCn
n=1 n=1

(2) In the special case where R = k[z], then R* = k[[z]] is the (z)-adic
completion of R and U,, = k[z,Tin,...,Tsn], as defined in Equation 6.1.4, using
Endpiece Notation 6.1. We have that B = |Jk[x,Tin,...,Tsn]p, Where P, :=
(T, Tin, - Tsn)K[T, Tin, - - -, Tsn] by a proof similar to that for item 1.

(3) Let R be the localized polynomial ring k[2, y1, ..., Yr](z,y,,....y,) Over a field &
with variables @, y1, ..., yr and let z = 2. Then R* = k[y1, ..., Yrl(y,,....y.) [2]] is the
(z)-adic completion of R. Define U/ = k[z,y1,...,Yr, Tin,- -, Tsn) and U' = U}
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using Endpiece Notation 6.1, and use U}, in place of U,, from Equation 6.1.4. Then
the ring B of Equation 6.1.5 satisfies B = |J C,,, where each C,, = (U},) p, and each
Pn = (xaylv ey Yry Tiny - - - 7Tsn)Uq/1~

It is important to identify when the approximation domain B equals the in-
tersection domain A of Construction 5.3. In Definition 6.5, we introduce the term
“limit-intersecting” for this situation. We use the same term for Homomorphic
Images Construction 5.4 in Definition 6.12.

DEFINITION 6.5. Using the notation in (6.1.3) and (6.1.5), we say Construc-
tion 5.3 is limit-intersecting over R with respect to the 7; if B = A. In this case,
we refer to the sequence of elements 7, ...7; € zR* as limit-intersecting over R, or
briefly, as limit-intersecting for A.

Example 6.6 illustrates the limit-intersecting property. Notice that Example 4.1
is a special case of Example 6.6 .

EXAMPLE 6.6. Let R = k[z] where k is a field and z is an indeterminate. Let
o0 ) o0
T = Zrljxj, ,Ts 1= erjxj € xkl[z]]
j=1 j=1

be algebraically independent over k(z). By Remark 2.1, A := k(z, 11, ..., 7s) Nk[[z]]
is a DVR with (z)-adic completion A = A* = k[[z]]. The elements 71, ..., 7, are
limit-intersecting over R, that is, A = B, where B is as defined in (6.1.5). This
follows from Theorem 9.2. We give the following direct proof.

PRrOOF. Let Cy, = K[z, Tin, ..., Tsn|(z,71n,....7on)- By Remark 6.4, it suffices to
prove that A = Ule C,,. Notice that C,, is a RLR of dimension s + 1, and C,, C
Cr+1 € A with A birationally dominating C,,;1 and C,, 41 birationally dominating
C,. Since C,, is a regular local ring, the function that associates to each nonzero
f € C,, the nonnegative integer e := ordc, (f), where f is in the e-th power of
the maximal ideal of C),, but not in the (e + 1)-th power, defines a valuation; see
Section 2.1.

Let a € A. Using that A is birational over C,, and that C,, is a UFD, we can
write @ = f,,/gn, where f,, g, € C, are relatively prime. Notice that a € C,, if
and only if ordc, (gn) = 0. Let ord4 denote the order valuation associated to the
one-dimensional regular local ring A. Since a € A and since ord, is a valuation,
we have orda(a) = orda(f,) —orda(gn) > 0; see Remark 2.2. Since A dominates
Cy, we have orda(g,) > 0 and ord4(gn) = 0 if and only if orde, (¢9,) = 0. These
statements hold for each of the rings C,,.

To show that a € (J,-; C,, and hence that [J,-, C,, = A, it suffices to show
that orde,, (9m) = 0 for some positive integer m. If orda(g,) > 0, it suffices

to show that with the representation a = Z”—*i, where fn41,9n+1 € Chy1 are

relatively prime, then orda(gn+1) < orda(gn). By (6.1.1) we see that the maximal
ideal (z,T1n,...,Tsn)Cpn of Cy, is contained in xCp 1. Thus there exist elements
Jri1>9ny1 in Cpyq such that

n

! /
1 €z f
fn=af,, and g, =xg),,,. Hence a = Jorr o Tl ntl

/ !
In+1 gn xgnJrl gn+1
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Since Cy, 41 is a UFD and f,,+1 and g1 are relatively prime in C), 11, we see that
Gry1 = bgn41 for some b € Cy 4. Since A dominates Cj,41 we have
ordag, = ordaz + ordag,,; = 1 + ordag,.; > 1 + orda gn41.

This completes the proof that 7,..., 7 are limit-intersecting over R. (]

Example 6.7 extends and generalizes Example 6.6 to a situation where R is a
polynomial ring in several variables over k[z].

EXAMPLE 6.7. Let m be a positive integer and let R := k[z,y1,...,ym] be a
polynomial ring in independent variables z,y1, ...,y over a field k. Let
o0 o0
T o= Zrljxj, ,Ts 1= erjxj € zk[[z]]
j=1 j=1

be algebraically independent over k(z). Then C := k(z,7,...,7s) N k[[z]] is a
DVR with (z)-adic completion C' = C* = k[[z]] by Remark 2.1. Let R* denote the
(x)-adic completion of R, and let

A = k(x, 7, Ts, Y1, Ym) N R

Notice that Cly1,...,yn] € A. The inclusion is proper since elements such as
1 — zy; are units of A, but are not units of the polynomial ring C[y1, ..., ym]. Let
Un := k[Z,Y1, -+, Ym;Tin, - - - Tsn), Where the 7, are the n'® endpieces of the 7;.

Theorem 9.2 implies that
A = B := B, where B, = (1+aU,) 'Uy.
n=1

Thus the elements 7, ..., 7 are limit-intersecting over R.

REMARK 6.8. The limit-intersecting property depends on the choice of the
elements 71,...,7s € zR*. For example, if R is the polynomial ring Q|z,y], then
R* = Q[y][[z]]- Let s =1, and let 4 = 7 :=€* — 1 € zR*. Then 7 is algebraically
independent over Q(z,y). Let Uy = R[r]. Example 6.7 shows that 7 is limit-
intersecting. On the other hand, the element yr is not limit-intersecting. For if
Uj := R[yr,], then Q(Up) = Q(U)) and the intersection domain

A = Q) N R* = Q(Uj) N R*

is the same for 7 and yr. However the approximation domain B’ associated to
Uj does not contain 7. Indeed, 7 ¢ R[y7]|[1/z]. Hence B’ is properly contained
in the approximation domain B associated to Uy. We have B’ C B = A and the
limit-intersecting property fails for the element y7.

6.2. Approximations for Homomorphic Image Construction

Applying the notation from Setting 5.1 to Homomorphic Image Construc-
tion 5.4, we again approach A using a sequence of “computable rings” over R,
but we use the fronts of the power series involved, rather than the ends. The com-
putable rings that are so obtained are not localizations of polynomial rings over
R; instead they are localizations of finitely generated birational extensions within
the fraction field of R. Nevertheless, as we explain below, there is a sequence of
computable rings associated to Homomorphic Image Construction 5.4.
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A goal of the computations here is to develop machinery for a proof that flatness
of a certain extension implies that the integral domain A of Homomorphic Image
Construction 5.4 is Noetherian and is a localization of a subring of R[1/z]. This
goal is realized in Theorem 8.1 of Chapter 8.

For Construction 5.4 one no longer has an approximation of A by a nested
union of polynomial rings over R. Indeed, in Construction 5.4 the extension R C A
is birational. However, there is an analogous approximation.

FRONTPIECE NOTATION 6.9. Let R be a Noetherian integral domain with
field of fractions K := Q(R), let z € R be a nonzero nonunit, and let R* denote
the (z)-adic completion of R. Let I be an ideal of R* having the property that
PN R =(0) for each P € Spec R* that is associated to I. As in Construction 5.4,
define A = Apom := KN (R*/I).

Since I C R*, each v € I has an expansion as a power series in z over R,

(oo}
v o= Zaizi, where a; € R.
i=0

For each positive integer n we define the n*® frontpiece 7, of vy with respect to this

expansion:
" a2
o J
Tn = Z o
Jj=0
Thus with I := (o4, ...,0)R*, then for each o; we have

o0
o; = g ai;2’,  where the a;; € R,
=0

and the n'® frontpiece oy, of o; is

n

L al-jzj
For Homomorphic Image Construction 5.4, we obtain approximating rings as
follows: We define

(6.9.2) U, = R[o1n, ..., 01l and B,, := (1 + 2U,) " 'U,.

The rings U, and B,, are subrings of K. We observe in Proposition 6.11 that they
may also be considered to be subrings of R*/I. First we show in Proposition 6.10
that the approximating rings U,, and B,, are nested.

PRrROPOSITION 6.10. With the setting of Frontpiece Notation 6.9, for each inte-
ger n > 0 and for each integer i with 1 < i <t, we have

(1) Oin = —2Qint1 + 20; nt1-
(2) (z,04)R* = (2,ai0)R* and hence (z,I)R* = (z,a10, ..., a10)R*.
(3) (z,0,)R* = (z,2"0in)R* and hence (z,I)R* = (z,2"01n, ..., 2" 0w ) R*.

Thus R C Uy and we have U, C U,+1 and B,, C B, 11 for each positive integer n.

PRrROOF. For item 1, by Definition 6.9.1, we have ;11 := Z?:OI foj . Thus

n+1 : n :
a3t a;j7’
204 n+1 = E pEs | = E —— + 20 n41 = Oin + 20i ni1-

n
=0 =0
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For item 2, by definition

o0 o0
— j j—1
0; = E aiij = a0 + Z( E aiij )
Jj=0 Jj=1

For item 3, observe that

oo oo
o; = E a2l = 2"y, + 2" E ;22 "),
j=0 j=n+1
The asserted inclusions follow from this. O

PROPOSITION 6.11. Assume the setting of Frontpiece Notation 6.9 and let n be
a positive integer. As an element of the total quotient ring of R* /I the n'" frontpiece
Oin is the negative of the n™ endpiece of o; defined in Endpiece Notation 6.1, that
18, for o; := Z;io az-jzj, where each a;; € R,

B S T S S

Oin = Z e Z a;j2 (mod I).
Jj=n+1 j=n+1

It follows that o;, € K N (R*/I), and so U, and B,, are subrings of R*/I.

PRrOOF. Let 7 denote the natural homomorphism from R* onto R*/I. Using
that the restriction of 7 to R is the identity map on R, we have

o o
g; = ZnUin + E aiij et Zn(fin =0; — E aijzj

j=n+1 Jj=n+1
o0
= (2 o) =7(0)) = 7( Y ai;2)
j=n+1
o0
= 2", = —2"7( Z a;; 22 7").
j=n-+1
Therefore 2”0y, € 2"m(R*) = 2"(R*/I). Since z is a regular element of R*/I, we
have 0y, = —m(3_72, 1 @iz’ "), is an element of R*/I. O

DEFINITION 6.12. Assume the setting of Frontpiece Notation 6.9. We define

(6.121) U= |JUs, Bi=|)Bu=01+2U,)""Un,  A:=Kn(R/I).
n=1 n=1

By Remark 3.7.1, the element z is in the Jacobson radical of R*. Hence B C A.

Construction 5.4 is said to be limit-intersecting if B = A.

6.3. The Inclusion Construct is a Homomorphic Image Construct

Even though they appear different, Proposition 6.11 shows for each of the power
series in the ideal I that the approximation in Frontpiece Notation 6.9 is, modulo
the ideal I, the negative of the approximation in Endpiece Notation 6.1.

In view of Remark 5.7.2 of Chapter 5, Construction 5.4 includes Construc-
tion 5.3 as a special case. When Inclusion Construction 5.3 is translated to Ho-
momorphic Image Construction 5.4 under the correspondence described in (5.7.2),
Proposition 6.14 shows that the approximating rings using frontpieces as in (6.9)
correspond to the approximating rings using endpieces as in (6.1).
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We revise the notation slightly so that we can view Inclusion Construction as
a Homomorphic Image Construction as in Remark 5.7.2:

REVISED NOTATION 6.13. Let R, z, R* and 7, ..., Ts be as in Construction 5.3.
Thus

o
T, = E rij2’  where r;; € R.
=1

Let t1,...,ts be indeterminates over R, define S := Rl[t1,...,ts], let S* be the
(z)-adic completion of S and let I denote the ideal (t; — 71,...,ts — 75)S™*. Notice
that S*/I = R* implies that P NS = (0) for each prime ideal P € Ass(S*/I).
Thus we are in the setting of Homomorphic Image Construction and can define
D := Q(R)(t1,...,ts) N (S*/I). Let 0; :=t; — 73, for each ¢ with 1 < <s.

As in (6.9), define oy, to be the n*® frontpiece for o; over S. We consider
(5.7.2.1), the same diagram as before, where X is the R-algebra isomomorphism
that maps t; > 7; fori =1,...,s:

S:=R[t1,....t] —— D= Q(R)(tr,....ts) N (S*/]) — S*/I

| | |

R —— S":=R[n,...,7s) —— A:=09(R)(m,...,7s)NR* —— R*.

As before, A maps D isomorphically onto A via A(t;) = 7; for every ¢ with 1 <4 < s.
Define V,,,C,,,V,C using Frontspiece Notation 6.9 and Equation 6.12.1 over .S,
that is, with S and S* in place of R and R*. Define U,, B,,,U, B using Endpiece
Notation 6.1 and Equations 6.1.4 and Equation 6.1.5 over R. Then

Vi : = S[01ny -3 0sn] = R[t1, .., ts][01ny - - - Osnls
Cp:= (14 2V,) "V,
61) Vi=JVa C:=JCu=0+2V)'V
n=1 n=1
U:=|JU,=|JRIrn....7n] and B:=|])B,=(1+2U0)""U.
n=1 n=1 n=1

PROPOSITION 6.14. With the setting of Revised Notation 6.13, the R-algebra
isomorphism A has the following properties:

AD)=A, MNoin) =Tin, AVa)=Un, MCn)=Bn, ANV)=U, \C)=B,

for alli with 1 <i<s and all n € N.
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Proor. We have elements r;; € R so that

o0 o0
o E j . E j—n
T, = TijZ], Tin = ’I’ijZJ
j=1 j=n+1
oo .\ o]
- B i b Zj:l Ti;%
g; -—ti_Ti—ti_E Tijz”, Oin =
z
j=1
" .
Ti — Zj:l Tij27
= Nowy) = ————
Zn
= Tin-
The remaining statements of Proposition 6.14 now follow. U

REMARK 6.15. With the setting of Revised Notation 6.13, since U, is a poly-
nomial ring over R in the variables 7q,, ... Ts,, Proposition 6.14 implies that V,, is
a polynomial ring over R in the variables o1, ...,0,. Thus

Vi :=8S[01ny -+, 0sn] = Rlt1,. -, ts][01ns -+ s 0sn] = R[O1n, -, Osnl-

6.4. Basic properties of the approximation domains

The following general lemma is used in Theorem 6.17 to establish more detailed
descriptions for our setting.

LEMMA 6.16. Let S be a subring of a ring T and let x € S be a regular element
of T such that (,—, 2"T = (0). The following conditions are equivalent.
(1) Q) xS =2T NS, and (ii) S/zS =T/2T.
(2) For each positive integer n we have:
2"S = 2"TnS, S/z"S = T/az"T and T = S+2"T.
(3) The rings S and T have the same (x)-adic completion.
(4) (i) S=S[1/z]NT, and (ii) T[1/x] = S[1/x] + T.

PROOF. To see that item 1 implies item 2, observe that
"TNS =z"TNxS =x(x"'TNS),

so the equality 2"~ 1S = 2"~ !T'N S implies the equality ™S = "1 N .S. Moreover
S/xS = T/zT implies T = S+a2T = S+ x2S +2T) = - =S+ z2"T, so
S/a™S = T/a"T for every n € N. Therefore (1) implies (2).

It is clear that item 2 is equivalent to item 3.

To see that item 2 implies (4i), let s/2™ € S[1/2]NT with s € S and n > 0.
Item 2 implies that s € 2T NS = 2™S and therefore s/z™ € S. To see (4ii), let
L € T[1/z] with t € T and n > 0. Item 2 implies that ¢t = s+ 2"t; for some s € S

xn

and t; € T. Therefore min = -2 4+ t;. Thus (2) implies (4).

It remains to show that item 4 implies item 1. To see that (4) implies (1i), let
t € T and s € S be such that 2t = s. Then t = s/xz € S[1/z]NT = S, by (4i).
Thus zt € 5. To see that (4) implies (1ii), let t € T. Then £ = = + ¢/, for some

xmn

neN,secSandt €T by (4ii). Thus t = i +t'z. Hence t —t'z = 55 €

an—1

S[1/z]NT = S, by (4ii). O

Theorem 6.17 relates to the analysis of the homomorphic image construction.
This analysis is useful for the development of examples in later chapters.
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CONSTRUCTION PROPERTIES THEOREM 6.17. (Homomorphic Image Version)
Let R be a Noetherian integral domain with field of fractions K := Q(R), let z € R
be a nonzero nonunit, and let R* denote the (z)-adic completion of R. Let I be
an ideal of R* having the property that PN R = (0) for each P € Spec R* that is
associated to I. With the notation of Frontpiece Notation 6.9 and Definition 6.12,
we have for each positive integer n:

(1) The ideals of R containing z™ are in one-to-one inclusion preserving cor-
respondence with the ideals of R* containing z™. In particular, we have
(I,2)R* = (a9, - - -, G10, 2)R* and

(I,z)R* N R = (a10,-..,at0,2)R* N R = (a10,---,a0,2)R.

(2) The ideal (ayo, .-, a0, 2)R equals z(R*/I) N R under the identification of
R as a subring of R*/I, and the element z is in the Jacobson radical of
both R*/I and B.

(3) z"(R*/I)NA=z"A, 2"(R*/I)NU = z"U, 2"(R*/I)NB = z"B.

(4) U/2"U =B/2z"B=A/2"A=R*/(2"R* +1). The rings A, U and B all
have (z)-adic completion R*/I, that is, A* =U* = B* = R*/I.

(5) R[1/2] =UJ[1/z], U = R[1/z]nB = R[1/z]NnA = R[1/2]N(R*/I) and the
integral domains R, U, B and A all have the same field of fractions K.

PRrROOF. The first assertion of item 1 follows because R/z"R is canonically
isomorphic to R*/z™R*. The next assertion of (1) follows from part 2 of Proposi-
tion 6.10. If v = 2221 0:0: + 27 € (I,z)R* N R, where 7, 8; € R*, then write each
Bi = b; + z8,, where b; € R, 8} € R*. Thus vy — Zzzl a;ob; € zR* N R = zR, and so
v € (a0, - - -, a0, 2)R.

Since z(R*/I) = (z,I)R*/I, we have (a1g,...,atw,2)R C z(R*/I) N R. The
reverse inclusion in item 2 follows from (I, z)R* = (aqq, - - -, a0, 2) R*. For the last
part of item 2, we have that z € J(R*) and so 1 + az is outside every maximal
ideal of R* for every a € R*. Thus z € J(R*/I). By the definition of B in
Equation 6.12.1, z € J(B).

The first assertion of item 3 follows from the definition of A as (R*/I)NK. To
see that z(R*/I)NU C zU, let g € z(R*/I)NU. Then g € U,, for some n, implies

g =10+ go, where 79 € R, go € (01n,- - 0m)Un. AlSO 04y = —20; n41 + 204 41,
and so go € 2Upt1 C 2(R*/I). Now rg € (z,01,...,0¢)R* = (I,z)R*. Thus by
item 1, ro € (a10,.-.,a0,2)R. Also each a;0 = 0; — 2 Z]Oil a;;27~1 € zU because

a;0 = 2041 — 20441

Thus 79 € zU, as desired. This proves that z"(R*/I) N U = z"U. Since
B = (1+2zU)"'U, we also have 2" (R*/I)N B = 2"B.

Item 4 follows from item 3 and Lemma 6.16.

For (5): if g € U, then g € Uy, for some n. Clearly each o;, € R[1/z], and so
g € R[1/z]. To see that U = R[1/z] N B, apply Lemma 6.16 with S = U, B =T.
Similarly we see that U = R[1/z] N A, since

R[1/2] N A = R[1/z] N (QR) n (R*/I)) = R[1/2] n (R*/I).

It is clear that the integral domains R, U, B and A all have the same field of
fractions K. O

REMARK 6.18. We note the following implications from Theorem 6.17 .

(1) Ttem 5 of Theorem 6.17 implies that the definitions in (6.12.1) of B and
U are independent of
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(a) the choice of generators for I, and
(b) the representation of the generators of I as power series in z.
(2) Ttem 5 of Theorem 6.17 implies that the rings U = R[1/z] N (R*/I) and
B = (1+ 2U)7'U are uniquely determined by z and the ideal I of R*.
(3) Since z is in the Jacobson radical of B, item 4 of Theorem 6.17 implies
that if b € B is a unit of A, then b is already a unit of B.

(4) We have the following diagram displaying the relationships among the
rings. Recall that B = (1 + 2U)~!U.

OR) —— QU) =—— QOB) —— Q(4) —=— Q(R*/I)
| [ [ | I
R[1/z] ——— U[l/z] —=— B[l/2] —=— A[l/2] —=— (R*/I)[1/%]
| | | I I

R —S-sU=UU, —=» B —S=5» A —=5 RYL

We record in Construction Properties Theorem 6.19 (Inclusion Version) some
basic properties of the integral domains associated with Inclusion Construction 5.3
that follow from Construction Properties Theorem 6.17 (Homomorphic Image Ver-
sion), Remark 6.18, Proposition 6.3 and Proposition 6.14.

CONSTRUCTION PROPERTIES THEOREM 6.19. (Inclusion Version) Let R be a
Noetherian integral domain with field of fractions K := Q(R), let z € R be a nonzero
nonunit, and let R* denote the (z)-adic completion of R. Let = = {m1,...,7s} be
a set of elements of R* that are algebraically independent over K, so that R|7] is
a polynomial ring in s variables over R. Define A = Ay := K(z) N R*, as in
Inclusion Construction 5.3. Let Uy, B,,, B and U be defined as in Equations 6.1.4
and 6.1.5. Then:

(1) 2"R*NA=2"A, 2"R*NB=2"B and 2z"R*NU=2"U, for each
neN.

(2) R[z][1/2]) = U[l/z], U = Rz][l/z2]Nn B = R[z]l/z]N A, and
B[1/z] is a localization of R[r]. The integral domains R[r]),U, B and A
all have the same field of fractions, namely K (7).

(3) R/z2"R = U/2"U = B/z"B = A/z"A = R*/z"R*, for eachn € N.

(4) The (z)-adic completions of U, B and A are all equal to R*, that is, R* =
U* = B* = A*.

(5) The definitions in Equation 6.1.5 of B and U are independent of the rep-
resentations given in Notation 6.1 for the 7; as power series in R*.

(6) If (R,m) is local, then B is local and, in view of Remark 6.4.1, we have

o

B = (1+20)7'U = |JUn)mrinron)U-

n=1

Proposition 6.20 concerns the extension to R* of a prime ideal of either A or
B that does not contain z, and provides information about the maps from Spec R*
to Spec A and to Spec B. We use Proposition 6.20 in Chapters 7 and 17.
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PROPOSITION 6.20. With the notation of Construction Properties Theorem 6.19
we have:

(1) z is in the Jacobson radical of B, in the Jacobson radical of A, and in the
Jacobson radical of R*.
(2) If q is a prime ideal of R, then qU is a prime ideal of U, and either
qB = B or ¢B is a prime ideal of B.
(3) Let I be an ideal of B or of A and let t € N. If 2t € IR*, then 2t € I.
(4) Let P € Spec B or P € Spec A with z ¢ P. Then z is a nonzerodivisor on
R*/PR*. Thus z ¢ Q for each associated prime of the ideal PR*. Since
z is in the Jacobson radical of R*, it follows that PR* is contained in a
nonmazximal prime ideal of R*.
(5) If R is local, then R*, A and B are local. Let mp, mp+~,m4 and mp
denote the mazimal ideals of R, R*, A and B, respectively. In this case
e mp = mgB, my = mgA and each prime ideal P of B such that
ht(mp/P) =1 is contracted from R*.
o If an ideal I of B is such that IR* is primary for mp«, then I is
primary for mp.

PROOF. For item 1, since B,, = (1 + zUy)"'U,, it follows that 1 + zb is a
unit of B,, for each b € B,,. Therefore z is in the Jacobson radical of B,, for each
n and thus z is in the Jacobson radical of B. The statement for R* follows from
Remark 3.7.1.

For item 2, since each U, is a polynomial ring over R, qU,, is a prime ideal of
U, and thus qU = |J,~, qU, is a prime ideal of U. Since B is a localization of U,
qB is either B or a prime ideal of B.

To see item 3, let I be an ideal of B. The proof for A is identical. We observe
that there exist elements by, ..., b, € I such that IR* = (by,...,bs)R*. If 2t € IR*,
there exist a; € R* such that

2 = a1by + -+ agbs.

We have o; = a; + 2! T1)\; for each 4, where a; € B and \; € R*. Thus
21— 2( A + -+ b)) = aiby + - +ashb, € BNZ'B* = 2'B.

Therefore v := 1—z(by A1+ - -+bsAs) € B. Thus z(bi A1+ - -+bsAs) € BNzR* = 2B,
and so byA\1 + -+ + bs s € B. By item 1, the element z is in the Jacobson radical
of B. Hence 7 is invertible in B. Since vz! € (b, -+ ,bs)B, it follows that 2% € I.

For item 4, assume that P € Spec B. The proof for P € Spec A is identical.
We have that

p P _ P+:2B
zP PNzB 2B
By Construction Properties Theorem 6.19.3, B/zB is Noetherian. Hence the
B-module P/zP is finitely generated. Let g1,...,9¢+ € P be such that P =
(91,-.-,9:)B + zP. Then also PR* = (¢1,...,9:)R* + zR* = (g1,...,9:)R*, the
last equality by Nakayama’s Lemma.

Let fe R* be such that zfe PR*. we show that fe PR*.

Since fe R*, we have f:: Yoco ¢;2*, where each ¢; € R. For each m > 1, let
fm = >t ciz', the first m + 1 terms of this expansion of f. Then f, € RC B

PNzB=2zP andso
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and there exists an element ﬁl € R* so that.
J/C\: fm + Zm+la-
Since zfe PR*, we have
zf =aigi+ -+ agr,
where a; € R*. The a; have power series expansions in z over R, and thus there
exist elements a;,, € R such that @; — a;m, € 2T R*. Thus

2f = aimg1 + - + Gmge + 2" ha,
where Eg € R*, and
Zfm = Gimg1 + -+ + Aimgs + 2™ g,

where hy = hy — zh, € R*. Since the g; are in B, we have e € IR OB =
2m 1B, the last equality by Construction Properties Theorem 6.19.1. Therefore
hs € B. Rearranging the last set-off equation above, we obtain

2(fn — 2" h3) = a1mg1 + - -+ + Aimgs € P.

Since z ¢ P, we have f,, —zmﬁ; € P. Tt follows that fe P+2"R* C PR*+2"R",
for each m > 1. Hence we have that fe PR*, as desired.

For item 5, if R is local, then B islocal, Aislocal, mp = mrB and m4 = mgpA
since R/zR = B/zB = A/zA = R*/zR* and z is in the Jacobson radical of B and
of A. If z € P, then item 4 implies that no power of z is in PR*. Hence PR* is
contained in a prime ideal @) of R* that does not meet the multiplicatively closed
set {z"}>2,. Thus P C Q N B C mp. Since ht(mp/P) =1, we have P = Q N B,
so P is contracted from R*. If z € P, then B/zB = R*/zR* implies that PR* is a
prime ideal of R* and P = PR* N B.

For the second part of item 5, if IR* is m-primary then 2! € IR*. Thus 2* € I
by item 3. By Theorem 6.19.3, B/2'B = R* /2! R* and so I/z'B is primary for the
maximal ideal of B/a!B. Therefore I is primary for the maximal ideal of B. [

In many of the examples constructed in this book, the ring R is a polynomial
ring (or a localized polynomial ring) in finitely many variables over a field; such
rings are UFDs. We observe in Proposition 6.21 that the constructed ring B is a
UFD if R is a UFD and z is a prime element.

PROPOSITION 6.21. With the notation of Construction Properties Theorem 6.19:

(1) If R is a UFD and z is a prime element of R, then zB is a prime ideal,
B[1/z] is a Noetherian UFD and B is a UFD.
(2) If in addition R is regular, then B[1/z] is a regular Noetherian UFD.

PRrROOF. By Proposition 6.20.2, zB is a prime ideal. Since R is a Noetherian
UFD and R[r] is a polynomial ring in finitely many variables over R, it follows that
R[z] is a Noetherian UFD. By Theorem 6.19.2, the ring B[1/z] is a localization
of R[r] and thus is a Noetherian UFD; moreover B[l/z] is regular if R is. By
Theorem 6.19.4, The (z)-adic completion of B is R* . By Proposition 6.20.1, z is in
the Jacobson radical of R*. Since R* is Noetherian, it follows that (2, 2" R* = (0).
Thus (,—, 2" B = (0). It follows that B.p is a DVR [79, (31.5)].

By Fact 2.10, we have B = B[1/z] N B,p. Therefore B is a Krull domain.
Since B[1/z] is a UFD and B is a Krull domain, Theorem 2.9 implies that B is a
UFD. O
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Exercises

(1) Prove item 2 of Remark 6.4, that is, with R a polynomial ring k[z] over a
field k and R* = k[[z]] the (z)-adic completion of R, show that with the
notation of Construction 5.3 we have B = |JC,,, where C, = (U,)p, and
P, := (x,Tin,---,Tsn)Upn. Thus B is a DVR that is the directed union of a
birational family of localized polynomial rings in n + 1 indeterminates.

(2) Assume the setting of Frontpiece Notation 6.9 and Definition 6.12. If J is a
proper ideal of B, prove that JB* is a proper ideal of B*, where B* is the
(z)-adic completion of B.

(3) Assume the setting of Frontpiece Notation 6.9, and let W denote the set of

elements of R* that are regular on R*/I. Prove that the natural homomorphism
7 : R* — R*/I extends to a homomorphism 7 : W~1R* — W~1(R*/I).



CHAPTER 7

Revisiting the Iterative Examples

In this chapter we continue the proof of Theorem 4.12 stated in Chapter 4.
We give specific examples that illustrate possible outcomes of the construction in
Chapter 5.

7.1. Properties of the iterative examples

We begin by fixing notation. We include several remarks concerning the integral
domains that are used in the proof of Theorem 4.12.

NOTATION AND REMARKS 7.1. Let k be a field, let x and y be indeterminates
over k, and let

0= az'€kllz]  and =Y byt € k[[yl]
i=0 =0

be formal power series that are algebraically independent over the fields k(z) and
k(y), respectively. Let R := k[z,9](s,,), and let 0y, 7, be the nt" endpieces of o, T
defined as in (6.1). Define

Cp = k[$70n](x,on)ﬂ C = k(z,0) N k[[z]] = @(Cn) - U Cn s

Dy = kly.7ul(ymy. D= k(y.7) N k{ly)] = lim(D,)) = | Da;

7.1.1 °°
( ) Un = k[%y,UanL U:= thn = U Uny
n=1

By = kl[z,y,0n: Tl 4y 0070y B= hﬂ(Bn) = U By;
n=1
A:=k(z,y,0,7) N K[z, y]].
(i) Since k[[z,y]] is the (z,y)-adic completion of the Noetherian ring R, Re-
mark 3.7.4 implies that k[[x,y]] is faithfully flat over R. By Remark 2.20.7
(@, 9)"k[[z, 9]l N R = (z,y)"R
for each n € N. Equation 6.1.2 implies for each positive integer n the inclusions
Cn C Cn+1; Dn - Dn+17 and Bn - BnJrl-

Moreover, for each of these inclusions we have birational domination of the larger
local ring over the smaller, and the local rings C,, D,,, B, are all dominated by

k([ yl].

55
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(ii) We observe that (z,y)B N B, = (x,y,0n,Tn)Bn, for each n € N. For if
h € (x,y,0n, Tn)Up, then Equation 6.1.2 implies that

Op = —Tap41 +To0py1 and 7, = —ybut1 + YTnt1-

Hence h € (z,y)Upi1 NU, C (z,y)U NU,. Since (z,y,0n,Tn)Up is a maximal
ideal of U,, contained in (z,y)U, a proper ideal of U, it follows that (z,y)U NU, =
(z,9,0n, Tn)Upn. Thus also (z,y)B N B, = (x,y,0n,T,)B for each n € N.

(iii) We also observe that Un[x—ly} = U[ziy] for each n € N. For Equation 6.1.2

implies that 0,1 € Up[2] C Un[ﬁ} and 7,41 € Un[i] C Un[%y] Hence U,11 C
Un[x—ly] for each n € N. Hence U C Un[z—ly], and Un[%y] = U[%y]

(iv) By Remark 2.1, the rings C' and D are rank-one discrete valuation domains;
as in Example 6.6, they are the asserted directed unions. The rings B,, are four-
dimensional regular local domains that are localized polynomial rings over the field
k. Thus B is the directed union of a chain of four-dimensional regular local rings,

with each ring birational over the previous ring.

We prove in Theorem 7.2 other parts of Theorem 4.12.

THEOREM 7.2. Assume the setting of Notation 7.1. Then the ring A is a two-
dimensional regular local domain that birationally dominates the ring B; A has
mazimal ideal (x,y)A and completion A = k[[z,y]]. Moreover we have:

(1) The rings U and B are UFDs,

(2) B is a local Krull domain with maximal ideal n = (x,y)B,

(3) The dimension of B is either 2 or 3,

(4) B is Hausdorff in the topology defined by the powers of n,

(5) The n-adic completion B of B is canonically isomorphic to k[[z,y]], and
(6) The following statements are equivalent:

) B is a two-dimensional regular local domain.

) B is Noetherian.

) Every finitely generated ideal of B is closed in the n-adic topology on
B

(e) Ewvery principal ideal of B is closed in the n-adic topology on B.

PrROOF. The assertions about A follow from Proposition 4.13. Since Uy has
field of fractions k(z,y,0,7) = Q(A) and Uy C B C A, the extension B — A
is birational. Since B is the directed union of the four-dimensional regular local
domains B,, and (z,y)B N B, = (z,y,0n,T,)B for each n € N by (4.7.n.iv) and
(4.7.n.ii), we see that B is local with maximal ideal n = (z,y)B. Since B and A
are both dominated by k[[z, y]], it follows that A dominates B.

We now prove that U and B are UFDs. Since U, is a polynomial ring over a
field and U, [-] = U[7;] by (4.7.n.iii), we have U[] is a UFD. For each n € N, the
principal ideals zU,, and yU,, are prime ideals in the polynomial ring U,,. Therefore
2U and yU are principal prime ideals of U. Moreover, U,y = B,p and U,y = Byp
are DVRs since each is the contraction to the field k(z,y, o, 7) of the (x)-adic or
the (y)-adic valuations of k[[z, y]]; see Remark 2.2.

Applying Fact 2.10 with S = U and ¢ = z, and then with S = U[%] and
¢ =y, we obtain U = Uy N Uyy N U[%y] It follows that U is a Krull domain;
see Definition 2.3.2 and the comments there. Hence, by Theorem 2.9, U is a UFD.
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Since B is a localization of U, the ring B is a UFD. This completes the proof of
items 1 and 2.

Since B is dominated by k[[x,y]], B is Hausdorff in the topology defined by the
powers of n. Since n is finitely generated, B is Noetherian [79, 31.7]. Therefore
B is a two-dimensional regular local domain with residue field k that canonically
maps onto k[[z,y]]. This canonical surjection must have kernel (0), and so we
have B = k[[z,y]]. Notice that B is a birational extension of the three-dimensional
Noetherian domain C[y, 7]. Theorem 2.8 implies that the dimension of B is at most
3. This completes the proof of items 3, 4 and 5.

For item 6, we have A is a two-dimensional RLR by Proposition 4.13. Thus
(a) = (b). Clearly (b) = (c). Since B is local by item 2, and since the
completion of a Noetherian local ring is a faithfully flat extension by Remark 3.7.4,
we have (¢) = (d) by Remark 2.207. It is clear that (d) = (e). To complete
the proof of Theorem 7.2, it suffices to show that (¢) = (a). Since A birationally
dominates B, we have B = A if and only if bANB = bB for every element b € n. The
prmmpal 1deal bB is closed in the n-adic topology on B if and only if bB = bBNB.
Also B = A and bA = bA N A, for every b € B. Thus (e) implies, for every b € B,

bBszﬂB:bAﬂB:bAﬂAﬂszAﬂB,
and so B = A. This completes the proof. O

Depending on the choice of ¢ and 7, the ring B may fail to be Noetherian.
Example 7.3 shows that in the setting of Theorem 7.2 the ring B can be strictly
smaller than A := k(z,y,0,7) N k[[z,y]].

EXAMPLE 7.3. Using the setting of Notation 7.1, let 7 € k[[y]] be defined to be
o(y), that is, set b; := a; for every ¢ € N. We then have that 6 := ‘;—:; € A. Indeed,
U—T:al(x—y)—i—ag(xQ—y2)+---+an(:1c"—y")+~-~ ,

and so 0 = [[z,y]] N k(x,y,0,7) = A. As a specific example, one may take

k:=Q and set o:=e*—1and 7:=eY —1. The ring B is a localization of the ring
U:=Upen k2, Y, 0n, Tal-
CLAIM 7.4. The element 0 is not in B.
PROOF. If 6 is an element of B, then
o—17 € (z—y)BNU = (z—y)U.

Let S := k[z,y,0,7] and let U, := k[z,y,0n,Ts] for each positive integer n. We
have

U U, C S C S(x_y)s,
neN
where the last inclusion is because zy & (x — y)S . Thus 6 € B implies that

0—-TE(@—Y)Suys NS = (z-y)Ss,
but this contradicts the fact that x,y, o, 7 are algebraically independent over k. [

Therefore 2= ¢ B, and so B C A and (z —y)B ¢ (z —y)ANB. Since an ideal

of B is closed in the n-adic topology if and only if the ideal is contracted from B
and since B = A, the principal ideal (x —y)B is not closed in the n-adic topology on
B. Using Theorem 7.2, we obtain a non-Noetherian three-dimensional quasilocal
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Krull domain B having a two-generated maximal ideal such that B birationally
dominates a four-dimensional regular local domain. We discuss this example in
more detail in Example 8.11 of Chapter 8.

On the other hand, the ring B may be Noetherian. To complete the proof of
Theorem 4.12; we establish in Example 7.13 below with & = Q that the elements
o:=¢e*—1and 7 := el — 1 give an example where B = A. The property
of 0 and 7 we use in Example 7.13 to prove A = B is that for each height-one
prime ideal Q of R = Q[[z, y]] with Q N R # (0) the images of o and 7 in R/Q are
algebraically independent over R/(Q N R).

REMARK 7.5. In the setting of Notation 7.1, It seems natural to consider the
ring compositum of C' = k[[z]] and D = k[[y]]. We outline in Exercise 2 of this
chapter a proof due to Kunz that the subring C[D] of k[[z, y]] is not Noetherian.

7.2. Residual algebraic independence

Recall that an extension of Krull domains R — S satisfies the condition PDE
(“pas d’éclatement”, or in English “no blowing up”) provided that ht(Q N R) < 1
for each prime ideal of height one @ in S; see Definition 2.3. The iterative example
leads us to consider in this section a related property as in the following definition.

DEFINITION 7.6. Let R < S denote an extension of Krull domains. An ele-
ment v € S is residually algebraically independent with respect to S over R if v is
algebraically independent over R and for every height-one prime ideal @) of S such
that QN R # 0, the image of v in S/Q is algebraically independent over R/(QNR).

REMARK 7.7. If (R,m) is a two-dimensional regular local domain, or more
generally an analytically normal Noetherian local domain of dimension at least two,
it is naturally to consider the extension of Krull domains R — R and ask about
the existence of an element v € R that is residually algebraically independent with
respect to R over R. If R has countable cardinality, for example, if R = Q[z, y](z,,),

~

then a cardinality argument implies the existence of an element v € R that is
residually algebraically independent with respect to R over R.

We show in Proposition 19.25 and Theorem 19.37 of Chapter 19, that if v € m
is residually algebraically independent with respect to R over R, then the inter-
section ring B N Q(R[v]) is the localized polynomial ring R[V](m,)- Therefore this
intersection ring is Noetherian, but has dimension one more than the dimension of
R and hence is not a subspace of R.

The existence of a residually algebraically independent element is important for
completing the proof of the iterative example as we demonstrate in Theorem 7.9.

SETTING 7.8. Let R := Q[z,%](s,) be the localized polynomial ring in two
variables  and y over the field Q of rational numbers. Then the completion of R
with respect to the maximal ideal m := (z,y)R is R := Q[[z,]], the formal power
series ring in the variables z and y.

THEOREM 7.9. Let o € zQ[[z]] and 7 € yQl[y]] be such that the following two
conditions are satisfied:

(i) o is algebraically independent over Q(x) and T is algebraically independent

over Q(y).
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(ii) trdegQ Q(y, T, {%}neN) >ri= trdegQ Q(z, o, {%}neN)-
Following the notation of (7.1), let C = k(x,0) Nk[[z]] and let T = Cly](z,y). Then
v = o+ 7 is residually algebraically independent over T. Hence v is also residually
algebraically independent over Q[x,y](s.y)-

Before proving Theorem 7.9, we establish the existence of elements o and 7
satisfying properties (i) and (ii) of Theorem 7.9. Let 0 = e* — 1 € Q[[z]] and
choose for 7 a hypertranscendental element in Q[[y]]. Recall that a power series
T = Y obiyt € Q[lyl] is called hypertranscendental over Q[y| if the set of all
partial derivatives {%}new is infinite and algebraically independent over Q(y).
(Two examples of hypertranscendental elements are the Gamma function and the
Riemann Zeta function.!) Thus there exist elements o, 7 that satisfy the conditions
of Theorem 7.9. Another way to obtain such elements is to set o = ¢* — 1 and
7 =e(¢"~1) — 1. In this case, the conditions of Theorem 7.9 follow from [9].

In either case, Theorem 7.9 implies that ¢ 4 7 is residually algebraically inde-
pendent, and, by Remark 7.7, we have the following corollary.

COROLLARY 7.10. There exist elements o € Q[[z]] and 7 € Q[[y]] such that
the element o + 17 € (z,y)Q[[z,y]] is residually algebraically independent over
Qz, Y] (z,y)- Therefore by Remark 7.7, the three-dimensional localized polynomial

ring Q[r,y, 0 + T)(z,y,04+) 18 the intersection Q(x,y,0 + 1) N R.
PRrOOF. We begin the proof of Theorem 7.9. The ring T" := C/[y](,,) is between

R and its completion R and has completion T =R

R= Q[zvy](z,y) —T= C[y](ac,y) — ﬁ =T= Q[[as,y]]
We display the relationships among these rings.

~

T:= C[y](ﬁy)

C :=Q(z,0) NQ[[z]]
=U Q[fﬂ, O—n}(x,on) R:= Q[xay](z,y)

The rings of the example

_ Let Pbea height-one prime ideal of ﬁ, let bars (for example, Z), denote images
in R = l?%/l3 and set P := PN R and P = PNT. Assume thatiPl #£0. It is easy
to see for Py = 2T or Py = yT that the image & + 7 of o + 7 in R := Q[[x, y]]/P is

-~

algebraically independent over T := T'/P;. Thus we assume that zy ¢ P.

IThe exponential function is, of course, far from being hypertranscendental.
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In the following commutative diagram, we identify Q[[z]] with Q[[Z]] and Q[[y]]
with Q[[g]] etc.

Qllyl] —2> R=R/P &— Q[[a]

I

T—1T/P,

]

Qlylyy ——> R=R/P (LQ[x]<z>

All morphisms in the diagram are injective and R is finite over both of the rings
Q[[z]] and Q[[y]]. Also R is algebraic over Q[Z]z), since trdeggp Q(R) = 1.

Let L denote the field of fractions of R. We may consider Q(y, 7, {%}%N)
and Q(z, o, {%}%N) as subfields of L, where
trdezg(Qu. 7. {9 }uer) > trdegg(Qe. o, {9 }uers).
ay" ox"
Let d denote the partial derivative map % on Q((x)). Since the extension L of

Q((x)) is finite and separable, d extends uniquely to a derivation d:L— L. Let
H denote the algebraic closure in L of the field Q(z, o, {%}%N). Let p(x,y) €

Q[[z,y]] be a prime element generating f Claim 7.11 asserts that the images of H
and R under d are inside H and (1/p')R, respectively, as shown in Picture 7.11.1.

=

L=0QR) —— L
”~ d T
d 1 =
> R
Qff, yl] @)
d .= le]

H = (oo, (5270 ML

—__ d P

Q[xaoa gzg ;1.0:1]—)@[.’17,0',{& e }
N K

Oxn Jn=1
N

1
Q = > Q

Picture 7.11.1 The image of subrings of L via the extension dof d:= %.

~

CLAIM 7.11. With the notation above: (i) d(H) C H.
(ii) There exists a polynomial p(x,y) € Q[[x]][y] with pQ|[[z,y]] = P and p(y) = 0.

(iii) d(y) # 0 and p'(5)d(y) € R, where p/(y) := 22522
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~ ~=

(iv) For every element A € E, we have p'(§)d(X) € E, and so d(R) C (1/p’)§.

PrROOF. For item i, since d maps Q(z, o, {%}%N) into itself, d(H) C H.

For item ii, since x and y are not contained in P, the element p(x,y) is regular
in y as a power series in Q[[z, y]] (in the sense of Zariski-Samuel [117, p.145]). Thus
by [117, Corollary 1, p.145] the element p(x,y) can be written as:

Pz, y) = (2, 9) (" + b1 (2)y" " + ...+ bo(x)),

where €(z, y) is a unit of Q[[z, y]] and each b;(z) € Q[[z]]. Hence P is also generated
by

pla,y) =py) =€ 'p = y" +epry" T+ -+,
where the ¢; € Q[[z]]. Since p(y) is the minimal polynomial of 3 over the field

Q(()), we have 0 = p(§) := §" + cp 1y ' + -+ 15 + co.
For item iii, we observe that

P(y) =ny" " Heai(n—1y" 2+ doe,
and p'(y) # 0 by minimality. Now
0= d(p(@) = dF" + camrd" "+ + 17 + o)
= ng" 1 d(7) + eno1(n — V)F"2d(G) + d(cn)F" T+
+erd(g) + d(e1)g + d(co)
=d@)(ng" " +eni(n = DF 24+ o)+
+d(ca—1)y" "+ -+ d(c1)y + d(co)

— D@ @)+ Y de)d
1=0
n—1 n—1
= d@)@' @) =— (D_d(c)7’) and d(f) = ,_1 > d(e)y’
i=0 P =

~ -~

In particular, p'(7)d(y) € R and d(y) # 0, as desired for item ii.

For item iv, we observe that every element \ € R has the form:
A=ep, 1 ()" 4+ e (2)7 + eo(x), where e; € Q[[z]].
Therefore:

~

0 = d@) [0 - Denr @2 4+ er(@)] + 3 dles(@))5
1=0

The sum expression on the right is in R and, as established above, p’ (gj)c?(g) € E,
and so p/(§)d(\) € R. O

~

The next claim asserts an expression for d(7) in terms of the partial derivative
8; of 7 with respect to .

o~ o~

Cram 7.12. d(r) = d(y) 5z
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PROOF. For every m € N, we have 7 = 31" b;y' +y™ 17, where the b; € Q
and 7, € Q[[y]] is defined as in (6.1.1). Therefore

m

d(7) = d(@) - (D ibig ™) + d@)(m+ D)7 + 7™ d ().

i=1

Thus

m

P @)AF) =p @)d@G) > ibig ™ + 7@ @A) (m+ 1) + 50 (@)d(Fn)).-

i=1

Since 7 = >, by’ with b; € Q, we have

or & >
? _ Zibiyz—l + ym Z ibiﬂl_m_l.
Yy =1 i=m+1

Thus g—; =y iyt e gjmﬁ and hence

~ N

Y @)~ @) < 7" (R)

~

for every m € N. Since p/(g) # 0 and Risan integral domain, 8(7') = d(g)< O

Completion of proof of Theorem 7.9. Recall that R is algebraic over Q[z] (z), and
so ¢ is algebraic over Q[z](;). Also T' := C[y](z,y), where C' := Q(z,0) N Q[[x]].
Thus T C H, and so H is the algebraic closure of the field Q(T, {‘g%g}n@\;) in L.
Therefore 7 ¢ H if and only if 7, or equivalently 7 = & + 7, is transcendental over

H. By hypothesis, the transcendence degree of H/Q is r. Since d(H) C H, if 7 were

in H, then g;f € H for all n € N. This implies that the field Q(y, 7, {%}%N) is

contained in H. This contradicts our hypothesis that trdegg Q(y, 7, {%}%N) > r.
Therefore v is residually algebraically independent over T'. This completes the proof
of Theorem 7.9. ]

EXAMPLE 7.13. Let 0 € Q[[z]] and 7 € Q[[y]] satisfy the conditions of Theo-
rem 7.9. Then with the setting of Notation 7.1 we have B = A. In particular, if
o=¢*—1and 7 =e¢*"D — 1, then B = A.

PRrOOF. By Theorem 7.2, it suffices to prove that B is Noetherian. Recall that
T := Cly(a,y), where C := Q(x, 0)NQ[[z]], a DVR by Notation and Remarks 7.1. In
order to show B is Noetherian we show that the morphism ¢, : T[r] — C[[y]][1/y]
is flat; see Definition 2.19. Since flatness is a local property by Remark 2.20.1, it
suffices to show for each prime ideal P of C[[y]] with y ¢ P that the induced map
¢p : T[t]par) — Cllyllp is flat. If ht(P NT[7]) < 1, then T'[7]pa7(y is a field
or a DVR and ¢p is flat by (2.22.3) since C[[y]]p is torsionfree over T'[7]prp(s-
If ht(P N T[r]) were greater than one, then P NT # (0). But then Theorem 7.9
implies that the image of v = o+ 7 in R/PR is transcendental over T//(PNT), and
this implies that ht(P NT[r]) < 1. Thus we must have ht(PNT[r]) < 1. Therefore
¢y : T[1] — C[[¥]][1/y] is flat. We prove in the Noetherian Flatness Theorem 8.8
of Chapter 8 that this flatness implies B is Noetherian and hence A = B. O
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Exercises

(1) Let x and y be indeterminates over a field k and let R be the two-dimensional
RLR obtained by localizing the mixed power series-polynomial ring k[[x]][y] at
the maximal ideal (z,y)k[[z]][y]-

(i) For each height-one prime ideal P of R different from xR, prove that R/P
is a one-dimensional complete local domain.

(i) For each nonzero prime ideal Q of R = k[[z,y]] prove that Q N R # (0).
Conclude that the generic formal fiber of R is zero-dimensional.

Suggestion. For part (ii), use Theorem 3.8. For more information about the
dimension of the formal fibers, see [72] and [94].

(2) (Kunz) Let L/k be a field extension with L having infinite transcendence degree
over k. Prove that the ring L ®; L is not Noetherian. Deduce that the ring
k[[z]] ®k k[[x]], which has k((x)) @k k((z)) as a localization is not Noetherian.

Suggestion. Let {x)}rca be a transcendence basis for L/k and consider the
subfield F' = k({z»}) of L. The ring L ®; L is faithfully flat over its subring
F®i F, and if F ®;, F is not Noetherian, then L ®;, L is not Noetherian. Hence
it suffices to show that F ®; I is not Noetherian. The module of differentials
Q% Ik is known to be infinite dimensional as a vector space over F [65, 5.4],

and Q}?/k = J/I%, where I is the kernel of the map F ®; F — F, defined by

sending a ® b — ab. Thus the ideal I of F ®; F' is not finitely generated.






CHAPTER 8

Building Noetherian domains

In this chapter we establish that flatness of a certain map implies that the
integral domain obtained via Constructions 5.3 or 5.4 is Noetherian. We use this
result as formulated in Noetherian Flatness Theorem 8.8 (Inclusion Version) to
complete the proofs of Theorems 4.12 and 7.2 concerning the iterative examples.
More generally, we prove the following theorem.

THEOREM 8.1. Let R be a Noetherian integral domain with field of fractions K.
Let z be a nonzero nonunit of R and let R* denote the (2)-adic completion of R.
Let I be an ideal of R* having the property that pO R = (0) for each p € Ass(R*/I).
The inclusion map R — (R*/I)[1/z] is flat if and only if A:= K N (R*/I) is both
Noetherian and realizable as a localization of a subring of R[1/z].

In the statement of Theorem 8.1, the ring (R*/I)[1/z] is the localization of
R*/I at the multiplicative system generated by z, and the intersection K N (R*/I)
is taken inside the total quotient ring Q(R*/I) of R*/I. As discussed in Note 5.5,
the hypotheses of Theorem 8.1 imply that the field K embeds in Q(R*/I).

Theorem 8.1 is is stated in terms of the Homomorphic Image Construction 5.4.
There are two Noetherian Flatness Theorems given in this chapter, one for each of
the Constructions 5.3 and 5.4. ! In Section 8.2, we state in Noetherian FlatnessThe-
orem 8.8 the corresponding version of this result for the Inclusion Construction 5.3.
Thus the intersection domain A constructed using the Inclusion Construction 5.3
is both Noetherian and computable as a localization of an infinite directed union
U = U2, U, of polynomial extension rings of R if and only if the map Uy — R*[1/%]
is flat. The polynomial rings U,, are defined in Section 6.1 of Chapter 6.

Theorem 8.1 is implied by Noetherian Flatness Theorem 8.3 (Homomorphic
Image Version) that is proved in Section 8.1. We make use of the approximation ring
B of A defined in Section 6.2. The ring B is an infinite nested union of “computable
rings” — while not localized polynomial rings over R, they are localizations of
finitely generated birational extensions of R. In Section 8.1 we also prove a crucial
lemma relating flatness and the Noetherian property.

8.1. Flatness and the Noetherian property

We use Lemma 8.2 in order to prove Noetherian Flatness Theorem 8.3 (Homo-
morphic Image Version). This lemma is crucial for our proof of Theorem 8.1. We
thank Roger Wiegand for observing Lemma 8.2 and its proof. For an introduction
to flatness see Section 2.3 of Chapter 2.

1When this duplication seems confusing we distinguish between the versions by labeling the
one for Construction 5.3 as the “Inclusion Version” or just inserting the word “inclusion”, and by
labeling the theorem for Construction 5.4 as the “Homomorphic Image Version” or just inserting
the word “image”.

65
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LEMMA 8.2. Let S be a subring of a ring T and let z € S be a reqular element
of T. Assume that the equivalent conditions of Lemma 6.16 are satisfied, that is
28 =2T'NS and S/zS =T/zT. Then

(1) T[1/z] is flat over S <= T is flat over S.
(2) If T is flat over S, then D := (1 + 28)~'T is faithfully flat over C :=

(14 25)71S.

(3) If T is Noetherian and T is flat over S, then C = (1 + zS)~1S is Noe-
therian.

(4) If T and S[1/z] are both Noetherian and T is flat over S, then S is Noe-
therian.

PrOOF. For item 1, if T flat over S, then by transitivity of flatness, Re-
mark 2.20.13, the ring T'[1/z] is flat over S. For the converse, consider the exact
sequence (using (6.16.3))

0—S=S[1/NT —2— S[1/z]&T —2— T[1/2] = S[1/2] + T — 0,
where a(b) = (b, —b) for all b € S and f(c,d) = c+d for all ¢ € S[1/z], d € T.
Since the two end terms are flat S-modules, the middle term S[1/z] & T is also
S-flat. Therefore the direct summand 7" is S-flat.

For item 2, since S — T is flat, the embedding C' = (1 + 2S)71S — (1 +
28)7IT = D is flat. Since 2C is in the Jacobson radical of C' and C/2C = S/28 =
T/zT = D/zD, each maximal ideal of C is contained in a maximal ideal of D,
and so D is faithfully flat over C. This establishes item 2. If also T" is Noetherian,
then D is Noetherian, and, since D is faithfully flat over C, it follows that C is
Noetherian by Remark 2.20.8, and thus item 3 holds.

For item 4, let J be an ideal of S. Since C is Noetherian by item 3 and S[1/z]
is Noetherian by hypothesis, there exists a finitely generated ideal Jy C J such that
JoS[1/z] = JS[1/z] and JoC = JC. To show Jy = J, it suffices to show for each
maximal ideal m of S that JySy = JSm- If 2 € m, then Sy, is a localization of
S[1/z], and so JySm = JSm, while if z € m, then Sy, is a localization of C, and
so JCSm = JoSm- Therefore J = Jy is finitely generated. It follows that S is
Noetherian. O

Noetherian Flatness Theorem 8.3 (Homomorphic Image Version) gives precise
conditions for the approximation ring B of the Homomorphic Image Construc-
tion 5.4 to be Noetherian.

NOETHERIAN FLATNESS THEOREM 8.3. (Homomorphic Image Version) Let
R be a Noetherian integral domain with field of fractions K. Let z be a nonzero
nonunit of R and let R* denote the (z)-adic completion of R. Let I be an ideal of
R* having the property that pN R = (0) for each p € Ass(R*/I). Asin (6.9.2), let

U :=U2,U, B :=U2B, = 1+20)"'U, and A := Kn(R*/I).

n=1

The following statements are equivalent:

(1) The extension R — (R*/I)[1/z] is flat.
(2) The ring B is Noetherian.
(3) The eatension B — R*/I is faithfully flat.
(4) The ring A= K N (R*/I) is Noetherian and A = B.
(5) The ring U is Noetherian
(6) The ring A is both Noetherian and a localization of a subring of R[1/z].
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Proor. For (1) = (2), if R — (R*/I)[1/z] is flat, by factoring through
Ull/z] = R[1/z] — (R*/I)[1/z], we see that U — (R*/I)[1/z] and B — (R*/I)[1/%]
are flat. By Lemma 8.2.2, where we let S = U and T' = R*/I, the ring B is Noe-
therian.

For (2) = (3), B* = R*/I is flat over B, by Theorem 6.17.4 and Re-
mark 3.7.3. By Proposition 6.20.1, z € J(B), and so, using Remark 3.7.4, we have
B* = R*/I is faithfully flat over B.

For (3) = (4), again Theorem 6.17.4 yields B* = R*/I, and so B* is
faithfully flat over B. Then

B=QB)NR " =QA)NR* =K(r)NR* =A

by Remark 2.20.9 and Theorem 6.19.2. By Remark 2.20.8, A is Noetherian.
For (4) = (5), the composite embedding

U—B=A< B*=A*=R"/I

is flat because B is a localization of U and A is Noetherian; see Remark 3.7.3. By
Remark 3.7.4 again, A* is faithfully flat over A. Thus by Lemma 8.2, parts 1 and
3, where again we let S = U and T = R*/I, we have S[1/z] = U[1/z] = R[1/7] is
Noetherian, and hence U is Noetherian by Lemma 8.2.4.

If U is Noetherian, then the localization B of U is Noetherian, and as above
B = A. Hence A is a localization of U, a subring of R[1/z]. Thus (5) = (6).

For (6) = (1): since A is a localization of a subring D of R[1/z], we have
A :=T71D, where T is a multiplicatively closed subset of D. Now

RCA=T"'DCT'R[1/2] =T A[1/2] = A[1/2],

and so A[l/z] is a localization of R. Since A is Noetherian, A — A* = R*/I is
flat by Remark 3.7.2. Thus A[l/z] — (R*/I)[1/z] is flat. It follows that R —
(R*/I)[1/7] is flat. O

COROLLARY 8.4. Let R, I and z be as in Noetherian Flatness Theorem 8.3
(Homomorphic Image version). If dim(R*/I) =1, then p : R — W := (R*/I)[1/Z]
is flat and therefore the equivalent conditions of Theorem 8.3 all hold.

PrOOF. We have z is in the Jacobson radical of R*/I by Construction Proper-
ties Theorem 6.17.2. Thus dim(R*/I) = 1 implies that dim W = 0. The hypothesis
on the ideal T implies that every prime ideal P of W contracts to (0) in R. Hence

@Yp Rpnar = R(O) =K < Whp.

Thus Wp is a K-module and so a vector space over K. By Remark 2.20.2, ¢p is
flat. Since flatness is a local property by Remark 2.201, the map ¢ is flat. O

REMARK 8.5. With R, I and z as in Noetherian Flatness Theorem 8.3:

(1) There are examples where A is Noetherian and yet B # A. Thus B in such
examples is non-Noetherian (see Theorem 7.2 and Example 8.11 below).

(2) There are examples where A = B is non-Noetherian (see Theorem 24.4
and Remark 8.10 below).

(3) A necessary and sufficient condition that A = B is that A is a localization
of R[1/z]NA. Indeed, Theorem 6.17.5 implies that R[1/z]NA = U and, by
Definition 6.12.1, B = (1+ 2U)~'U. Therefore the condition is sufficient.
On the other hand, if A = I'"'U, where I' is a multiplicatively closed
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subset of U, then by Remark 6.18.3, each y € I' is a unit of B, and so
I'"'U C B and A = B.

(4) We discuss in Chapter 9 a family of examples where R < (R*/I)[1/z] is
flat.

Theorem 8.6 extends the range of applications of Noetherian Flatness Theo-
rem 8.3.

THEOREM 8.6. Let R be a Noetherian integral domain with field of fractions K.

Let z be a nonzero nonunit of R and let R* denote the (z)-adic completion of R.
Let I be an ideal of R* having the property that pNR = (0) for each p € Ass(R*/I).
Assume that I is generated by a regular sequence of R*. If R — (R*/I)[1/z] is flat,
then for each n € N we have

(1) Ass(R*/I™) = Ass(R*/I),

(2) R canonically embeds in R*/I™, and

(3) R— (R*/I™)[1/z] is flat.

PRrROOF. Let I = (01,...,0,)R* where 01,...,0, is a regular sequence in R*.
Then the sequence o1, ...,0, is quasi-regular in the sense of [73, Theorem 16.2,
page 125]. Tt follows that I™/I™*! is a free R*/I-module for each positive integer
n. Consider the exact sequence

(8.6.0) 0— I"/I" — R*/I" — R*/I™ — 0.
Proceeding by induction, assume Ass(R*/I™) = Ass(R*/I). Then
Ass(R*/I™Y) C Ass(I™/I™Y) U Ass(R*/I™).

Since I" /1"t is a free (R*/I)-module, it follows that Ass(R*/I""1) = Ass(R*/I).
Thus R canonically embeds in R*/I™ for each n € N.

That R — (R*/I™)[1/z] is flat for every n € N now follows by induction on n
and considering the exact sequence obtained by tensoring over R the short exact
sequence (8.6.0) with R[1/z]. O

EXAMPLE 8.7. Let R = k[z, y] be the polynomial ring in the variables x, y over
a field k£ and let R* = k[y][[z]] be the (z)-adic completion of R. Fix an element
T € zk[[z]] such that x and 7 are algebraically independent over k, and define the
k[[z]]-algebra homomorphism ¢ : k[y][[z]] — k[[z]], by setting ¢(y) = 7. Then
ker(¢) = (y — 7)R* =: I. Notice that ¢(R) = klz,7] = R because = and 7 are
algebraically independent over k. Hence I N R = (0). Also I is a prime ideal
generated by a regular element of R*, and (I, z)R* = (y,x)R* is a maximal ideal
of R*. Corollary 8.4 and Theorem 8.6 imply that for each positive integer n, the
intersection ring A, := (R*/I™) N k(x,y) is a one-dimensional Noetherian local
domain having (z)-adic completion R*/I™. Since x generates an ideal primary for
the unique maximal ideal of R*/I", the ring R*/I™ is also the completion of A,
with respect to the powers of the unique maximal ideal n,, of A,. The ring A; is
a DVR since R*/I is a DVR by Remark 2.1. For n > 1, the completion of A,, has
nonzero nilpotent elements and hence the integral closure of A, is not a finitely
generated A,-module, Remarks 3.11. The inclusion I™* C I"™ and the fact that A,
has completion R*/I™ imply that A, 1 C A, for each n € N. Hence the rings A,
form a strictly descending chain

A D Ay D---D A, D

of one-dimensional local birational extensions of R = k[x, y].
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8.2. The Inclusion Version

As remarked in (5.7.2), the Inclusion Construction 5.4 is a special case of the
Homomorphic Images Construction. Thus we obtain the following result analogous
to Noetherian Flatness Theorem 8.3 (Homomorphic Image Version) for Inclusion
Constructions.

NOETHERIAN FLATNESS THEOREM 8.8. (Inclusion Version) Let R be a Noe-
therian integral domain with field of fractions K. Let z be a nonzero nonunit of R
and let R* denote the (z)-adic completion of R. Let 1,...,Ts € zR* be algebraically
independent elements over K such that the field K(7,...,7s) is a subring of the
total quotient ring of R*. As in Equations 6.1.4, 6.1.5 and 6.1.6 of Notation 6.1,
we define Up := R[T1n, -+ Tenl, B, = (1+ 2U,)"'U,,

A= K(r,...,7)NR*, U := U2,U,, and B := U,B,=(1+U)"'U.
The following statements are equivalent:
(1) The extension Uy := R[m1,...Ts] — R*[1/z] is flat.
) The ring B is Noetherian.
) The extension B — R* is faithfully flat.
) The ring A is Noetherian and A = B.
) The ring U is Noetherian
)

The ring A is Noetherian and is a localization of a subring of Uy[l/z].
) The ring A is Noetherian and is a localization of a subring of U[1/z].

PrROOF. For the proof of Theorem 8.8, use the identifications in (6.13) and
(6.14); then apply Theorem 8.3. O

REMARKS 8.9. (1) Theorem 8.8 completes the proofs of the iterative examples
Theorems 4.12 and 7.2; see Example 7.13.

(2) The original proof given for Theorem 8.8 in [43] is an adaptation of a
proof given by Heitmann in [58, page 126]. Heitmann considers the case where
there is one transcendental element 7 and defines the corresponding extension U to
be a simple PS-extension of R for z. Heitmann proves in this case that a certain
monomorphism condition on a sequence of maps is equivalent to U being Noetherian
[58, Theorem 1.4].

In Chapters 9, 10, 11, 13, and 23, for an element z in the Jacobson radical of
R, we study the condition in Noetherian Flatness Theorem 8.8 that the embedding
Up — R*[1/z]is flat. In some of these chapters we show that flatness of a polynomial
extension implies flatness of Uy — R*[1/z] and that sometimes non-flatness of this
polynomial extension implies non-flatness of Uy — R*[1/z].

REMARK 8.10. Examples where A = B is not Noetherian show that it is
possible for A to be a localization of U and yet for A, and therefore also U, to fail
to be Noetherian. Thus the equivalent conditions of Noetherian Flatness Theorem
8.8 are not implied by the property that A is a localization of U.

ExAMPLE 8.11. Recall that in Example 7.3 we may take k = Q and 0 :=e* —1
and 7 :=e¥ — 1. We have § := 2=7 is in A := Q[[z,y]] N Q(z,y,0,7) and not in

B = U,en Q2 ¥, 00y Tl (2,y,00,7,), Where o, and 7, are the endpieces defined in
(6.1.1). Then A is Noetherian and B C A. Set C' := U,y Q[7, ¥, 0n](2,y,0,,)- Then
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C = Qyl[l=]] N Q(x,y,0) is an excellent two-dimensional regular local domain;
see Theorem 9.2 and Corollary 9.7 of Chapter 9. Inside the (y)-adic completion of
C, we define U := |J,,cj C[7n] as in (6.1.5). The ring B is the localization of U at
the multiplicative system 1+ yU, and the rings B and U are not Noetherian. It
follows that A is not a localization of U by Theorem 8.8.

ProOF. By Claim 7.4, § ¢ B. If U were Noetherian, then B would be Noe-
therian. But the maximal ideal of B is (z,y)B, so if B were Noetherian, then it
would be a regular local domain with completion Q[[z,y]]. Since the completion of
a local Noetherian ring is a faithfully flat extension by Remark 3.7.3, and since the
field of fractions of B is Q(z,y, 0, 7), then B would equal A by Remark 2.20.9.

That A is Noetherian follows from Valabrega’s Theorem 4.2. If A were a
localization of U, then A would be a localization of B. But each of A and B
has a unique maximal ideal and the maximal ideal of A contains the maximal ideal
of B. Therefore B C A implies that A is not a localization of B. O

The following diagram displays the situation concerning possible implications
among certain statements for the Inclusion Construction 5.3 and the approxima-
tions in Section 6.1:

’R* 1/a] is flat over Uy = R|[1] ‘ (=)

I A I

7 A Noetherlan

2

’ A is a localization of U | 2

REMARK 8.12. In connection with the flatness property, if Uy := R[r] <
R*[1/z] is flat, then for each P € Spec R*[1/z] one has that ht P > ht(P N Up).
We show in Chapter 11 that conversely this height inequality in certain contexts
implies flatness.

Exercise
(1) For the strictly descending chain of one-dimensional local domains
Ay D Ay D---D A, D
that are birational extensions of R = k[x,y] given in Example 8.7, describe the
integral domain D :=()7_; A
Suggestion: Since n, N R = (x,y)R, we have R, , r C A, for each n € N.
By Exercise 4 of Chapter 5, the ring A,, may be described as

A,={a/b|la,be R, b#0 and a € I" +bR* }.
Show that a € I" + bR* for all n € N if and only if a/b € R, y)r-



CHAPTER 9

Examples where flatness holds

We continue the notation of the preceding chapters: R is a Noetherian integral
domain with field of fractions K, z is a nonzero nonunit of R, and R* is the (z)-adic
completion of R. We consider R* as a power series ring in z over R in the sense
of Remark 3.2. Assume that [ is an ideal of R* such that p N R = (0) for each
p € Ass(R*/I).

In Sections 9.1 and 9.2 we present several examples of Homomorphic Image
Construction 5.4 where the flatness condition of Noetherian Flatness Theorem 8.3
holds; that is, the map R — (R*/I)[1/z] is flat. We also describe several of these
examples using Inclusion Construction 5.3. Inclusion Construction 5.3 is in certain
ways more transparent.

In Section 9.3 we investigate special properties of the intersection domain
A = K n (R*/I) from Homomorphic Image Construction 5.4, such as having
geometrically regular formal fibers. We present in Example 9.11 an example of
a Noetherian local domain that is not universally catenary, but has geometrically
regular formal fibers. Homomorphic Image Construction 5.4 permits the construc-
tion of such examples, whereas Inclusion Construction 5.3 does not.

9.1. Polynomial rings over special DVRs

In view of Noetherian Flatness Theorem 8.3, it is natural to ask about the
existence of ideals I of the (z)-adic completion R* such that R — (R*/I)[1/z] is
flat. In the case where R is a polynomial ring over a field and R* is the completion
with respect to one of the variables, Polynomial Example Theorem 9.5 presents
explicit ideals I of R* such that R — (R*/I)[1/%] is flat. The intersection domains
A obtained with Homomorphic Image Construction 5.4 using these ideals are equal
to their approximation domains B. Moreover the rings A are polynomial rings over
“special” DVRs—that is, of the form given in Example 6.6 and called A there.

First we prove Polynomial Example Theorem 9.2 for Inclusion Construction 5.3;
this version is useful for many of our examples and it is vital to Insider Construc-
tion 13.1 discussed in Chapters 10 and13. The Insider Construction simplifies
the verification of examples. The isomorphisms obtained from Notation 6.13 and
Proposition 6.14 yield the corresponding result for Homomorphic Image Construc-
tion 5.4. We give localized versions of both Polynomial Example Theorems 9.5 and
9.2 in Localized Polynomial Example Theorem 9.7.

We present the setting used for the versions of the first two Polynomial Ex-
ample Theorems together. For convenience we also include the definitions of the
intersection and approximation domains corresponding to the two constructions
from Sections 5.1, 6.1 and 6.2.

71
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SETTING AND NOTATION 9.1. Let « be an indeterminate over a field k. Let r be
a nonnegative integer and s a positive integer. Assume that 1,...,7s € zk[[z]] are
algebraically independent over k(x) and let yq,...,y, and t1,...,ts be additional
indeterminates. We define the following rings:

(9.1.a) R:=k[z,y1,...,¥r), R =E[y1,...,u])l[z]], V =k(z,71,...,75) NE[[z]].
Notice that R* is the (z)-adic completion of R and V is a DVR by Remark 2.1.
We use the base ring R to define as in Construction 5.3 and Section 6.1

(9~1incl) Aincl = k(l’, Yiy oo s Yry T1y e - Ts) N R*7 Bincl = (1 + innCl)_lUincly

where Uinel := U, ey B[Tin, - - - Tonl, €ach 7, is the n*" endpiece of 7; and each
Tin € R*, for 1 < i < s. By Construction Properties Theorem 6.19.4, the ring R*
is the (z)-adic completion of each of the rings Ainel, Bina and Uipncl.
Set S := kl[z,y1,...,Yr,t1,...,ts], let S* be the (z)-adic completion of S and
let o; :=t; — 7y, for each i. We define I := (t; —71,...,ts —75)S* = (01,...,05)5™.
With S as the base ring, we define as in Construction 5.4 and Section 6.2

(9~1hom)
Ahom = k(l’, Y, oo Yr, t17 e ats) N (S*/I)a Bhom = (]- + ‘TUhom)ithoma
where Unom := U, en S[01n; - -, Tsnl], €ach oy, is the n' frontpiece of o; and each

oin € Q(S)N(S*/I), for 1 <i <'s, by Proposition 6.11. By Construction Proper-
ties Theorem 6.17.4, the ring S*/I is the (z)-adic completion of each of the rings
Ahom, Bhom and Uhom-

Proposition 6.14 and Notation 6.13 imply the following isomorphisms
(glb) Uincl = Uhoma Aincl = Ahomv Bincl = Bhom R* = S*/I

In Polynomial Example Theorems 9.2, 9.5 and 9.7, the rings A and B are often
excellent; see Definition 3.27. This is not always true by Remark 9.4 below.

PorLyNoMmIAL EXAMPLE THEOREM 9.2. (Inclusion Version) Assume Setting
and Notation 9.1 with R, R*,V, Ainc and By as defined in Equations 9.5.a and 9.1,
Then:

(1) The canonical map o : R[ry,...7s] = R*[1/x] is flat.

(2) Binet = Ainet is Noetherian of dimension v+ 1 and is the localization
1+ 2Viyt,...,u) " WVys,...,y:] of the polynomial ring V{y1,...,y,]
over the DVR V. Thus Ainer is a reqular integral domain.

(3) Binel 18 a directed union of localizations of polynomial rings in v+ s + 1
variables over k.

(4) If k has characteristic zero, then the ring By = Ainel is excellent.

ProoOF. The map
klx, 1, ...7s] <= k[[z]][1/x]
is flat by Remark 2.20.4 since k[[z]][1/x] is a field. By Fact 2.21
klx,71,...7s] & kly1, .- -, yr] = EK[[2]][1/2] @k kly1, .- Yr)
is flat. We also have k[[z]][1/z] ® k[y1, - .-, yr] = K[[2]][y1, - - -, yr][1/x] and
kla, 1, ...7s) @k k[y1, -, yr] 2 K[z, y1, -,y (11, - TS
Hence the natural inclusion map

Kl i, &kl )[1/2]
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is flat. Also k[[z]][y1,--.,yr] < K[y1,-..,y][[x]] is flat since it is the map taking a
Noetherian ring to an ideal-adic completion; see Remark 3.7.2. Therefore

K)o, - vl [1/2] <% Kl w, -y [])[1/2]
is flat. It follows that the map

Elx,y1s- - yr][T1s - - Ts] % R*[1/x] = K[y, - - -, yr)[[2]][1/2]
is flat. Thus Noetherian Flatness Theorem 8.8 implies items 1 to 3.

If k£ has characteristic zero, then V is excellent by Remark 3.28; hence item 4
follows from item 2 since excellence is preserved under localization of a finitely
generated algebra by Remark 3.28. For more details see [71, (34.B),(33.G) and
(34.a)], [32, Chap. IV]. O

We observe in Proposition 9.3 that over a perfect field k of characteristic p > 0
(so that k = k'/P) a one-dimensional form of the construction in Polynomial Exam-
ple Theorem 9.2 yields a DVR that is not a Nagata ring, defined in Definition 2.3.1,
and thus is not excellent; see Remark 3.28, [73, p. 264], [71, Theorem 78, Defini-
tion 34.8].

PROPOSITION 9.3. Let k be a perfect field of characteristic p > 0, let the element
7 of zk[[z]] be such that x and T are algebraically independent over k and set
V = k(z,7)Nk[[z]]. Then'V is a DVR for which the integral closure V of V in the
purely inseparable field extension k:(xl/p, Tl/p) s not a finitely generated V -module.
Hence V' is not a Nagata ring and so is not excellent.

PROOF. It is clear that V' is a DVR with maximal ideal V. Since x and 7
are algebraically independent over k, [k(z/?, 7V/P) : k(z,7)] = p>. Let W denote
the integral closure of V in the field extension k(z'/?,7) of degree p over k(z,T).
Notice that

W = k(P 7) 0 k[[zYP)] and V = k(zV?,7YP) N k[[z'/?]]

are both DVRs having residue field k& and maximal ideal generated by z'/?. Thus
V =W + 2PV, If V were a finitely generated W-module, then by Nakayama’s
Lemma it would follow that W = V. This is impossible because V is not birational
over W. It follows that V is not a finitely generated V-module, and hence V is not
a Nagata ring. O

REMARK 9.4. Assume the field k is perfect with characteristic p > 0. By
Proposition 9.3, the ring V' is not excellent. Since A = Vy|, ), the ring V is a
homomorphic image of A. Since excellence is preserved under homomorphic image,
the ring A is not excellent.

We now state and prove the homomorphic image version of the theorem.

PoryNoMIAL EXAMPLE THEOREM 9.5. (Homomorphic Image Version) — As-
sume Setting and Notation 9.1 with Apom and Bhom as in Equation 9.14,. Then

(1) The canonical map o : S — (S*/I)[1/x] is flat.

(2) Bhom = Anhom is Noetherian of dimension r+1 and is a localization of the
polynomial ring V{y1,...,y.| over the DVR V. Thus Apom is a reqular
integral domain.

(3) Bhrom is a directed union of localizations of polynomial rings in r + s+ 1
variables over k.
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(4) If k has characteristic zero, then Bhom = Apom is excellent.

PROOF. The ideal I := (t; — 71,...,ts — 75)S* is a prime ideal of S* and
S*/T = Ely1,...,yr)[[x]]. The fact that 7,...,7s are algebraically independent
over k(z) implies that I NS = (0).

We identify Homomorphic Image Construction 5.4 for the ring S with Inclusion
Construction 5.3 for the ring R as in the following diagram slightly modified from
Chapter 5, where A is the R-algebra isomomorphism that maps t; — 7; for ¢ =
1,...,s, and K := Q(R).

(9.5.1)
S = Rlt1,...,ts] — Anom := K(t1,...,ts) N (S*/I) —— S*/I
! | A
R —— R[n,...,7s] —— Apma:=K(m,....,7s)NR* —— R*.

In view of the identifications displayed in this diagram, the items of the homo-
morphic image version of Polynomial Example Theorem 9.5 follow from the corre-
sponding items of the inclusion version, Polynomial Example Theorem 9.2. (I

REMARK 9.6. The identifications indicated in the proof of Theorem 9.5 yield
that a one-dimensional example over a perfect field k of characteristic p > 0 can be
constructed using Homomorphic Image Construction 5.4 that corresponds to the
example described in Remark 9.4.

We give below a localized form of Polynomial Example Theorems 9.5 and 9.2,
where the rings R, A, and B are local. The ring B is a localization of U = U,,
where each U, = R[7;,], and B is also a localization of U’ = U], where each
U, = k[y;, Tin]. This simpler second form U’ of U is used in Chapters 17 and 18.

LocaLizED POLYNOMIAL EXAMPLE THEOREM 9.7. If we adjust Setting and
Notation 9.1 so that the base rings are the regular local rings

R:= k[xay17"'7y7‘](w,y1,4..,y,,~) and S := k[xay17"'ayr‘yth"'ats](w,yl,.4.,y,,«,t1,...,t§)a

then the conclusions of Polynomial FExample Theorems 9.2 and 9.5 are still valid.
In particular:

(1) For Inclusion Construction 5.3, with the notation of Equation 9.1;p.,
Ainet = Biner = V[yh e >yr](x,y1 ..... yrl)s

is a Noetherian regular local ring, and the extension Rl[t1,...,ts] = R*[1/x]
is flat. In addition,

Binet = JUn)m, = Umy = JU}))mi, = ULy, where U=|JU,, U =|]JUy,
Un =k[Z, 91, Yl @) [Tins 5 Tonls - My = (2,915 Y, Tins - Tsn) Uny
Ul =k[Z, 91, Yrs Tin, -+, Ton)y 0 = (Y15« s Yry Tiny - -+ Tsn) UL,

my =(z,y1,...,y-)U and my = (x,y1,...,y.)U".

(2) For Homomorphic Image Construction 5.6, with the notation of Equa-
tion 9. 1hom; Anom = VY1, ¥rl@yr,n]) = Bhom- The flatness state-
ment in Theorem 9.5.1 holds for the revised S and S*.
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(3) Aincl = Ahom-

PROOF. The proofs of Theorems 9.2 and 9.5 apply to the localized polynomial
rings. The statements about the rings U follow from Remark 6.4. Item 3 follows
from Diagram 9.5.1. (|

EXAMPLE 9.8. Let S be as in Localized Polynomial Example Theorem 9.7.
Then t; — 7, ...,ts — Ts is a regular sequence in S*. Let I = (t; —71,...,ts—7s)S*
as in Localized Polynomial Example Theorem 9.7. Then Theorem 8.6 implies that
S — (8*/I™)[1/z] is flat for each positive integer n. Using I™ in place of I,
Theorem 8.3.2 implies the existence for every r and n in N of a Noetherian local
domain A = Q(R) N R*/I™ such that the dimension of A is r + 1 and the (z)-adic
completion of A has nilradical n with n"~! # (0). The statements about A follow
since A* = R*/I™ and since Remark 3.7.3 implies A — R*/I™ is faithfully flat.

Here are some more specific examples to which Polynomial Example Theo-
rems 9.5, 9.2 and 9.7 apply. Example 9.9 shows that the dimension of U can be
greater than the dimension of Bypy,.

EXAMPLES 9.9. Assume the setting and notation of ( 9.1).

(1) Let S := k[x, t1,...,ts], that is, there are no y variables, and let S* denote
the (x)-adic completion of S. Then I = (t; — 7;,...,ts — 75) and, by Polynomial
Example Theorem 9.5,

(S*/I) N Q(S) = Ahom = Bhom
is the DVR obtained by localizing U at the prime ideal xU. In this example
S[1/x] = U[l/z] has dimension s + 1 and so dimU = s + 1, while dim(S5*/I) =
dim Ahom = dim Bhom =1.

(2) Essentially the same example as in item 1 can be obtained by using Theo-
rem 9.2 as follows. Let R = k[z], then R* = k[[z]] and

Aincl = k($, Tly--- aTs) N ]’CHI‘H and Aincl = Bincla

by Theorem 9.2. In this case Uiy is a directed union of polynomial rings over k,
o0
Uincl = U ]f[.’l?] [Tln7 ce 7Tsn]7
n=1

where the 7;,, are the n'" endpieces of the 7; as in Section 6.1. By Proposition 6.11,
the endpieces are related to the frontpieces of the homomorphic image construction.

(3) Applying Localized Polynomial Example Theorem 9.7, one can modify
Example 9.9.1 by taking S to be the (s + 1)-dimensional regular local domain
E[ti,...,ts, ]t t,,2)- In this case S[1/z] = U[l/z] has dimension s, while we
still have S*/I = k[[z]]. Thus dimU = s + 1 and dim(S*/I) = 1 = dim Apom =
dim Bhom .

One can also obtain a local version using the inclusion construction with R =
k[z] () and applying Theorem 9.7. We again have R* = k[[x]].

With S as in either (9.9.1) or (9.9.3), the domains B,, constructed from S as in
Section 6.2 of Chapter 6 are (s + 1)-dimensional regular local domains dominated
by k[[z]] and having k as a coefficient field. By Localized Polynomial Example
Theorem 9.7 the family {B,, },en is a directed union of (s + 1)-dimensional regular
local domains whose union B = A is Noetherian. This can be seen directly using
Noetherian Flatness Theorem 8.3: In either case, since (S*/I)[1/x] is a field, the
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extension S — (5*/I)[1/z] is flat. Thus by Theorem 8.3 the family {B,}nen is
a directed union of (s 4+ 1)-dimensional regular local domains whose union B is
Noetherian, and is, in fact a DVR.

(4) In the notation of (9.1) with the adjustment of Localized Polynomial Exam-
ple Theorem 9.7, let » = 1 and y1 = y. Thus S = k[z,y,t1,...,ts)(a,yt1,...t,)- Then
S*/I = kly]l[z]]. By Theorem 9.7.2, the extension S < (S*/I)[1/xz] is flat. Let
V = k[[z]] N k(z,71,...,7s). Then V is a DVR and (S*/1) N Q(S) = V[y](z,y) is a
2-dimensional regular local domain that is the directed union of (s+ 2)-dimensional
regular local domains.

9.2. Transfer to the intersection of two ideals

We use the homomorphic image construction and assume the notation of Noe-
therian Flatness Theorem 8.3. In Theorem 9.10 we show that in certain circum-
stances the flatness, Noetherian and computability properties associated with ideals
I, and I, of R* as described in Theorem 8.3 transfer to their intersection I; N Iy. !
We use Theorem 9.10 in Section 9.3 to show in Theorem 9.13 that the property of
regularity of the generic formal fibers also transfers in certain cases to the intersec-
tion domain associated with the ideal I; N Is.

THEOREM 9.10. Let R be a Noetherian integral domain with field of fractions
K, let z be a nonzero nonunit of R, and let R* denote the (z)-adic completion of
R. Let Iy and I be ideals of R* such that

(i) 2™ € I + I5 for some positive integer n,
(i) pN R = (0), for each p € Ass(R*/I1), and each p € Ass(R*/I1), and

(iii) R — (R*/L;)[1/z] is flat for each i.

We set A; := KN (R*/I1;) and set A:= K N (R*/(I1 NI)). Then:

(1) The ideal I := I, NIy satisfies the conditions of Noetherian Flatness The-
orem 8.3 and the map R — (R*/I))[1/z] is flat. The (z)-adic completion
A* of A is R*/I, and the (z)-adic completion A} of A; is R*/I;, for
i=1,2.

(2) The ring A*[1/z] = (A7)[1/z] & (A%)[1/z]. If Q € Spec(A*) and z ¢ Q,
then (A*)q is a localization of either A} or Aj.

(3) Wehave A C A1NAsy, and (A1)[1/2]N(A2)[1/z] C Ap for each P € Spec A
with z ¢ P. Thus we have A[l/z] = (A1)[1/z] N (A2)[1/z].

Proor. By Theorem 8.3, the (z)-adic completion A} of A; is R*/I;. Since
Ass(R*/(I; N 1)) C Ass(R*/I;) U Ass(R*/I3), the condition on assassinators of
Theorem 8.3 holds for the ideal I; N Is. The natural R-algebra homomorphism
7 : R* — (R*/I) ® (R*/I5) has kernel I N I5. Further, the localization of 7
at z is onto because (I + I2)R*[1/z] = R*[1/z]. Thus (R*/(I; N I3))[1/z] =
(R*/1I)[1/z) ® (R*/I2)[1/7] = (A})[1/7] @ (A5)[1/2] is flat over R. Therefore A is
Noetherian and A* = R*/I is the (z)-adic completion of A.

If Q € Spec(A*) and z ¢ Q, then Ay is a localization of

A*[1/2] = (AD)[1/2] @ (A3)[1/z].
Every prime ideal of (A%)[1/z] & (A%)[1/z] has the form either (Q1)A3[1/z] &
(A3)[1/z] or (A7)[1/z] ® Q245[1/z], where Q; € Spec(A}). It follows that Ay
is a localization of either A} or A3.

1A generalization of Theorem 9.10 is given in Theorem 16.9.
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Since R*/I; is a homomorphic image of R*/(Iy N I3), the intersection ring
AC A, fori=1,2. Let P € Spec A with z ¢ P. Since A* = R*/I is faithfully flat
over A, there exists P* € Spec(A*) with P* N A = P. Then z ¢ P* implies A%}.
is either (A7)ps or (A3)ps, where P} € Spec(A;). By symmetry, we may assume
Ap. = (A7)py. Let PL = Py N A;. Since Ap — Ap. and (A1)p, — (A})p; are
faithfully flat, we have

It follows that (A;)[1/2] N (A2)[1/2] € Ap. Thus we have
(A1)[1/z] N (A2)[1/z] C ﬂ{Ap | P€SpecAand z ¢ P} = A[l/z].
Since A[1/z] C (A;)[1/%], for i = 1,2, we have A[1/z] = (A1)[1/2] N (A2)[1/z]. O

The ring B of Example 9.11 is a two-dimensional Noetherian local domain that
birationally dominates a three-dimensional regular local domain and is such that
B is not universally catenary. The completion of B has two minimal primes one
of dimension one and one of dimension two and this implies B is not universally
catenary by Theorem 3.15. It follows that B is not a homomorphic image of a
regular local ring because every homomorphic image of a regular local ring, or even
of a Cohen-Macaulay local ring, is universally catenary by Remark 3.17. We present
in Chapter 16 other examples of Noetherian local domains of various dimensions
that are not universally catenary and that have properties similar to those of the
Noetherian local domain B of Example 9.11.

EXAMPLE 9.11. Let k be a field of characteristic zero? and let x,y,z be in-
determinates over k. Let R = k[x,y, 2](5,,-), let K denote the field of fractions
of R, and let 71, 72,73 € xk[[z]] be algebraically independent over k(z,y,z). Let
R* denote the (x)-adic completion of R. We take the ideal I to be the intersec-
tion of the two prime ideals Q := (z — 71,y — 72)R*, which has height 2, and
P := (z — 73)R*, which has height 1. Then R*/P and R*/Q are examples of the
form considered in Examples 9.9. Thus (R*/P)[1/z] and (R*/Q)[1/z] are both flat
over R. Here R*/P = k[y],[[x]]; the ring V' := k[[z]] N k(z,73) is a DVR, and
Ay = (R*/P)N K = V[y|(z,) is a two-dimensional regular local domain that is a
directed union of three-dimensional RLRs, while Ay := (R*/Q) N K is a DVR.

Since 71,73 € zk[[z]], the ideal (2 — 71,z — 73) R* has radical (x,2z)R*. Hence
the ideal P + @ is primary for the maximal ideal (z,y,z)R*, so, in particular, P
is not contained in (). Therefore the representation I = P N @ is irredundant and
Ass(R*/I) = {P,Q}. Since PNR = QNR = (0), the ring R injects into R*/I. Let
A:=Kn(R*/I).

By (9.10.1), the inclusion R — (R*/I)[1/z] is flat. By Noetherian Flatness
Theorem 8.3, the ring A is Noetherian and is a localization of a subring of R[1/z].
The map A — A of A into its completion factors through the map A — A* = R*/I.
Since R*/I has minimal primes P/I and Q/I with dim R*/P = 2 and dim R*/Q =
1, and since Ais faithfully flat over A* = R*/I, the ring A is not equidimensional.
It follows that A is not universally catenary by Theorem 3.15.

2The characteristic zero assumption implies that the intersection rings A; and Az as con-
structed below are excellent; see (9.5.4).
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9.3. Regular maps and geometrically regular formal fibers

We show in Corollary 9.14 that the ring A = B of Example 9.11 has geometri-
cally regular formal fibers.®> Another example of a Noetherian local domain that is
not universally catenary but has geometrically regular formal fibers is given in [32,
(18.7.7), page 144] using a gluing construction; also see [31, (1.1)].

ProPOSITION 9.12. Let R,z, R*, A, B and I be as in Theorem 8.3. Assume
that for each P € Spec(R*/I) with z ¢ P, the map yp : Rpar —> (R*/I)p is
reqular. Then A = B and moreover:

(1) A is Noetherian and the map A — A* = R* /I is regular.
(2) If R is semilocal with geometrically reqular formal fibers and z is in the
Jacobson radical of R, then A has geometrically reqular formal fibers.

PROOF. Since flatness is a local property by (2.20.1), and regularity of a map
includes flatness, the map ¢, : R — (R*/I)[1/z] is flat. By Theorem 8.3, the
intersection ring A is Noetherian with (z)-adic completion A* = R*/I. Hence
A — A* is flat.

Let @ € Spec(A), let k(Q) denote the field of fractions of A/Q and let Q¢ =
QNR.

Case 1: z € Q. Then R/Qo = A/Q = A*/QA* and the ring A7) 4. /QAG 4 =
A* @4 k(Q) = Ag/QAg is trivially geometrically regular over k(Q).

Case 2: z ¢ Q. Let k(Q) C L be a finite algebraic field extension. We show
the ring A*® 4 L is regular. Let W € Spec(A*®4 L) and let W' = PN(A*®@4k(Q)).-
The prime W’ corresponds to a prime ideal P € Spec(A*) with PN A = Q. By
assumption the map

Rq, — (R*/I)p = A}
is regular. Since z ¢ @ it follows that Rg, = Ugnu = Ag and that k(Qo) = k(Q).
Thus the ring Ap ® 4, L is regular. Therefore (A* ®4 L)w, which is a localization
of this ring, is regular.

For item 2, since R has geometrically regular formal fibers, so has R* by [93].
Hence the map 0 : A* = R*/I — A = (ﬁﬁ) is regular. By [71, Thm. 32.1 (i)]
and item 1, it follows that A has geometrically regular formal fibers, that is, the
map A — Ais regular. O

THEOREM 9.13. Let R be a Noetherian integral domain with field of fractions
K. Let z be a nonzero nonunit of R and let R* denote the (z)-adic completion of R.
Assume that Iy and I are ideals of R*, such that every prime ideal P € Ass(R*/I;)
satisfies PN R = (0), fori =1 and i = 2. Also assume

(1) R is semilocal with geometrically regular formal fibers and z is in the
Jacobson radical of R.

(2) (R*/I1)[1/z] and (R*/I3)[1/z] are flat R-modules and the ideal I + I of
R* contains some power of z.

(3) Fori=1,2, A; := KN (R*/I;) has geometrically reqular formal fibers.

Then A := K N (R*/(I1 N1I3)) = B has geometrically regular formal fibers.

3A generalization of Corollary 9.14 is given in Corollary 16.18
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PrROOF. Let I = I; N Is. Since R has geometrically regular formal fibers,
by Proposition 9.12.2, it suffices to show for W € Spec(R*/I) with z ¢ W that
Ry, — (R*/I)w is regular, where Wy := W N R. As in Theorem 9.10, we
have (R*/I)[1/z] = (R*/1)[1/z] ® (R*/I2)[1/z]. Tt follows that (R*/I)w is a
localization of either R*/I; or R*/I,. Suppose (R*/I)w = (R*/I1)w,, where
Wy e SpeC(R*/Il). Then RWO = (Al)WlﬂAl and (Al)WlﬂAl — (R*/Il)Wl is
regular. A similar argument holds if (R*/I)w is a localization of R*/I5. Thus, in
either case, Ry, — (R*/I)w is regular. O

COROLLARY 9.14. The ring A = BAof Ezxample 9.11 has geometrically regular
formal fibers, that is, the map ¢ : A — A is reqular.

PRrOOF. By the definition of R and the observations given in (9.11), the hy-
potheses of (9.13) are satisfied. O

Exercises

(1) Describe Example 9.9.4 in terms of the Inclusion Construction. In particular,
determine the appropriate base ring R for this construction.

(2) For the rings A and A* of Example 9.11, prove that A* is universally catenary.






CHAPTER 10

Introduction to the insider construction

We describe in this chapter and in Chapter 13 a version of Inclusion Construc-
tion 5.3 that we call the Insider Construction. The general procedure and definition
is Insider Construction 13.1 in Chapter 13. We present in this chapter several ex-
amples using the technique formalized in Insider Construction 13.1 including two
classical examples. The Insider Construction simplifies the creation and verifica-
tion of examples. Moreover the Insider Construction makes it easier than with
Construction 5.3 to determine whether a given example is or is not Noetherian.
The Insider Construction is described in more generality and with more details in
Chapter 13.

For the examples considered in this chapter, we begin with a base ring that is
a localized polynomial ring in two or three variables over a field. We construct two
“insider” integral domains inside an “outside” ring A°"*  where A°U® is constructed
from Localized Polynomial Example Theorem 9.7 with Inclusion Construction 5.3.
By Localized Polynomial Example Theorem 9.7, the intersection domain A°UY is
equal to an approximation integral domain B°" that is the nested union of local-
ized polynomial rings from Section 6.1. The two insider integral domains contained
in A°"* are: A" an intersection of a field with a power series ring as in Construc-
tion 5.3, and B'", a nested union of localized polynomial rings that “approximates”
A" a5 in Section 6.1.

As we describe in Proposition 10.6, the condition that the insider approxima-
tion domain B™™ is Noetherian is related to flatness of a map of polynomial rings
corresponding to the extension B" —s B°U  Flatness of this map implies that
the insider approximation domain B is Noetherian, that the insider intersection
domain A™ equals B and that A" is Noetherian. We apply this observation in
Proposition 10.2 and Example 10.7 to conclude that certain constructed rings are
Noetherian. We use Theorem 13.6 from Chapter 13 to show that other constructed
rings are not Noetherian.

We present more details concerning flatness of polynomial extensions in Chap-
ter 11.

10.1. The Nagata example

In Proposition 10.2 we adapt the example of Nagata given as Example 4.8 in
Chapter 4, to fit the insider construction.

SETTING 10.1. Let k be a field, let z and y be indeterminates over k, and set

R:= kogley and R := klylg)[all.

81
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The power series ring R* is the 2 R-adic completion of R. Let 7 € xk|[[z]] be a tran-
scendental element over k(z).! We define the intersection domain A, corresponding
toT by A, = k(z,y,7) N R*.

Let f be a polynomial in R[7] that is algebraically independent over Q(R),
for example, f = (y + 7)2. We set Ay := Q(R[f]) N R* to be the intersection
domain corresponding to f. In the language of the introduction to this chapter, A,
is the “outsider” intersection domain A°"* and Ay, which is contained in A, is the
“insider” intersection domain A™™S.

Recall from Section 6.1 and Remark 6.4 that there are natural “approximating”
outsider and insider domains associated to A, and Ay, namely,

(10.1.0) B, := U Elz,y, Tl (z,y,7,) and By:= U El2,y, fol(zy,mm)s
neN neN

where the 7, are the n'" endpieces of 7 and the f, are the n'" endpieces of f.
The rings B; and By are nested unions of localized polynomial rings over k in 3
variables. (These approximating domains are the C,, of Remark 6.4.)

By Localized Polynomial Example Theorem 9.7.1, the extension T := R|[7] i)
R*[1/x] is flat, where ¢ is the inclusion map, and the ring A, is Noetherian and
is equal to the “computable” nested union B,. Let S := R[f] C R[7] and let ¢ be
the embedding ¢ : S := R[f] <> T = R[r]. Put a := 1o : S — R*[1/z]. Then we
have the following commutative diagram:

L[1/a]

(13.1.1) “yw]

R C S:=R[f] —=—T :=R[o,7]
In Proposition 10.2, we present a different proof of the result of Nagata de-
scribed in Example 4.8.

PROPOSITION 10.2. With the notation of Setting 10.1, let f := (y + 7). In
the Nagata Example 4.8, the ring Ay = By is Noetherian with completion k[[z, y]].
Therefore Ay is a two-dimensional regular local domain.

PROOF. Since T' = RJ[r] is a free S-module with free basis (1,y + 7), the map

S 4 Tis flat, by Remark 2.20.2. As mentioned above, the map T £> R*[1/x]

is flat. Therefore as displayed in Diagram 10.1.1, the map S < R*[1/x] is flat;
see Remark 2.2013. By Noetherian Flatness Theorem 8.8 and Remark 6.4, By is
Noetherian and By = Ay. O

REMARK 10.3. In the example of Nagata it is required that the field k£ have
characteristic different from 2. This assumption is not necessary for showing that
the domain A of Proposition 10.2 is a two-dimensional regular local domain.

lSince R* is a localized ring of polynomials and power series over a field, R* is an integral
domain and so every nonzero element of the polynomial ring R[7] is a regular element of R*; thus
k(z,y,7) C Q(R*).
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10.2. Other examples inside a Localized Polynomial Example

To describe other examples, we modify Setting 10.1 so that we use Local Poly-
nomial Example 9.7 with three indeterminates and one or two elements of k[[z]]
that are algebraically independent, as follows.

SETTING 10.4. Let k be a field, let z,y, z be indeterminates over k, and set
R:= k[xay7z}(a:,y7z) and R : = k[y7z](y,z)[[z“

The power series ring R* is the zR-adic completion of R. Let o and 7 in zk[[z]] be
algebraically independent over k(x). We define the intersection domains A, and
A, ; corresponding to T and o, T as follows:

A; = k(z,y,z,7) N R" and Ay s i=k(z,y,2,0,7) N R

In the following examples we define f to be an element of R[o, 7] that is alge-
braically independent over Q(R). The intersection domain corresponding to f is
Ay = Q(R[f]) N R*. In the language of the beginning of this chapter, A; or A, ; is
the “outsider” intersection domain A°"*, and Ay, which is contained in A, or A, -,
is the “insider” intersection domain A™S.

As in Setting 10.1 for the Nagata Example, there are natural “approximating”
domains associated to A, A, and Ay, respectively, namely, B;, B, and By,
respectively. The rings B, B, and By are nested unions of localized polynomial
rings over k in 4 or 5 variables.

REMARK 10.5. With Setting 10.4, let T := R[o, 7] and let S := R[f], where f
is a polynomial in R[c, 7] that is algebraically independent over Q(R). Notice that
the inclusion map ¢ : T'— R*[1/x] is flat. Let ¢ : S < T denote the inclusion map
from S to T. Then we have the following commutative diagram with additional
maps shown:

R*[1/]

(10.5.1)

We note the following:

(1) Lemma 11.18 implies the map ¢ is flat if and only if the nonconstant
coefficients of f as a polynomial in R[o, 7] generate the unit ideal of R.

(2) If ¢ is flat then « is the composition of two flat homomorphisms and so
« is also flat, by Remark 2.2013.

(3) To conclude that « is flat, it suffices to show that ¢, : S — T[1/z] is flat,
since the inclusion map T'[1/x] — R*[1/z] is flat.

(4) Theorem 13.6.1 implies that ¢, : S — T[1/xz] is flat if and only if the
nonconstant coefficients of f generate the unit ideal of R[1/x].

Proposition 10.6 is a preliminary result regarding flatness; there is a more
extensive discussion in Chapter 13:

PROPOSITION 10.6. With the notation of Remark 10.5, let ¢, : S < T[1/x]
denote the composition of ¢ : S < T with the localization map from T to T[1/x].
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If p S — T[1/x] is flat, then the approzimating domain By from Section 6.1 is
Noetherian and is equal to the intersection domain Ay.

PrOOF. In Diagram‘10.5.1, the map ¢ is flat. Thus the map ¢’ : T[1/z] —
R*[1/xz] is flat. If ¢, : S < T[1/x] is flat, then o = ¢’ 0 ¢, in Diagram 10.5.1
is the composition of two flat maps. By Remark 2.20.13, « is flat, and hence by
Noetherian Flatness Theorem 8.8, the approximating domain B¢ from Section 6.1
is Noetherian and is equal to the intersection domain Ay. [l

We use Proposition 10.6 to show the Noetherian property for the following
example of Rotthaus [91], Example 4.10 of Chapters 4.

ExAaMPLE 10.7. (Rotthaus) With the Setting 10.4, let f := (y + o)(z + 7)
and consider the insider domain Ay, contained in the outsider domain C A, ;.
The nonconstant coefficients of f = yz + 0z + 7y + o7 as a polynomial in R[o, 7]
are {1,z,y} . They do generate the unit ideal of R[1/z], and so, since we assume
Remark 10.5.4 for now, we have ¢, is flat. Thus, by Proposition 10.6, the associated
nested union domain B¢ is Noetherian and is equal to Ay.

ExaMPLES 10.8. (1) With the Setting 10.4, let f := yo + z7. We show in
Examples 13.7 that the map R[f] — Rlo, 7][1/z] is not flat and that Ay = By, i.e,,
A is “limit-intersecting” as in Definition 6.5, but is not Noetherian. Thus we have
a situation where the intersection domain equals the approximation domain, but is
not Noetherian. This gives a simpler example of such behavior than the example
given in Section 24.1.

(2) The following is a related even simpler example: again with the notation of
Setting 10.4, let f := y7 + 272 € R[7] C A,. Then the constructed approximation
domain B is not Noetherian by Theorem 13.6. Moreover, B; is equal to the
intersection domain Ay := R* Nk(z,y, 2, f) by Corollary 13.5.

In dimension two (the two variable case), an immediate consequence of Val-
abrega’s Theorem 4.2 is the following.

THEOREM 10.9. (Valabrega) Let x and y be indeterminates over a field k and
let R = klz,yl(z,y). Then R = k[[x,y]] is the completion of R. If L is a field
between the fraction field of R and the fraction field of k[y] [[z]], then A= LN R is

o~

a two-dimensional reqular local domain with completion R.

Example 10.8 shows that the dimension three analog to Valabrega’s result fails.
With R = k[z,y,2](q,y,-) the field L = k(x,y, 2, f) is between k(z,y,2) and the

fraction field of k[y, 2] [[z]], but LN R = L N R* is not Noetherian.

ExXaMPLE 10.10. The following example is given in Section 26.4. With the
notation of Setting 10.4, let f = (y + ¢)? and g = (y + o)(z + 7). It is shown in
Chapter 26 that the intersection domain A := R*Nk(x,y, z, f, g) properly contains
its associated approximation domain B and that both A and B are non-Noetherian.



CHAPTER 11

The flat locus of a polynomial ring extension

Let R be a Noetherian ring, let n be positive integer and let z1,...,z, be
indeterminates over R. In this chapter we examine the flat locus of a polynomial
ring extension ¢ of the form

(11.01) S == R[f1,....fm] = Rle1,...,2n] = T,

where the f; are polynomials in RJz1,...,2,] that are algebraically independent
over R.} We are motivated to examine the flat locus of the extension ¢ by the
flatness condition in the Insider Construction of Chapter 10.

We discuss in Section 11.1 a general result on flatness. Then in Section 11.2
we consider the Jacobian ideal of the map ¢ : S < T of (11.01) and describe the
nonsmooth and nonflat loci of this map. In Section 11.3 we discuss applications to
polynomial extensions. Related results are given in the papers of Picavet [87] and
Wang [108].

11.1. Flatness criteria

Recall that a Noetherian local ring (R, m) of dimension d is Cohen-Macaulay
if there exist elements x1,...,x4 in m that form a regular sequence in the sense
that x; is a regular element of R, and for ¢ with 2 < i < d, the image of x; in
R/(x1,...,z;—1)R is regular; see [73, pages 123,134, 136].

Theorem 11.1 is a general result on flatness involving the Cohen-Macaulay
property and a trio of Noetherian local rings.

THEOREM 11.1. Let (R,m),(S,n) and (T,£) be Noetherian local rings, and
assume there exist local maps:

R—S—T,

such that
(i) R — T is flat and T/mT is Cohen-Macaulay.
(ii) R — S is flat and S/mS is a regular local ring.
Then the following statements are equivalent:
(1) S — T is flat.
(2) For each prime ideal w of T, we have ht(w) > ht(w N S).
(3) For each prime ideal w of T such that w is minimal over nT, we have
ht(w) > hi(n).
PRrOOF. The implications (2) = (3) is obvious and the implication (1) = (2)
is clear by Remark 2.20.10. To prove (3) = (1), we show that (3) implies

n general for a commutative ring 7" and a subring R, we say that elements fi,..., fm € T
are algebraically independent over R if, for indeterminates t1,...,t, over R, the only polynomial
G(t1,...,tm) € R[t1,...,tm] with G(f1,..., fm) = 0 is the zero polynomial.

85
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(a) mS®sT =2 mT.
(b) The map S/mS — T/mT is faithfully flat.
By [73, Theorem 22.3], conditions (a) and (b) imply flatness of the map S — T
and thus prove that (3 = (1).
Proof of (a): Since R — S is flat, we have mS 2 mR ®p S. Therefore
mSRsT2(merS)RsT2merT =mT,

where the last isomorphism follows because the map R — T is flat.

Proof of (b): By assumption, 7'/mT is Cohen-Macaulay and S/mS is regular.
Thus in view of [73, Theorem 23.1], it suffices to show:

dim(7T/mT) = dim(S/mS) + dim(7'/nT).

Let w be a prime ideal of T such that nT C w and w is minimal over n7T. Since
NS = n, also wNS = n and, by [73, Theorem 15.1], ht(w) < ht(n). By
assumption ht(w) > ht(n) and therefore ht(w) = ht(n). This equality holds for
every minimal prime divisor w of nT and therefore ht(n) = ht(nT). Since n is
generated up to radical by ht(n) elements, we have

dim(7T/nT) = dim(T) — ht(nT)
= dim(7T) — ht(w)
= dim(7T") — ht(n)
Since T and S are flat over R, we have ht(m7') = ht(m.S) = ht(m) [73, Theorem
15.1]. Therefore
dim7T/nT = dim(T) — ht(n)
= dim(7") — ht(mT) — (ht(n) — ht(mS))
= dim(7/mT) — dim(S/mS)).
Therefore S/mS — T/mT is faithfully flat, and hence, by the equivalence of items

(1) and (3) of [73, Theorem 22.3], S — T is faithfully flat. This completes the
proof of Theorem 11.1 O

In Theorem 11.2 we present a result closely related to Theorem 11.1 with a
Cohen-Macaulay hypothesis on all the fibers of R — T and a regularity hypothesis
on all the fibers of R — S. For more information about the fibers of a map, see
Discussion 3.18 and Definition 3.19.

THEOREM 11.2. Let (R,m), (S,n) and (T,¢) be Noetherian local rings, and
assume there exist local maps:

R—S—T,

such that
(i) R— T is flat with Cohen-Macaulay fibers,
(i) R — S is flat with regular fibers.
Then the following statements are equivalent:
1) S — T is flat with Cohen-Macaulay fibers.
2) S — T is flat.
3) For each prime ideal w of T, we have ht(w) > ht(w N .S).
4) For each prime ideal w of T such that w is minimal over nT, we have
ht(w) > hi(n).

(
(
(
(
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PROOF. The implications (1) = (2) and (3) = (4) are obvious and the
implication (2) = (3) is clear by Remark 2.20.10. By Theorem 11.1, item 4
implies that S — T is flat.

To show Cohen-Macaulay fibers for S — T, it suffices to show for each @ €
SpecT with P := Q NS that Tg/PTg is Cohen-Macaulay. Let @ N R = ¢. By
passing to R/q C S/qS C T/qT, we may assume Q N R = (0). Let ht P = n.
Since R — Sp has regular fibers and P N R = (0), the ideal PSp is generated
by n elements. Moreover, faithful flatness of the map Sp — T implies that the
ideal PTg has height n by Remark 2.20.10. Since T is Cohen-Macaulay, a set of
n generators of PSp forms a regular sequence in Tg. Hence Ty /PTq is Cohen-
Macaulay [73, Theorems 17.4 and 17.3]. O

Since flatness is a local property by Remark 2.20.4, the following two corollaries
are immediate from Theorem 11.2; see also [87, Théoreme 3.15].

COROLLARY 11.3. Let T be a Noetherian ring and let R C S be Noetherian
subrings of T. Assume that R — T is flat with Cohen-Macaulay fibers and that
R — S is flat with regular fibers. Then S — T is flat if and only if, for each prime
ideal P of T, we have ht(P) > ht(P N S).

As a special case of Corollary 11.3, we have:

COROLLARY 11.4. Let R be a Noetherian ring and let z1,. .., z, be indetermi-
nates over R. Assume that fi,..., fm € Rlz1,...,2n] are algebraically independent
over R Then

(1) ¢: S:=R[f1,..., fm] = T :=R[z1,..., 2] is flat if and only if, for each
prime ideal P of T, we have ht(P) > ht(P N S).

(2) For Q € SpecT, wq : S — Tq is flat if and only if for each prime ideal
P CQ of T, we have ht(P) > ht(P N S).

PRrROOF. Since S and T are polynomial rings over R, the maps R — S and R —
T are flat with regular fibers. Hence both assertions follow from Corollary 11.3. [

11.2. The Jacobian ideal and the smooth and flat loci
We use the following definitions as in [105].

DEeFINITION 11.5. Let R be a ring. An R-algebra A is said to be quasi-smooth
over R if for every R-algebra B and ideal N of B with N? = 0, every R-algebra
homomorphism g : A — B/N lifts to an R-algebra homomorphims f : A — B.
Thus in the commutative diagram below where the maps from R — A and R — B
are the canonical ring homomorphisms that define A and B as R-algebras and the
map B — B/N is the canonical quotient ring map

R—— A

| d

B —— B/N
if A is quasi-smooth over R, then there exists an R-algebra homomorphism f :
A — B that preserves commutativity of the diagram. If A is finitely presented and

quasi-smooth over R, then A is said to be smooth over R. If A is essentially finitely
presented and quasi-smooth over R, then A is said to be essentially smooth over R.
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Let ¢ : S < T be as in (11.01).

DEFINITIONS AND REMARKS 11.6. (1) The Jacobian ideal J of the extension
S — T is the ideal of T generated by the m x m minors of the m x n matrix J
defined as follows:
s <3f¢

0z; > 1<i<m, 15550
(2) For the extension ¢ : S < T, the nonflat locus of ¢ is the set F, where

F :={Q € Spec(T) | the map g : S — T is not flat }.
We also define the set Fryin and the ideal F' of T as follows:
Fmin = { minimal elements of 7} and F := n{Q | Q € F}.

By [73, Theorem 24.3], the set F is closed in the Zariski topology on SpecT.
Hence

F = V(F) = {PeSpecT | FCP}.
Thus the set Fiin is a finite set and is equal to the set Min(F') of minimal primes
of the ideal F of T'.
Since a flat homomorphism satisfies the going-down theorem by Remark 3.7.9,
Corollary 11.4 implies that
(1) Fmin C{Q € SpecT | ht Q < ht(Q N S)}, and
(ii) If @ € Funin, then every prime ideal P C @ satisfies ht P > ht(P N S).

EXAMPLE AND REMARKS 11.7. (1) Let k be a field, let = and y be indetermi-
nates over k and set f =z, g = (x — 1)y. Then k[f, g] & k[x,y] is not flat.

PRrOOF. For the prime ideal P := (x—1) € Spec(k[z,y]), we see that ht(P) = 1,
but ht(P N k[f, g]) = 2; thus the extension is not flat by Corollary 11.4. O

(2) The Jacobian ideal J of f and g in (1) is given by:

J = (det <§§ %))(det<y x_l))(xl)k[x,y].

(3) In the example of item 1, the nonflat locus is equal to the set of prime ideals
Q of k[x,y] that contain the Jacobian ideal (z — 1)k[z,y], thus J = F.

(4) One can also describe the example of item 1 by taking the base ring R to be
the polynomial ring k[z] rather than the field k. Then both 7' = R[y] and S = R[g]
are polynomial rings in one variable over R with g = (z — 1)y. The Jacobian ideal
J is the ideal of T' generated by % =x — 1, so is the same as in item 1.

REMARK 11.8. A homomorphism f : R — A of Noetherian rings is said to be
regular, see Definition 3.22, if f is flat and has geometrically regular fibers. In the
case where A is a finitely generated R-algebra, the map f is regular if and only if
it is smooth as can be seen by taking A = A in [105, Corollary 1.2].

We record in Theorem 11.9 observations about smoothness and flatness that
follow from well-known properties of the Jacobian.

THEOREM 11.9. Let R be a Noetherian ring, let z1, ..., z, be indeterminates
over R, and let f1,...,fm € R|z1,...,2s] be algebraically independent over R.
Consider the embedding ¢ : S := R[f1,..., fm] = T := R[z1,...,2,]. Let J denote
the Jacobian ideal of ¢, and let F' and F i be as in (11.6). Then
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(1) @ € SpecT does not contain J <= ¢gq : S — Tq is essentially smooth.
Thus J defines the nonsmooth locus of .

(2) If Q € SpecT does not contain J, then g : S — Tq is flat. Thus J C F.

(3) Funin C{Q € SpecT | J C Q and ht(Q N S) > ht Q}.

(4) Frnin C{Q € SpecT | JC Q, htQ < dim S and ht(Q N S) > htQ}.

(5) ¢ is flat <= for every Q € Spec(T) such that J C Q and ht(Q) < dim S,
we have ht(Q N S) < ht(Q).

(6) If ht J > dim S, then ¢ is flat.

PROOF. For item 1, we show that our definition of the Jacobian ideal J given
in (11.6) agrees with the description of the smooth locus of an extension given in
[26], [105, Section 4].

To see this, let ug,...,u, be indeterminates over R[z1,...,2,] and identify
. Rluy, ..., um][z1, -, 20
Rl|zy,...,z2 with
[ 2 ({wi = fiti=1,...m)
Since w1, ..., u,, are algebraically independent, the ideal J generated by the minors

of J is the Jacobian ideal of the extension ¢ by means of this identification. We
make this more explicit as follows.

Let B := Rlu1,...,Um,21,...,25) and I = ({fi — wi}i=1,....m)B. Consider the
following commutative diagram

S = R[fl,...,fm] — T := R[zl,...,zn]

N g

Sl ::R[ul,...,um] e T ZB/I
Define as in [26], [105, Section 4]

H = Hrp, s, = the radical of XA(g1,...,9s)[(91,---,9s) :B 1],

where the sum is taken over all s with 0 < s < m, for all choices of s polynomials
g, ...,9s from I =({fi—ui,..., frn—umn})B, where A := A(g1,...,gs) is the ideal

of T'= T generated by the s x s-minors of (‘99") and A =T if s =0.

dz; )
To establish (11.9.1), we show that H = rad(J). Since wu; is a constant with

respect to z;, we have (%) = (27’() Thus J C H.
J J

For g1,...,gs € I, the s X s-minors of gg?) are contained in the s X s-minors
J

of (gf) Thus it suffices to consider s polynomials g1, ..., gs from the set {f; —

J
Ulyeooy fn — Um . Now f1 —up,..., fm — um is a regular sequence in B. Thus
for s < m, [(91,.-.,9s) :B I] = (91,-..,9s)B. Thus the m x m-minors of (gfﬁ)
J

generate H up to radical, and so H = rad(J).

Hence by [26] or [105, Theorem 4.1], Ty is essentially smooth over S if and
only if () does not contain J.

Item 2 follows from item 1 because essentially smooth maps are flat. In view
of Corollary 11.4 and (11.6.2), item 3 follows from item 2.

If ht @ > dim S, then ht(Q N S) < dim S < ht Q. Hence the set {Q € SpecT :
J C Qand ht(QNS) > htQ} is equal to the set {Q € SpecT : J C Q, htQ <
dim S and ht(Q NS) > ht Q}. Thus item 3 is equivalent to item 4.
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The ( = ) direction of item 5 is clear [73, Theorem 9.5]. For the ( <)
direction of item 5 and for item 6, it suffices to show Fi, is empty, and this holds
by item 4. ([l

REMARKS 11.10. (1) For ¢ as in Theorem 11.9, it would be interesting to
identify the set Fiin = Min(F'). In particular we are interested in conditions for
J = F and/or conditions for J C F. Example 11.7 is an example where J = F,
whereas Examples 11.13 contains several examples where J C F.

(2) If R is a Noetherian integral domain, then the zero ideal is not in Fyi, and so
F #{0}.

(3) In view of Theorem 11.9.3, we can describe Fpi, precisely as
Fmin = {Q € SpecT | J C Q,ht(QNS) >htQ and VP C Q,ht(PNS) <ht(P)}.

(4) Ttem 3 of Theorem 11.9 implies that for each prime ideal @ of F;, there exist
prime ideals P, and P, of S with P; C Py such that @ is minimal over both P,T
and P,T.

Corollary 11.11 is immediate from Theorem 11.9.

COROLLARY 11.11. Let k be a field, let z1, . .., z, be indeterminates over k and
let f,g € k[z1,...,2,] be algebraically independent over k. Consider the embedding
w: S :=k[f,g] = T :=klz1,...,2n]. Assume that the associated Jacobian ideal .J
is nonzero.”> Then

(1) Fnin € {minimal primes Q of J with ht(Q N S) >htQ =1 }.
(2) ¢ is flat <= for every height-one prime ideal Q) € SpecT such that
J C Q we have ht(Q N S) < 1.

(3) Ifht J > 2, then ¢ is flat.

REMARK 11.12. In the case where k is algebraically closed, another argument
can be used for Corollary 11.11.3: Each height-one prime ideal Q € SpecT has
the form @ = AT for some polynomial h € T. If ¢ is not flat, then there exists
a prime ideal @ of T of height one, such that ht(Q N'S) = 2. Then Q N S has
the form (f —a,g — b)S, where a,b € k. Thus f —a = fih and g — b = g1h
for some polynomials f1,g1 € T. Now the Jacobian ideal J of f, g is the same as
the Jacobian ideal of f — a,g — b, and an easy computation shows that J C hT.
Therefore ht J < 1.

ExAMPLES 11.13. Let k be a field of characteristic different from 2 and let
x,y, z be indeterminates over k.

(1) With f = z and g = xy® — y, consider S := k[f, g] ST = klx,y]. Then
J = (2zy—1)T. Since ht((2zy —1)TNS) = 1, ¢ is flat by Corollary 11.11.2. But ¢
is not smooth, since J defines the nonsmooth locus and J # T'; see Theorem 11.9.1.
Here we have J C FF =1T.

(2) With f = 2 and g = yz, consider S := k[f, g] ST = klx,y,z]. Then
J = (y,2)T. Since ht J > 2, ¢ is flat by Corollary 11.11.3. Again ¢ is not smooth
since J # T.

(3) The examples given in items 1 and 2 may also be described by taking
R = k[z]. In item 1, we then have S := R[xy? — y] — R[y] =: T. The Jacobian
J = (2zy — 1)T is the same but is computed now as just a derivative. In item 2,

2This is automatic if the field k has characteristic zero.
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we have S := R[yz] — Ry, z] =: T. The Jacobian J = (y, z)T is now computed by

taking the partial derivatives %‘;) and %.

(4) Let R = k[z] and S = R[zyz] < Rly, 2] =: T. Then J = (zz,zy)T. Thus J
has two minimal primes 2T and (y, z)T. Notice that zT' NS = (x,zyz)S is a prime
ideal of S of height two, while (y, 2)T' N S has height one. Therefore J C F = «T.

(5) Let R = k[z] and S = R[zy + 2] — R[y, 2] =: T. Then J = zT.

(6) Let R = k[x] and S = R[zy+ 2% — Ry, 2] =: T. Then J = (y,2)T. Hence
S — T is flat but not regular.

(7) Let R = k[z] and S = R[zy + 2] — R[y,z] =: T. Then J = T. Hence
S — T is a regular map.

COROLLARY 11.14. With the notation of Theorem 11.9, we have

(1) If Q € Frnin, then Q is a nonmazimal prime of T

(2) Fmin C{Q € SpecT : J C Q, dim(T/Q) > 1 and ht(Q N S) > ht Q}.

(3) ¢ is flat <= ht(QNS) < ht(Q) for every nonmazimal Q € Spec(T)
with J C Q.

(4) Ifdim R =d and ht J > d + m, then ¢ is flat.

PrOOF. For item 1, suppose @ € Fuin is a maximal ideal of T. Then ht Q <
ht(Q N S) by Theorem 11.9.3. By localizing at R\ (RN Q), we may assume that R
is local with maximal ideal @ N R := m. Since @ is maximal, T'/Q is a field finitely
generated over R/m. By the Hilbert Nullstellensatz [73, Theorem 5.3], T/Q is
algebraic over R/m and ht @ = ht(m) +n. It follows that QNS = P is maximal in
S and ht P = ht(m) +m. The algebraic independence hypothesis for the f; implies
that m < n, and therefore that ht P < ht Q). This contradiction proves item 1.
Item 2 follows from Theorem 11.9.3 and item 1.

Item 3 follows from Theorem 11.9.5 and item 1, and item 4 follows from The-
orem 11.9.6. ]

As an immediate corollary to Theorem 11.9 and Corollary 11.14, we have:

COROLLARY 11.15. Let R be a Noetherian ring, let z1,...,2z, be indetermi-
nates over R and let f1,..., fm € Rlz1,...,2n] be algebraically independent over
R. Consider the embedding ¢ : S := R[f1,..., fm] = T := Rlz1,...,2n], let J be
the Jacobian ideal of v and let F be the (reduced) ideal that describes the nonflat
locus of ¢ as in (11.6.2). Then J C F and either F = T, that is, ¢ is flat, or
dim(T/Q) > 1, for each Q € Spec(T') that is minimal over F.

11.3. Applications to polynomial extensions

Proposition 11.16 considers behavior of the extension ¢ : S < T with respect
to prime ideals of R.

PRrROPOSITION 11.16. Let R be a commutative ring, let z1,. .., z, be indetermi-
nates over R, and let f1,..., fm € Rlz1,..., 2] be algebraically independent over
R. Consider the embedding ¢ : S := R[f1,..., fm] = T := R|z1,..., 2.

(1) Ifp € Spec R and ppr : S — Tpr is flat, then pS = pT'NS and the images
fi of the f; inT/pT = (R/p)[21, - . -, 2n] are algebraically independent over
R/p.
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(2) If is flat, then for each p € Spec(R) we have pS = pTNS and the images
fi of the f; inT/pT = (R/p)[z1, - . ., 2n] are algebraically independent over
R/p.

PROOF. Item 2 follows from item 1, so it suffices to prove item 1. Assume
that Tpr is flat over S. Then pT # T and it follows from [73, Theorem 9.5] that
pT NS = pS. If the f; were algebraically dependent over R/p, then there exist
indeterminates ¢y, ..., ¢, and a polynomial G € R[ty,...,t;n] \ PR[t1,. .., tm] such
that G(f1,..., fm) € pT. This implies G(f1,...,fm) € PTNS. But fi,..., fm
are algebraically independent over R and G(ti,...,tm,) € PR[t1,...,tm] implies
G(fi,..., fm) €S =pT NS, a contradiction. O

ProOPOSITION 11.17. Let R be a Noetherian integral domain containing a field
of characteristic zero. Let z1,.. ., z, be indeterminates over R and let f1,..., fm €
Rlz1,. .., zn] be algebraically independent over R. Consider the embedding ¢ : S :=
Rlf1,... fm) = T := Rlz1,...,2y]. Let J be the associated Jacobian ideal and let
F' be the reduced ideal of T defining the nonflat locus of ¢ . Then

(1) If p € Spec R and J C pT, then wpr : S — Tpr is not flat. Thus we also
have F C pT.
(2) If the embedding ¢ : S — T is flat, then for every p € Spec(R) we have

J ¢ pT.

PROOF. Item 2 follows from item 1, so it suffices to prove item 1. Let p €
Spec R with J C pT', and suppose @pr is flat. Let f; denote the image of f; in
T/pT. Consider

©:S:=R/P)f1,-- s fm] =T :=(R/P)[21,-- - 2n]-

By Proposition 11.16, fi, ..., fm, are algebraically independent over R := R/p.
Since the Jacobian ideal commutes with homomorphic images, the Jacobian ideal
of B is zero. Thus for each @ € SpecT the map Po - S — Tg is not smooth. But
taking @ = (0) gives Ty, is a field separable over the field of fractions of S and
hence g is a smooth map. This contradiction completes the proof. ([l

Theorem 11.18 follows from [87, Proposition 2.1] in the case of one indetermi-
nate z, so in the case where T' = R]z].

THEOREM 11.18. Let R be a Noetherian integral domain, let z1,..., 2z, be in-
determinates over R, and let T = R|z1,...2n]. Suppose f € T \ R. Then the
following are equivalent:

(1) R[f] = T is flat.

(2) For each prime ideal q of R, we have ¢T N R[f] = qR]f].

(3) For each mazimal ideal q of R, we have ¢T N R[f] = qR|[f].
(4) The nonconstant coefficients of f generate the unit ideal of R.
(5) R[f] = T is faithfully flat.

PrOOF. Since f € T\ R and R is an integral domain, the ring R[f] is a
polynomial ring in the indeterminate f over R. Thus the map R — R[f] is flat
with regular fibers. Hence Corollary 11.4 implies that R[f] — T is flat <—
for each @ € SpecT we have ht Q@ > ht(Q N R[f]. Let ¢ := Q@ N R. We have
ht ¢ = ht ¢R[f] = ht¢T. Thus R[f] < T is flat implies for each ¢ € Spec R that
qT N R[f] = ¢qR[f]. Moreover, if P := @Q N R[f] properly contains ¢R[f], then
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ht P = 1 + ht ¢, while if @ properly contains ¢7', then ht @ > 1 + htq. Therefore
(1) < (2) follows from Corollary 11.4. It is obvious that (2) = (3).

(3) = (4): Let a € R be the constant term of f. If the nonconstant
coefficients of f are contained in a maximal ideal ¢ of R, then f —a € ¢T N R[f].
Since R is an integral domain, the element f — a is transcendental over R and
f —a & qR]f] since R[f]/qR[f] is isomorphic to the polynomial ring (R/q)[z].
Therefore ¢T' N R[f] # qR]f] if the nonconstant coefficients of f are in g.

(4) = (2): Let q € Spec R and consider the map
(11.1)

R[f]®r R/q = R[f]/qR|f] —2— T @r R/q=T/qT = (R/q)[z1,.- -, 2]-

Since the nonconstant coefficients of f generated the unit ideal of R, the image
of fin (R/q)[z1,...,2xs) has positive degree. This implies that ¢ is injective and
oT O\ RIf] = qRIf).

This completes a proof that items (1), (2), (3) and (4) are equivalent. To show
that these equivalent statements imply (5), it suffices to show for P € Spec(R]f])
that PT # T. Let ¢ = PN R, and let x(q) denote the field of fractions of R/q. Let
f denote the image of f in R[f]/qR[f]. Then R[f]/qR[f] = (R/q)[f], a polynomial
ring in one variable over R/q. Tensoring the map ¢ of equation 11.1 with x(q) gives
an embedding of the polynomial ring x(q)[f] into %(q)[z1,. .., 2n]. The image of P
in x(q)[f] is either zero or a maximal ideal of x(q)[f]. In either case, its extension
to k(q)[z1, ..., zn] is a proper ideal. Therefore PT # T. It is obvious that (5) =
(1), so this completes the proof of Theorem 11.18. O

REMARK 11.19. A different proof that (4) == (1) in Theorem 11.18 is as
follows: Let v be another indeterminate and consider the commutative diagram

R[v] —— T[] = Rlz1,- .., 2n, V]
R[‘ﬂ (4 Rlz1,...,2n,7]

(v—=f(z1,--,2n))

where 7 maps v — f and 7’ is the canonical quotient homomorphism. By [71,
Corollary 2, p. 152] or [73, Theorem 22.6 and its Corollary, p. 177], ¢ is flat if the
coefficients of f — v generate the unit ideal of R[v]. Moreover, the coefficients of
f —v as a polynomial in z1, ..., z, with coefficients in R[v] generate the unit ideal
of R[v] if and only if the nonconstant coefficients of f generate the unit ideal of R.
For if a € R is the constant term of f and a4, ..., a, are the nonconstant coefficients
of f, then (ay,...,a,)R = R clearly implies that (a —v,as,...,a,)R[v] = R[v]. On
the other hand, if (a — v, a1,...,a,)R[v] = R[v], then setting v = a implies that
(a1,...,a,)R=R.

We observe in Proposition 11.20 that one direction of Theorem 11.18 holds for
more than one polynomial: see also [87, Theorem 3.8] for a related result concerning
flatness.

PROPOSITION 11.20. Let z1,..., 2z, be indeterminates over an integral domain
R. Let f1,..., fm be polynomials in R|z1,...,z,] :=T that are algebraically inde-
pendent over Q(R). If the inclusion map ¢ : S := R[f1,... fm] = T is flat, then
the nonconstant coefficients of each of the f; generate the unit ideal of R.
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PROOF. The algebraic independence of the f; implies that the inclusion map
R[fi] < R[f1,...,fm] is flat, for each ¢ with 1 < i < m. If § — T is flat,
then so is the composition R[f;] — S — T, and the statement follows from
Theorem 11.18 (]

Exercises

(1) Let k be an algebraically closed field of characteristic zero and let T' denote
the polynomial ring k[z]. Let f € T be a polynomial of degree d > 2 and let
S = k[f].

(i) Prove that the map S < T is free and hence flat.

(ii) Prove that the prime ideals @ € SpecT for which S — Ty is not a
regular map are precisely the primes () such that the derivative % € Q.

(iii) Deduce that S < T is not smooth.

(2) With S = k[z,2y*> —y] — T = k[z,y] and J = (2zy — 1)T as in Exam-

ples 11.13.1, prove that ht(J N.S) = 1.
Suggestion. Show that J NS N k[z] = (0) and use that, for A an integral
domain, prime ideals of the polynomial ring A[y| that intersect A in (0) are in
one-to-one correspondence with prime ideals of K[y], where K = (A\ {0})~!1A4
is the field of fractions of A.

(3) Let z1,..., 2, be indeterminates over a ring R, and let T = R[z1,...2y]. Sup-
pose f € T \ R. Modify the proof of (3) implies (4) of Theorem 11.18 to prove
that ¢T'N R[f] = qR[f] for each maximal ideal ¢ of R implies that the noncon-
stant coefficients of f generate the unit ideal of R without the assumption that
the ring R is an integral domain.

Suggestion. Assume that the nonconstant coefficients of f are contained in a
maximal ideal g of R. Observe that one may assume that f as a polynomial
in R[z1,..., 2] has zero as its constant term and that the ring R is local with
maximal ideal q. Let M be a monomial in the support of f of minimal total
degree and let b € R denote the coefficient of M for f. Then b is nonzero, but
f € qR|[f] implies that b € ¢b and this implies, by Nakayama’s lemma, that
b=0.

(4) Let k be a field and let T = k[[u, v, w, z]] be the formal power series ring over
k in the variables u, v, w, z. Define a k-algebra homomorphism ¢ of T into the
formal power series ring k[[z, y]] by defining

e(u) = %, ) = 2%y, ow) = a2y’ ¢(z) =y

Let P = ker(y) and let I = (v — v?w, w3 — 22v)T. Notice that I C P, and
that the ring o(T) = k[[z*, 23y, zy3,y*]] is not Cohen-Macaulay. Let S = T/I,
and let R = k[[u,z]] C T.

(a) Prove that PN R = (0).

(b) Prove that the ring S is Cohen-Macaulay and a finite free R-module.

(¢) Prove that PS is a minimal prime of S and S/PS is not flat over R.

Suggestion. To see that S is module finite over R, observe that

S T

(u, 2)S (u, 2,03 — w2w, w3 — 22v)T"’
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and the ideal (u, z,v® — u?w, w® — 22v)T is primary for the maximal ideal of T'.

Hence by Theorem 3.8, S is a finite R-module.






CHAPTER 12

Height-one primes and limit-intersecting elements

Let z be a nonzero nonunit of a normal Noetherian integral domain R and let
R* denote the (z)-adic completion of R. As in Construction 5.3, we consider in this
chapter the structure of a subring A of R* of the form A := Q(R)(r1,Ts,...7s) N R,
where 7y, 79,...,7s € zR* are algebraically independent elements over R and every
nonzero element of R[ry,To,...,7s] is regular on R*.

If the intersection ring A can be expressed as a directed union B of localized
polynomial extension rings of R as in Section 6.1, then the computation of A is
easier. Recall that 71,7s,...,7s are called limit-intersecting for A if the ring A is
such a directed union; see Definitions 6.5 and 6.12. In Weak Flatness Theorem 12.5
(Inclusion Version) we give criteria for 71,7, ...,7s to be limit-intersecting for A.
We present a version of this result for Homomorphic Image Construction 5.4 in
Weak Flatness Theorem 12.6 (Homomorphic Image Version).

We use Weak Flatness Theorem 12.5 to establish in Examples 13.7 a family of
examples where the approximating ring B is equal to the intersection ring A and is
not Noetherian. In Chapter 22 we consider stronger forms of the limit-intersecting
condition that are useful for constructing examples. In Chapter 23 we consider
conditions for A to be excellent.

12.1. The limit-intersecting condition

We consider the following two properties of an extension S — T of commutative
rings involving height-one prime ideals.

DEFINITIONS 12.1. Let S < T be an extension of commutative rings.

(1) We say that the extension S — T is weakly flat, or that T is weakly flat
over S, if every height-one prime ideal P of S with PT # T satisfies
PTNS=P.

(2) We say that the extension S < T is height-one preserving, or that T is
a height-one preserving extension of S, if for every height-one prime ideal
P of S with PT # T there exists a height-one prime ideal @) of T" with
PT C Q.

PROPOSITION 12.2. Let S — T be an extension of commutative rings where S
is a Krull domain.

(1) If every nonzero element of S is reqular on T and each height-one prime
ideal of S is contracted from T, then S =T N Q(S).

(2) If S < T is a birational extension and each height-one prime of S is
contracted from T, then S =T.

97
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(3) If T is a Krull domain and T N Q(S) = S, then each height-one prime of
S is the contraction of a height-one prime of T', and the extension S — T
is height-one preserving and weakly flat.

PROOF. Item 1 follows from item 2. For item 2, recall from Definition 2.3.2
that S = N{Sp, | p is a height-one prime ideal of S}. We show that T' C Sy, for each
height-one prime ideal of S. Since p is contracted from 7', there exists a prime ideal
q of T such that g NS = p; see Exercise 12.7. Then S, C Ty and T birationally
dominates Sp. Since Sy is a DVR, we have S, = Tq. Therefore T C Sp, for each
p. It follows that T'= S.

For item 3, since T is a Krull domain, Definition 2.3.2 implies that
T= m{T‘l | q is a height-one prime ideal of T'}.
Hence
S=TnNnQo(S) = ﬂ{Tq N Q(S) | q is a height-one prime ideal of T'}.

Since each Ty is a DVR, Remark 2.1 implies that T N Q(S) is either the field Q(S)
or a DVR birational over S. By the discussion in Definition 2.3.2, for each height-
one prime p of S, the localization Sy, is a DVR of the form T4 N Q(S). It follows
that each height-one prime ideal p of S is contracted from a height-one prime ideal
q of T, and that T is height-one preserving and weakly flat over S. (]

Corollary 12.3 demonstrates the relevance of the weakly flat property for an
extension of a Krull domain.

COROLLARY 12.3. Let S — T be an extension of commutative rings where S is
a Krull domain such that every nonzero element of S is reqular on T and PT # T
for every height-one prime ideal P of S. If S — T is weakly flat, then S = Q(S)NT.

PrOOF. Assume that T is weakly flat over S and that PT # T for each height-
one prime ideal P of S. Then each height-one prime ideal of S is contracted from
T. Thus by Proposition 12.2.1, S = Q(S)NT. |

REMARKS 12.4. Let S — T be an extension of Krull domains.

(a If S — T is flat, then S < T is height-one preserving, weakly flat and
satisfies PDE. See Definition 2.3.3 and [10, Chapitre 7, Proposition 15,
page 19].

(b) If U is a multiplicative system in S consisting of units of T, then S <
T is height-one preserving (respectively weakly flat, respectively satisfies
PDE) <= U~'S < T is height-one preserving (respectively weakly flat,
respectively satisfies PDE). This follows since S < U~1S is flat.

(c) If each height-one prime of S is the radical of a principal ideal, in partic-
ular, if S is a UFD, then the extension S < T is height-one preserving.
To see this, let P be a height-one prime of S and suppose that P is the
radical of the principal ideal S. Then PT # T if and only if 2T is a
proper principal ideal of T" and every proper principal ideal in a Krull
domain is contained in a height-one prime. Hence if PT # T, then PT is
contained in a height-one prime of 7.

With these results and remarks in hand, we return to the investigation of
the structure of the intersection domain A mentioned in the introduction to this
chapter: When does A equal the approximation domain B? We first consider the
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intersection domain A of Inclusion Construction 5.3 and the approximation ring B
of Section 6.1. We show in Weak Flatness Theorem 12.5 that, if the base ring R of
the construction is a normal Noetherian domain and the extension

R[T17"~7Ts] — R*[]./Z]

is weakly flat, then the intersection domain A is equal to the approximation domain
B; that is, 71, ..., 7s are limit-intersecting in the sense of Definition 6.5.

WEAK FLATNESS THEOREM 12.5. (Inclusion Version) Let R be a normal Noe-
therian integral domain and let z € R be a nonzero nonunit. Let R* denote the
(2)-adic completion of R and let 1y,...,7s € R* be algebraically independent over
R. Assume that every nonzero element of the polynomial ring R[r1, ..., Ts] is requ-
lar on R*. Let A = Q(R)(r1,...,7s) N R* and let B be the approximation domain
defined in Section 6.1. Consider the following statements:

(1
(2
(3) The extension B < R*[l/z] 1s weakly flat.
(4

) A
) The extenswn R[r,...,7s) < R*[1/z] is weakly flat.
)
) The extension B — R* is weakly flat.

Then

(a) Items 2, 3, and 4 are equivalent.
(b) Item 2 = item 1.
(¢) If R* is normal, then the four items are equivalent.

PrOOF. For (a), we show item 4 = item 3 = item 2 = item 4. To see
that item 4 — item 3, we have

B R g1/
Thus, for a height-one prime ideal P of B with PR*[1/z] # R*[1/z], we have
PR* # R* and z ¢ P, and so PR*[1/z] N B = PR* N B = P, where the last

w.f.
equality uses B — R*. Thus item 3 holds.

Ttem 3 — item 2: We have B Y5 R* [1/z] implies B[1/z] UL g [1/z], by Re-
marks 12.4.b. By Construction Properties Theorem 6.19.2, B[1/z] is a localization

of R[r1,...,7s]. Thus, by Remark 12.4.b, we have R[ry,..., 74 piSS R*[1/z].

To see that item 2 = item 4, let P € Spec B have height one and suppose
PR* # R*. If z € P, then, by Construction Properties Theorem 6.19.3, we have
P/zB = PR*/zR*, and so PR*N B = P in this case. Thus we assume z ¢ P; then
PB[l/z]n B =P.

By assumption, R[71,...,7s] < R*[1/z] is weakly flat. Since B[1/z] is a lo-
calization of R[r1,..., 7] and of B, Remark 12.4.b implies that B[1/z] — R*[1/Z]
is weakly flat. Since PR*[1/z] # R*[1/z], we have PR*[1/z] N B[1/z] = PB[1/z].
Thus PR*N B = P and so B — R is weakly flat, as desired.

We show item 2 = item 1: Since B is a Krull domain and the extension
B < A is birational, by Proposition 12.2.2, it suffices to show that every height-one
prime ideal p of B is contracted from A. As in the proof of item 2 = item 4,
Construction Properties Theorem 6.19.3 implies that each height-one prime of B
containing zB is contracted from A.

Let p be a height-one prime of B that does not contain zB. Consider the prime
ideal @ = R[r1,...,7s]Np. Since B[1/z] is a localization of the ring R[ry, ..., 7], we
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see that Bp = R[r1,...,7s]q and so q has height one in R[r,...,7s]. The weakly
flat hypothesis implies qR* N R[r1,...,7s] = q. Hence there exists a prime ideal
w of R* with w N R[ry,...,7s] = q. This implies that w N B = p and thus also
(wn A) N B = p. Hence every height-one prime ideal of B is the contraction of a
prime ideal of A. Thus A = B as desired.

To prove (c), we assume R* is a normal Noetherian domain. Thus R* is a
Krull domain; see Definition 2.3.2. We prove item 1 = item 4: Since B = A =
Q(B) N R*, Proposition 12.2 implies the extension B < R* is weakly flat. O

In Theorem 12.6, we present a version of Weak Flatness Theorem 12.5 that
applies to Homomorphic Image Construction 5.4.

WEAK FLATNESS THEOREM 12.6. (Homomorphic Image Version) Let R be a
normal Noetherian integral domain and let z € R be a nonzero nonunit. Let R*
denote the (z)-adic completion of R and let I be an ideal of R* having the property
that PN R = (0) for each associated prime ideal P of I. Let the rings A and B be
as defined in Section 6.12. Assume that B is a Krull domain. Then

(1) If the extension R — (R*/I)[1/z] is weakly flat, then A = B, that is, the
construction is limit-intersecting as in Definition 6.12.

(2) If R*/I is a normal integral domain, then the following statements are
equivalent:
(a) A= B.
(b) R— (R*/I)[1/z] is weakly flat.
(¢) The extension B — (R*/I)[1/z] is weakly flat.
(d) The extension B — R*/I is weakly flat.

PrOOF. Theorem 6.17.3 implies that each height-one prime of B containing
zB is contracted from R*/I. Since B[1/z] is a localization of R[1/z] = U[1/z] by
Theorem 6.17, and R — (R*/I)[1/z] is weakly flat, it follows that B — (R*/I)[1/Z]
is weakly flat. Therefore B «— R*/I is weakly flat, and by Proposition 12.2.1, we
have B = (R*/I)N Q(B) = A. This proves item 1.

For item 2, since R*/I is a normal integral domain, A = (R*/I) N Q(R) is a
Krull domain. As noted in the proof of item 1, Theorem 6.17 implies that each
height-one prime of B containing zB is contracted from R*/I and B[l/z] is a
localization of R[1/z] = U[1/z]. It follows that (b), (c) and (d) are equivalent. By
Proposition 12.2.3, (a) = (d), and by Proposition 12.2.1, (d) = (a). O

12.2. Height-one primes in extensions of integral domains

We observe in Proposition 12.7 that a weakly flat extension of Krull domains
is height-one preserving.

ProrosiTION 12.7. If ¢ : S — T is a weakly flat extension of Krull domains,

then ¢ is height-one preserving. Moreover, for every height-one prime ideal P of S
with PT # T there is a height-one prime ideal Q of T with QNS = P.

ProOOF. Let P € SpecS with ht P = 1. By assumption PT' NS = P. Then
S\ P is a multiplicatively closed subset of T and PT N (S \ P) = ). Let Q' be an
ideal of T' that is maximal with respect to @' N (S \ P) =0. Then P C Q', Q' is a
prime ideal of T"and Q' NS = P. Let a be a nonzero element of P and let Q C Q'
be a minimal prime divisor of aT. Then @ has height one and (0) # QNS C P.
Thus @N S = P. a
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The height-one preserving condition does not imply weakly flat as we demon-
strate in Example 12.8.

EXAMPLE 12.8. Let x and y be variables over a field k, let R = k[[2]][y] ()
and let C' = k[[z, y]]. There exists an element 7 € n = (x,y)C' that is algebraically
independent over Q(R). For any such element 7, let S = R[T](m ). Since R is a
UFD, the ring S is also a UFD and the local inclusion map ¢ : § < C'is height-one
preserving. There exists a height-one prime ideal P of S such that PN R = 0.
Since the map S — C is a local map, we have PC # C. Because ¢ is height-
one preserving, there exists a height-one prime ideal @ of C' such that PC' C Q.
Since C' is the m-adic completion R of R and the generic formal fiber of R is zero-
dimensional, dim(C ®r Q(R)) = 0. Hence @ N R # 0. We have P C @ N S and
PN R=(0). It follows that P is strictly smaller than Q@ NS, so @ N S has height
greater than one. Therefore the extension ¢ : S < C is not weakly flat.

REMARKS 12.9. (1) By Proposition 12.7, an injective map of Krull domains
that is weakly flat is also height-one preserving. Thus the equivalent conditions of
Theorem 12.5 imply that B — R* is height-one preserving.

(2) If the ring B in Theorem 12.5 is Noetherian, then A = B and the equivalent
conclusions of Theorem 12.5 hold.

(3) In Chapter 23, (22.12), we present an example of a three-dimensional regular
local domain R that dominates Q[z, ¥, 2](s,y,.) and has completion Q[[z, y, z]] and is
such that there exists an element 7 in the (y)-adic completion of R that is residually
limit-intersecting in y over R but fails to be primarily limit-intersecting in y over
R. In particular, the rings A and B constructed using 7 are equal, yet A and B are
not Noetherian. We show in Chapter 23, (23.12) that if R is a Noetherian semilocal
domain, then 7y,...,7, € yR* are primarily limit-intersecting in y over R if and
only if B is Noetherian. If this holds, we also have B = A.

QUESTION 12.10. Let (C,n) be a complete Noetherian local domain that dom-
inates a quasilocal Krull domain (D, m). Assume that the inclusion map D — C
is height-one preserving, and that 7 € n is algebraically independent over D. Does
it follow that the local inclusion map ¢ : S := D[], < C is height-one
preserving?

Discussion 12.11. If D has torsion divisor class group, then S also has torsion
divisor class group and by item ¢ of Remark 12.4, the extension S < C is height-
one preserving, and so the answer to Question 12.10 is affirmative in this case. To
consider the general case, let P be a height-one prime ideal of S that is not assumed
to be the radical of a principal ideal. One may then consider the following cases:

Case (i): If (PN D) = 1, then P = (PN D)S. Since D — C is height-one
preserving, (P N D)C C @, for some height-one prime ideal @ of C. Then PC =
(PN D)SC C Q as desired.

Case (ii): Suppose PN D = (0). Let U denote the multiplicative set of nonzero
elements of D. Let ¢ be an indeterminate over D and let S; = D[t](m +). Consider
the following commutative diagram where the map from S; to S is the D-algebra
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isomorphism taking ¢ to 7 and A is the extension mapping C[[t]] onto C.

U-1s; L) U‘lC[t](n,t)

‘| |

D —55 8 = Dlljmy —— Clmy —— O[]

TR |
D —5— S = D[r)imn) — . c

Under the above isomorphism of S with S, the prime ideal P correponds to a

height-one prime ideal P; of S; such that PyND = (0). Since U~19] is a localization
of a polynomial ring in one variable over a field, the extended ideal P,U~1S; is a
principal prime ideal. Therefore P; is contained in a proper principal ideal of
Uﬁlc[t](nﬁt).

However, in the above diagram it can happen that the inclusion map

U7151 — Uﬁlc[t](n,t)
may fail to be faithfully flat. As an example to illustrate this, let
D :=klz,y =e" — 1]z, — k[z]] = C

and let P = (2t — y)D[t]. Then P extends to the whole ring in U~*C[t](n ) since
t— % is a unit of U~ C[t](np)-

Exercises
Let T = k[z,y, 2] be a polynomial ring in the 3 variables z,y, z over a field k,

and consider the subring S = k[zy, zz,yz] of T.

(1) Prove that the field extension Q(T')/Q(S) is algebraic with [Q(T) : Q(S)] = 2.

(2) Deduce that zy, xz, yz are algebraically independent over k, so S is a polyno-
mial ring in 3 variables over k.

(3) Prove that the extension S < T is height-one preserving, but is not weakly
flat.

(4) Prove that T N Q(S) = S[z?,y?,2?%] is a Krull domain that properly contains
S.

(5) Prove that the map S — T[%yz] is flat.

(6) Prove that S[ﬁ] =T]
xyz is not in Q(S5).)

(7) Give a direct proof of Proposition 12.3 using primary decomposition in the case
where T is also a Krull domain.

z;Z] (Notice that S[ﬁ] is not a localization of .S since

Suggestion Let p be a height-one prime ideal of S, let 0 # a € p and consider
an irredundant primary decomposition

al’' =Q1N---NQs

of the principal ideal aT.

(a) Why does a primary decomposition exist? Why is each Q; primary for
a height-one prime ideal P; of T'?

(b) Show that aS = Q(S) NaT.
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(¢) Show that there exists an integer ¢t € {1,ldots, s} such that the ideal
1MN...NE: NS is the P-primary component of aS. Show that P,NS = P, for
some ¢. (Or: Show that T is weakly flat over S.)

For the converse, add ...






CHAPTER 13

Insider construction details,

In this chapter we continue the development of the Insider Construction begun
in Chapter 10. In Section 13.1 we expand the notation for the Insider Construction
to the case where the base ring R is a Noetherian domain that is not necessarily a
polynomial ring over a field. As before we first construct an “outside” Noetherian
domain A°" using Inclusion Construction 5.3. We require that this intersection
domain A°" is equal to its corresponding approximation integral domain B°ut
that is the nested union of localized polynomial rings from Section 6.1. Then we
construct inside A°" = B°" two “insider” integral domains: A, an intersection
of a field with a power series ring as in Construction 5.3, and B, a nested union
of localized polynomial rings that “approximates” A™ as in Section 6.1. We show
that B'™ is Noetherian and equal to A" if a certain map of polynomial rings over
R is flat.

In Section 13.1, we describe background and notation for the construction.
Theorem 13.3 in Section 13.2 gives necessary and sufficient conditions for the in-
tegral domains constructed with the insider construction to be Noetherian and
equal. In Section 13.3, we use the analysis of flatness for polynomial extensions
from Chapter 11 to obtain a general flatness criterion for the Insider Construction.
This yields examples where the constructed domains A and B are equal and are
not Noetherian.

In Chapter 15, we use the Insider Construction to establish the existence for
each integer d > 3 and each integer h with 2 < h < d — 1 of a d-dimensional
regular local domain (A,n) having a prime ideal P of height h with the property
that the extension PA is not integrally closed. In Chapter 17, we use the Insider
Construction to obtain, for each positive integer n, an explicit example of a 3-
dimensional quasilocal unique factorization domain B such that the maximal ideal
of B is 2-generated, B has precisely n prime ideals of height two, and each prime
ideal of B of height two is not finitely generated.

13.1. Describing the construction

We use the following setting and details for the Insider Construction in this
chapter. This setting includes Noetherian domains that are not necessarily local
and thus generalizes Settings 10.1 and 10.4.

INSIDER CONSTRUCTION 13.1. (Generalized version) Let R be a Noetherian
integral domain. Let z be a nonzero nonunit of R and let R* be the (z)-adic comple-
tion of R. The intersection domain of Construction 5.3 and the corresponding ap-
proximation domain of Section 6.1 are inside R*. Assume that 7,...,7, € zR* are
algebraically independent over R and are such that nonzero elements of R[ry, ..., 7,]
are regular on R*. Let 7 abbreviate the list 71,...,7,. We define the intersection

105
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domain corresponding to T to be the ring A, := K(m,...,7,) N R*. The Noe-
therian Example Theorem 8.8 implies that A, is simultaneously Noetherian and
computable as a nested union B; of certain associated localized polynomial rings

over R using 7 if and only if the extension T := R[] := R[m1,...,Ty] & R [1/z] is
flat. Moreover, if this flatness condition holds, then A; is a localization of a subring
of T[1/z] and A,[1/z] is a localization of T

We assume that ¢ : T — R*[1/z] is flat, so that the intersection domain A,
is Noetherian and computable, and we take the outside domain to be A°' :=
A; = B; so that B°"* = A°"*. Then we construct new “insider” examples inside

A°ut = A, as follows: We choose elements fi,..., f,, of T := R|[r], considered as
polynomials in the 7; with coefficients in R and abbreviated by f. Assume that
fi,.-., fm are algebraically independent over K; thus m < n. As above we define

Ap = K(f1,..., fm) N R* to be the intersection domain corresponding to f. We
let By be the approrimation domain corresponding to f that approximates Ay,
obtained using the f; as in Section 6.1. Sometimes we refer to By as the nested
union domain corresponding to Ay. We define A™ := Ay, and Bins .= By.

Recall that the nested union domains B, and By are localizations of R[r] and
R[f] respectively by Construction Properties Theorem 6.19.2. Clearly B r C B, are
quasilocal domains with B, dominating By.

Set S := R[f] := R[f1,..., fm], let © be the embedding

(13.1.1) ¢:S:= R[f] ST := R[r],

and let ¢ be the inclusion map: R[r] < R*[1/z]. Put a := o : S — R*[1/z].
Then we have

R*[1/2]

(13.1.2) =g wl

R C S:=R[f] —— T:= R[]

We show in Proposition 10.6 of Chapter 10 for the special case where R is a lo-
calized polynomial ring over a field in two or three variables that, if ¢, : S < T[1/x]
is flat, then Ay is Noetherian and is equal to the corresponding approximating do-
main By. In Section 13.2 we make a more thorough analysis of conditions for A;
to be Noetherian and equal to By. In Section 13.3, we present examples where
By = Ay is not Noetherian. a

REMARK 13.2. If R is a Noetherian local domain, then R* is local and hence
the intersection domains A; and Ay are also local with Ay possibly non-Noetherian.
By Remark 6.4.1 the approximating domain By is also local.

13.2. The flat locus of the insider construction

We assume the notation of Insider Construction 13.1 for this discussion and
refer the reader to Section 6.1 for details concerning the approximation domains
B; and By corresponding to the intersection domains A, and Ay, respectively, of
(13.1).
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Theorem 8.8 is the basis for our construction of examples.
Let

(13.3.0) F:=n{P € Spec(T) |¢pp : S — Tp is not flat }.

Thus, as in (11.6.2), the ideal F' defines the nonflat locus of the map ¢ : S — T.
For Q* € Spec(R*[1/z]), we consider flatness of the localization @g+n7 of the
map ¢ in Equation 13.1.1:

(13.3.1) wgnT 1S — To*nr

Theorem 13.3 enables us to recover information about the flatness of « in
Diagram 13.1.2 from the map ¢ : S — T.

THEOREM 13.3. Let R be Noetherian domain, let z be a nonzero nonunit of R
and let R* be the z-adic completion of R. With the notation of Diagram 13.1.2 and
Equations 13.3.0 and 13.3.1, we have

(1) For Q* € Spec(R*[1/z]), the map ag+ : S — (R*[1/z])g~ is flat if and
only if the map @g~nr in (18.8.1) is flat.

(2) The following are equivalent:
(i) The ring A is Noetherian and A = B.
(ii) The ring B is Noetherian.
(iii) For every mazimal Q* € Spec(R*[1/z]), the map wg+nr in (13.3.1)

is flat.

(iv) FR*[1/z] = R*[1/z].

(3) The map ¢, : S — T[1/z] is flat if and only if FT[1/z] = T[1/z]. More-
over, either of these conditions implies B is Noetherian and B = A. It
then follows that A[l/z] is a localization of S.

PRrROOF. For item 1, we have ag+- = ¥g+ 0 pg+nr : S = To+nr — (R*[1/2])0-.
Since the map g~ is faithfully flat, the composition ag~ is flat if and only if
wq+nr is flat [71, page 27]. For item 2, the equivalence of (i) and (ii) is part of
Theorem 8.8. The equivalence of (ii) and (iii) follows from item 1 and Theorem 8.8.
For the equivalence of (iii) and (iv), we use FR* # R* <— F C Q*NT, for
some Q* maximal in Spec(R*)[1/z]) <= the map in (13.3.1) fails to be flat. The
first statement of Item (3) follows from the definition of F' and the fact that the
nonflat locus of ¢ : S — T is closed. Theorem 8.8 implies the final statement of
item (3). O

13.3. The non-flat locus of the insider construction

To examine the map a : S — R*[1/z] in more detail, we use the following
terminology.

DEFINITION 13.4. For an extension of Noetherian rings ¢ : B’ — A’ and for
d € N, we say that ¢ : B" — A’, satisfies LFy if for each P € Spec(A’) with
ht(P) < d, the composite map B’ — A" — A’ is flat.

COROLLARY 13.5. Let R be a normal Noetherian domain. With the notation
of (13.1) and (13.3.0), we have ht(FR*[1/z]) > 1 <= ¢ : S — R*[1/z] satisfies
LF;. These equivalent conditions imply B = A.

PROOF. The first equivalence follows from the definition of LF;. Since LF;
implies weakly flat, Theorem 12.5 implies that B = A. a
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THEOREM 13.6. Let R be Noetherian domain, let z be a nonzero nonunit of R
and let R* be the z-adic completion of R. With the notation of (13.1), if m = 1,
that is, there is only one polynomial f1 = f, S := R[f] and T := R[r, ..., Ts], then

(1) The map S — T[1/z] is flat < the nonconstant coefficients of f as a
polynomial in R[ry,...,7,] with coefficients in R generate the unit ideal
in R[1/z],

(2) FEither of the conditions in (1) implies the insider approximation domain
By is Noetherian and is equal to the insider intersection domain Ay.

(3) By is Noetherian and By = Ay <= for every prime ideal Q* in R* with
z & Q*, the nonconstant coefficients of f generate the unit ideal in Ry,
where q := Q* N R.

(4) If the nonconstant coefficients of f generate an ideal L of R[1/z] of height
d, then the map S — R*[1/z] satisfies LF;_1, but not LFy.

PROOF. Item (1) follows from Theorem 11.18 for the ring R[1/z] with z; = 7;.

By Theorems 8.8 and 13.3, the first condition in item 1 implies item (2).

For item 3, suppose the nonconstant coefficients of f generate the unit ideal of
R,. Then by Theorem 11.18, Ry[f] < Rq[71,..., 7] is flat. Since Ry[r1,..., 7] —
R, is flat, the map Ry[f] < Rf). is also flat. For the other direction, we may
assume that f has constant term zero. Suppose there exists Q* € Spec R* with
z & Q" such that the coefficients of f are in Ry, where ¢ = Q*NR. Then f € qRy,.
and qRy). # Rp).. If R[f] — Rf). is flat, then we have qR7). N R[f] = qR[f]. This
implies f € ¢qR][f], a contradiction.

For item 4, if Q* € Spec(R*[1/z]), then the map S — (R*[1/z])g- is not flat
if and only if L C Q*. By hypothesis there exists a prime ideal @Q* of height d
containing L, but no such prime ideal of height less than d. ([l

We return to Example 10.8 and establish a more general result.

ExaMpPLES 13.7. Let k be a field and let =, y1,...,yqs be indeterminates over
k. Let R be either
(1) The polynomial ring R := k[z,y1,...,yq] with (x)-adic completion R* =
k[ylv s 7yd][[‘x”’ or
(2) The localized polynomial ring R := k[z,y1, ..., Ydl(z,y,,....ys) With (z)-adic
completion R*.
With the notation of (13.1), and setting z = z and m = 1, assume that n and s are
each greater than or equal to d. Let f; = f :=y171 4+ - -+ y4q7q- By Theorem 13.6.4,
the map ¢, : S := R[f] — T[1/x] satisfies LF4_1, but fails to satisfy LFy because
the ideal L = (y1,...,yq)R[1/x] of nonconstant coefficients of f has height d. For
d > 2, the map @, : S — T[1/x] satisfies LF; and hence by Corollary 13.5, we have
Ay = By, that is Ay is ”limit-intersecting”. However, since ¢, does not satisfy
LF g4, the map ¢, is not flat and thus Ay is not Noetherian.



CHAPTER 14

Excellent rings: motivation and explanation

In the 1950s, M. Nagata constructed an example of a normal Noetherian local
domain (R, m) such that the m-adic completion R is not reduced [79, Example 6,
p.208], [77]. He constructed another example of a normal Noetherian local domain
(R,m) that contains a field of characteristic zero and has the property that R is
not an integral domain [79, Example 7, p.209]. The existence of these examples
motivated the search for appropriate conditions to impose on a Noetherian local
ring R that will ensure that R does not exhibit the bad behavior of these examples.
We consider the following questions:

QUESTIONS 14.1.
(1) What properties should a “nice” Noetherian ring have?
(2) What properties on a Noetherian local ring ensure good behavior with
respect to completion?
(3) What properties on a Noetherian ring ensure “nice” properties of finitely
generated algebras over the given ring?

In the 1960s, A. Grothendieck systematically investigated Noetherian rings that
are exceptionally well behaved. He called these rings “excellent”. The intent of his
definition of excellent rings is that these rings should have the same nice properties
as the rings in classical algebraic geometry. The rings in classical algebraic geometry
are the affine rings

A=kl[xq,...,z,)/1,
where k is a field and [ is a radical ideal of the polynomial ring Sy, := k[z1, ..., Z,].
That is,
I=VI={feb,| f el for some positive integer t}.

There are three fundamental properties of affine rings that are relevant for the
definition of excellent rings. The first two are straightforward:

Property 1: Every algebra of finite type over an affine ring is again an affine
ring.

Property 2: Every affine ring is universally catenary.

We recall for Property 3 the following definition.

DEFINITION 14.2. Let A be a Noetherian ring. The singular locus of A is:
Sing(A) = {P € Spec(A) | Ap is not a regular local ring}.

Let k be an algebraically closed field. An affine algebraic variety V is a subset
of affine n-space k™ for some positive integer n such that V is the zero set of an
ideal I of the polynomial ring S,, = k[z1,...,z,]:

V=21 ={ack™| f(a) =0, forall fell}.

109
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It is clear that V = Z(v/T). We define the singular locus of V to be Sing(S,,/VT).

It is a basic fact of algebraic geometry that the singular locus of an affine alge-
braic variety is again an affine algebraic variety [33, Theorem 5.3] This motivates
Property 3:

Property 3: For every affine ring A over an arbitrary field k, the singular
locus Sing(A) is closed in the Zariski topology of Spec(A), that is, there is an ideal
J C A such that Sing(A) = V(J).

Property 3 is the key to the definition of excellent rings. Let A = S/I, where
S = k[z1,...,z,] is a polynomial ring over a perfect field k. Let P be a prime ideal
of S with I C P, let p = P/I, and let  be the height of Ip in Sp. Assume that
I=(f1,...,fs)S. Then the Jacobian criterion for regularity asserts that

A, is regular over k <~ rank(0f;/0z;)mod(P) = r.
(14.2.0) <= P 2 the ideal generated by the

r x r minors of (0f;/0x;).

The statement that A, is regular over £ means that the map ¢ : & — A, is a
regular map in the sense of Definition 3.22; that is, ¢ is flat and has geometrically
regular fibers. Equivalently, ¢ is flat and, for each prime ideal P of A and each
finite algebraic field extension L of k, the ring Ap ®y, L is a regular local ring. Since
k is a field, Ap is a free k-module and so the extension v is flat by Remark 2.20.2.
If k£ is a perfect field, every algebraic extension is separable algebraic; this implies
that Ap®y L is a regular local ring when Ap is. Thus, in the case that & is a perfect
field, the map k — A, is regular if and only if A, is a regular local ring. For a
proof of the Jacobian criterion for regularity see [73, Theorem 30.3 and Remark 2,
p. 235].

If k£ is not a perfect field the Jacobian criterion 14.2.0 as stated above does
not imply an equivalence of the condition that A, is a regular local ring with the
conditions on the righthand side. Instead, in the case where k is a non-perfect field,
the condition on the righthand side of Criterion 14.2.0 is equivalent to the statement
that A, is smooth' over k, a condition that is stronger than the statement that A,
is a regular local ring[73, Theorem 30.3].

Example 14.3 is an example of a local ring over a non-perfect field k that is a
regular local ring, but is not smooth over k.

EXAMPLE 14.3. Let k be a field of characteristic p > 0 such that & is not perfect,
that is, kP is properly contained in k. Let a € k\ k? and let f = 2? — a. Then
L = k[z]/(f) is a proper purely inseparable extension field of k. Since 0f/0x = 0,
the Jacobian criterion for smoothness shows that L fails to be smooth over k.
However, L is a field and thus a regular local ring. There exists a kP-derivation
D : klz] — k[z] with D(f) # 0. This reflects the basic idea of Nagata’s Jacobian
criterion for regularity [73, Theorem 30.10].

If k is a field of characteristic p > 0, the main idea of Nagata’s Jacobian criterion
for regularity is to include the kP"-derivations of k for all n € N in addition to the
partial derivatives 0f;/0x; .

LFor the definition of smoothness see Definition 11.5.
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A first approach towards enlarging the class of affine rings might be to consider
those rings that admit “Jacobian criteria”, but this class is rather small. The fol-
lowing example from [96, p. 319] illustrates an example of an excellent Noetherian
local ring that fails to satisfy Jacobian criteria:

EXAMPLE 14.4. Let 0 = e =1 ¢ Q[z]. Notice that ¢ and do/dz are al-
gebriacally independent over Q(x). As in Example 4.1, consider the intersection
domain

A = Q(z,0) NQ[[x]].
By Remark 2.1, A is a DVR with maximal ideal xA and field of fractions Q(z, o).
We have Q[z],) C A C Q[[z]]. If d : A — Ql[z]] is a derivation, then d(o) =
d(x)Jo /0z. Since o and do/Jx are algebraically independent over Q(x) it follows
that d(o) ¢ A whenever d(x) # 0. Hence there is only the trivial derivation from A
into itself. Since every DVR containing a field of characteristic 0 is excellent [32,
Chap IV], [91], the ring A is excellent.

There is, however, an important class of Noetherian local rings that admit Ja-
cobian and regularity criteria, namely, the class of complete Noetherian local rings.
These criteria were established by Nagata and Grothendieck and are similar to the
above mentioned criterion. The main objective of the theory of excellent rings is
to exploit the Jacobian criteria on the completion A of an excellent local ring A in
order to describe certain properties of A, even though the ring A itself may fail to
admit Jacobian criteria. This theory requires considerable theoretical background.
For example, Grothendieck’s theory of formal smoothness and regularity was de-
veloped to work out the connection between a local ring A and its completion A.

In the following discussion we sketch the main ideas in the definition of excellent
rings.

DiscussioN 14.5. Let (A, m) be a Noetherian local ring. By Cohen’s structure
theorems the m-adic completion A of Ais the homomorphic image of a formal power
series ring over a ring K, where K is either a field or a complete discrete valuation
ring, that is, A & K[[xy, ..., x,]]/I; see Remarks 3.11.3. The singular locus Sing A
of A is closed by the Jacobian criterion on complete Noetherian local rings [73,
Corollary to Theorem 30.10]. One way to guarantee closure of the singular locus
of A is to require that the singular loci of A and A be generated by an ideal J of
A and the extension JA of J to E, that is, to require:

(14.5.a) Sing(4) = V(J) and Sing(A) = V(JA), for some ideal J of A.

We show in Proposition 14.6 below that Condition 14.5.a is equivalent to Condi-
tion 14.5.b.

(14.5.b) for all Q € Spec(A), Agna is regular <= EQ is regular.

We first make some observations about Condition 14.5.b. The backward direction
“ «< 7 of Condition 14.5.b is always satisfied: By Remark 3.7.2, A is flat over A
for every Noetherian local ring A. Thus the induced morphism Agna — /TQ is
faithfully flat. Since flatness descends regularity [73, Theorem 23.7(i)], if EQ is
regular, then Agna is regular.

The forward direction “ = ” of Condition 14.5.b requires an additional assump-
tion about the map f: A — A. If we assume that the fiber of fover P=QnNAis
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regular as in Definition 3.19, it follows that the ring AQ / PAQ is regular. By [73,
Theorem 23.7(ii)], the ring AQ is regular, if Ap and AQ/PAQ are both regular.

PROPOSITION 14.6. Let (A, m) be a Noetherian local ring and let A be its m-
adic completion. Condition 14.5.a is equivalent to Condition 14.5.b.

PROOF. It is clear that Condition 14.5.a implies Condition 14.5.b. Assume
Condition 14.5.b and let I be the radical ideal of A such that Sing(A) = V(I).
Then I = ()}, Q;, where the Q; are prime ideals of A. Let P, = Q; N A for each i
and let TN A = .J. Then J = (I, P,. We observe that Sing(A) = V(J). Since Ag,
is not regular, Condition 14.5.b implies that Ap, is not regular. Let P € Spec A.
If J C P, then P; C P for some i, and P; C P implies that Ap, is a localization of
Ap. Therefore Ap is not regular.

Assume that J € P. There exists Q € Specg such that Q N A = P, and it is
clear that I Z Q. Hence EQ is regular, and thus by Condition 14.5.b the ring Ap
is regular. Therefore Sing A = V(J).

It remains to observe that v/ JA = I. Clearly Vv JACI. Let Qe Specg with
JA QAQ. Then J C QN A := P and Ap is not regular. By Condition 14.5.b, the
ring Ag is not regular, so I C Q. (]

As in Chapter 3, if A is a ring and p € Spec(A4), then k(p) denotes the field
of fractions Q(A/p) of A/p. By permutability of localization and residue class
formation k(p) = A,/pA,.

Let (A,m) be a Noetherian local ring and let A be its m-adic completion.
Recall from Definition 3.24 that the formal fibers of A are the rings A ®4 k(p) =
(A\ p)~1(A/pA) where p € Spec(A).

As we observe in the paragraph above Proposition 14.6, Condition 14.5.b holds
for alocal ring A if the formal fibers of A are regular. In this case by Proposition 14.6
the singular locus of A is closed. Thus we have:

COROLLARY 14.7. Let A be a Noetherian local ring such that the formal fibers
of A are reqular. Then the singular locus Sing A is closed.

In order to obtain that every algebra essentially of finite type over A also has
the property that its singular locus is closed, the stronger condition that the formal
fibers of A are geometrically regular as in Definition 3.20 is needed.

REMARK 14.8. Let (A,m) be a Noetherian local ring and let f : A — B be
a map to a Noetherian A-algebra. For P € Spec 4, let C = (A\ P)~"Y(B/f(P)B
denote the fiber over P in B.

In Definition 3.20, a prime ideal P in A is said to be geometrically regular if
for every finite extension field F' of k(P) the condition for the fiber over P to be
regular, given in Definition 3.19, holds true for every finite purely inseparable field
extension k C L. That is, suppose that B ®; L is regular for every finite purely
inseparable field extension & C L. Then the ring B ® L is regular for every finite
field extension k C L.

In the case of a Noetherian local ring, Grothendieck defined excellence as fol-
lows:
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DEFINITION 14.9. Let A be a Noetherian local ring. Then A is ezcellent if
(a) The formal fibers of A are geometrically regular, that is, for all P € Spec(A),
the ring A® A L is regular for all finite purely inseparable field extensions k(P) C L.
(b) A is universally catenary.

Notice that Condition (iii) of Definition 3.27 about closedness of the singular
locus of finitely generated A-algebras is not included in Definition 14.9. For the
case of the local ring A, this follows from Corollary 14.7.

If A is an excellent local ring then its completion A inherits many properties
from A. In particular, we have :

THEOREM 14.10.  [32, Section on excellence] Let (A,m) be an excellent local
ring, @ € Spec(A), and P = QN A its contraction to A. Then the ring Ap is reqular
(normal, reduced, Cohen-Macaulay, Gorenstein, respectively) if and only if the ring
A\Q is reqular (normal, reduced, Cohen-Macaulay, Gorenstein, respectively).

COROLLARY 14.11. If (A,m) is an excellent local ring then Sing(A) is closed
in Spec(A).

If A is not a local ring the formal fibers of A are the formal fibers of the local
rings A,,, where m is a maximal ideal of A. We say that A has geometrically regular
formal fibers if the local rings A,, for all maximal ideals m C A have geometrically
regular formal fibers. If A is a semilocal ring with geometrically regular formal
fibers then Sing(A) is again closed in Spec(A). If A is a non-semilocal ring with
geometrically regular formal fibers then it is possible that Sing(A) is no longer
closed in Spec(A), as in an example by Nishimura, [81]. Therefore the definition
of a general (non semilocal) excellent ring requires an additional condition that
guarantees that the singular locus of A and of all algebras of finite type over A
are closed in their respective spectra. A definition of execllence equivalent to that
given in Definition 3.27 is the following:

DEFINITION 14.12. A Noetherian ring A is excellent, if

(1) The formal fibers of A are geometrically regular.

(2) For every finitely generated A-algebra B the singular locus Sing(B) of B
is closed in Spec(B).

(3) A is univerally catenary.

In working with excellent rings it is often helpful to make use of the notion of
a regular morphism. Recall that in Definition 3.22 a homomorphism f: A — B
of Noetherian rings is defined to be regular if f is flat and if for every prime ideal
P € Spec(A) the ring B ® 4 k(P) is geometrically regular over k(P).

Following Matsumura, in Definition 3.25 we have defined a Noetherian ring A
to be a G-ring if the natural map Ap — Ap is regular for all P € Spec A. If this
condition is satisfied for all maximal ideals of A, then it also holds for all prime
ideals of A.

Let A be a Noetherian ring and assume that f : A — B defines B as an
A-algebra of finite type. Assume that ¢ : B — C' is a map of Noetherian rings.
By Matsumura [73, Theorem 32.1] the composition gf : A — C is regular if g is
regular. Since B is an A-algebra of finite type, the following theorem applies:

THEOREM 14.13.  [105, Corollary 1.2] Let f : A — B be a morphism of
Noetherian rings with B of finite type over A. Then the following are equivalent:
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(1) f is regular.
(2) f is smooth, i.e, B is a smooth A-algebra.

Since B is of finite type over A, the non-smooth locus of B over A, that is, the

set

T = {P € Spec(B) | Bp is not smooth over A},
is closed in Spec(B). Thus there is an ideal J C B with T'= V(J). By Elkik [26],
the ideal J can be computed by using the Jacobian matrix of B over A. For the

above situation A % B % C, one can then conclude that gf is a regular morphism
if and only if JC' = C.



CHAPTER 15

Integral closure under extension to the completion

Using the insider construction described in Chapter 13, we present in this
chapter an example of a 3-dimensional regular local domain (A4, n) having a height-
two prime ideal P with the property that the extension PA of P to the n-adic
completion A of A is not integrally closed. The ring A in the example is a 3-
dimensional regular local domain that is a nested union of 5-dimensional regular
local domains.

More generally, we use this same technique to establish the existence for each
integer d > 3 and each integer h with 2 < h < d — 1 of a d-dimensional regular
local domain (A n) having a prime ideal P of helght h with the property that
the extension PA is not integrally closed, where A is the n-adic completion of A.
A regular local domain having a prime ideal with this property is necessarily not
excellent, see item 7 of Remark 15.6.

We discuss in Section 15.1 conditions in order that integrally closed ideals of a
ring R extend to integrally closed ideals of R/, where R’ is an R-algebra. In par-
ticular, we consider under what conditions integrally closed ideals of a Noetherian
local ring A extend to integrally closed ideals of the completion A of A.

15.1. Integral closure under ring extension

For properties of integral closure of ideals, rings and modules we refer to [106].
In particular, we use the following definition.

DEFINITIONS 15.1. Let I be an ideal of a ring R.

(1) An element r € R is integral over I if there exists a positive integer n and
a monic polynomial f(z) = 2"+ ., a;z" " such that f(r) = 0 and such
that a; € I* for each i with 1 <3 < n.

(2) If J is an ideal contained in I and JI"~! = I™ for some positive integer
n, then J is said to be a reduction of I.

(3) The integral closure I of I is the set of elements of R integral over I.

(4) If I =1, then I is said to be integrally closed.

(5) The ideal I is said to be normal if I™ is integrally closed for every n > 1.

REMARKS 15.2. We record the following facts about an ideal I of a ring R.

(1) An element r € R is integral over I if and only if I is a reduction of
the ideal L = (I,7)R. To see this equivalence, observe that for a monic

115
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polynomial f(z) as in Definition 15.1.1, we have

f(r)=0 < r" = —Zair"_i eIl = L"=1L"""
i=1

(2) Tt is well known that I is an integrally closed ideal [106, Corollary 1.3.1].

(3) Anideal is integrally closed if and only if it is not a reduction of a properly
bigger ideal.

(4) A prime ideal is always integrally closed. More generally, a radical ideal
is always integrally closed.

(5) Let a,b be elements in a Noetherian ring R and let I := (a?,b*)R. The
element ab is integral over I. If a,b form a regular sequence, then ab & I
and the ideal I is not integrally closed. More generally, if h > 2 and
ai,...,ap form a regular sequence in R and I := (a},...,a?)R, then I is
not integrally closed.

Our work in this chapter is motivated by the following questions:

QUESTIONS 15.3.

(1) Craig Huneke: “Does there exist an analytically unramified Noetherian lo-
cal ring (A, n) that has an integrally closed ideal I for which the extension
I A to the n-adic completion A is not integrally closed?”

(2) Sam Huckaba: “If there is such an example, can the ideal of the example
be chosen to be a normal ideal?” See Definition 15.1.6.

Related to Question 15.3.1, we construct in Example 15.7 a 3-dimensional reg-
ular local domain A having a height-two prime ideal I = P = (f, g)A such that
IA is not integrally closed. Thus the answer to Question 15.3.1 is “yes”. This
example also shows that the answer to Question 15.3.2 is again “yes”. Since f,g
form a regular sequence and A is Cohen-Macaulay, the powers P™ of P have no
embedded associated primes and therefore are P-primary [71, (16.F), p. 112], [73,
Ex. 17.4, p. 139]. Since the powers of the maximal ideal of a regular local domain
are integrally closed, the powers of P are integrally closed. Thus the Rees alge-
bra A[Pt] = A[ft, gt] is a normal domain while the Rees algebra A[ft,gt] is not
integrally closed.

REMARKS 15.4. Without the assumption that A is analytically unramified,
there exist examples even in dimension one where an integrally closed ideal of a
Noetherian local domain A fails to extend to an integrally closed ideal in A If Ais
reduced but analytically ramified, then the zero ideal of A is integrally closed, but
its extension to A is not integrally closed.

As we remark in Chapter 1, examples exhibiting this behavior have been known
for a long time. An example in characteristic zero of a one-dimensional Noetherian
local domain that is analytically ramified is given by Akizuki in his 1935 paper [7].
An example in positive characteristic is given by F.K. Schmidt [98, pp. 445-447].
Another example due to Nagata is given in [79, Example 3, pp. 205-207]. (See also
[79, (32.2), p. 114].)

Let R be a commutative ring and let R’ be an R-algebra. In Remark 15.6 we
list cases where extensions to R’ of integrally closed ideals of R are again integrally
closed. In this connection we use the following definition.
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DEFINITION 15.5. The R-algebra R’ is said to be quasi-normal if R’ is flat over
R and the following condition (Ng r/) holds: If C is any R-algebra and D is a
C-algebra in which C' is integrally closed, then also C' @z R’ is integrally closed in

D®grR.

REMARKS 15.6. Let R be a commutative ring and let R’ be an R-algebra.

(1)
2)

By [67, Lemma 2.4], if R’ satisfies (Nr p’) and [ is an integrally closed
ideal of R, then IR’ is integrally closed in R'.

Assume that R and R’ are Noetherian rings and that R’ is a flat R-
algebra. Let I be an integrally closed ideal of R. The flatness of R’ over
R implies every P’ € Ass(R'/IR’) contracts in R to some P € Ass(R/I)
[73, Theorem 23.2]. Since a regular map is quasi-normal, if the map
R — R, is regular for each P’ € Ass(R'/IR’), then IR’ is integrally
closed.

Principal ideals of an integrally closed domain are integrally closed.

In general, integral closedness of ideals is a local condition. If R’ is an R-
algebra that is locally normal in the sense that for every prime ideal P’ of
R’, the local ring R/, is an integrally closed domain, then the extension
to R’ of every principal ideal of R is integrally closed by item 3. In
particular, if (A,n) is an analytically normal Noetherian local domain,
then every principal ideal of A extends to an integrally closed ideal of A.

Let (A,n) be a Noetherian local ring and let A be the n-adic completion
of A. Since A/q = /Al/ q/T for every n-primary ideal q of A, the n-primary
ideals of A are in one-to-one inclusion preserving correspondence with the
n-primary ideals of A. Tt follows that an n-primary ideal I of A is a
reduction of a properly larger ideal of A if and only if I A is a reduction
of a properly larger ideal of A. Therefore an n-primary ideal I of A is
integrally closed if and only if T Ais integrally closed.

If R is an integrally closed domain, then for every ideal I and element x of
R we have xI = xI. If (A, n) is analytically normal and also a UFD, then
every height-one prime ideal of A extends to an mtegrally closed ideal
of A. In particular if A is a regular local domain, then PA is integrally
closed for every height-one prime P of A. If (A, n) is a 2-dimensional local
UFD, then every nonprincipal integrally closed ideal of A has the form x1,
where [ is an n-primary integrally closed ideal and z € A. In particular,
this is the case if (A, n) is a 2-dimensional regular local domain. In view
of item 5, it follows that every integrally closed ideal of A extends to an
integrally closed ideal of A in the case where A is a 2-dimensional regular
local domain.

If (A,n) is an excellent local ring, then the map A < A is quasi-normal
by [32, (7.4.6) and (6.14.5)], and in this case every integrally closed ideal
of A extends to an integrally closed ideal of A.

Let (A, n) be a Noetherian local domain and let A" denote the Henseliza-
tion of A. Every integrally closed ideal of A extends to an integrally closed
ideal of A". This follows because A" is a filtered direct limit of étale A-
algebras [67, (iii), (i), (vii) and (ix), pp. 800- 801]. Since the map from
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A to its completion A factors through A", every integrally closed ideal of
A extends to an integrally closed ideal of A if and only every integrally
closed ideal of A" extends to an integrally closed ideal of A.

15.2. Extension to the completion

We use results from Chapters 8, 9 and 13 In the construction of the following
example.

CONSTRUCTION OF EXAMPLE 15.7. Let k be a field of characteristic zero and
let z,y and z be indeterminates over k. Let R := k[z,y, 2](4,y,-) and let R* be the
(z)-adic completion of R. Thus R* = kly, 2](y,)[[x]], the formal power series ring
in z over the 2-dimensional regular local ring kly, 2]y, )-

Let o and S be elements of zk[[z]] that are algebraically independent over k(z).
Set

f = (y_a)zv g = (Z_ﬁ)zv and A = k(:r,y,z7f7g) n R

Let T := R]o, 8] and S := R[f, g]. Notice that S and T are both polynomial
rings in 2 variables over R and that S is a subring of T'. Indeed, with v := y — «
and v := z — 3, we have T' = R[u,v] and S = R[u?,v?]. Let

A" = R* N k(z,y, 2, a,B).

By Corollary 9.7, the map T < R*[1/z] is flat and A°" is a 3-dimensional regular
local domain that is a directed union of 5-dimensional regular local domains. Also
A°" has (z)-adic completion R*

By Theorem 13.3, the ring A is Noetherian and equal to its approximation
domain B provided that the map S — T[1/z] is flat. In our situation, the ring T'
is a free S-module with {1, y —a, z — 8, (y — a)(z — 8)} as a free module basis.
Therefore the map S < T'[1/x] is flat. The following commutative diagram where
all the labeled maps are the natural inclusions displays this situation:

B=A=R'NQ(S) —— A =R*NQ(T) —2— R* = A*
(15.1) 54 54 uﬂ

In order to better understand the structure of A, we recall some of the details
of the approximation domain B associated to A.

APPROXIMATION TECHNIQUE 15.8. With k,z,y, z, f,g, R and R* as in Con-
struction 15.7, we have

(o] o0
F=9?+> biad,  g=224) el
j=1 j=1

where b;, € k[y] and ¢; € k[z]. The r*® endpieces for f and g are the sequences
{152, {9,122, of elements in R* defined for each r > 1 by:
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(o) 5 oo ;
bjx? cjx!
fr= E and gr = E .
z” z”
j=r j=r

For each integer r > 1, the ring B, is the polynomial ring k[z,v, z, fr, gr]
localized at the maximal ideal generated by (z,y, z, f — by, g» — ¢;-), and the ap-
proximation domain B = (72, B,.

THEOREM 15.9. Let A be the ring constructed in (15.7) and let P = (f,g)A,
where f and g are as in (15.7). Then

(1) The ring A = B is a 3-dimensional regular local domain that is a nested
union of 5-dimensional regular local domains.

(2) The ideal P is a height-two prime ideal of A.

(3) The (xA)-adic completion A* of A is R* = k[y, 2](y.»)[[x] and PA* is not
integrally closed.

(4) The completion A of A is R = k[[z,y, 2]] and PA is not integrally closed.

ProoF. Notice that the polynomial ring T = R[a, 5] = Rly —a,z — ] is a
free module of rank 4 over the polynomial subring R[f,g] since f = (y — a)? and
g = (z — B)2. Hence the extension

R[f,g] — Rla,p][1/x]
is flat. Thus item 1 follows from Theorem 13.3.

For item 2, it suffices to observe that P has height two and that, for each
positive integer r, P, := (f, g)B, is a prime ideal of B,. We have f = zf; +y? and
g = zg1 + 2%. Tt is clear that (f, g)k[x,v, z, f,g] is a height-two prime ideal. Since
Bj is a localized polynomial ring over k in the variables z,v, z, f1 — b1, g1 — ¢1, we
see that

P Bi[1/z] = (zf1 + y?, zg1 + 2°)B1[1/x]
is a height-two prime ideal of B1[1/x]. Indeed, setting f = g = 0 is equivalent to set-
ting fi = —y?/x and g; = —22/x. Therefore the residue class ring (By/P;)[1/x] is
isomorphic to a localization of the integral domain k[z, y, z][1/z]. Since B; is Cohen-
Macaulay and f, g form a regular sequence, and since (z, f, g)B1 = (v,y?,2%)By is
an ideal of height three, we see that x is in no associated prime of (f, g)B; (see, for
example [73, Theorem 17.6]). Therefore P; = (f, g)Bj is a height-two prime ideal.

For r > 1, there exist elements u, € k[z,y| and v, € k[z, z] such that f =
2" fr + upr + 9% and g = 27g, + vyx + 22. An argument similar to that given
above shows that P. = (f, g) B, is a height-two prime of B,.. Therefore (f,g)B is a
height-two prime of B = A.

For items 3 and 4, R* = B* = A* by Construction 15.7 and it follows that A=
k[[z,y, 2]]. To see that PA* = (f,g)A* and PA= (f, g)ﬁ are not integrally closed,
observe that £ := (y — a)(z — B) is integral over PA* and PA since € = fge P2
On the other hand, y — a and z — 3 are nonassociate prime elements in the local
unique factorization domains A* and A. An easy computation shows that £ ¢ PA.
Since PA* C PE, this completes the proof. [l

In Example 15.10, we observe that this same technique may be used to construct
a d-dimensional regular local domain (A4, n) having a prime ideal P of height h with
the property that the extension PA is not integrally closed for each integer d > 3
and each integer h with 2 < h <d -1
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ExXAMPLE 15.10. Let k be a field of characteristic zero and for an integer n > 2
let x,y1,...,y, be indeterminates over k. Let R denote the d := n + 1 dimensional
regular local ring obtained by localizing the polynomial ring k[z,y1, ..., yn] at the
maximal ideal generated by (z,y1,...,yn). Let h be an integer with 2 < h < n
and let 71,..., 7, € xk[[z]] be algebraically independent over k(z). For each ¢ with
1 <i < h, define f; = (y; — ;)", and set u; = y; — 7;. Consider the rings

S = R[fl,...,fh] and T = R[Tl,...,’rh] = R[ul,...,uh].

Notice that S and T are polynomial rings in h variables over R and that T is a
finite free integral extension of S. Let R* denote the (z)-adic completion of R, and
define

A= RN QS) and A" = R* n Q(T).
The following commutative diagram where the labeled maps are the natural
inclusions displays this situation:

B=A=R"NQ(S) —2— A" =R*NQ(T) —2— R*=A*

(15.2) 54 54 wT

S=R[fi,....fn] —— T=R[n,....,7] =—— T

Since the map S < T is flat, Theorem 13.3 implies that A is a d-dimensional
regular local ring and is equal to its approximation domain B. Let P := (fi,..., fn)A.
An argument similar to that given in Theorem 15.9 shows that P is a prime ideal of
A of height h. We have y;,—7; € A*. Let £ = H;;l(yi—n). Then & = f1 - fr € P*
implies ¢ is integral over PA*. Since y; — 71, ..., yn — T is a regular sequence in A*,
we see that £ € PA*. Therefore the extended ideals PA* and PA are not integrally
closed

15.3. Comments and Questions

In connection with Theorem 15.9 it is natural to ask the following question.

QUESTION 15.11. For P and A as in Theorem 15.9, is P the only prime of A
that does not extend to an integrally closed ideal of A?

COMMENTS 15.12. In relation to Example 15.7 and to Question 15.11, con-
sider the following commutative diagram, where the labeled maps are the natural
inclusions:

B=A=R*"NQ(S) —— A = R*NQ(T) —2— R* = A*

(15.3) 61T 54 wT

S=R[f9) —— T=Rf —— T

Let v = 5 - 71. Referring to the diagram above, we observe the following:
(1) Theorem 13.3 implies that A[1/z] is a localization of S. Furthermore, by
Proposition 9.5 of Chapter 8, A°U" is excellent. Notice, however, that A
is not excellent since there exists a prime ideal P of A such that PA is
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not integrally closed. The excellence of A°®* implies that if Q* € Spec A*
and r ¢ Q*, then the map ¢« : T' — Af). is regular [32, (7.8.3 v)].

(2) Let Q* € Spec A* be such that z ¢ Q* and let ' = Q* NT. By [73,
Theorem 32.1] and Item 1 above, if g : S — Ty is regular, then vg- :
A — Ap. is regular.

(3) Let I be an ideal of A. Since A’ and A* are excellent and both have
completion 121\, Remark 15.6.3 shows that the ideals TA’, IA* and I A are
either all integrally closed or all fail to be integrally closed.

(4) The Jacobian ideal of ¢ : S := k[z,y, 2, f,g9] — T := k[z,y, z,a, (] is the
ideal of T generated by the determinant of the matrix

of g
O O

‘7':<8f ag)‘
o8 9B

Since the characteristic of the field k is zero, this ideal is (y — a)(z — 8)T.

In Proposition 15.13, we relate the behavior of integrally closed ideals in the
extension ¢ : S — T to the behavior of integrally closed ideals in the extension
v A— A%

PrOPOSITION 15.13. With the setting of Theorem 15.9 and Comment 15.12.2,
let I be an integrally closed ideal of A such that x € Q for each Q € Ass(A/I). Let
J=1INS. If JT is integrally closed (resp. a radical ideal) then IA* is integrally
closed (resp. a radical ideal).

PRrROOF. Since the map A — A* is flat, = is not in any associated prime of
T A*. Therefore I A* is contracted from A*[1/x] and it suffices to show TA*[1/x] is
integrally closed (resp. a radical ideal). Our hypothesis implies I = T A[1/z] N A.
By Comment 15.12.1, A[1/x] is a localization of S. Thus every ideal of A[1/x] is
the extension of its contraction to S. It follows that TA[1/x] = JA[l/z]. Thus
TA*[1/x] = JA*[1/x].

Also by Comment 15.12.1, the map T — A*[1/z] is regular. If JT is integrally
closed, then Remark 15.6.7 implies that JA*[1/z] is integrally closed. If JT is a
radical ideal, then the regularity of the map T'— A*[1/x] implies the JA*[1/x] is
a radical ideal. d

ProproOSITION 15.14. With the setting of Theorem 15.9 and Comment 15.12,
let Q@ € Spec A be such that QA\ (or equivalently QA* ) is not integrally closed. Then
(1) @ has height two and x & Q.
(2) There exists a minimal prime Q* of QA* such that with ' = Q* NT, the
map pq S — Ty is not reqular.
(3) Q contains f = (y—a)? or g= (2 — B)2.
(4) Q contains no element that is a regular parameter of A.
PRrROOF. By Remark 15.6.6, the height of Q is two. Since A*/zA* = A/zA =
R/xR, we see that x ¢ Q). This proves item 1.
By Remark 15.6.7, there exists a minimal prime @Q* of QA* such that yg- :
A — Ap. is not regular. Thus item 2 follows from Comment 15.12.2.
For item 3, let @* and ¢ be as in item 2. Since g+ is not regular it is not
essentially smooth [32, 6.8.1]. By [49, (2.7)], (y—a)(z—f) € ¢'. Hence f = (y—a)?
or g = (z—f)?is in g’ and thus in Q. This proves item 3.
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Suppose w € @ is a regular parameter for A. Then A/wA and A*/wA* are
two-dimensional regular local domains. By Remark 15.6.6, QA* /wA* is integrally
closed, but this implies that QA™* is integrally closed, which contradicts our hy-
pothesis that QA* is not integrally closed. This proves item 4. (I

QUESTION 15.15. In the setting of Theorem 15.9 and Comment 15.12, let @ €
Spec A with ¢ @ and let q = Q N S. If QA* is integrally closed, does it follow
that qT is integrally closed?

QUESTION 15.16. In the setting of Theorem 15.9 and Comment 15.12, if a
prime ideal @ of A contains f or g, but not both, and does not contain a regular
parameter of A, does it follow that QA* is integrally closed 7

In Example 15.7, the three-dimensional regular local domain A contains height-
one prime ideals P such that A/PA is not reduced. This motivates us to ask:

QUESTION 15.17. Let (A, n) be a three-dimensional regular local domain and
let A denote the n-adic completion of A. If for each height-one prime P of A, the
extension PA is a radical ideal, i.e., the ring ﬁ/ PA is reduced, does it follow that
PA is integrally closed for each P € Spec A7

REMARK 15.18. A problem analogous to that considered here in the sense that
it also deals with the behavior of ideals under extension to completion is addressed
by Loepp and Rotthaus in [69]. They construct nonexcellent Noetherian local
domains to demonstrate that tight closure need not commute with completion.



CHAPTER 16

Catenary local rings with geometrically normal
formal fibers

In this chapter! we consider the catenary property in a Noetherian local ring
(R, m) having geometrically normal formal fibers. We prove that the Henselization
RP of R is universally catenary, and relate the catenary and universally catenary
properties of R to the fibers of the map R < R". We present for each integer n > 2
an example of a catenary Noetherian local integral domain of dimension n that has
geometrically regular formal fibers and is not universally catenary.

16.1. Introduction

Recall that a ring R is catenary if, for every pair of comparable prime ideals
P C Q of R, every saturated chain of prime ideals from P to @) has the same length,
see Definitions 3.14. The ring R is universally catenary if every finitely generated
R-algebra is catenary.

Krull proved [64] that every integral domain that is finitely generated as an ex-
tension ring of a field is catenary. Cohen proved [18] that every complete Noetherian
local ring is catenary. These results motivated the question of whether every Noe-
therian ring (or equivalently every Noetherian local integral domain) is catenary.
Using power series rings, Nagata in [76], see also [79, Example 2, pages 203-205],
answered this question by giving an example of a non-catenary family of Noetherian
local domains. Each domain in this family is not integrally closed and its integral
closure is catenary.

These examples of Nagata motivated the question of whether the integral clo-
sure of a Noetherian local domain is catenary. Work on this question continued for
over 20 years with Ratliff [88], [89] a leading researcher in the area. In 1980 T.
Ogoma [84] resolved the question by establishing the existence of a 3-dimensional
Henselian Nagata local domain that is integrally closed but not catenary. Heitmann
in [61] gave a simplified presentation of Ogoma’s example.

Heitmann in [59] obtained the following notable characterization of the com-
plete Noetherian local rings that are the completion of a UFD. He proved that
every complete Noetherian local ring (R, m) that has depth at least two and has
the property that no element in the prime subring of R is a zero-divisor on R is the
completion of a Noetherian local UFD. Heitmann used this result to establish the
existence of a 3-dimensional Noetherian local UFD (A4, n) that is not universally
catenary.

IMaterial in this chapter comes from a paper we wrote that is included in a volume dedicated
to Shreeram S. Abhyankar in celebration of his seventieth birthday. In his mathematical work
Ram has opened up many avenues. In this chapter we are pursuing one of these related to power
series and completions.
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We recall that a Noetherian local ring (R, m) with m-adic completion R has
geometrically normal (respectively geometrically regular) formal fibers if for each
prime P of R and for each finite algebraic extension &’ of the field k(P) := Rp/PRp,
the ring R ®p k(P) ®p(py k' is normal (respectively regular), see Definition 3.20.

In this chapter we investigate the catenary property in Noetherian local rings
having geometrically normal formal fibers. In Example 16.11 we apply a technique
developed in previous chapters to construct, for each integer n > 2, an example
of a catenary Noetherian local integral domain of dimension n with geometrically
regular formal fibers that is not universally catenary.

Let (R,m) be a Noetherian local ring. We denote the Henselization of R by
RM. Recall that (R, m) is formally equidimensional, or in other terminology quasi-
unmized, provided all the minimal primes of the m-adic completion R have the
same dimension. A theorem of Ratliff relating the universal catenary property to
properties of the completion, see Theorem 3.16 of Chapter 3, is crucial for our work.

In Section 16.2 we present results concerning conditions for a Noetherian local
ring (R, m) to be universally catenary. The theorem of Ratliff mentioned above
leads to our observation in Proposition 16.1 that a Henselian Noetherian local ring
having geometrically normal formal fibers is universally catenary.

Assume that (R, m) is a Noetherian local integral domain having geometrically
normal formal fibers. Corollary 16.4 implies that the Henselization R" of R is
universally catenary; moreover, if the integral closure R of R is local, then R is
universally catenary. Theorem 16.6 asserts that R is universally catenary if and
only if the set I' is empty, where

I := {P € Spec(R") | dim(R"/P) < dim(R/P N R))}.

We also prove that the subset I' of Spec R" is stable under generalization in the
sense that if Q € T" and P € Spec R" is such that P C @, then P € I'. Thus I'
satisfies a strong “going down” property.

In Theorem 16.7 we prove for R as above that R is catenary but is not uni-
versally catenary if and only if the set I' is nonempty and each prime ideal P in I'
has dimension one. It follows in this case that I' is a finite subset of the minimal
primes of R". Thus, as we observe in Corollary 16.8, if R is catenary but not uni-
versally catenary, this is signaled by the existence of dimension one minimal primes
of the m-adic completion Rof R. If Ris catenary, each minimal prime of R having
dimension different from the dimension of R must have dimension one.

In Section 16.3 we present examples to illustrate the results of Section 16.2. We
apply a construction involving power series, homomorphic images and intersections
developed in previous chapters, see Chapter 8.

The construction begins with a Noetherian integral domain that may be taken
to be a polynomial ring in several indeterminates over a field. In Theorem 16.9 we
extend this construction by proving that in certain circumstances it is possible to
transfer the flatness, Noetherian and computability properties of integral domains
associated with ideals Iy,...,I, of R to the integral domain associated with their
intersection I =1, N---N1,.

We apply these concepts in Examples 16.10 - 16.12 to obtain Noetherian local
domains that are not universally catenary. In Remark 16.13, we specifiy precisely
which of these rings are catenary. These domains illustrate the results of Section
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16.2, because in Section 16.5 we prove that they have geometrically regular formal
fibers.

We would like to thank M. Brodmann and R. Sharp for raising a question on
catenary/universally catenary rings that motivated our work in this chapter.

16.2. Geometrically normal formal fibers

Throughout this section (R,m) is a Noetherian local ring. We use Theo-
rem 3.16, the result of Ratliff mentioned above, that relates the universally catenary
property to properties of the completion in order to prove:

PROPOSITION 16.1. Let (R,m) be a Henselian Noetherian local ring having
geometrically normal formal fibers.

(1) For each prime ideal P of R, the extension PR to the m-adic completion
of R is also a prime ideal.
(2) The ring R is universally catenary.

PrOOF. Item 2 follows from item 1 and Theorem 3.16. In order to prove item 1,
observe that the completion of R/P is R/PR, and R/P is a Noetherian Henselian
local integral domain having geometrically normal formal fibers. Hence, by passing
from R to R/P, to prove item 1, it suffices to prove that if R is a Henselian
Noetherian local integral domain having geometrically normal formal fibers, then
the completion Rof Ris an integral domain.

Since R has normal formal fibers, the completion R of R is reduced. Hence
the integral closure R of R is a finitely generated R-module [79, (32.2)]. Moreover,
since R is Henselian, R is local [79, (43.12)].

The completion R of R is R ®p R [79, (17.8)]. Since the formal fibers of R
are geometric/glly normal, the formal fibers of R are also geometrically normal. It

follows that R is normal [73, Corollary, page 184], and hence an integral domain

because R is local. Since R is a flat R-module, Risa subring of R. Therefore R is
an integral domain. [l

REMARK 16.2. Let (R, m) be a Noetherian local domain. An interesting result
proved by Nagata [79, (43.20)] establishes the existence of a one-to-one correspon-
dence between the minimal primes of the Henselization R" of R and the maximal
ideals of the integral closure R of R. Moreover, if a maximal ideal T of R corre-
sponds to a minimal prime ¢ of R", then the integral closure of the Henselian local
domain R"/q is the Henselization of Rg [79, Ex. 2, page 188], [75]. Therefore
ht(m) = dim(R"/q).

REMARK 16.3. Let (R, m) be a Noetherian local ring, let R denote the m-adic
completion of R, and let R" denote the Henselization of R. It is well known that
the canonical map R — R" is a regular map with zero-dimensional fibers, and that
R is also the completion of R" with respect to its unique maximal ideal m" = mR".
The following statements are equivalent:

(1) The map R < R has (geometrically) normal fibers.
(2) The map R" < R has (geometrically) normal fibers.
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Let P be a prime ideal of R and let U = R\ P. Then PR" = PN ---N P,,
where the P; are the minimal prime ideals of PR". Then PR = (N, P,)R. Since
Ris faithfully flat over R", finite intersections distribute over this extension, and
PR = ﬂ?zl(Pi]%). Let S = U-'(R/PR) denote the fiber over P in R and let
q¢; = P;S. The ideals q1,...,q, of S intersect in (0) and are pairwise comaximal
because for i # j, (P;+P;)NU # 0. Therefore S = [, (S/q¢;). Since a Noetherian
ring is normal if and only if it is a finite product of normal Noetherian domains,
the fiber over P in R is normal if and only if the the fiber over each of the P; in R
is normal.

COROLLARY 16.4. Let R be a Noetherian local domain having geometrically
normal formal fibers. Then

(1) The Henselization R’LofR s universally catenary.
(2) If the integral closure R of R is again local, then R is universally catenary.

In particular, if R is a normal Noetherian local domain having geometrically normal
formal fibers, then R is universally catenary.

PROOF. For item 1, the Henselization R" of R is a Noetherian local ring having
geometrically normal formal fibers, so Proposition 16.1 implies that R" is univer-
sally catenary. For item 2, if the integral closure of R is local, then, by Remark 16.2,
the Henselization R" has a unique minimal prime. Since R" is universally catenary,
the completion Ris equidimensional, and hence R is universally catenary. (]

Theorem 16.5 relates the catenary property of R to the height of maximal ideals
in the integral closure of R.

THEOREM 16.5. Let (R, m) be a Noetherian local domain of dimension d and
let R denote the integral closure of R. If R contains a mazimal ideal ™ with
ht(m) = r & {1,d}, then there exists a saturated chain of prime ideals in R of
length < r. Hence in this case R is not catenary.

PROOF. Since R has only finitely many maximal ideals [79, (33.10)], there
exists b € m such that b is in no other maximal ideal of R. Let R’ = R[b] and let
m’ = mNR’. Notice that m is the unique prime ideal of R that contains m’. By the
Going Up Theorem|[73, (9.3)], ht m’ = r. Since R’ is a finitely generated R-module
and is birational over R, there exists a nonzero element a € m such that aR’ C R.
It follows that R[1/a] = R'[1/a]. The maximal ideals of R[1/a] have the form
PR[1/a], where P € Spec(R) is maximal with respect to not containing a. Since
there are no prime ideals strictly between P and m [73, (13.5)], if ht P = h, then
there exists in R a saturated chain of prime ideals through P of length h+ 1. Thus
to show R is not catenary, it suffices to establish the existence of a maximal ideal
of R[1/a] having height different from d — 1. Since R[1/a] = R'[1/a], the maximal
ideals of R[1/a] correspond to the prime ideals P’ in R’ maximal with respect to
not containing a. Since ht m’ > 1, there exists ¢ € m’ such that ¢ is not in any
minimal prime of ¢R’ nor in any maximal ideal of R’ other than m’. Hence there
exist prime ideals of R’ containing ¢ and not containing a. Let P’ € Spec(R’) be
maximal with respect toc € P’ anda ¢ P’. Then P’ c m’,soht P <r—1<d—1.
It follows that there exists a saturated chain of prime ideals of R of length < r, and
hence R is not catenary. O
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THEOREM 16.6. Let (R,m) be a Noetherian local integral domain having geo-
metrically normal formal fibers and let R" denote the Henselization of R. Consider
the set

I := {P € Spec(R") | dim(R"/P) < dim(R/(P N R))}.
The following statements then hold.

(1) For p € Spec(R), the ring R/p is not universally catenary if and only if
there exists P € I' such that p = PN R.

(2) The set T is empty if and only if R is universally catenary.

(3) If p C q are prime ideals in R and if there exists Q € T' with QN R = q,
then there also exists P € I' with PN R = p.

(4) If Q € T, then each prime ideal P of R" such that P C Q is also in T,
that is, the subset I' of Spec R" is stable under generalization.

PROOF. The map of R/p to its m-adic completion Ifl/p]% factors through
R"/pR". Since R < R has geometrically normal fibers, so does the map R" — R.
Proposition 16.1 implies that each prime ideal P of R" extends to a prime ideal
PR. Therefore, by Theorem 3.16, the ring R/p is universally catenary if and only if
R /pR" is equidimensional if and only if there does not exist P € I' with PNR = p.
This proves items 1 and (2). To prove item 3, observe that if R/p is universally
catenary, then R/q is also universally catenary [73, Theorem 31.6].

It remains to prove item 4. Let P € Spec R" be such that P C @, and let
ht(Q/P) = n. Since the fibers of the map R < R" are zero-dimensional, the
contraction to R of an ascending chain of primes

P:Pogplgg_Pn:Q

of R" is a strictly ascending chain of primes from p := PN R to q := QN R. Hence
ht(q/p) > n. Since R" is catenary, we have

dim(R"/P) = n+dim(R"/Q) < n+dim(R/q) < dim(R/p),
where the strict inequality is because @) € I'. Therefore P € T'. (I

THEOREM 16.7. Let (R,m) be a Noetherian local integral domain having geo-
metrically normal formal fibers and let T be defined as in Theorem 16.6. The ring
R is catenary but not universally catenary if and only if

(i) the set T is nonempty, and

(ii) dim R"/P =1, for each prime ideal P € T.
If these conditions holds, then each P € T is a minimal prime of R", and T is a
finite nonempty open subset of Spec R".

PRrROOF. Assume that R is catenary but not universally catenary. By Theo-
rem 16.6, the set I' is nonempty and there exist minimal primes P of R" such that
dim(R"/P) < dim(R"). By Remark 16.2, if a maximal ideal m of R corresponds
to a minimal prime P of R", then ht(m) = dim(R"/P). Since R is catenary, The-
orem 16.5 implies that the height of each maximal ideal of the integral closure R of
R is either one or dim(R). Therefore dim(R"/P) = 1 for each minimal prime P of
RM for which dim(R"/P) # dim(R"). Item 4 of Theorem 16.6 implies each P € T'
is a minimal prime of R" and dim R"/P = 1.

For the converse, assume that I' is nonempty and each prime P € I' has di-
mension one. Then R is not universally catenary by item 2 of Theorem 16.6 and
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by item 4 of Theorem 16.6, each prime ideal in I' is a minimal prime of R" and
therefore lies over (0) in R. To show R is catenary, it suffices to show for each
nonzero nonmaximal prime ideal p of R that ht(p) + dim(R/p) = dim(R) [73,
Theorem 31.4]. Let P € Spec(R") be a minimal prime of pR". Since R" is flat
over R with zero-dimensional fibers, ht(p) = ht(P). Let @ be a minimal prime
of R" with @ C P. Then Q ¢ I'. For by assumption every prime of I' has di-
mension one, so if Q were in I'; then Q = P. But P N R = p, which is nonzero,
and @ N R = (0). Therefore @ ¢ T' and hence dim(R"/Q) = dim(R"). Since
RM is catenary, it follows that ht(P) + dim(R"/P) = dim(R"). Since P ¢ T, we
have dim(R/p) = dim(R"/P). Therefore ht(p) + dim(R/p) = dim(R) and R is
catenary. (Il

COROLLARY 16.8. If R has geometrically normal formal fibers and is catenary
but not universally catenary, then there exist in the m-adic completion R of R
minimal prime ideals g such that dim(R/q) = 1.

PrROOF. By Theorem 16.7, each prime ideal Q € T' has dimension one and
is a minimal prime of R". Moreover, QR := ¢ is a minimal prime of R. Since
dim(R"/Q) = 1, we have dim(R/q) = 1. O

16.3. A method for constructing examples

In Theorem 16.9 we show in certain circumstances that the flatness, Noether-
ian and computability properties associated with ideals Iy,..., I, of the (z)-adic
completion R* of R as described in Theorem 8.3 transfer to the integral domain
associated with their intersection. In Section 16.5, we show that the property of
regularity of formal fibers also transfers in certain cases to the integral domain as-
sociated with their intersection. Theorem 16.9 is a generalization of Theorem 9.10.

THEOREM 16.9. Assume that R is a Noetherian integral domain with field of
fractions K, z € R is a nonzero nonunit, R* is the (z)-adic completion of R, and
I, ..., I, are ideals of R* such that, for each i € {1,...,n}, each associated prime
of R*/I; intersects R in (0). Also assume the map R — (R*/I;)[1/z] is flat for
each i and that the localizations at z of the I; are pairwise comazximal; that is, for
alli#j, (I +1;)R*[1/z) = R*[1/z]. LetI:=LN---N1I,, A:=KnN(R*/I) and,
forie{l,2,...n}, let A; ;== KN (R*/IL;). Then

(1) Each associated prime of R*/I intersects R in (0).

(2) The map R — (R*/I))[1/z] is flat, so the ring A is Noetherian and is
equal to its associated approzimation ring B. The (z)-adic completion
A* of A is R*/I, and the (z)-adic completion Af of A; is R*/I;, for
1e{l,...,n}.

(3) The ring A*[1/z] = (A})[1/2] ® --- @ (Ay)[1/2]. If Q € Spec(A*) and
z & Q, then (A*)q is a localization of one of the AY.

(4) We have AC AyN---NA, and N (4;)[1/2] C Ap for each P € Spec A
with z ¢ P. Thus we have A[l/z] =N, (A;)[1/z].

PRrROOF. By Theorem 8.3, the (z)-adic completion Af of A; is R*/I;. Since
Ass(R*/I) C U, Ass(R*/I;), the condition on assassinators of Theorem 8.3 holds
for the ideal I. The natural R-algebra homomorphism 7 : R* — @', (R*/I;) has
kernel I. Further, the localization of m at z is onto because (I; + I;)R*[1/z] =
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R¥[1/2] for all i # j. Thus (R*/1)[1/2] = @], (R*/L)[1/2] = @1, (A)[1/4] is
flat over R. Therefore A is Noetherian and is equal to its associated approximation
ring B, and A* = R*/I is the (z)-adic completion of A.

If @ € Spec(A*) and 2 ¢ @, then Af is a localization of

ATz = (A1) @ - @ (Ay)[1/2].

Every prime ideal of @;_,(A})[1/2] has the form (Q;)A}[1/2] ® @;,(A})[1/2],
where @Q; € Spec(A]). It follows that Ay is a localization of A} for some i €
{1,...,n}.

Since R*/I; is a homomorphic image of R*/I, the intersection ring A C A, for
each i. Let P € Spec A with z ¢ P. Since A* = R*/I is faithfully flat over A, there
exists P* € Spec(A*) with P*NA = P. Then z ¢ P* implies Ap. = (A])ps, where
P € Spec(Af) for some i € {1,...,n}. Let P, = P*N A,. Since Ap — A}, and
(Ai)p, = (A])p: are faithfully flat, we have

Ap = Ap. NK = (A7)pr N K = (Ai)p, 2 (4i)[1/z].
It follows that (;_, (A;)[1/z] € Ap. Thus we have

m(Az)[l/z] C ﬂ{Ap | P€SpecAand z ¢ P} = A[l/z].

Since A[1/z] C (A;)[1/z], for each i, we have A[1/z] = N/, (A;)[1/z]. O

16.4. Examples that are not universally catenary

Example 9.11 is an example of a two-dimensional Noetherian local domain A
having geometrically regular formal fibers such that the completion A of A has two
minimal primes one of dimension one and one of dimension two. Thus A is not
universally catenary. We generalize this example in the following.

We construct in Example 16.10 a two-dimensional Noetherian local domain
having geometrically normal formal fibers such that the completion has any desired
finite number of minimal primes of dimensions one and two.

EXAMPLE 16.10. Let r and s be positive integers and let R be the localized
polynomial ring in three variables R := k[z,y, 2](s,y,.), Where k is a field of char-
acteristic zero and the field of fractions of R is K := k(z,y, z). Then the (z)-adic
completion of R is R* := k[y, 2]y, [[z]]. Let 71,..., 7,51, B2,...,Bs,v € zk[[x]] be
algebraically independent power series over k(z). Define

Qi = (z—m,y—y)R*, for i€ {l,...,r} and P; := (2—f;)R*, for j€{1,...,s}.

We apply Theorem 16.9 with I; = @; for 1 <¢ <r, and I,; = P; for 1 <j <s.
Then the I; satisfy the comaximality condition at the localization at x. Let I :=
ILin---NI.sand let A:= KN (R*/I). For J an ideal of R* containing I, let .J
denote the image of J in R*/I. Then, for each i with 1 < i < r, dim((R*/1)/Q;) =
dim(R*/Q;) = 1 and, for each j with 1 < j < s, dim((R*/I)/P;) = 2. Thus A*
contains r minimal primes of dimension one and s minimal primes of dimension two.
Since A* modulo each of its minimal primes is a regular local ring, the completion
A of A also has precisely r minimal primes of dimension one and s minimal primes
of dimension two.
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The integral domain A birationally dominates R and is birationally dominated
by each of the A,. Corollary 16.18 implies that A has geometrically regular formal
fibers. Since dim(A) = 2, A is catenary.

We show in Example 16.11 that for every integer n > 2 there is a Noetherian
local domain (A, m) of dimension n that has geometrically regular formal fibers
and is catenary but not universally catenary.

EXAMPLE 16.11. Let R = k[z,y1,- .., ¥n](z,4.,....y.) D€ a localized polynomial
ring of dimension n 4+ 1 where k is a field of characteristic zero. Let o, m,...,7, €
xk[[z]] be n+ 1 algebraically independent elements over k(x) and consider in R* =
EYi, - Unlyr,...ym [#]] the ideals

I = (yl *U)R* and I = (yl —Tiy. sy Yn *Tn)R*-

Then the ring
A=k(x,y1,...,yn) N (R*/(I1 N I3))

is the desired example. The completion A of A has two minimal primes [ 1;1 having
dimension n and 12121\ having dimension one. By Corollary 16.18, A has geomet-
rically regular formal fibers. Therefore the Henselization A" has precisely two
minimal prime ideals P, ) which may be labeled so that PA= Ilg and Qﬁ = IQA\.
Thus dim(A”"/P) = n and dim(A4"/Q) = 1. By Theorem 16.7, A is catenary but
not universally catenary.

In Example 16.12 we construct for each positive integer ¢ and specified non-
negative integers nq,...,n; with ny > 1, a t-dimensional Noetherian local domain
A that has geometrically regular formal fibers and birationally dominates a t + 1-
dimensional regular local domain such that the completion Aof A has, for each r
with 1 < r < ¢, exactly n, minimal primes p,; of dimension ¢t + 1 — r. Moreover,
each E/prj is a regular local ring of dimension t + 1 — r. If n; > 0 for some i # 1,
then A is not universally catenary and is not a homomorphic image of a regular
local domain. It follows from Remark 16.2 that the derived normal ring A of A has
exactly n, maximal ideals of height ¢t + 1 — r for each r with 1 <r < t.

EXAMPLE 16.12. Let ¢ be a positive integer and let n,. be a nonnegative integer
for each » with 1 < r < t. Assume that n; > 1. We construct a t-dimensional
Noetherian local domain A that has geometrically regular formal fibers such that
A has exactly n, minimal primes of dimension ¢t + 1 — r for each r. Let x,y1 ...,y
be indeterminates over a field k of characteristic zero.

Let R = k[!E, Yi,- - 7yt](:t,y1,,..,yt)a let R* = k[ylv cee vyt] [[xﬂ(m,yl,...,y,,) denote
the (z)-adic completion of R and let K denote the field of fractions of R. For every
r,j,4 € Nsuch that 1 <r <t,1<j<n, and 1 <i <r, choose elements {,;;} of
xk[[z]] so that the set | J{7,;;} is algebraically independent over k(x).

For each r,j with 1 <r <t and 1 < j < n,, define the prime ideal P,; :=
(y1—Trj1, - .- Yr — Trjr) Of height  in R*. Notice that R*/P,; is a regular local ring
of dimension ¢t +1 —r. Theorem 9.5 implies that the extension R — (R*/P,;)[1/z]
is flat, and that the intersection domain A,; := K N(R*/P,;) is a regular local ring
of dimension ¢ + 1 — 7 that has (z)-adic completion R*/P,;.

Let I := () P,; be the intersection of all the prime ideals P,;. Since the 7,; €
xk[[z]] are algebraically independent over k(z), the sum of any two of these ideals
P,; and P, where we may assume r < m, has radical (z,y1,...,ym)R*, and



16.4. EXAMPLES THAT ARE NOT UNIVERSALLY CATENARY 131

thus (P,j + Pni)R*[1/x] = R*[1/z]. Tt follows that the representation of I as the
intersection of the P,; is irredundant and Ass(R*/I) = {P;|1 <r <t,1<j <
n,}. Since each P.; N R = (0), we have R — R*/I, and the intersection domain
A:= KN (R*/I) is well defined.

By Theorem 16.9, the map R — (R*/I)[1/z] is flat, A is Noetherian and A is a
localization of a subring of R[1/z]. Since R*/P,; is a regular local ring of dimension
t+1—r, the minimal primes of A all have the form Prj i= PTjE and each E/prj is
a regular local ring of dimension ¢t + 1 — r. The ring A birationally dominates the
(t 4+ 1)-dimensional regular local domain R and all the stated properties hold once
we prove Corollary 16.18.

REMARK 16.13. By Theorem 16.7, the ring A constructed in Example 16.12
is catenary if and only if each minimal prime of A has dimension either one or t.
By taking n, = 0 for r ¢ {1,t} in Example 16.12, we obtain additional examples
of catenary Noetherian local domains A of dimension ¢ having geometrically reg-
ular formal fibers for which the completion A has precisely n; minimal primes of
dimension one and n; minimal primes of dimension ¢.

REMARK 16.14. Let (A,n) be a Noetherian local domain constructed as in
Example 16.12 and let A" denote the Henselization of A. Since each minimal
prime of A is the extension of a minimal prime of A" and also the extension of a
minimal prime of A*, the minimal primes of A" and A* are in a natural one-to-one
correspondence. Let P be the minimal prime of A" corresponding to a minimal
prime p of A*. Since the minimal primes of A* extend to pairwise comaximal prime
ideals of A*[1/x], for each prime ideal Q D P of A" with z ¢ Q, the prime ideal
P is the unique minimal prime of A" contained in Q. Let q := Q N A. We have
htq = ht Q, and either dim(A/q) > dim(A"/Q) or else every saturated chain of
prime ideals of A containing q has length less than dim A.

In this connection, we ask:

QUESTION 16.15. Let (A,n) be a Noetherian local domain constructed as in
Example 16.12. If A is not catenary, does it follow that the set

I' := {P € Spec(A")| dim(A"/P) < dim(A/(P N A))}
is infinite?

REMARK 16.16. We thank L. Avramov for suggesting we consider the depth
of the rings constructed in Example 16.12. The catenary rings that arise from this
construction all have depth one. However, Example 16.12 can be used to construct,
for each integer ¢ > 3 and integer d with 2 < d < ¢—1, an example of a noncatenary
Noetherian local domain A of dimension ¢ and depth d having geometrically regular
formal fibers. The (x)-adic completion A* of A has precisely two minimal primes,
one of dimension ¢ and one of dimension d. To establish the existence of such an
example, with notation as in Example 16.12, we set m =t —d+ 1 and take n, =0
for r ¢ {1,m} and ny =n,, = 1. Let

*

Py =Py = (y1 — 1) R and P, := Pt = (Y1 — Tt -« 5 Y — Tinam) R
Consider A* = R*/(P1 N P,,) and the short exact sequence

i i —>R——>O.

0— —
P NP, PiNE, Py
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Since P; is principal and not contained in P,,, we have P, N P,, = PP, and
P /(PN P,) = R*/P,. It follows that depth A = depth A* = depth(R*/P,,)
= d; [62, page 103, ex 14] or [14, Prop. 1.2.9, page 11]. By Remark 16.2, the
derived normal ring A of A has precisely two maximal ideals one of height ¢ and
one of height d.

16.5. Regular maps and geometrically regular formal fibers

We show in Corollary 16.18 that each of the rings A constructed in Examples
16.10, 16.11 and 16.12 has geometrically regular formal fibers.

THEOREM 16.17. Assume that R, K, z and R* are as in Noetherian Flatness
Theorem 8.3. For a positive integer n, let I, ..., I, be ideals of R* such that each
associated prime of R*/I; intersects R in (0), fori=1,...,n. Let [ := I1N---N1,.
Assume that

(1) R is semilocal with geometrically regular formal fibers and z is in the
Jacobson radical of R.
(2) FEach (R*/I;)[1/z] is a flat R-module and, for each i # j, the ideals
I;(R*)[1/%] and I;R*[1/%] are comazimal in (R*)[1/z].
(3) Fori=1,...,n, A; := KN(R*/I;) has geometrically reqular formal fibers.
Then A := K N (R*/I) is equal to its approxzimation domain B, and has geometri-
cally regular formal fibers.

PROOF. Since R has geometrically regular formal fibers, by (9.12.2), it suffices
to show for W € Spec(R*/I) with z ¢ W that Ry, — (R*/I)w is regular, where
Wy := W NR. As in Theorem 16.9, we have

(B*/D)[1/z] = (R*/L)[1/z] &---& (R"/1,)[1/z].
It follows that (R*/I)w is a localization of R*/I; for some i € {1,...,n}. If
(R*/I)w = (R*/L;)w,, where W; € Spec(R*/I;), then Rw, = (4i)w;na, and
(A)w,na;, — (R*/I;)w, is regular. Thus Ry, — (R*/I)w is regular. O

COROLLARY 16.18. The rings A of Examples 16.10, 16.11 and 16.12 have
geometrically reqular formal fibers, that is, the map ¢ : A — A is regqular.

PrOOF. By the definition of R and the observations given in (9.12), the hy-
potheses of (16.17) are satisfied. O

Exercises
(1) Let (R, m) be a catenary Noetherian local domain having geometrically normal
formal fibers. If R is not universally catenary, prove that R has depth one.

Suggestion: Use Theorem 16.7 and [14, Prop. 1.2.13].



CHAPTER 17

Non-Noetherian insider examples of dimension 3,

17.1. Introduction

In this chapter we use Insider Construction 13.1 of Section 13.1 to construct
examples where the insider approximation domain B is local and non-Noetherian,
but is very close to being Noetherian. The localizations of B at all nonmaximal
prime ideals are Noetherian, and most prime ideals of B are finitely generated.
Sometimes just one prime ideal is not finitely generated.

In Section 17.2 we describe, for each positive integer m, a three-dimensional
local unique factorization domain B such that the maximal ideal of B is two-
generated, B has precisely m prime ideals of height two, each prime ideal of B of
height two is not finitely generated and all the other prime ideals of B are finitely
generated. We give more details about a specific case where there is precisely
one nonfinitely generated prime ideal. Section 17.3 contains the verification of
the properties of the three-dimensional examples. In Chapter 18 we present a
generalization to dimension four.

17.2. A family of examples in dimension 3

In this section we construct examples as described in Examples 17.1. In Dis-
cussion 17.5 we give more details for a special case of the example with exactly one
nonfinitely generated prime ideal. We display the prime spectrum for this special
case in Diagram 17.3.2.

ExaMpPLES 17.1. For each positive integer m, we construct an example of a
non-Noetherian local integral domain (B, n) such that:
1) dim B = 3.
) The ring B is a UFD that is not catenary, as defined in (3.14.3).
) The maximal ideal n of B is generated by two elements.
) The n-adic completion of B is a two-dimensional regular local domain.
) For every non-maximal prime ideal P of B, the ring Bp is Noetherian.
) The ring B has precisely m prime ideals of height two.
) Every prime ideal of B of height two is not finitely generated; all other
prime ideals of B are finitely generated.

To establish the existence of the examples in Examples 17.1, we use the fol-
lowing notation: Let k be a field, let  and y be indeterminates over k, and
set

R:= k[x,yl(zy), K := k(z,y) and R*:= k[y|ylz]].
The power series ring R* is the xR-adic completion of R. Let 7 € zk[[z]] be
transcendental over k(x). For each integer ¢ with 1 <14 < m, let p; € R\ zR be such
that p1R*,...,p, R* are m prime ideals. For example, if each p; € R\ (z,9)?R,

133
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then each p;R* is prime in R*. In particular one could take p; = y — 2. Let
D:=Dp1- Pm. Weset f:= pr and consider the injective R-algebra homomorphism
S := R[f] = R[r] =: T. In this construction the polynomial rings S and T have
the same field of fractions K (f) = K (7). Hence the intersection domain

(17.1.0) A= As R* N K(f) = R* n K(1):= A,.

By Valabrega’s Theorem 4.2, A is a two-dimensional regular local domain with
maximal ideal (z,y)A and the (z,y)A-adic completion of A is k[[x, y]].

Let 7:= 1z + cgz® + -+ - + ¢’ + - - - € xk][z]], where the ¢; € k and define the
“nt™ endpieces” 7, of T by

> , =" et
(17.1.a) Tn = Z '™ = 73;:1 .
1=n+1
As in Equation 6.1.2 we have the following relation between the n'" and (n + 1)t
endpieces 7, and T,41:

(17.1.b) Tn = Cpg1® + TTnt1-

Define f,, := pr, set U, = k[x, y][fn] = k[z,y, frn], a three-dimensional polynomial
ring over R, and set B, = (Un) @y, f0) = k2, Y, fnl(e,y,f.), @& three-dimensional
localized polynomial ring. Similarly set U, = k[x,y, 7], a three-dimensional poly-
nomial ring containing U,,, and B, = k[, ¥, Tn](z,y,,), & localized polynomial ring
containing U, and B,,. Let U, B, U, and B, be the nested union domains defined
as follows:

U::GUnQUT::GUm; B = GBRQBT::GBMQA.
n=0 n=0 n=0 n=0

REMARK 17.2. By Construction Properties Theorem 6.19.2, with adjustments
using Remark 6.4, we have
(17.2.0)
Ull/z] = Uo[1/z] = klz,y, fll1/z]; U-[l/2] = Uro[l/a] = klz,y,7][1/2],
B[1/x] is a localization of S = R[f] and B[1/z] is a localization of B,,. Similarly,
B;[1/x] is a localization of T' = R]r].

We establish in Theorem 17.9 of Section 17.3 that the rings B of Examples 17.1
have properties 1 through 7 and also some additonal properties.

Assuming properties 1 through 7 of Examples 17.1, we describe the ring B of
Examples 17.1 in the case where m = 1 and p = p; = y as follows:

ExXAMPLE 17.3. Let the notation be as in Examples 17.1. Thus

R=k[r,Yl(zy), [f=yT0 fo=9Tn, Bn=RYmlayyr) B= U B,.
n=0

As we show in Section 17.3, the ideal @ := (y, {y7n}52 ) B is the unique prime ideal
of B of height 2. Moreover, () is not finitely generated and is the only prime ideal of
B that is not finitely generated. We also have Q = yANB, and QNB,, = (y,y7,)Bn
for each n > 0.

To identify the ring B up to isomorphism, we include the following details: By
Equation 17.1.b, we have 7, = ¢p 412 + 2T 4+1. Thus we have

(17.3.1) fn = xfnr1 + yrepyr-
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The family of equations (17.3.1) uniquely determines B as a nested union of the
three-dimensional RLRs B, = k[, y, ful(z,y.f.)-
We recall the following terminology of [117, page 325].

DEFINITION 17.4. If a ring C' is a subring of a ring D, a prime ideal P of C' is
lostin D if PDNC # P.

DiscussioN 17.5. Assuming properties 1 through 7 of Examples 17.1, if g is a
height-one prime of B, then B/q is Noetherian if and only if ¢ is not contained in
Q. This is clear since ¢ is principal, ) is the unique prime of B that is not finitely
generated, and, by Cohen’s Theorem 2.7, a ring is Noetherian if each prime ideal
of the ring is finitely generated.

The height-one primes g of B may be separated into several types as follows:
Type I. The primes ¢ € @ have the property that B/q is a one-dimensional
Noetherian local domain. These primes are contracted from A, i.e., they are not
lost in A. To see this, consider ¢ = gB where g ¢ ). Then gA is contained in
a height one prime P of A. Hence g € (PN B)\ @, and so PN B # Q. Since
mpA = my, we have P N B # mpg. Therefore P N B is a height-one prime
containing ¢, so ¢ = PN B and B, = Ap.

There are infinitely many primes ¢ of type I, because every element of mp \ Q
is contained in a prime g of type I. Thus mp C Q U |J{q of Type I}. Since mp
is not the union of finitely many strictly smaller prime ideals, there are infinitely
many primes g of Type 1.

Type I*. Among the primes of Type I, we label the prime ideal xB as Type I*.
The prime ideal xzB is special since it is the unique height-one prime ¢ of B for
which R*/qR* is not complete. If ¢ is a height-one prime of B such that x ¢ ¢R*,
then = ¢ ¢ by Proposition 6.20.3. Thus R*/qR* is complete with respect to the
powers of the nonzero principal ideal generated by the image of x mod ¢R*. Notice
that R*/LL’R* = k[y}yk[y]

If ¢ is a height-one prime of B not of Type I, then B = B/q has precisely three

prime ideals. These prime ideals form a chain: (0) C Q C (x,y)B = mp.

Type II. We define the primes of Type II to be the primes ¢ C @ such that ¢ has
height one and is contracted from a prime p of A = k(z,y, f) N R*, i.e., ¢ is not lost
in A. For example, the prime y(y + 7)B is of Type II by Lemma 17.13. For ¢ of
this type, B/q is dominated by the one-dimensional Noetherian local domain A/p.
Thus B/q is a non-Noetherian generalized local ring in the sense of Cohen, [18].

For q of Type I1, the maximal ideal of B/q is not principal. This follows because
a generalized local domain having a principal maximal ideal is a DVR [79, (31.5)].

There are infinitely many height-one primes of Type II, for example, y(y+x'7)B
for each t € N by Lemma 17.12. For ¢ of Type II, the DVR B, is birationally
dominated by A,. Hence B, = A, and the ideal \/gA = pNyA.

That each element y(y + x'7) is irreducible and thus generates a height-one
prime ideal, is done in greater generality in Lemma 17.12.

Type III. The primes of Type III are the primes ¢ C @ such that ¢ has height
one and is not contracted from A, i.e., ¢ is lost in A. For example, the prime yB
and the prime (y + 2'y7)B for t € N are of Type III by Lemma 17.13. Since the
elements y and y + z'yr are in mp and are not in m% and since B is a UFD,
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these elements are necessarily prime. There are infinitely many such prime ideals
by Lemma 17.12. For g of Type III, we have \/gA = yA.

If g =yB or q = (y + x'y7) B, then the image mp of mp in B/q is principal.
It follows that the intersection of the powers of g is @/¢ and B/q is not a
generalized local ring. For if P is a principal prime ideal of a ring and P’ is a prime
ideal properly contained in P, then P’ is contained in the intersection of the powers
of P; see [62, page 7, ex. 5.

The picture of Spec(B) is shown below.

Q:= (v, {fi})B

N\

S L

Diagram 17.3.2
In Remarks 17.6 we examine the height-one primes of B from a different per-
spective.

REMARKS 17.6. (1) Assume the notation of Example 17.3. If w is a nonzero
prime element of B such that w ¢ @, then wA is a prime ideal in A and is the
unique prime ideal of A lying over wB. To see this, observe that w ¢ yA since
w ¢ Q = yAn B. It follows that y ¢ p, for every prime ideal p € Spec A that
is a minimal prime of wA. Thus p N B # . Since we assume the properties of
Examples 17.1 hold, p N B has height one. Therefore pN B = wB. Hence the DVR
B, p is birationally dominated by A,, and thus B, = A,. This implies that p
is the unique prime of A lying over wB. We also have wB,p = pA,. Since A
is a UFD and p is the unique minimal prime of wA, it follows that wA = p. In
particular, ¢ is not lost in A, Definition 17.4.

If ¢ is a height-one prime ideal of B that is contained in @, then y A is a minimal
prime of ¢A, and ¢ is of Type II or III depending on whether or not gA has other
minimal prime divisors.

To see this, observe that if yA is the only prime divisor of ¢A, then gA has
radical yA and yA N B = @ implies that @ is the radical of gA N B. Thus ¢ is lost
in A and ¢ is of Type III.

On the other hand, if there is a minimal prime ideal p € Spec A of gA that is
different from yA, then y is not in p N B and hence pN B # Q. Since @ is the only
prime ideal of B of height two, it follows that p N B is a height-one prime and thus
pN B =gq. Thus ¢ is not lost in A and ¢ is of Type II.

We observe that for every Type II prime g there are exactly two minimal
primes of ¢A; one of these is yA and the other is a height-one prime p of A such
that p N B = ¢q. For every height-one prime ideal p of A such that pN B = ¢, we
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have B, is a DVR that is birationally dominated by A, and hence B, = A,,. The
uniqueness of B, implies that there is precisely one such prime ideal p of A.

An example of a height-one prime ideal ¢ of Type II is ¢ := (y? + y7)B. The
prime ideal g4 = (y* + y7)A has the two minimal primes yA and (y + 7)A.

(2) The ring B/yB is a rank 2 valuation domain. This can be seen directly or
else one may apply [56, Prop. 3.5(iv)]; see Exercise 17.3. For other prime elements
g of B with g € @, it need not be true that B/gB is a valuation domain. If g is
a prime element contained in m%, then the maximal ideal of B/gB is 2-generated
but not principal and thus B/gB cannot be a valuation domain. For a specific
example over the field Q, let g = 22 + y?7.

17.3. Verification of the three-dimensional examples

In Theorem 17.9 we record and establish the properties asserted in Exam-
ples 17.1 and other properties of the ring B. We make some preliminary remarks:

REMARKS 17.7. (1) Assume the setting of Noetherian Flatness Theorem 8.8
with the additional assumption that R is a Noetherian local domain with maximal
ideal m. By Remark 6.4, B as defined in Theorem 8.8 is the directed union of
the localized polynomial rings B, := Up,, where P, := (m, 7i,,...,Ts)Uzrr, with
notation as in Theorem 8.8.

(2) With the notation of Examples 17.1, where R is the localized polynomial
ring k[, y](s,y) over a field k, R* = k[y|[[z]] is the (z)-adic completion of R
and f € xR* is transcendental over K, Remark 6.4 shows that B = |J B,, where
B, = (Uy)p,., Uy = klz,y, fy] and P. = (x,y, f»)U,, is also the same ring B as
that described in Theorem 8.8. A similar remark applies to B, with appropriate
modifications to B;,, U., and P;,. The corresponding rings called B, B, etc.
in Example 18.1 of Chapter 18 also satisfy the corresponding relations. Further-
more B, is the same ring B as in the setting in Localized Polynomial Example
Theorem 9.7 where r =1 = s.

(3) Thus the results of Noetherian Flatness Theorem 8.8, Construction Prop-
erties Theorem 6.19, and Propositions 6.20 and 6.21 hold for the rings B and B,
of Examples 17.1 and for the rings of Example 18.1 in Chapter 18. Also Local-
ized Polynomial Example Theorem 9.7holds for B,. (With the rings U, defined
as non-localized polynomial rings as in Examples 17.1, we do not have the same
conclusions for U = |J U, as for the domains called U or U, in those results.)

In order to examine more closely the prime ideal structure of the ring B of
Examples 17.1, we establish in Proposition 17.8 some properties of its overring A
and of the map Spec A — Spec B.

ProrosITION 17.8. With the notation of Examples 17.1, we have
(1) A= B; and A[l/z] is a localization of R[T].
(2) For P € Spec A with x ¢ P, the following are equivalent:

(a) Ap = Bpng (b)TGBme (C)p¢P

Proor. By Localized Polynomial Example Theorem 9.7 withr = 1,y = y1,s =
1, and 7 = 71, as discussed in Remarks 17.7.3, A = B, and is Noetherian. By
Remark 17.2, the ring A[1/x] is a localization of R[7]. Thus item 1 holds.

For item 2, since 7 € A, (a) = (b) is clear. For (b) = (c) we show that
p€ P = 7 ¢ Bpnp. By Remark 17.2, B[1/z] is a localization of R[f]. Since
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x ¢ P, the ring Bpnp is a localization of R[f], and thus Bpnp = R[f]png[s- The
assumption that p € P implies that some p; € P, and so R[f]pnprjs) is contained in
V = R[f]p,r[s), @ DVR. Since R[f] is a polynomial ring over R, f is a unit in V.
Hence 7 = f/p ¢ V and thus 7 ¢ R[f]pnr[s. This shows that (b) = (c).

For (¢) = (a), notice that f = pr implies that R[f][1/xp] = R[7][1/zp].
By item 1, A[1/x] is a localization of R[7][1/z] and so A[l/xp] is a localization of
R[7][1/xp] = R[f][1/xp]. Thus A[l/xp] is a localization of R[f]. By Remark 17.2,
B[1/x] is a localization of R[f]. Since zp ¢ P and x ¢ P N B, we have that Ap and
Bpnp are both localizations of R[f]. Thus we have

Ap = R[flpapnri = RIfl(PrB)Brasnrlf] = BPas-

This completes the proof of Proposition 17.8. O
THEOREM 17.9. As in the notation of Examples 17.1, let R : = k[z,y](z.y)
where k is a field, and x and y are indeterminates. Set R* = kly][[z]], let

T € zk[[z]] be transcendental over k(x), and, for each integer i with 1 <1i < m, let
pi € R\ xR be such that p1R*,... ,p, R* are m prime ideals. Let p := p1---pm
and set f := pr. With the approzimation domain B and the intersection domain
A defined as in FExamples 17.1, A = Ay = A;. Set Q; = p;R* N B, for each i
with 1 <1 < m.Then:

(1) The ring B is a three-dimensional non-Noetherian local UFD with max-
imal ideal n = (x,y)B, and the n-adic completion of B is the two-
dimensional reqular local ring k[[x, y]].

(2) The rings B[1/z] and Bp, for each nonmazimal prime ideal P of B, are
reqular Noetherian UFDs, and the ring B/xB is a DVR.

(3) The ring A is a two-dimensional reqular local domain with mazimal ideal
my := (x,y)A, and A = B;. The ring A is excellent if the field k has
characteristic zero. If k is a perfect field of characteristic p, then A is not
excellent

(4) The ideal m 4 is the only prime ideal of A lying over n.

(5) The ideals Q; are the only height-two prime ideals of B.

(6) The ideals Q; are not finitely generated and they are the only nonfinitely
generated prime ideals of B.

(7) The ring B has saturated chains of prime ideals from (0) to n of length
two and of length three, and hence is not catenary.

PrOOF. Foritem 1, since B is a directed union of three-dimensional regular lo-
cal domains, dim B < 3. By Proposition 6.20, B is local with maximal ideal (z,y)B,
xB and p; B are prime ideals, and, by Construction Properties Theorem 6.19.4, the
(x)-adic completion of B is equal to R*, the (z)-adic completion of R. Thus the n-
adic completion of B is k[[z, y]]. Since each Q; = ;= Qin, where Qiy, = p; R* N B,
we see that each @Q; is a prime ideal of B with p;, f € Q; and = ¢ Q;. Since
p;B =|JpiBn, we have f ¢ p;B. Thus

(0) SpiB CQ; € (z,y)B.

This chain of prime ideals of length at least three yields that dim B = 3 and that
the height of each Q; is 2.
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The prime ideal p; R*[1/z] has height one, whereas p; R*[1/x] NS = (ps, f)S
has height two. Since flat extensions satisfy the going-down property, by Re-
mark 2.20.10, the map S = R[f] — R*[1/z] is not flat. Therefore Noetherian Flat-
nessTheorem 8.8 implies that the ring B is not Noetherian. By Proposition 6.21,
B is a UFD, and so item 1 holds.

For item 2, by Theorem 6.19.3, B/xB = R/xR, and so B/xB is a DVR.
By Proposition 6.21, B[l/z] is a regular Noetherian UFD. If z € P and P is
nonmaximal, then, again by Theorem 6.19.3, P = B and so Bp is a DVR and a
regular Noetherian UFD. If z ¢ P, the ring Bp is a localization of B[1/z] and so
is a regular Noetherian UFD. Thus item 2 holds.

The statements in item 3 that A is a two-dimensional regular local domain
with maximal ideal my = (z,y)A and A = B, follow from Localized Polynomial
Example Theorem 9.7. If the field k£ has characteristic zero, then A is also excellent
by Theorem 9.2 (if the non-localized ring is excellent, so is the localization).

If the field k is perfect with characteristic p > 0, then the ring A is not excellent
by Remark‘9.4. This completes the proof of item 3.

By Theorem 6.19.3, A/xA = R/xR, and so m4 = (z,y)A is the unique prime
ideal of A lying over n = (x,y)B. Thus item 4 holds and for item 5 we see that x
is not in any height-two prime ideal of B.

To complete the proof of item 5, it remains to consider P € Spec B with ¢ P
and ht P > 1. By Proposition 6.20.3, we have " ¢ PR* for each n € N. Thus
ht(PR*) < 1. Since A — R* is faithfully flat, ht(PA) < 1. Let P’ be a height-one
prime ideal of A containing PA. Since dimB =3, ht P > 1 and = ¢ P' N B, it
follows that P = P’ N B. If p ¢ P, then Proposition 17.8 implies that Ap, = Bp.
Since P’ is a height-one prime ideal of A, it follows that P is a height-one prime
ideal of Bin case ¢ P and p ¢ P.

Now suppose that p; € P for some i. Then p; R* is a height-one prime ideal
contained in PR* and so p;R* = PR*. Hence P is squeezed between p; B and
Q; = p;R* N B # (x,y)B. Since dim B = 3, either P has height one or P = @Q; for
some 4. This completes the proof of item 5.

For item 6, we show that each @); is not finitely generated by showing that
frnt1 & (pi, fn)B for each n > 0. By Equation 17.3.1, we have f,, = zfn41 + prenia.
Assume that f,1+1 € (pi, frn)B. Then

(Pi, fn)B = (pis T frns1 + prens1)B = fag1 = api + b(x fry1 + prensr),

for some a,b € B. Thus f,11(1 — ab) € p;B. Since 1 — xb is a unit of B, it
follows that f,+1 € p;B, and thus f,4+1 € p; B4y, for some r > 1. The relations
ft = xfiy1 + pressa, for each ¢ € N| imply that

2 2 —1
for1 = fni2 +prCrg2 = 27 fay3 +pr7Chy3 +prCi2 = =T frpe +pa,

where o € R. Thus 2" ' f, 4, € (p, fuir1)Bnyir. Since fni1 € piBnyr, we have
2" Y f, 1 € piBpny,. This implies f,, 1, € piBnyr, a contradiction because the ideal
(pi, fntr)Bn+r has height two. We conclude that Q; is not finitely generated.

Since B is a UFD, the height-one primes of B are principal and since the
maximal ideal of B is two-generated, every nonfinitely generated prime ideal of B
has height two and thus is in the set {Q1,...,Qm}. This completes the proof of
item 6.

For item 7, the chain (0) C «B C (z,y)B = mp is saturated and has length
two, while the chain (0) C p1B C Q1 C mp is saturated and has length three. O
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REMARK 17.10. With the notation of Examples 17.1 and Theorem 17.9, we
obtain the following additional details about the prime ideals of B.

(1) If P € Spec B, P # (0) and P # mp, then ht(PR*) = 1 and ht(PA) = 1.
Thus every nonmaximal prime ideal of B is contained in a nonmaximal
prime ideal of A.

(2) If P € Spec B is such that PN R = (0), then ht(P) < 1 and P is principal.

(3) f PeSpecB,ht P=1and PNR #0, then P= (PN R)B.

(4) Let p; be one of the prime factors of p. Then p;B is prime in B. Moreover
the ideals p;B and Q; := p;AN B = (p;, f1, f2,...)B are the only non-
maximal prime ideals of B that contain p;. Thus they are the only prime
ideals of B that lie over p;R in R.

(5) The constructed ring B has Noetherian spectrum.

PROOF. For the proof of item 1, if P = @Q; for some 4, then PR* C p, R* and
ht PR* = 1. If P is not one of the @;, then P is a principal height-one prime
and ht PR* = 1 by Theorem 17.9 parts 5 and 1. Since A is Noetherian and local,
R* is faithfully flat over A and hence ht PA = 1. The proof that ht(PR*) < 1 is
contained in the proof of item 5 of Theorem 17.9.

For item 2, ht P < 1 because the field of fractions K (f) of B has transcendence
degree one over the field of fractions K of R; see Cohen’s Theorem 2.8. Since B is
a UFD, P is principal.

For item 3, if x € P, then P = 2B and the statement is clear. Assume x ¢ P.
By Remark 17.2, B[1/xz] is a localization of B,,, and so ht(P N B,) = 1 for all
integers n > 0. Thus (PN R)B, = P N B,, for each n, and so P = (PN R)B.

For item 4, p; B is prime by Proposition 6.20.2. By Theorem 17.9, dim B = 3
and the @; are the only height-two primes of B. Since the ideal p; R 4+ p; R is mpg-
primary for ¢ # j, it follows that p; B + p;B is n-primary, and hence p; B and Q;
are the only nonmaximal prime ideals of B that contain p;.

Item 5 follows from Theorem 17.9, since the prime spectrum is Noetherian if
it satisfies the ascending chain condition and if, for each finite set in the spectrum,
there are only finitely many points minimal with respect to containing all of them.
Thus the proof is complete. O

REMARK 17.11. Rotthaus and Sega prove that the rings B in the setting of
Theorems 17.9 and 18.5 are coherent and regular in the sense that every finitely
generated submodule of a free module has a finite free resolution [97]. For the
ring B = |J,_; B, of these constructions, it is stated in [97] that B,[l/z] =
B,+k[1/x] = B[1/z] and that B,y is generated over B,, by a single element for
all positive integers n and k. This is not correct for the local rings B,,. However,
if instead of using the localized polynomial rings B, and their union B of the
construction for these theorems, one uses the underlying polynomial rings U,, and
their union U defined in Equation 6.1.5, or those defined in Examples 17.1, then
one does have that U, [1/x] = Upyr[l/x] = U[1/z] and that U,,; is generated over
U, by a single element for all positive integers n and k; see Remark 17.2.

We use the following lemma.

LEMMA 17.12. Let the notation be as in Examples 17.1 and Theorem 17.9.

(1) For every element c € mgr \ xR and every t € N, the element c+xf is a
prime element of the UFD B.
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(2) For every fized element ¢ € mp\ xR, the set {c+x! f}ien consists of infin-
itely many nonassociate prime elements of B, and so there exist infinitely
many distinct height-one primes of B of the form (c+ x'f)B.

PROOF. For the first item, since f = p7r, Equation 17.3.1 implies that

Ir=pcrp1z +xfrp
for each » > 0. In By = k[z,¥, f](z,y.5), the polynomial ¢ 4+ z'f is linear in the
variable f = fo and the coefficient z* of f is relatively prime to the constant term c.
Thus c+2' f is irreducible in By. Since f = fo = parz+z f1 in By = k[x,y, f1](z,y,,)»
the polynomial ¢ + zf = ¢ + atpciz + ¥+ f1 is linear in the variable f; and the
coefficient 2'*! of f; is relatively prime to the constant term c¢. Thus ¢ + z'f is
irreducible in B;. To see that this pattern continues, observe that in By, we have

f =pax+zfi = pclx—|—p62x2+x2f2 —
c+a'f = c+pera 4 peaat T + a2y,

a linear polynomial in the variable fo. Thus ¢ + a!f is irreducible in By and a
similar argument shows that ¢+ x!f is irreducible in B, for each positive integer r.
Therefore for each ¢t € N, the element ¢ + z!f is prime in B.

For item 2, we prove that (c+z!f)B # (c+x™f)B, for positive integers t > m.
Assume that q := (c+ 2 f)B = (c+ 2™ f)B is a height-one prime ideal of B. Then
(2t —2™)f = 2™(@™ - 1)f € q.

Since ¢ ¢ xB we have q # xB. Thus 2™ ¢ q. Since B is local, x —11is a unit
of B. Tt follows that f € q and thus (¢, f)B C q. By Remark 17.2, B[1/z] is a
localization of R[f] = S, and x ¢ q implies that Bq = Sqns. This is a contradiction
since the ideal (¢, f)S has height two.

We conclude that there exist infinitely many distinct height-one primes of the
form (c + 2! f)B. O

t—m

Lemma 17.13 is useful for giving a more precise description of Spec B for B as
in Examples 17.1. For each nonempty finite subset H of {Q1,...,Qm}, we show
there exist infinitely many height-one prime ideals contained in each Q; € H, but
not contained in Q; if Q; ¢ H. Recall that “lost” is defined in Definition 17.4.

LEMMA 17.13. With the notation of Example 17.1 and Theorem 17.9, let G be

a nonempty subset of {1,...,m}, let H={Q; | i € G}, and let pc = [[{p: | i € G}.
Then we have, for each t € N:

(1) (pc + 2 f)B is a prime ideal of B that is lost in A.

(2) (p&+atf)B is a prime ideal of B that is not lost in A; see Definition 17.4.
The sets {(pg + ' f)B}ien and {(p% + x' f)B}ien are both infinite. Moreover, the
prime ideals in both item 1 and item 2 are contained in each Q; such that Q; € H,
but are not contained in Q; if Q; ¢ H.

ProOF. For item 1, we have
(17.13.1)  (pa+2'f)ANB=pa(1+a'r [[ p))ANB=pcANB =) Qi
j¢a i€G
Thus each prime ideal of B of the form (pg + z'f)B is lost in A and R*. By

the second item of Lemma 17.12, there exist infinitely many height-one primes
(pc + x' f)B of B that are lost in A and R*.
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For item 2, we have

(p& +2')ANB = (g + 2'pa([[ p))7)AN B

(17.13.2) i
= pa(pc + xt(H pj)T)ANB C pcANB = ﬂ Q.
i¢G e

The strict inclusion is because pg + xt(ngG p;)T € my. This implies that prime
ideals of B of form (pZ + ' f)B are not lost. By Lemma 17.12 there are infinitely
many distinct prime ideals of that form.

The “moreover” statement for the prime ideals in item 1 follows from Equa-
tion 17.13.1. Equation 17.13.2 implies that the prime ideals in item 2 are contained
in each Q; € H. For j ¢ G, if p2 + 2'f € Q;, then p; + 2'f € Q; implies that
p% — pj € Q; by subtraction. Since p; € Q;, this would imply that p% € Q;, a
contradiction. This completes the proof of Lemma 17.13. ([

REMARK 17.14. With the notation of Examples 17.1, consider the birational
inclusion B — A and the faithfully flat map A — R*. The following statements
hold concerning the inclusion maps R < B < A < R* and the associated maps
in the opposite direction of their spectra: (See Discussion 3.18 for information
concerning the spectral maps.)

(1) The map Spec R* — Spec A is surjective, since every prime ideal of A is
contracted from a prime ideal of R*, while the maps Spec R* — Spec B
and Spec A — Spec B are not surjective. All the induced maps to Spec R
are surjective since the map Spec R* — Spec R is surjecive.

(2) By Lemma 17.13, each of the prime ideals Q; of B contains infinitely many
height-one primes of B that are the contraction of prime ideals of A and
infinitely many that are not.

An ideal contained in a finite union of prime ideals is contained in one
of the prime ideals; see [5, Prop. 1.11, page 8] or [73, Ex. 1.6, page 6].
Thus there are infinitely many non-associate prime elements of the UFD
B that are not contained in the union |J]~, Q;. We observe that for each
prime element ¢ of B with ¢ ¢ |J."; Q; the ideal ¢A is contained in a
height-one prime q of A and qN B is properly contained in mp since m 4
is the unique prime ideal of A lying over mp. Hence q N B = ¢B. Thus
each ¢B is contracted from A and R*.

In the four-dimensional example B of Theorem 18.5, each height-one
prime of B is contracted from R*, but there are infinitely many height-two
primes of B that are lost in R*, in the sense of ( 17.4); see Section 18.3.

(3) Among the prime ideals of the domain B of Examples 17.1 that are not
contracted from A are the p;B. Since p;A N B = @Q; properly contains
pi;B, the prime ideal p; B is lost in A.

(4) Since x and y generate the maximal ideals of B and A, and since B is
integrally closed, a version of Zariski’s Main Theorem [86], [27], implies
that A is not essentially finitely generated as a B-algebra. (“Essentially
finitely generated” is defined in Section 2.1.)

Using the information above, we display below a picture of Spec(B) in the case
m = 2.
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Q2

o1 & [NOT Lost |

= L

Diagram 17.14.0

Comments on Diagram 17.14.0. Here we have Q1 = piR* N B and @ =
p2R* N B, and each box represents an infinite set of height-one prime ideals. We
label a box “NL” for “not lost” and “L” for “lost”. An argument similar to that
given for the Type I primes in Example 17.3 shows that the height-one primes ¢
such that ¢ ¢ Q1 U Q2 are not lost. That the other boxes are infinite follows from
Lemma 17.13.

Exercises

(1)

Let R = k[z,y](2,) be the localized polynomial ring in the variables x,y over

a field k. Consider the local quadratic transformation S := R[%], u)g(u of the

2-dimensional RLR R. Using the terminology of Definition 17.4

(a) Prove that there are infinitely many height-one primes of R that are lost
in S.

(b) Prove that there are infinitely many height-one primes of R that are not
lost in S.

(c) Describe precisely the height-one primes of R that are lost in S, and the
prime ideals of R that are not lost in S.

Prove the assertion in Remark 17.14 that each of the prime ideals @; of B
contains infinitely many height-one primes of B that are the contraction of
prime ideals of A and infinitely many that are not, i.e., there exist infinitely
many height-one primes of B contained in @); that are lost in A and infinitely
many that are not lost in A.

Suggestion: A solution for this exercise can be patterned along the lines of
the arguments given in Example 17.3. Since A[1/z] is a localization of the
polynomial ring R[7], for every nonzero element ¢ € (z,y)R, the ideal (7 —c)A
is a height-one prime in A, and ar — ac is a nonzero element in each of the
prime ideals @; of B. Since p;A is the only prime ideal of A lying over Q; in
B, the ideal (7 —c¢)AN B is a height-one prime of B. Also consider elements of
the form p; + 2" f € B.

In connection with Remarks 17.6.2, let (R, m) be a local domain with principal

maximal ideal m = aR

(a) Prove that ()_, m™ = P, where P is a prime ideal properly contained in
m.

(b) Prove that R/P is a DVR.
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(c) [56, Prop. 3.5(iv)] Prove that R is a valuation domain if and only if Rp is
a valuation domain.

(d) Construct an example of a local domain (R, m) with principal maximal
ideal m such that R is not a valuation domain.

Suggestion: To construct an example for part d, let x,y be indeterminates
over a field k, let U = k(x)[y|, let W be the DVR Uy, and let P = yW, the
maximal ideal of W. Let R = k’[mg](zzk[xz]) + P.



CHAPTER 18

Non-Noetherian insider examples of dimension 4,

18.1. Introduction

In this chapter we extend the methods of Chapter 17 to construct a four-
dimensional local domain that is not Noetherian, but is very close to being Noe-
therian. We use Insider Construction 13.1 of Section 13.1. This four-dimensional
non-Noetherian local unique factorization domain has exactly one prime ideal @ of
height three; the ideal @ is not finitely generated.

Section 18.2 contains a description of the example. In Section 18.3 we verify
that the example has the properties.

18.2. A 4-dimensional prime spectrum

In Example 18.1, we present a four-dimensional example analogous to Exam-
ple 17.3.

ExXAMPLE 18.1. Let k be a field, let x, y and z be indeterminates over k. Set
R:= k[z,y,2](2,y,2) and R* : = K[y, 2]y, [2]],

and let mp and mpg+ denote the maximal ideals of R and R*, respectively. The
power series ring R* is the xR-adic completion of R. Consider 7 and o in zk[[z]]

oo oo
T = E cpx” and o = g dpx"™,
n=1 n=1

where the ¢, and d,, are in k and 7 and o are algebraically independent over k(z).
Define
f=uyr+zoc and A = A;y=R"Nk(z,y,2f),
that is, A is the intersection domain associated with f. For each integer n > 0, let
7, and o, be the n'™ endpieces of 7 and ¢ as in Equation 17.1.a. Then the n*"
endpiece of f is f, = y7, + z0,. As in Equation 17.1.b, we have
Tn = XTp41 + ZCp41 and o, = TOp41 + 2dpt,

where ¢,41 and d,, 41 are in the field k. Therefore
(18.1.1) fn = yn + 20, = YxTpi1 FyxCnt1 + 2xon41 + zxdpgn

o = Xfnt1 +yrcpr1 + zadny.

The approximation domains U, B, U and B for A are as follows:

Forn > 0, U, := klz,y,z fa) By = E[z,y,2, fol(@y,z )
18.1.2 > >
( ) U:= (JU, and B := By = |J Bn.
n=0 n=0

145
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Thus B is the directed union of 4-dimensional localized polynomial rings. It follows
that dim B < 4.

The rings A and B are constructed inside the intersection domain A,, :=
R*Nk(x,y,z,7,0). By Corollary 9.7, the domain A, , is Noetherian and equals the
approximation domain B; , associated to 7,0 and is a three-dimensional RLR that
is a directed union of 5-dimensional RLRs and the extension T' := R|[r, 0] — R*[1/x]
is flat.

Before we list and establish the other properties of Example 18.1 in Theo-
rem 18.5, we prove the following proposition concerning the Jacobian ideal and
flatness in Example 18.1. The Jacobian ideal is defined and discussed in Definition
and Remarks 11.6.1.

PRrROPOSITION 18.2. With the notation of Example 18.1, we have

(1) For the extension ¢ : S = R[f] — T = R[r, 0], the Jacobian ideal J is the
ideal (y,z)T. Thus the nonflat locus F' of ¢ contains J.

(2) For every P € Spec(R*[1/x]), the ideal (y,z)R*[1/x] ¢ P <= the map
Bpap — (R*[1/z])p is flat. Thus the ideal Fy = (y,z)R*[1/x] defines
the nonflat locus of the map B — R*[1/z].

(3) For every height-one prime ideal p of R*, we have ht(p N B) < 1.

(4) For every prime element w of B, wR* N B = wB.

PROOF. For item 1, the Jacobian ideal is the ideal of T generated by the 1 x 1
minors of the matrix (y z) by (11.6.1), and so J = (y,2)T. By Theorem 11.9.2,
(y,2)T C F.

For item 2, the two statements are equivalent by the definition of nonflat locus
in Definition and Remarks 11.6.2. To compute the nonflat locus of B — R*[1/z],
we use that T := R[r,0] — R*[1/z] is flat as noted in Example 18.1. Let P €
Spec(R*[1/xz]) and let @ := PNT. The map B — R*[1/z]p is flat <= the
composition

klz,y, z, f] = kl[z,y,2,7,0] — R*[1/z]p is flat <
S :=kl[z,y, z, f] & Tg = klz,y,z,1,0]q is flat.

By item 1, the Jacobian ideal of ¢ is the ideal J = (y,2)T. Since (y,2)T NS =
(y, 2, f)S has height 3, ¢q is not flat for every @ € Spec(T') such that (y,z)T C Q.
Thus the nonflat locus of B < R*[1/xz] is defined by Fy = (y,z)R*[1/z] as stated
in item 2.

Item 3 is clear if p = xR*. Let p be a height-one prime of R* other than xR*.
Since p does not contain (y, z) R*, the map Bpnp — (R*)p is faithfully flat. Thus
ht(p N B) < 1. This establishes item 3.

Item 4 is clear if wB = xB. Assume that wB # B and let p be a height-one
prime ideal of R* that contains wR*. Then pR*[1/x] N R* = p, and by item 3,
p N B has height at most one. We have pN B 2 wR* N B O wB. Thus item 4
follows. O

Next we prove a proposition about homomorphic images of the constructed ring
B. This result enables us in Corollary 18.4 to relate the ring B of Example 18.1 to
the ring B of Example 17.3.

PRrROPOSITION 18.3. Assume the notation of Example 18.1, and let w be a prime
element of R = k[x,y, 2|(z,y,») withwR # xR. Let ™ : R* — R* /wR* be the natural
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homomorphism, and let — dem&e image in R*/wR*ﬁ. Letﬁ’ be the approzimation
domain formed by considering R and the endpieces f,, of f, defined analogously to
Equation 17.1.a. That is, B' is defined by setting

U’IIL = k[x,y][jn], B’:L = (U’I/L)n;l7 U = U Ur/w and B’ = U B;w
n=1 n=1

where n!, is the mazimal ideal of U!, that contains f,, and the image of mp. Then
B' = B.

PRrROOF. By Proposition 6.20.2, wB is a prime ideal of B. By Proposition 18.2.4,

wR* N B =wB. Hence B = B/(wR* N B) = B/wB. We have
R/xR = B/xB = R*/rR*,

and the ring R* is the (Z)-adic completion of R. Since the ideal (y, z) R has height
2 and the kernel of 7 has height 1, at least one of ¥ and Z is nonzero. Since T
and o are algebraically independent over k(x,y, z), the element f =5 -7+ % -7
of the integral domain B is transcendental over R. Similarly the endpieces f,, are
transcendental over R. The fact that R* may fail to be an integral domain does
not affect the algebraic independence of these elements that are inside the integral
domain B.

By Remark 6.4 we have U,[1/z] = U[1/z], and thus wU NU,, = wU, for each
n € N. Since B, is a localization of U,, we also have wB N B,, = wB,,. Since
wR* N B = whB, it follows that wR* N B,, = wB,,. Thus we have

R C B, = B,/wB, € B = B/wB C R* = R*/wR*.
We conclude that B = J;2, B,. Since B, = B, we have B’ = B. O

COROLLARY 18.4. The homomorphic image B/zB of the ring B of Exam-
ple 18.1 is isomorphic to the three-dimensional ring B of Example 17.3.

PROOF. Assume the notation of Example 18.1 and Proposition 18.3 and let w =
z. We show that the ring B/zB = C, where C' is the ring called B in Example 17.3.
By Propositionl8.3, we have B’ = B/zB, where B’ is the approximation domain
over R = R/zR using the element f, transcendental over R. Let Rc denote the
base ring k[z,y](y,,) for C in Example 17.3, and let ) : R — R denote the k-
isomorphism defined by Z — x and § — y. Then, as in the proof of Proposition 18.3,
R* is the (Z)-adic completion of R. Thus 1)y extends to an isomorphism v : R* —
(Rc)* that agrees with ¥g on R and such that ¢(7) = 7. Furthermore ¥ (f) =
(Y -T+Z-7) = yr, which is the transcendental element f used in the construction
of C. Thus v is an isomorphism from B = B/zB to C, the ring constructed in
Example 17.3. U

18.3. Verification of the example
We record in Theorem 18.5 properties of the ring B and its prime spectrum.

THEOREM 18.5. As in Example 18.1, R := k[x,y, 2](z,y,») with k a field and x,
y and z indeterminates, and R* := kly, 2]y »)[[z]], the xR-adic completion of R.
Let T and o € zk[[z]] be algebraically independent over k(x).  Set f:=yt + zo,
A= R*Nk(z,y,2, f), and B := Uy_o Bn = Up—o k1@, ¥, 2, fnl(z,y,2.1,) as in (18.1.2).
Let Q := (y,z)R* N B. Then
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(1) The rings A and B are equal.

(2) The ring B is a four-dimensional non-Noetherian local UFD with mazimal
ideal mp = (z,y,2)B, and the mp-adic completion of B is the three-
dimensional RLR k[[x,y, 2]].

(3) The ring B[1/x] is a Noetherian regqular UFD, the ring B/xB is a two-
dimensional RLR, and, for every monmazimal prime ideal P of B, the
ring Bp is an RLR.

(4) The ideal Q is the unique prime ideal of B of height 3.

(5) The ideal Q equals \J,— o Qn where Qp := (y, z, fn)Bn, Q is a nonfinitely
generated prime ideal, and QBg = (y, z, f)Bg.

(6) There exist infinitely many height-two prime ideals of B not contained in
Q@ and each of these prime ideals is contracted from R*.

(7) For certain height-one primes p contained in Q, there exist infinitely
many height-two primes between p and Q that are contracted from R*,
and infinitely many that are not contracted from R*. Hence the map
Spec R* — Spec B is not surjective.

(8) Every saturated chain of prime ideals of B has length either 3 or 4, and
there exist saturated chains of prime ideals of lengths both 3 and 4. Thus
B is not catenary.

(9) Each height-one prime ideal of B is the contraction of a height-one prime
ideal of R*.

(10) B has Noetherian spectrum.

We prove Theorem 18.5 below. First, assuming Theorem 18.5, we display a
picture of Spec(B) and make comments about the diagram.

Q= (yv 2 {fz})B

(r,y—962z)B € ’ht. 2, contr. R* ‘ (y,2)B € ’ ht. 2, Not contr. R*

T~

(0)
Diagram 18.5.0
Comments on Diagram 18.5.0. A line going from a box at one level to a
box at a higher level indicates that every prime ideal in the lower level box is
contained in at least one prime ideal in the higher level box. Thus as indicated in
the diagram, every height-one prime gB of B is contained in a height-two prime
of B that contains x and so is not contained in ). This is obvious if ¢B = B
and can be seen by considering minimal primes of (g, z)B otherwise. Thus B has
no maximal saturated chain of length 2. We have not drawn any lines from the
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lower level righthand box to higher boxes that are contained in ) because we are
uncertain about what inclusion relations exist for these primes. We discuss this
situation in Remarks 18.12.

PRrROOF. (of Theorem 18.5.) By Proposition 18.2.1, (y,2)T C F, for the non-
flat locus F' of the extension S < T. By Corollary 13.5, ht(FR*[1/x]) > 1 implies
A = B for the approximation and intersection domains B and A corresponding
to the element f of R*. This completes item 1. (Alternatively notice that Propo-
sition 18.2.4 implies that the extension R* — B is weakly flat, and that implies
A = B, by Weak Flatness Theorem 12.5.)

For item 2, since B is a directed union of four-dimensional RLRs, we have
dim B < 4. By Corollary 18.4 and Theorem 17.9, dim(B/zB) = 3. Thus dim B > 4,
and so dim B = 4. By Proposition 6.20.5, the ring B is local with maximal ideal
mp = (2,y, z)B. By Krull’s Altitude Theorem 2.6, B is not Noetherian. The ring
B is a UFD by Proposition 6.21. Since the (z)-adic completion of B is R*, the
mp-adic completion of B is k[[z,y, z]].

For item 3, by Proposition 6.21, the ring B[1/xz] is a Noetherian regular UFD.
By Construction Properties Theorem 6.19.3, we have R/xR = B/xB. Thus B/xB
is a two-dimensional RLR.

For the last part of item 3, if = ¢ P, then Bp is a localization of B[1/x], which
is Noetherian and regular, and so Bp is a regular local ring. In particular, this
proves that Bg is a regular local ring. If x € P and ht P = 1, then P = (z) and
B.p is a DVR. If z € P and ht(P) = 2, the ideal P is finitely generated since
B/zB is an RLR. Since B is a UFD from item 2, it follows that Bp is a local UFD
of dimension 2 with finitely generated maximal ideal. Thus Bp is Noetherian by
Cohen’s Theorem 2.7. This, combined with B/xB a regular local ring, implies that
Bp is a regular local ring. Since ht P < 2 for every nonmaximal prime ideal P of
R with z € P, this completes the proof of item 3.

For item 4, since (y, z)R* is a prime ideal of R*, the ideal @ = (y,2)R* N B is
prime. By Proposition 6.20.2, the ideals yB and (y, z)B are prime. Counsider the
chain of prime ideals

(0) cyB C(y,2)B C @ C mgp.

The list y, z, f, x shows that each of the inclusions is strict; for example, we have
fe@\(y,z)B since f ¢ (y,z)B,, for every n € N. By item 2 we have ht mp = 4.
Thus ht Q = 3. This also implies that (y, 2)B is a height-two prime ideal of B.

For the uniqueness in item 4, let P be a nonmaximal prime ideal of B. If x € P,
then B/xB = R/xR implies that ht P < 2. If = ¢ P, then, by Proposition 6.20.3,
™ ¢ PR* for each positive integer n. Hence PR*[1/x] # R*[1/x]. Let P; be
a prime ideal of R*[1/z] such that P C P;. If both y and z are in Pj, then
(y,z)R*[1/x] C P;. Since (y,z)R*[1/z] is maximal, we have (y, z)R*[1/x] = P;.
Therefore, P C (y,z)R*[1/z] N B = @, and so either ht(P) <2 or P = Q.

Finally suppose that © ¢ P and y or z is not in P;. Then the map ¢ : B —
R*[1/x]p, is flat by Proposition 18.2.2. Since dim R*[1/z] = 2 we have ht(P;) < 2.
Flatness of 9 implies ht(P; N B) < 2, by Remark 2.20flgd. Hence ht P < 2. This
proves item 4.

For item 5, let Q' = U,—, Qn, where each Q,, = (y, z, fn)B,. Each @, is a
prime ideal of height 3 in the 4-dimensional RLR B,,. Therefore @’ is a prime ideal
of B of height < 3 that is contained in (. The ideal (y,z)B is a prime ideal of
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height 2 strictly contained in @ by the proof of item 3. Hence ht(Q’) = 3 and we
have Q' = Q.

To show the ideal @ is not finitely generated, we show for each positive integer
n that f,41 € (y,2, fn)B. By Equation 18.1.1, f, = ©fn11 + yxcni1 + zxdny.
If fri1 € (y,2, fu)B, then f,11 = ay + bz + c(zfni1 + yxcni1 + z2dp41), where
a,b,c € B. This implies f,+1(1 — cz) is in the ideal (y, z) B. By Proposition 6.20,
x € J(B), and so 1 — czx is a unit of B. This implies f,+1 € (y,2)B N Bp41.

For each positive integer j, we show that (y,z)B N B; = (y,2)B;. It is clear
that (y,2)B; C (y,2)B N B;. To show the reverse inclusion, it suffices to show for
each integer j > 0 that (y, 2)B;11 N B; C (y,2)B;. We have Bj[fj11] € (Bj)(y.2)B,
since fj41 = f?J + ycjqy1 + zdj41 by (18.1.1). The center of the 2-dimensional
RLR (Bj)(y,)B, on Bj[fj+1] is the prime ideal (y, z)B;[f;j+1]. This prime ideal
is contained in the maximal ideal (z,y,z, fj+1)B;[fj+1]; it follows that B;1; C
(Bj)(y,2)B,; and so (y,2)Bj11 N B; C (y,2)B;.

Thus (y,2)B N Bpy1 = (y,2)Bny1, and fo41 € (y,2)Bpt+1. Since the ring
B,,+1 is Noetherian and the ideal (y, z, f,,+1)Bn+1 has height three, this contradicts
Krull’s Altitude Theorem 2.6. We conclude that @ is not finitely generated.

We show above for item 3 that Bg is a three-dimensional regular local ring.
Since Q = (y, 2, f, f1, f2,...)B and, since z is a unit of By, it follows from Re-
mark 17.2 that QBg = (y, z, f)Bg. This establishes item 5.

For item 6, since ¢ @ and B/xB = R/xR is a Noetherian ring of dimension
two, there are infinitely many height-two primes of B containing x B; see Exercise 1.
This proves there are infinitely many height-two primes of B not contained in Q.
If P is a height-two prime of B not contained in @, then ht(mp/P) = 1, by item 4
above, and so, by Proposition 6.20.5, P is contracted from R*. This completes the
proof of item 6.

For item 7 we show that p = zB has the stated properties. By Corollary 18.4,
the ring B/zB is isomorphic to the ring called B in Example 17.3. For convenience
we relabel the ring of Example 17.3 as B’. By Theorem 17.9, B’ has exactly one
non-finitely generated prime ideal, which we label @', and ht Q' = 2. It follows
that @/zB = @Q'. By Discussion 17.5, there are infinitely many height-one primes
contained in Q' of Type II (that is, primes that are contracted from R*/zR*) and
infinitely many height-one primes contained in Q" of Type III (that is, primes that
are not contracted from R*/zR*). The preimages in R* of these primes are height-
two primes of B that are contained in () and contain zB. It follows that there are
infinitely many contracted from R* and there are infinitely many not contracted
from R*, as desired for item 7.

For item 8, we have a saturated chain of prime ideals

(0) € zB C (x,y)B C (z,y,2)B = mp
of length 3 since B/zB = R/xR by Theorem 6.19.3. We have a saturated chain of
prime ideals
(0) C yB C (y,2)B C @ C mp

of length 4 from the proof of item 4. Hence B is not catenary. By item 2, dim B = 4,
and so there is no saturated chain of prime ideals of B of length greater than 4.
By Comments 18.5.0, there is no saturated chain of prime ideals of B of length less
than 3.
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For item 9, since R* is a Krull domain and B = A = Q(B) N R*, it follows
that B is a Krull domain and each height-one prime of B is the contraction of a
height-one prime of R*.

Item 10 follows since B/xB and B[1/x] are Noetherian [35]. O

REMARKS 18.6. Let the notation be as in Theorem 18.5.

(1) It follows from Theorem 18.5 that the localization B[1/x] has a unique
maximal ideal QB[1/z] = (y, z, f)B[1/z] of height three and has infinitely many
maximal ideals of height two. We observe that B[1/z] has no maximal ideal of
height one. To show this last statement it suffices to show for each irreducible
element p of B with pB # xB there exists P € Spec B with pB C P and z= ¢ P.
Assume there does not exist such a prime ideal P. Consider the ideal (p,z)B.
This ideal has height two and has only finitely many minimal primes since B/xzB is
Noetherian. Let g be an element of mp not contained in any of the minimal primes
of (p,x)B. Every prime ideal of B that contains (g, p)B also contains = and hence
has height greater than two. Since x ¢ @, it follows that (g,p)B is mpg-primary,
and hence that (g,p)R* is mp--primary. Since R* is Noetherian and ht mp+ = 3,
this contradicts Krull’s Altitude Theorem 2.6.

(2) Every ideal I of B such that IR* is mp»-primary is mp-primary by Propo-
sition 6.20.5.

(3) Define

C, = i and C := L

We have C' = |J;—, C,, by item 1. We show that C is a rank 2 valuation domain
with principal maximal ideal generated by the image of x. For each positive integer
n, let g, € C, denote the image in C),, of the element f,, € B, and let x denote
the image of . Then C, = k[z,gn](s,,) is a 2-dimensional RLR. By (18.1.1),
fn = @fni1 + x(cny + dpz). It follows that g, = xgn4+1 for each n € N. Thus C
is an infinite directed union of quadratric transformations of 2-dimensional regular
local rings. Thus C is a valuation domain of dimension at most 2 by [2]. By items 2
and 4 of Theorem 18.5, dim C > 2, and therefore C' is a valuation domain of rank
2. The maximal ideal of C is zC.

We note that by Corollary 18.4, B/zB = D, where D is the ring B of Exam-
ple 17.3. By an argument similar to that of Proposition 18.3 and Corollary 18.4 we
see that the above ring C' is isomorphic to D/yD.

QUESTION 18.7. For the ring B constructed as in Example 18.1, we ask: Is @
the only prime ideal of B that is not finitely generated?

Theorem 18.5 implies that the only possible nonfinitely generated prime ideals
of B other than ) have height two. We do not know whether every height-two prime
ideal of B is finitely generated. We show in Corollary 18.10 and Theorem 18.11
that certain of the height-two primes of B are finitely generated.

We recall Lemma 8.2, which was the key to the proof of Theorem 8.3. For
convenience we repeat two parts of the lemma that are useful in this chapter:
LEMMA 18.8. Let S be a subring of a ring T and let b € S be a reqular element
of both S and T. Assume that bS =bT' NS and S/bS =T /bT. Then
(1) T[1/b] is flat over S <= T is flat over S.
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(2) If T and S[1/b] are both Noetherian and T is flat over S, then S is Noe-
therian

THEOREM 18.9. Assume the notation of Noetherian Flatness Theorem 8.8,
and assume that F is an ideal of R*[1/a] that defines the nonflat locus of the map
¢: B — R*[1/a]. Let I be an ideal in B such that IR*N B = I and a is regular on
R*/IR*.

(1) If IR*[1/a] + F = R*[1/a], then ¢ ®p (B/I) is flat.
(2) If R*[1/a]/IR*[1/a] is flat over B/I, then R*/IR* is flat over B/I.
(3) If p®@p (B/I) is flat, then B/I is Noetherian.

PROOF. The hypothesis of item 1 implies that ¢p is flat for each P € Spec R*[1/q]
with I C P. Hence for each such P we have op ®p (B/I) is flat. Since flatness is
a local property, it follows that ¢ @ g (B/I) is flat.

For items 2 and 3, apply Lemma 18.8 with S = B/I and T = R*/IR*; the
element b of Lemma 18.8 is the image in B/IB of the element a from the setting
of Theorem 8.8. Since TR* N B = I, the ring B/I embeds into R*/IR*, and since
B/aB = R*/aR*, the ideal a(R*/IR*) N (B/I) = a(B/I). Thus item 2 and item 3
of Theorem 18.9 follow from item 1 and item 2, respectively, of Lemma 18.8. [

COROLLARY 18.10. Assume the notation of Example 18.1. Let w be a prime
element of B. Then B/wB is Noetherian if and only if w ¢ Q. Thus every every
nonfinitely generated ideal of B is contained in Q.

ProOF. If w € Q, then B/wB is not Noetherian since @ is not finitely gener-
ated. Assume w ¢ @Q. Since B/xB is known to be Noetherian, we may assume that
wB # xB. By Proposition 18.2.1, QR*[1/z] = (y,z)R*[1/x] defines the nonflat
locus of ¢ : B — R*[1/x]. Since wR*[1/x]+ (y, z)R*[1/z] = R*[1/x], Theorem 18.9
with I = wB and a = z implies that B/wB is Noetherian.

For the second statement, we use that every nonfinitely generated ideal is con-
tained in an ideal maximal with respect to not being finitely generated and the
latter ideal is prime. Thus it suffices to show every prime ideal P not contained
in @ is finitely generated. If P Z @, then, since B is a UFD, there exists a prime
element w € P\ Q. By the first statement, B/wB is Noetherian, and so P is finitely
generated. (I

THEOREM 18.11. Assume the notation of Example 18.1. Let w be a prime
element of R with w € (y,2)k[x,y,z]. If w is linear in either y or z, then Q/wB
is the unique nonfinitely generated prime ideal of B/wB. Thus Q is the unique
nonfinitely generated prime ideal of B that contains w.

PROOF. Let ~ denote image under the canonical map 7 : R* — R*/wR*. We
may assume that w is linear in z, that the coefficient of z is 1 and therefore that
w = z—yg(x,y), where g(x,y) € k[z,y]. Thus R = k[z,y],,,). By Proposition 18.3,
B is the approximation domain over R with respect to the transcendental element

f=9-7+z.5=9-7T+7 g(z,y) 0.
The setting of Proposition 6.21 applies with B replaced by B, the underlying ring
R replaced by R, and z = Z. Thus the ring B is a UFD, and so every height-one
prime ideal of B is principal. Since w € Q and @ is not finitely generated, it follows
that ht(Q) = 2 and that Q is the unique nonfinitely generated prime ideal of B.
Hence the theorem holds. (]
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REMARKS 18.12. It follows from Proposition 6.20.5 that every height two prime
of B that is not contained in @ is contracted from a prime ideal of R*. As we state
in item 7 of Theorem 18.5, there are infinitely many height-two prime ideals of
B that are contained in () and are contracted from R* and there are infinitely
many height-two prime ideals of B that are contained in @) and are not contracted
from R*. In particular infinitely many of each type exist between zB and @ by
Corollary 18.4, and similarly infinitely many of each type exist between yB and Q.

Since By is a three-dimensional regular local ring, for each height-one prime p
of B with p C @, the set

S, = {PeSpecB|pCPCQand ht P=2}

is infinite. The infinite set S, is the disjoint union of the sets S, and S,,,, where the
elements of S, are contracted from R* and the elements of S, are not contracted
from R*.

We do not know whether there exists a height-one prime p contained in @
having the property that one of the sets Sp. or Sy, is empty. Furthermore if one of
these sets is empty, which one is empty? If there are some such height-one primes p
with one of the sets Sp. or Sp,, empty, which height-one primes are they? It would
be interesting to know the answers to these questions.

Exercises

(1) Let R be a Noetherian ring. Let P; C P2 be prime ideals of R. If there exists
a prime ideal ) of R with @) distinct from P, and P, such that P; C Q C P,
prove that there exist infinitely many such prime ideals Q.
Suggestion: Apply Krull’s Altitude Theorem 2.6, and use the fact that an

ideal contained in a finite union of primes is contained in one of them [5, Prop.
1.11, page 8.
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