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’ NERON-POPESCU DESINGULARIZATION'

RiCcHARD G. SWAN

The Universify of Chicago

ABSTRACT. Thisis a purely:expositoxfy paper giving a detailed presentation of D. Popescu’s
- proof that a regular morphism of noetherian rings is a filtered colimit of smooth morphisms.
Applications to Artin approximation and the Bass-Quillen corijecture are included. Comments,
corrections, and improvements are welcome as always. ' ‘ '

INTRODUCTION

The following consists of an expanded version of notes on a series of lectures which I
gave at the University of Chicago in the Spring of 1995 on D. Popescu’s General Néron-
Desingularization. I am distributing these notes in the hope of dispelling any. lingering

" doubts about the correctness of Popescu’s proof and also in the hope of making Popescu'’s
" proof accessible to a wider audience. To this end I have included a considerable amount of

background material, assuming only standard commutative Eﬂ_@:a. The few results needed

from the André-Quillen cohomology theory are d_evelopedwgfyllowing [EGATV]. I have -

also avoided any use of the theory of formal smoothness, making use of an argument of

" Faltings [F] to give a simple proof of the only fact needed from this theory.

The main outline of the proof follows closely Popescu’s paper [Pl]. I also have made
considerable use of André’s notes [A5] and Ogoma’s paper [O] in working out many of the

‘technical details. =~ -

I would like to thank M. P. Murthy for many useful discussions of this material.

* PaRT I. STATEMENT OF RESULTS

1. Popescu’s Theorem. We begin by recalling some standard definitions and facts. .

The following property is usually referred to as formal smoothness. I have changed the
terminology to ‘quasi-smoothness” to avoid any confusion with the topological notion of

- formal smoothness used in [EGA IV]. All rings considered in these notes will be commutative

with unit.

Definition. A ring homomorphism f R— A (i.e an R—al_gebra) is called quasi-smooth if
for any R-algebra B and ideal I C B with I? = 0, any R-algebra homomorphism g : 4 —
B/I lifts to an R-algebra homomorphism k : A — B. If moreover any such lifting is unique,

‘then f 1s called qudsifé’lcale-.
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L2 N RICHARD G. SWAN

We say that A is smooth over R if it is ﬁmtely presented and quasi-smooth. S1m11ar13
" is étale over R if it is finitely presented and quasi-étale.

We say that A is essentially smooth over R if it is essentially ﬁmtely presented (ie. a
localization of a ﬁmtely presented R—algebra) and quasi- -smooth. Similarly 4 is essentially |
étale over R if it is essentially finitely presented and quas1—eta1e

Examples.

()T A —-> B ENYo/ and f and g are ‘quasi-smooth (resp. quas1 eta.le) sois gf.

(2) IfA L Bis quas1—smooth (resp. quasi-étale) so is C Jice A B forany A— C.
(3) A polynomial extension R — R[zy,...;Zs] is smooth.
(4). A localization R — Rs is essent1ally étale (and étale 1f S is generated by one
element).
~(5) If f is a monic polynomlal in one variable then R — (R[X] J(H))y is etale More
generally, if f1,..., fn € R[X1,... Xn] and A = det|0f;/8X;| then
R = (R[Xy, ..., Xn]/(frs - o fn))a is étale. '

To prove (5) note that if g(X;) = b; lifts to b;, then f,(b) € I and we must send X; to
b; + €; with €; € I such that fz(b +¢) = fi(b) + . 0f:/8X;(b)e; = 0. Since A maps to a -
unit, these equations have a unique solution. .
‘ Con\ ersely, Grothendieck [SGA1] has shown that any étale R-algebra looLs locally like

(RIY1/F) s and any smooth R-algebra looks locally like (R[X7,.. Y1/ f)os/ay where .
f is monic in ¥. More precisely if 4 is a smooth R-algebra, then A ZASz where 4,,
is isomorphic to a localization of (R[X1,.. Y]/f)ss/sy (where n and f depend on 7).

We will only need the local case of this result here See Theorem 2.5.
It is clear from this that a smiooth R-algebra is flat and it is also easy to check the
“well-known fact that a smooth algebra, over a fleld is regular. The converse is not true in

- general.

Deﬁnltmn A local "ring R containing a field k is called gebfnetrically regular over k if
k' @y R is regular for any finite field extension k'/k with k'? C k where p is the charactenstlc
of k. (In characteristic 0 this just means that R is regular.)

It is well known that this implies the regularity of k' @ R for any finite ﬁeld extensmn
~ k'/k. We will not prove this here since it follows from Popescu’s theorem 1.1.

If R is essentially of finite type over a field k, it is well-known that R is geometrically
regular over k if and only if R is essentially smoeth over k. We will not need this fact here.

Remark. If Ris essent:a,lly of finite type over a field k, then R i is geometncall} regular over
k if and only if & @ R is regular where k is the algebralc closure of k. This is not true in
the general case. For example, Q is clearly geometrically regular over Q but @ ®g @ is not
regular since it is not noethenan :

Definition. A ring homomorphism f R — Ais called geometrically regular if it is ﬁat and
~ its fibers are ‘geometrically regular i.e. for each prime ideal P of R, and for each prime ideal
Q of Alying over P, AQ/PAQ = k(P)®g Ag is geometrically regular over k(P) = Rp/Pp.

It is customary to just say that f is regular in this case. I have inserted the extra w ord
‘geometrically’ to avoid any possible confusion when R is a field.
We can now state Popescu’s theorem.
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Theorem 1.1. (D. Popescu) Let f : R — A be a homomorphism of noetherian rings. Then
f is geometrically regular if and only if A is a filtered colimat of smooth R-algebras.
‘Note that these smooth R-algebras are not assumed to be subalgebras of A.

Corollary 1.2. ff R — A is a geometrically regular homomorphism of noetherian m'ngs,v
and if R — A — A with A of finite type over R, then we can find R — A — B — A where

B s smooth over R.

I will say that R — A - A can be desingularized if the conclusion of Corollary 1.2 holds
for it. .

Corollary 1.3. If R — A is a geometrically regular homomorphism of noetherian local
rings, then A is a filtered colimit of essentially smooth local R-algebras.

In fact if A = colim Aq, P is a prime ideal of A, and P, is its image in Spec A,, then -
Ap =colimA,p, . . :

The ‘only if’ part of Theorem 1.1 is an immediate consequence of André’s cohomological
criterion for regularity [Ah}but as Popescu observes [Pa], one can give a very simple proof.
Suppose A = colim A, where the A, are smooth over R. Then A is flat as a filtered colimit

_of flat R-algebras. If P is a prime ideal of R and k/k(P) is a finite field extension, then
'k @r A = colimk @r Aqa. Therefore it is enough to prove the following lemma.

Lemnﬂla 1.4. If a noetherian ring B is a filtered colimit of regular rings then B is regular.

Proof. Let B = colim A,. By the proof of Corollary 1.3, it is enough to do the case where
B and the A, are local. If m is the maximal ideal of B and k = B/m, there is a natural map
of the symmetric algebra Si(m/m?) to gr B = @ m™/m"*! and B is regular if and only if
this map is an isomorphism. In one direction this is well known. For the converse, note

“that 37 lengthgr; B = length(B/m") is, for large n, a polynomial in n of degree dim B

while the corresponding polynomial for Sx(m/m?) has degree equal to dim(m/m?). Since

- Sy and gr preserve filtered colimits, we see that B has the required property if the A, do.

It is also easy to see that the properties considered in Theorem 1.1 and Corollary 1.2 are

equivalent. This follows from the following simple fact of universal algebra.

Lemma 1.5. Let S be a class of finitely presented R-algebras. Let A be any R-algebra.
Then the following statements are equivalent. :
(1) A is a filtered colimit of algebras in S. ‘ :
(2) If A is a finitely presented R-algebra and f : A — A is an R-algebra homomorphism,
then f factors through some B in S.

Proof. Suppose A = colim B and A = R[z1,...,z2)/(f1,. ., fm). Let z; map to A; so that
fi(A) = 0. For some « we can find preimages b; of the ); in B,. Since the f;(b) map to 0

" in A, for some 8 > « the f;(b) map to 0 in By and therefore A — A factors through Bg.

Conversely, suppose that (2) holds. Let C be the category whose objects are R-algebra

homomorphisms f: A — A with Ain §, a morphism being a map A — B such that

A —— A

Lo
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commutes i.e. we have A — B — A. This category is filtered: If we have two maps
f,g:A=3 Bleta;...;an generate A and let C = B/I where I is the ideal generated by all
f(a;)—g(ai). Then C'is finitely presented, B — A factors through C, and B — C equalizes
f and g. By (2), C — A factors through some D in § and B — D equalizes f and g. If
f:A—Aandg:B — A are two objects, both map through A ®g B — A. Since AQr B
is finitely presented, the map A ®r B — A factors through some C in § and f and g map
to C — A. We clearly have a map colim¢ A — A. Tt is onto since any A can be the image
‘of X in R[X] — A and we can apply (2) to this map. It is injective since if z,y € A have
the same image in A, then, by (2), we can find A— A/(z—y)—» B— Awith B—Ain C
" and z and y have the same image in B. '

2. Applications. One important applicatioxi of Popescu’s theorem is to the Bass-Quillen |
conjecture. The following theorem was proved by Lindel [L] for geometric local rings (those
essentially of finite type over a field). ' ' ‘

Theorem 2.1. ([Pp)]) Let R be a regular local Ting containing a field. Then all'z‘)mjective
-modules over a polynomial Ting R[Ty,...,Ty] are free.

Proof. Let I be the prime feld contained in R. Since F is perfect, R is geometrically regular
over F and therefore, by Corollary 1.3, R is a fltered colimit of essentially smooth local
F-algebras Ao. A projective module P over R[Th,...,Tn] can be described as the image
of an idempotent matrix E over this ring. ‘Since R|[T1,...,Tn) is the filtered colimit of the
rings Aa[Th, . . ., Tn), we can lift E to an idempotent matrix E' over one of these rings. The
image Q of E' is a projective module inducing P. But @ is free by Lindel’s theorem.

If R is a regular local ring of characteristic 0 whose residue field k is of characteristic
p & 0, we say that R is unramified if p is a regular parameter for R. This implies that R is
geometrically regular over Zp) since Z /pZ @z R = R/pR is regular. An easy modification of
"‘Lindel’s argument (see [Pp]) shows that the Bass-Quillen conjecture is true for unramified
regular local rings essentially of finite type over Z(p). We can now apply the same argument
to this case. ' '

Theorem 2.2. ([Pp]) Let R be an unramiﬁéd regular local ring. Then all projective modules
over a polynomial ring R[Ty,...,Tn) are free.

The following theorem which answers affirmatively a special case of a conjecture of Quillen
was proved by Bhatwadekar and Rao [BR] for geometric local rings.

Theorem 2.3. ([Pa]) Let R be a regular local ring containing o field and with mazimal
ideal m. Let f be an element of m — m2. Then all projective modules over the ring Ry are
free.

This follows from the result of Bhatwadekar and Rao by the argument used for Theorem
2.1 [Pq). Some cases are also known for the unramified regular local case [T].

Another very important application of Popescu’s theorem is to prove the most general
form of the Artin approximation theorem. The following theorem was proved by Artin [Aa]
for the case in which R is the henselization of a local ring essentially of finite type over
an excellent discrete valuation ring. It had long been conjectured to hold in the following
generality.
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Theorem 2.4. Let R be un excellent henselian local ring. Let fi(z,.. mn) = 0 be a finite -
system of polynomzal equations over R. If these equations have a solutzon in the completzon
R, then they have a solution in R. o

Proof. The only fact about excellent rings needed is that R — Ris geometrically regular.
Since R is henselian, if f(Y) is a monic polynomial over R and o € k = R/m satisfies
f(a) = 0 and f'(a) # 0, then « lifts to an element a € R with f(a) = 0. To prove the
theorem, let A = R[z1,...;24]/(f1,-.-, fm). Then a solution of the equations in R is just

- an R-algebra homomorphism 4 — R. By Corollary 1.2 we can find a smooth R-algebra B

with R — A - B — R. Let C be the localization of B at the prime ideal which is the
image of the maximal ideal of B. Then C is essentially smooth over R and we apply the

- following local version of the theorem of Grothendieck recalled in §1 A proof will be given

in §10.

‘Theorem 2.5. (Grothendieck [SGA1]) If C is a local R- algeI;m essentially smooth over R,

then C = (R[Ty,...,Tn,Y)/(f(T,Y)))p where f is monic in Y and Of /0Y ¢ P.

Proof of Theorem 2.4. Since A is of finite type over R, we can find an element g in
R[Ty,..., T, Y]/(f(T,Y)) such that g has the form hdf/8Y and such that the map 4 — C
factors through D = (R[Ty,...,Tx, Y]/( f(T,Y)));. The map D — R is given by T: = a;
and Y +— b where f](a b) =0 and g(a,b) has non-zero image in k = R/#. Approximate a;
and b by elements a} and b’ in R having the same image in k and such that the i image of

g(a',b") is still non-zero in k. The monic polynomial ¢(Y) = f(a',Y) has a root b = ¥ in
k with ¢'(b) # 0 since ¢'(Y) = 8f/8Y (d', Y') divides g(a',Y"). Smce R is henselian, we can

find " in R with f(d/, b") = 0 and with b = b. The image of g(a',") in k is non-zero so

sending D to R by T; = af and Y + b now gives the required map 4 — D — R.
Part II. BACKGROUND MATERIAL

3. Low dimensional cohomology. We give here a direct definition of two invariants
which agree with the André-Quillen cohomology groups [Ah] [Q] in dimension 0 and 1.
Let R — A be an R-algebra and choose a presentation A = R[X]/I where X is a set of
indeterminates (not necessarily finite). Let € Adz; be the free A-module on a base dz; in
1-1 correspondence with X = {z;} (so @ Adz; = A@gx|Qrx]/r)- Defined : I — P Adz;
by sending f to 37 0f/0z;dz;. Then d(I?) = 0 so we get amap d: I/I? — @ Adz;.

Definition. Let I'y/g and QA/R be the kernel and cokernel of d : I/I? - @ Adz;.

Therefore we have 0 — T'y/p — I/I2 — D Adz; —» Qa/p — 0.

Remark. In terms of André- Quillen homology we have Q4/r = Ho(R, A, A) and Pap =
Hi(R, A, A). Of course, Q4/p is just the usual module of Kahler differentials.

Lemma 3.1. Q,/p and T4/ are independent of the choice of the presentation (up to a
canonical isomorphism) and are functorial in A/R.

Proof. Suppose we have a commutative diagram of ring homomorphisms

R——— A4

Ll
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We construct natural maps I'y;r — I'g/s and Q4/p — p/s as follows. Let A = R[X]/I
and B = S[Y]/J. Lift f to ¢ : R[X] — S[Y] with ¢(z:) = ¢i(y). Let dp : @ Adz; —
@ Bdy; by sending dz; to Y 0gi/0y;dy;. Then we get a commutative diagram

0 —— Tpp — I/ __4_4___) @ Adz; —— Q4p — 0

LW
0 ——» Tpjs —— J/J? —2— @ Bdy; — Qp/s — 0.
Let v : R[X] — S[Y), with 9(z;) = hi(y), be another lift. Then h;(y) = gi(y) + ¢:(y) with
gi(y) in J. Let n: @ Adz; — J/J? by dz;i — §;. Then dyp — dp = dpen and Y — @ = ned4
showing that the induced maps T4 g — I'p/s and Q4/r = {2p/s are the same. ‘ |
Now if R= S and A= B, we get T y)p = I'p;s = Ta/r and the composition is the

identity. The same holds for I'p;s — I'ayr — T'p/s and for . This shows that I and
are well defined and it is clear from the above that they are functorial.

Example. If A = R/I we can take X to be empty and soI'4/r = I./I2 and Q4/pr =0.

Lemma 3.2. If A = colim A, is a filtered colimit of R-algebras, then T y/p = coliml'y /r
and QA/R = COlimQAa/R.

Proof. Choose X, to be A, itself with the identity map to Aq and similarly choose X = A.
. Then R[X] = colim R[X,] and the result follows easily. :

Theorem 3.3. (“Jacobi-Zariski sequence” [Ah]) f R — A — B, there is a natural ezact
sequence I'g/r = I'p/a = B®4aQa/r — Q/r — Slpja — 0. If Qa/r is flat over A, this
sequence can be extended by putting the term B @4l 4/r on the left. ‘
I will usually just refer to this sequence as the JZ sequence.

Remark. This is just the cohomology sequence of André-Quillen cohomology. The correct
term to put on the left is H;(R, A, B). If Qg is flat over A, then Hi(R,A,B) = B (4
Hi(R, A, A). One can define H,(R,A, M) for n = 0,1 and any A-module M to be the
kernel and cokernel of themap d@ M : I/I? @ M — @ Adz; @ M.

Proof. Let A = R[X]/I and B = A[Y]/J = R[X,Y]/L, where J = L/R[X,Y]I. We get a

diagram

BoiI/I? —— L/r? — JJJ? —— 0

Q ! - l

0 — '@Bdmi ——— @ Bdz; & @ Bdy; —— @ Bdy; —— 0

and the snake lemma gives the exact sequence H;(R, A, B) — I'pjp = T'pa = B @A
Qa/r — Qp/r — Qpra — 0. I Qyp is flat over A, let N be the image of d4 and consider
‘the exact sequences 0 — I'y/p — I/I? - N —>0and 0 — N — @ Adz; — Q4r — 0.
Then N is also flat over A and tensoring these sequences with B gives 0 — B ©4 ' 4/ —
B@sI/I? 5 B®saN—-0and0— B@aN — P Bdz; = B®aQa/r — 0. Therefore

-~ B@a TA/R maps isomorphically onto the kernel Hy(R,A,B) of B®a I/I* - & Bdz; as

required.

" ——
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Suppose now we have a commutative diagram of ring homomorphisms

R — A » B
[
R +» A' ——— B’

‘Write A' = R'[X']/I' and B' = A'[Y']/J' = R'[X",Y']/L'. Lift A — A’ to ¢ : R[X] —
R'[X'] with ¢(z;) = fi(X') and lift B — B’ to ¢ : A[Y] — A'[Y’]. Let ¢(y:) = g:(Y'). Lift
gi(Y') € A'[Y'] to hi(X",Y') € R'[X",Y']. Then R[X,Y] — R'[X",Y'] by z; — fi(X'),
yi — hi(X!,Y") lifts B — B'. Using these lifts, we check easily that (*) maps to the
corresponding diagram for R’ — A’ — B’ using maps defined as in the proof of Lemma
3.1. The naturality of the JZ sequence now follows from the naturality of the snake lemma
sequence.
Theorem 3.4. Let A = R[X]/I be any R-algebra. Then the following conditions are
equivalent " :
(1) R — A is quasi-smooth
(2) d:I/I* — P Adz; is a split monomorphism
(8) T4yr=0 and Q4/R 18 projective over A.
The following conditions are also equivalent
(4) R — A is quasi-étale
(5) d:I/I* — @ Adz; is an isomorphism
(6) FA/R =0 and QA/R = 0.

Proof. It is trivial that (2) <= (3) and (5) = (6)." To see that (2) == (1), let B be an |

R-algebra with an'ideal J such that J> = 0. Let ¢ : A — B/J by z; — b;. Lift b; to b; in

B and define ¢ : R[X] — B by (z;) = b;. Note that ¢ : I/I? — J. We need to find §; in .

J such that z; — b; +6; gives a map A — B. To give such a set of §; is equivalent to giving
amap 6 : @ Adz; — J by dz; — §; (note that J is an A-module since J? = 0). If f € I we
need f(b; +6;) = f(b;)+ >, 0f/0zi(b)é;. = 0. This condition, for all f in I, just means that

I/1? —2 P Adz;

(%) . , zpl ' —Sl
o J J

commutes. If d is a split monomorphism, it is clear that é exists. If d is an isomorphism, §

exists and is unique showing that (5) = (4).

For the converse, choose B = R[X]/I?,J = I/I? and let ¢ : A — B/J be the identity.
The resulting diagram (*) has ¢ = 1 so if é exists, d is a split monomorphism. Now let J
be any A-module and choose B = A @ J (with (a1 + j1)(a2 + j2) = ajas + aij2 + a241).
Let ¢ be the identity and let ¢ : R[X] — R[X]|/I = A C B be the canonical quotient map.

-The diagram (*) now has ¢ = 0 showing that if § is unique, then d is onto.

Application 3.5. Suppose R — A is quasi-smooth and B = A/I for some I. Then
T4/r = 0 and Q4 is projective over A. Since Ip/a = I/I%, the JZ sequence becomes

0 — PB/R — I/I? 4 B @A QA/R — Qp/r — 0. Therefore, in the definition of T'p/r

and Qp/p, we can replace R[X] by any quasi-smooth R-algebra. Note that Theorem 3.4 .

_continues to hold for such presentations since (2) <= (3) and (5) <= (6) still hold.

\
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Theorem 3.6. Let S be a multiplicative subset of A. ThenT' a5 /r = (I\A/RI);S and Qa5 /R =
(Q4/R)s- | | o

Proof. This result for € is well-known and also follows immediately from the JZ sequence
for R — A — Ag since A — Ag is quasi-étale so that T'y;;4 = 0= Qpg7a. For T, let
A = R[X]/I and let T be the inverse image of S in R[X]. We have @ Adz; = A QR

Qpxyr 50 0 = Tar = I/ 2 4 ®rx] Qrix)/r — Qa/r — 0. Localizing this at
T gives 0 — (FA/R)S — IT/I% N As S R[X]r QR[X]T/R — (QA/R)S — 0. Note that

As ®r[X)r (Qrix)/R)T = As ®@R[X]r Qrix)r/r by the ) case. By 3.5 we can calculate
T4s/r and Q4 /g from the presentation As = R[X]r/Ir and the result follows.

Remark. If S is a multiplicative subset of R it is clear from the definition that I'4;/rs =
(Tasr)s and Qag/rs = (Qa/R)s: ’

Corollary 3.7. Let A = R[X]/I be an R-algebra aﬂd let S be a multiplicative subset of
A. Then Ag is quasi-smooth over R if and only if ds : (I/I*)s — (P Adz;)s is a split

monomorphism.
The following is-a well-known observation.

Lemma 3.8. Let f : M — N be a map of A-modules with M finitely generated and N
finitely presented. Let S be o multiplicative subset of A. If fs : Ms — Ng is a split
monomorphism, then there is an element s € S such that fs : M, — N, is a split monomor-
phism. '

Proof. Let g € Homas(Ns,Ms) with gfs = 1. Since N is finitely presented, we have
Hom a,(Ns, Ms) = Homa(N,M)s so we can write g = h/s with h € Homa(N, M) and
s € S. Let ¢' = h/sin Homu, (N,, M;). Then ¢'fo—1: M, — M, localizes to 0 : Mg — Ms.
Since M is finitely generated, (¢'fs — 1)t : Mgt — My is 0 for some t € S 50 gy fsr = 1.

" Corollary 3.8. Let A be a finitely presented R-algebra and let S be a multiplicative subset
of A. If As is essentially smooth over R, there is some s € S such that A, is smooth over
R.

This is clear from Corollary 3.7 and Lemma 3.8.

Corollary 3.9. Let R — A — A with A finitely presented over R. If we can find R —
A — B — A with B essentially smooth over R, then we can find R — A — C — A with C
smooth over R. C .

Proof. Let B = Cs where C is finitely presented over R. By Corollary 3.8, some (| is

_ smooth over R. Let A = R[Y1,...,Yy]/(f1,...,fm) and let ¥; map to ¢;/t in B. Let
@ : R[Y] = Cs by Y; = ci/t. Then ¢(f;) maps to 0in B = Cs so for some u € S, o(f;)

~maps to 0in Cgyy. We get R > A — Copy — A and C,4, is smooth over R. :

4. The smooth locus. Let A be a finitely presented R-algebra and let A = R[X]/I where
- X = {z1,...,2,} is afinite set. If fi,..., fr is any finite set of elements of I let A(fy,..., fr)
‘be the ideal of A generated by all r x r-minors of the Jacobian matrix (0f;/0z;). We set
A() = Aif r = 0. It is a classical fact that the non-smooth locus can be described in terms

of the Jacobian matrix but the following very explicit definition seems to have appeared
first in Elkik’s paper [E]. ' '
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Definition. Let H,/p be the radical in A of Y A(f1y- -5 Ity -+ fr):d], the sum being
taken over all finite sets of elements fy,..., fr of I. ‘ : ’

If S is a multiplicative set in R it will clearly suffice to compute H 4, /grs using f; € I. '
Since I is finitely generated, (f):I localizes and we see that H,/rs = (Ha/r)s.

Theorem 4.1. Let A be a finitely presented R-algebra. Let P be a prime ideal ofA Then
Ap is essentially smooth over R if and only if P P Hy/r.

Therefore H A/R 18 the intersecfion of all primes P such that Ap is not essentlally smooth
over R, showing that H /g is indépendent of the choice of presentation.

- Proof. Let A = R[X]/I where X is a finite set and I is finitely generated Suppose that
P % HA/R Let fi,...,fr be elements of I such that A(fi,.. ,fr)[(fl, . fr):I] 1s not
contained in P. If Q is the inverse image of P in R[X], then (fi,..., fr):] is not contained in
Q so fi1,..., fr generate Ig. Therefore, the images of fi,..., fr generate (I/T*)p=1g/ IQ
Also, the image of some minor, say |0f;/0z;| for 1 < i, j < r, does not lie in P. Let
p: PAdz; — A" be t‘he projection on the first r summands. Then the composition

(Ap)T Joedr (I/I*)p 2z, @ Apdz; 5 (Ap)" is given by the invertible matrix ((")f,/@l])

so the left hand map is an isomorphism and dp is a split monomorphism.

Conversely, if dp is a split monomorphism, then (I/I 2)p is free, say of rank r. Let
fis ..y fr be elements of I mapping to a base of (I/I?)p = IQ/I2 By Nakayama’s lemma,
these elements generate Ig so (fi,..., fr):I is not contained in Q. Since (Ap/PAp)" —
@D(Ap/PAp)dz; is a monomorphism of vector spaces, We can find a subset of {1,...,n}
say {1,...,r} such that (Ap/PAp)" — @(Ap/PAp)dz; £ (Ap/PAp)" is an isomorphism

‘where p, as above, is the projection on the first r summands. Since this map is given by
the matrix (afi/aa:j) mod P, we see that Iafi/axj| is a unit in Ap.

Corollary 4.2. If A 1s a finitely presented R- algebm then A, is smooth over R zf and only
if s lies in Hy/r- :

Proof. Since A is finitely presented, Q4/r is a finitely presented A-module and therefore
(Qa/r)s = Q4, /g is a finitely presented A,-module. Therefore (24/r)s is projective if and
- only if it is locally free, i.e. if and only if all (R4/r)p = Q4, /g are projective for s ¢ P.
Also, (T4/r)s = 0 if and only if all T4, /g are 0 for s ¢ P. Therefore A, is smooth over
R if and only if all Ap are essentially smooth for all P with s ¢ P, so that s ¢ P implies
P 2 Hy g or, equivalently, s € ﬂPDHA,n P =Hyr.

Definition. Let A be a finitely presented R-algebra and let a be an element of H,/r. We
say that a is standard with respect to the presentation A = R[X]/I if a lies in the radical
of A(f1,.-oy fo)l(frs-.-, fr):I] for some finite set of elements fi,..., fr of I. We say that a
is strictly standard if a lies in A(f1,..., fr)[(f1s.--, fr):]] itself. .

"The following results, due to Elkik [E], enable us to reduce to this case for any a in H4/r.

Lemma 4.3. Let A = R[X]/I be a finitely presented R- algebm and let a lie in Hyyg. If
(I/I?), is free then a is standard.

Proof. Let fi,...,fr €1 be a base for (I/I*),. Let J = (f1,...,fr) C I. Let h € R[X]
represent a. Then I} = Jj + I? so there is an o in I with (1 4+ &)l C Jp. Let a = g/h™.
Then (k™ + g)Iy C Ji so for some N, hN(h"™ + ¢)I C J. Therefore hN(h” +g) €(f)Iso
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aN*™ lies i the image of (f):] in A. Also 0 — Ih/I;‘: 4, P A.dX; is a split monomorphism
by Theorem 3.4 (2) (see 3.5), since A, is smooth over R by Corollary 4.2. This map has the
form A] — AT given by the matrix (8f;/0X;) so the r x r minors of this matrix generate
the unit ideal in A,. (Localize and reduce modulo the maximal ideal. The rank of the result
is r so some r x r minor is non-zero). Therefore some power of a lies in A(fiy...5fr).

Lemma 4.4. Let A = R[X]/I be a finitely presented R-algebra with X = {X1,..., X0}
and let a lie in Hayr. If (Qa/r)a = Qa,/r 18 free "En a i3 standard with respect to the
presentation A = R{X,Y]/(1,Y) where Y = (Y1,...,¥%).

.Proof. Since A, is smooth over R, (I/Iz)aGB(QA/R)a % A.dX; so QA@/R is free of rank <
nand (I/I?).®A" is free. Let J = (I,Y). Wehave 0 — (J/J%)s — D A.dXiP A.dY; —
Q4,/r — 0 with a surjection ¢ : (I/1?), ® @ A.Y; — (J/J?)a. The term P A.Y; maps
isomorphically onto @ 4,dY;. After splitting this off, there remains (I/1%)y — P AudX; —
Q4,/r — 0. Since this is exact with a zero on the left, ¢ must be an isomorphism and
therefore (J/J?), is free so Lemma 4.3 applies.

Lemma 4.5. If M is an R-module and Sr(M) is its symmetric algebra over R, then
Qspmyr=SrR(M) @r M.

Proof. Let R™ L R 5 M — 0bea presentation of M where f is given by the matrix v( aij).
Then S(M) = S(R™)/J where J is generated by im f, so S(M) = R[X1, “"X”]/(Z a;; X;).

Therefore Qg(ar)/r is the cokernel of S(M)™ ERN € S(M)dX; whichis S(M)@r M.

Proposition 4.6. Let A = R[X]/I be a ﬁhz’tely présentéd R-algebra. Let M = I/I* and
let C = Sa(M). Then HyjrC C Heyr and Qc, /g s free for each a in Hajr. Therefore
C has a presentation such that the image in C of any a in Hy g is standard.

Proof. If a € Hy/g, then 0 — (I/T%), — @ AudXi — Qa,/r — 0 is split exact so M, is
projective. Therefore C, is locally isomorphic to 4,[X1,...,X -] and so is smooth over R
showing that the image of a lies in He/g. The JZ sequence for R — A, — C, gives 0 =
rca/Aa — C, ®a4, QAG/R — QCa/R — Qca/Aa — O By Lemma 4.5, QCQ/Aa =C,@a, M,
which is projective s0 Qc,/r = Ca @4, (Ra,/r & M) = Co B4, (6P AedX;) which is free.
Remark. Note that A is a retract of C (by letting M go to 0). Therefore if we have maps
R — A — A, we can extend A — A to A — C — A. This is very convenient in the proof of
Popescu’s theorem which requires certain elements to be standard. Ogoma [O] refers to C

as the standardizer of R — A. ‘ ‘_
We end this section with two elementary observations.

Lemma 4.7. Let A be a finitely presented R-algebra, let R — R', and let A' = R' @r A.
Then HA/RAICHA’/R’ ‘ ' v
Proof. If a € Hy g, then A, is smooth over R so A, = R' ®g A, is smooth over R'.
Lemma 4.8. Let A = R[X]/I be a finitely presented R-algebra, with I = (g1,...,9m). Let
R — R, and let A' = R' ®r A. Let g! be the image of g; in R'[X]. If a € A is strictly

standard with respect to the given presentation, then its image a' in A’ is strictly standard
with respect to the presentation A' = R'[X]/(g1,...,9m)-

Proof. We know that a lies in A(f1y. . fr)l(f1,. .., fr):I] for some finite set of elements
fiseoos fr of I so we can write a = Z‘mjhj where the m; are minors of (8fi/0zk) and
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hiI C (fi,..., fr) 50 that hjgr = bjrsfs. Now in A' we get @' = 3 m}h), showing that
a' is strictly standard with respect to this presentation as required.

5. Field extensions. We recall here some standard material on separability of field
extensions from the point of view of the above theory. Following the usual practice, I will say
that a field extension is of finite type if it is essentially of finite type. The followingtheorem
was proved by Mac Lane but the present formulation is due to Cartier [EGAIV,Ch.0,§21.7].

Theorem 5.1. (Mac Lane-Cartier equality). Let E/F be a field eztension of finite type.
Then d1mE Qp/p =dimglg/p +tr.deg E/F.

Proof. Let z1,...,z, be a transcendence base for E/F. Then E is a finite extension of
F(z1,...,z,) so we can write E = F(z1,...,2a)[Y1,---»Ym)/(f15- .., fm) Where fiyy is
the minimal polynomial of y;+1 over the field E; = F(z1,...,2n)y1,-. ¥}/ (f1,- -+, fi).

It is clear that fi,...,fm is a regular sequence in A = F(z1,...,22)[Y1,...,Ym]. Now
E = A/l with I = (fl, ., fm) and A is essentially smooth over F so by 3 5 we have

0—Tg/rp—I/I? 4 P Edz; @ @Edyj — Qp/p — 0. Since I is generated by a regular
sequence, I/I? is free on m generators and the theorem follows by adding up dimensions.

Corollary 5.2. IfFCECK s an extension of fields, the JZ sequence takes the form
0— K@plg/r—Tk/r—Tre~ KQpQg/r— QI\/F — Qg —0

In other words, we can put a zero on the left.

Proof. It is sufficient to prove this for the case in which E and K are of finite type over
F since we can obtain any FF C E C K as a filtered colimit of such extensions and apply
Lemma 3.2. By Theorem 3.3, the sequence is exact except possibly for the zero on the
left. If the extensions are of finite type, all terms in the sequence are finite dimensional
and, by Theorem 5.1, the alternating sum of the dimensions of the terms is tr.deg E/F —
tr.deg K/F + tr.deg K/E = 0 and the result follows.

Definition. A field extension F / F is separable if E is quasi-smooth over F'.
Equivalently it is separable if I'g/r = 0 since g/ is free over E.

Remark. It follows from Corollary 5.2 that if F C E C K is an extension of fields, and K'/F
is separable then so is E/F. It also follows that K/F is separable if K/E and E/F are.
This definition of separability is equivalent to the classical definition. For the case of a
_ finite extension this can be seen as follows. If E /F is finite then T'g/p = 0 if and only if
Qg JF = 0 by Theorem 5.1. If E = F(a) is an algebraic extension Wlth one generator a

havmg minimal polynomial f over F, then I/I? 4 Edz is just E =% F so that E /F

is separable if and only if f'(a) # 0 as expected. In particular, if E / F is separable in

the classical sense it is separable. Conversely, if K/F is finite and separable we can write

K = E(a) where E is a proper subfield of K. By induction on |K : F|, E/F is separable

in the classical sense. The JZ sequence shows that Q- /p maps onto Qr/Es 50 Qi E = O :
showing that K/E, and so K/F, is separable in the classical sense.

Corollary 5.3. IfE/F is a field extension of finite type, then Qp,r = 0 if and only if E/F
18 finite separable. If A is a local Ting essentially of finite type over F, then A is essentially
€tale over F if and only if A is a finite separable field extension of F.

Proof. By Theorem 5.1, Qp/p=0if and only if T'g/r = 0 and tr.deg E/F = 0. This also
shows that F is étale over F if E/F is finite separable. For the second part, let E = 4/m.
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Since Q4/r = 0 and Qg4 = 0, the JZ sequence for F — A — E shows that Qg,r = 0.
Therefore E/F is finite separable so T'g/r = 0 also. The JZ sequence now shows that
m/m —I‘E/A—Osom—-O

Remark. This does not hold without the assumptlon that the extension is of finite type. For .

example let F be a field of characteristic p ar.d consider the extension E = F(z1,72,23,. .. )
where z, = (2n41)? for all n. (So E is a subfield of the algebraic closure of the transcen-
dental extension F(z;) of F). Then it is easy to see that 'g;p = 0 = Qg r but E has
transcendence degree 1 over F., This example also shows that Theorem 5.1 does not hold
without the assumption of finite type.

Definition. A field extension X /F is called separably generated if there is a subfield E of
K purely transcendental over F such that K is separable algebraic over E. A set of alge-

~ braically independent generators for such a subfield E is called a separatlng transcendence
base for K/ F.

In characteristic 0 every field extension is separably generated but in charactensmc p the
preceding example shows that a separable extension need not be separably generated. For
extensions of finite type, however, the next proposition shows that the two concepts are
equivalent.

Definition. A set {z;} of elements of K will be called an -base for K/F if the dz; form
a basis for Qg F over K.

Proposition 5.4. A field extension of finite type K/F 1s separable if and only of it 1s
separably generated. If so, a subset {z;} of K is a separating transcendence base if and only
if it 18 an Q)-base. '

Proof. If K is separable algebraic over a pure transcendental extension £ = F ({zi}), the
JZ sequence for F C E C K shows that I'y/p = 0 and that K @g Qp/p — Qx/F is an
isomorphism, g, being free on the dz;. Conversely, if K/ F is separable, {z1,...,2Zn} isan
Q-base, and E = F({z;}), then K Qe {lp/r — Qg is onto, and therefore an 1somorphlsm
since the dz; generate Qg p. The z; are algebralcally independent since tr.deg E/F = n
by Theorem 5.1. The JZ sequence for F C E C K shows that Qg/g = 0 so K/E is finite
separable by Corollary 5.3.

Corollary 5.5. A field extension is separable if and only if 1t 1s a filtered union of sepambly
genemted subeztensions of finite type.

This shows that our definition of separability agrees with the classical orne.
For field extensions in characteristic p, the notion of an Q-base coincides with the classical
notion of a p-base. Let K/F be such an extension. A set {z;} of elements of K is called
Mmnp

‘a p-base for K/F if the monomials 2! ... z]." with 0 < m; < p (and distinct ¢;) form a

base for K over KPF. We say that {:B } is a p-base for a field K of characteristic p if it is
ap- -base for K over the prime field (equivalently: for K over K7).

Lemma 5.6. Let K/F be an eztensioﬁ of fields of characteristic p such that KP C F C K.
Let {z;} be a set of elements of K and let 2¥ = a;. Then

(1) The dz; generate Qi p if and only if K = F({z;}).
(2) The dz; are linearly independent in Qg /p if and only if the map
A= F{X}]/({X} = ai}) = K is injective.
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Proof. Clearly Q4/r is A-free on the dX;. If A — K is onto, it follows that dr; generate
Qg/r. I A — K is injective, enlarge the set {z;} to one maximal with respect to this
property. Let E be the image of the new map A — K. It is a field since K is algebraic over
F. f E+# K, choose E C E' C K with |[E' : E| = p. Let E' = E(y) with y? =.b. Then
A[Y]/(Y?—b) — K is injective so the set {2} can be enlarged further to {zi,y}. Therefore
AS K so Qp /F = Q4 F is free on the dz; which are therefore linearly independent.

* For the reverse implication in (2), it will suffice to consider the case where {z;} is finite.
By induction on its order n, we can assume that A= F[X1,..., Xn1)/(X] —a;) » K is
injective with image E. Then A — K is E[X]/(X? — a) — K where X =X, and a = an.
If this map is not injective, then X? — a is reducible over E but this implies that z, lies in
E so that dz, is linearly dependent on dz,...,dZn-1.

For the reverse implication in (1), we can, if necessary, omit some of the z; so that the
dz; are a base for Qg r. Then A 2, ECc K by (2). If E # K then, as above, we can
enlarge {z;} to {zi,y;} such that the new A maps isomorphically onto K. By (2) again,
the dz; and the dy; are linearly independent. Since the dz; are already a base for Qg F,
no y; can occur. '

Corollary 5.7. Let K/F be an extension of fields of characteristic p. Let {z;} be a set of
elements of K. Then {z;} is a p-base for K/F if and only if {z;} 1s an Q-base for K/F.

Proof. Since dK? =0in Qg r, Qx/r = Qpxr p. Therefore we can replace F by K?F and
Lemma 5.6 applies. ‘ '

6. An argument of Faltings. A theorem of André [Ah] states that Hi(R,A,~) = 0 if
A is a geometrically regular R-algebra. It follows from this that the JZ sequence for any
R — A — B reduces to 0 — FB/R — TB/A — B ®a QA/R — QB/R — .QB/A — 0. In
particular, if B = A= A/l weget 0 » T z/r — I/I? - A®aQa/r — Qa/r — 0. The
following is a special case of this result. We give a direct proof using a method of Faltings
[F] to avoid the need for André’s difficult theorem. Popescu [Pa) has remarked that André’s
theorem follows immediately from Theorem 1.1 since it is clear from the definition that
it is true for smooth R-algebras (See the remark following Theorem 3.3. If dis a split
monomorphism, so is M ® d). ‘

Theorem 6.1. Let k be o field and let A be a geometrically regular local k-algebra with
mazimal ideal m and residue field K = A/m. Then 0 — FK/k — m/m? 4L K@ Qa/ —
Qp /e — 0 is ezact.

Proof. (After Faltings [F]) Note that m/ m? = Tk 4. The sequence is just the JZ sequence
for k — A — K and is therefore exact except possibly on the left. We must show that
- Txye — Tkya is injective. This is clear if K/k is separable so we can assume k has
characteristic p # 0. Let F C k be the prime field. Since F is perfect, T'x/r = 0. The JZ

sequences for :

B

F C A—@;‘K'
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form a‘ diagram
0 — Trpp —— K@ Uyp — Qk/F — Qxc/x e 0
0 —— Tga — K®A'QA/1F — Qg — 0 —— 0

and it will clearly suffice to show that K ®x Qk/r — K @4 Qa/r is 1n3ect1ve Let T1,... "
be elements of k such that dzi,...,dz, are linearly independent in Qi r and let k’ =

k(ml/ LOR z3/? ) Then A' = k' ®y A is regular by hypothesis. Note that A’ is local since
AP C A Let m =my = {z € A'|z? € m} and let K' = A'/m'. Since K'/F is separable,

0 —-m /m'2 — K' ®ua QA//F — Qg p — 0 is exact. Tensoring the bottom row of the
previous diagram with K' we get a diagram

0 —— K'®K m/m? —%  K'®a Qap — K ®x L/ » 0

! L |

0 —— 1'('1'/1'1’1'2 .__‘.i.._> K' @4 QA’/IF —_— QK’/IF e —

Since A’ is finite over 4, A and A’ have the same Krull dimension and therefore the two left
hand terms in this diagram have the same dimension. The JZ sequence for F C K CK
gives 0 = T'gr = K' @k Qyp — Qx5 — Qg+ /x = 0. By Theorem 5.1, dimTpr/p =
dim Qg k- B} applying the snake lemma to the previous diagram, we see that the Lernel
and cokernel of K'® A QasF — K' @4 Q41 /¢ have the same finite dimension.

Now k' = k[T,..., Tl /(TP — 21,..., TP —zp) so A' = A[Th,..., Tn] (T} — z1,:. ., T} —

). Therefore, d = 0 in the exact sequence 0 — I'4r/4 — I/1? A @A dT; — 94: 4—0,
50 0414 18 free on n generators.

If A=TF[Z)/(9;(Z)), then A' = F[Z, T, ..., T.]/(9;(Z ), TP —z1,...,T? = 2,). Therefore
Q47 is generated by the dZ and the dT; Wlth relations ng =0 and dz; = 0so Q5=
A ®4 QA/]F/(d:cl, .,dzn) ® D A'dT;. In particular, the kernel of K'®4Qur— K' @A:
Q4 is generated by dzq,...,dz,. Since this kernel has the same dimension n as the
cokernel K'®aQar/4, the d:c, must be linearly independent in K' ® 4 Q 4/F, proving the
theorem.

Corollary 6.2. Let k be a field and let A be a geometrically regular local k-algebra 'wzth
mazimal ideal m and residue field K = A/m. Then dimg Tg/i < 0. .

Corollary 6.3. (Mac Lane’s criterion of separability) A field extension E JF is geometri-
cally regular if and only if it is separable.

Proof. If E/F is separable, ‘and F' [F is purely msepa.rable then E and F' are linearly
disjoint over F so F' @F E is a field. In the opp051te direction we can take A E and the
theorem gives I'g,p = 0.

7. Flatness. The local criterion of flatness is usually presented in the form of a long list
of implications [M]. Since this is rather difficult to remember, I will just recall those parts
of the result which we will need here. The reader familiar with this criterion can simply
skip to the applications.
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“Theorem 7.1. (Local criterion of flatness). Let R — A be a map of noetherian rings. Let

I be an ideal of R such that IA is contained in the Jacobson radical of A. Let M be a
finitely generated A-module. Then M is ﬂat over R if and only if M/I"M 1is flat over R/I™
for alln.

Proof. The ‘only if’ part is tr1v1al For the converse it will suffice to show that, for any short
exact sequence 0 - N’ — N — N" — 0 of finitely generated R-modules, 0 = M @r N' —

M®@rN is@‘By Artin-Rees we have N' N I"N = I"~" N for some r and n > r,
Tensoring the sequence 0 — N'/I"""Nfy— N/I*"N — N"[I"N" — 0 with M/I"M over
R/I" gives 0 » M ®@r (N'/I"""Ng) = M ®r (N/I*N). If L = im[M Qr Ny = M ®@r N'|

then I"""L = im[M ®g I"""N§ — M ®r N']. Therefore (M @r N’)/I”"TL = M ®r

(N'/I"="N{) and so 0 — (M @r N")/I"""L — (M ®gr N)/I"(M @r N) is exact. This
shows that ker[M@rN' — ‘M@®grN] C N, 1"~ "L which is 0 because L is a finitely generated
A-module and I A lies in the Jacobson radical of A. :

‘Lemma 7.2. Let R — A and let M be an A-module. Then Torf(M,N) = 0 for all

A-modules N if and only if M ®r A is flat over A and Torf (M, A) = 0.

Proof. It 'T'orl (M,N) = 0 for all A-modules N, then M ®@r N = M @r A®@a N is exact
in N so M @r A is flat over A. For the converse, let N be any A-module and form
0—L—F-— N -—0with F free over A. Then, since M @r N = M ®R A @4 N is exact

in N, 0 = TorF (M, F) — Torf(M,N) » M ®r L — M ®g F so Tor®(M,N) = 0.
“Corollary 7.3. Let R — A be a map of noetherian rings. Let I be an ideal of R such

that IA is contained in the Jacobson radical of A. Let M be a finitely generated A-module.
Then M is flat over R if and only if M/IM is flat over R/I and Tqrf(R/I, M) =0.

Proof. The ‘only if’ part is trivial. For the converse, Lemma 7.2 with A = R/I shows that v

- Torf(AM,N) = 0if IN =0 and therefore (by the exact Tor sequence) also if I"N = 0 for

some n. Lemma 7.2 with A = R/I™ now shows that M/I"M is flat over R/I" and we can

" apply Theorem 7.1.

We now apply these results to prove some facts about flat extensions.

Lemma 7.4. Let R— A — B with A and B noetheman Let I be an ideal of R such that
IB lies in the Jacobson radical of B. If B is flat over R and B/IB is flat over A/IA, then
B is flat over A. ~

Proof. Apply Corollary 7.3 to A — B and IA. We need to show that Tor{(A4/IA,B) = 0.
Using the resolution 0 — JA — A — A/IA — 0 we see that this is equivalent to showing
that JA @4 B — IB is an isomorphism. Since B is flat over R, the same argument shows
that ] @z B — IB. We have epimorphisms I @Qp B=1®rA@4a B - IA®4 B —» IB.

Since the composition is an isomorphism, both these maps must be isomorphisms.

- Lemma 7.5. Let A — B and let z1,...,2, € A be a regular sequence on A and on B.

Then Torf(A/(ml,...,xn)A,B) = 0.

Proof. ‘Let I = (zy,...,24-1)A and let ¢ = z,. By induction on n, ’].'or:l (A/I, B} = 0.
Now 0 — A/T 5 A/T — A/(I,z) — 0 gives 0 — Tor{ (A/ (I,z),B) — B/IB >—> B/IB

and the last map is injective.
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Lemma 7.6. Let A — B be a local morphism of regular local rings. Suppose that B @4
m4/m% = mp/m} is injective i.e. o regular system of parameters of A maps to part of
a reqular system of parameters of B. Then B 1is flat over A and B/maB 1is regular of
dimension dim B — dim A. " :

Proéf. ‘We apply Corollary 7.3. Since B/m ABis flat over A/my4, we only need to show that
Tori (A/ma, B) = 0. This follows from Lemma 7.5. The last statement is clear.

Lemma 7.7. Let A — B be a flat local morphism of local rings. Suppose that B/maB is
reqular of dimension d. Let ¢ : A[X1,...,Xn] — B where the X; map to part of a regular

system of parameters of B/maB. Let P = o~} (mp). Then A[Xy,...,Xn]p — B is flat.

In particular; @ is flat and B/PB is regular of dimension d — n.

Proof. Applying Lemma 7.4 to A — A[X]p — B, we see that it is sufficient to work
modulo m4. Therefore we can assume that A is a field k. Now ¢ : k[X1,...,Xn] — B has -
P =(X;,...,X,) and Lemma 7.6 applies. The last statement is clear. ' '

Lemma 7.8. Let A — B be a flat local morphism of local rings with residue class fields
F C K. Let v : AlXy,...,Xn] = B send the X; to elements whose tmages in K are
algebraically independent over . Then ¢ is flat. ' ‘

Proof. Let P be the inverseimage of mp in A[X]. Applying Lemma7.4t0 A — A[X]p — B.
we see that it is sufficient to work modulo m4. Therefore we can assume that A = F. In
this case, P = 0 so A[X]p is a field and B is obviously flat over it.

Except for Corollary 6.2, the only place we will need Theofem 6.1 is in the proof of the
following lemma ([Pl,Lemma 5]). '

Lemma 7.9. Let A — B be a flat local morphism of local rings. Suppose that B/maB is
- geometrically regular of dimension d over k = A/my. Let K = B/mp and letk CECK
where E is a field of finite type over k. Let y1,...,Ys € B map to a p-base §1,....Ys for
E over k. Let ¢ : AlY1,...,Ys] — B by sending Y; to y;. Let P = 0 Y (mp). Then
AlY1,...,Y,)p — B is flat. In particular, ¢ is flat and B/PB is regular of dimension
dim B — dimg T'g/x = dim B — dimy 'y i where L = k(§1,...,9n) C E.

Proof. Applying Lemma 7.4 to A — A[Y]p — B, we see that it is sufficient to work modulo
m4. Therefore we can assume that A = k. Let C = k[Y]p so that C/m¢c = L. Since C is
essentially smooth over k, Tc/r = 0 and Q¢/z is projective. The JZ sequence of k — C — L
is 0 — _I‘L/k —-Trc—L®&c Qcik — Qe — 0. The dy; generate ¢/ and their images
are linearly independent in Qg and so also in Qp/x. Therefore L ®c¢ Q¢/x — Qp/k is an
isomorphism and hence sois Tz — I'rjc = me /m%, so that the Krull dimension of C' is
dimy T'z /5. Consider the diagram

|

K@rTip —— K@®rTrc K ®L (mc/mg)

. ! l

0 E— ke —— Twp == mp/m%

The lower map is injective by Theorem 6.1 and the left vertical map is is injective by
Corollary 5.2. It follows that the right vertical map is injective so B is flat over C' by Lemma
7.6 which also shows that dim B/PB = dim B — dim C = dim B — dimy I'; /4. Finally note
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that £ @ Qr/x — g, is onto so Qg = 0 by the JZ sequence of k C L C E. By
Corollary 5.3, E/L is finite separable. Therefore I'g/;, = 0 and the JZ sequence shows that
E @LT1/1 — T'g/x is an isomorphism so dimy, Tr/p = dimp g

8. Results from commutative algebra. The following 3 sections contain well-known
standard material and are included only for the sake of completeness. They may be skipped
by the reader familiar with these results. In the present section we recall some well-known
facts of commutative algebra beginning with some standard facts about Cohen-Macaulay
rings.

- If Iis an ideal of a noetherian ring R and M is a ﬁmtely generated R-module, depth; M is
the least n such that ExtR(R/I, M) # 0 (or oo if no such n exists). We have depth; M = 0
if and only if Homg(R/I, M) # 0 which occurs if and only if I consists of zero-divisors on
M. If z is regular on M, the long exact Ext sequence of 0 — M = M — M/zM — 0
shows that depth; M/xM = depth; M — 1. From these facts it follows easily that every
maximal regular sequence on M in I has length equal to depth; M. Therefore I C J implies
depth; M < depth; M. .

Lemma 8.1. depth; M = mindepthp M over prime ideals P D I.

Proof. This follows immediately from the long exact sequence and the fact that R/I has
a finite filtration with quotients of the form R/P. Alternatively, if it is false for some I,
choose I maximal. We claim that I is prime. If not, let ab € I with a,b % I. Then
0 — R/I' - R/I = R/I" — 0 with I' = I'(a) and I" = (I,a). Note b € I'. The long
exact sequence now gives depth; M > min(depth;, M,depth;, M) but the lemma is true
for I' and I" and any P containing I contains one of I' and I".

Remark. If S is a multiplicative set then depthjs Ms > depthIM since Exti(R/I,—)

localizes.
Definition. The grade of I is defined to be grl = depth; R
" Lemma 8.2. gr] <htI.

Proof. Since htI = minht P over primes P > I we can assume ] = P is prime. Since
gr P < gr Pp we can assume that R is local with maximal ideal P. Let n = gr P and let

T1,...,Zn be aregular sequence in P. Since dim R/(z) = dim R — 1 for z regular, we have
dimR/(xl,...,zn) =dimR—-nson <dimR = htP.

Definition. We say R is Cohen-Macaulay (CM for short) ifgrI=htIforall I

It is clearly sufficient just to assume that this condition holds for prime ideals. Since
gr Ps > gr P while ht Ps = ht P if Ps # Rgs, we see that if R is Cohen-Macaulay then so is-
any localization Rs.

Lemma 8.3. If P is prime but not mazimal then depthp M > mings p depthg M — 1 over
primes Q > P. In particular, gr P > mingsp gr@ — 1.

Proof. Suppose that a ¢ P. The long exact sequence for0 — R/P = R/P — R/(P,a) — 0
gives Ext}(R/P, M) = ExtR(R/P M) — Ext"'“(R/(P a), M) and the Ext"™! term is 0 if
n+1 < mings p depthgy M since depth(p .y M = min depthg M over @ D (P, a). Therefore,
~ if a is the annihilator of Extz(R/P,M) we have a4+ Ra = R. If a > P, choose G a—P
andgeta=R. Ifa= P, thenP+Ra—-Rforalla¢PsoP1smax1mal
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Corollary 8.4. The following are equivalent. -
(1) .R is CM. o o
(2) grm = htm for all mazimal ideals m of R.
(3) R is CM for all mazimal ideals m of R.

To see that (3) implies (2), note that Ext%(R/m; R) vi,s‘ annihilated by m and so is un-
changed by localization showing that grm = grmm

Corollary 8.5. If R is Cohen-Macaulay and P is prime, then all mazimal chains of primes
P =P, > > Py have the same length. -

Proof. It is sufficient to show that if P > () with no prime between, then ht P=htQ + 1.
For this we can localize at P and Lemma 8.3 then gives gr Q@ >grP—1soht Q>htP—-1
The reverse inequality is trivial.

Recall that for a local ring R and a non-unit « we have dimR > dimR/(z) 2 dimR -1
and dim R/(z) = dim R — 1 if  is regular. -

Lemma 8.6. If R is a local Cohen-Macaulay ring and z is o non-unit,then dim R/(z) =
dim R — 1 if and only if  is regular

" Proof. If z is regﬁléfr thefe is no problem. If z is not regular let P be minimal over (z).
Then gr P = 0 so ht P = 0. By Corollary 8.5, dim R/P =dim R so dimR/(z) = dimR

vCo‘rollary 8.7, If R is a local Cohen-Macaulay ring and z1,...,%n is a system of param-
eters then x1,...,Zn 18 @ Tegular sequence. ’ ‘

Proof. dimR/(z1,...,2;) = dim R —1 50 Ti41 is regular on dim R/(z1,...,%;) by Lemma
8.6. ' - '

Lemma 8.8. If R is Cohen-Macaulay, so is the polynomial Ting Rlz].

Proof. Let m be a maximal ideal of R[z] and let P = mN R. Since R[z]m is a localization
of Rp|z], we can replace R by Rp and assume that R is local with maximal ideal P. Let
: = R/P. Then m/P|z] is maximal in k[z] and so is generated by a monic polynomial f.
‘Lift this to a monic polynomial f over R. Then m = (P, f). Let z1,...,zn be a regular.
sequence in P on R. Then f,z1,...,Zn is regular on R[z] since R[z]/(f) is a free R-module.
It follows that grm > 1+grP =14+ht P =htm. R

We next recall some standard results about the behavior of prime ideals in integral
extensions. ' :

Theorem 8.9. Let A C B be an integral extension. Let p be a prime ideal of A. Then an
ideal P of B is a prime ideal lying over p (i.e. PNA =) if and only if P 1s mazimal such
that PNACp. . =

Proof. Suppose first that P is prime and PN A = p. We must show that no bigger ideal
I > P satisfes IN A = p. We can clearly work modulo P and therefore suppose that
P = p = 0 which implies that A and B are domains. Suppose that z € I is non-zero. Let =
satisfy o™ + a;z" 14---+a, =0withall g; in A, and with n least. Then a, # 0 otherwise
‘we could divide by z. But a, € INAso INA#0. '
‘ Conversely, if P is maximal such that PN A Cp, then P is prime because it is maximal
with respect to P NS =  where S is the multiplicative set A —p. We can again work
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modulo P and therefore suppose that P = 0 and that IN A C p implies I = 0. It will
suffice to show that z € p 1mphes Bz N A C p since this then shows that ¢ = 0. Let
b € B satisfy b" + a;b™! + --- + a, = 0 with all a; in A. Suppose bz lies in A. Then
(bz)" + a2(bz)* 1 4 - -+ a,z™ = 0 so (bz)" lies in Az and therefore in p. Since p is prime,
bz lies in p. :

Corollary 8.10. (Lying over theorem). IfA C B is an zntegml extension then Spec B —
- Spec A 1s onto.

Remark. In particular, if R C F'is mtegral and F is a field, then R is also a field since its
“only prime ideal is 0. It follows that if A C B is integral and m is maximal in B,thenmnA
is maximal in 4. «

Corollary 8.11. (Going up theorem). Let A C B be an integral extension. Let P be a
przme ideal of B, p =P N A and let p C q where q 18 a prime ideal of A. Then there is a
prime ideal Q of B withq=QNA and P C Q.

In the other direction, we require some additional hypotheses.

Theorem 8.12. (Going down theorem). Let A C B be an integral eztension. Assume that
A is a normal domain and that B is torsion free as an A-module. Let P be a prime ideal
Cof B,p=PnNA and let p D q where q is a prime ideal of A. Then there 1s a prime ideal
" Q of Buwithq=QNAand PDQ. v

This is usually proved using Galois theory. We will instead give the proof of Cohen and
Seidenberg [CS] which is more direct. ' '

Lemma 8.13. Let A be a normal domain with quotient field K. Let B be an A-algebra
torsion free as an A-module. Let b be an element of B integral over A. Let f(X) be the
minimal monic equation of b € KB over K. Then {g(X) € A[X]|g(d) = 0} = A[X]f(X).
In particular, f is in A[X].

Proof. Note that f(b) = 0 since B is torsion free and hence is contained in K B. If ¢(b) = 0,
then g = fh in K'[X]. Suppose first that g lies in A[X] and is monic. Such a g exists since
b is integral over A. The roots of g are then integral over A so the same is true of f and of
h. Therefore the coefficients of f and h are integral over A and thus in A which is normal.
If g is not monic we apply this argument to g + f N for large N. :

Lemma 8.14. Let A C B be an integral extension and let I be an ideal of A. Then \/IB
is the set of all z in B which satisfy an equation z" +ayz" 1 +.--+a, = 0 with all a; in I.

Proof. It is clear that the set of such z lies in VIB. For the converse, let y = zV lie in
~ IB. There is a subring C = ) Aw; of B, finite over A, with y € IC. Let yw; = 2 4ijw;
with the ¢;; in I. Then |yI — (gij)lwi = 0 so |yI — (gi;)| = 0 which gives an equatxon of the
required type for y and substituting zVV = y gives the required equation for z.

Proof of Theorem 8.12. Let S = (B — P)(A — q). It will suffice to show that § is disjoint
from Bgq. We then take Q O Bq maximal such that @ NS = . Suppose that ab € Bq
where a € A—qand b€ B — P. Let f(b) = 0 where f(X) = X"+ ;X" 1 +..- 4+ cq, with
all ¢; in A, is the minimal equation of b over A4 as in Lemma 8.13. Then h(ab) = 0, where
MX)= X"+ ac; X" ! 4+ ... 4 a"cy, is the minimal equation for ab over A. Since ab lies
in Bg, Lemma 8.14 shows that ab satisfies a monic equation g(ab) = 0 where §(X) = X™,
the bar denoting reduction mod g. By Lemma 8.13, we see that h divides g and therefore
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% divides g so that h = 'X™. Therefore all @' cz liein q. Sincea € A—gq, all ¢; he in q, i.e.
f =X". By Lemma 8.14, b hes in v/qB C P, a contradiction.

1 will say that an inclusion q C p of prime ideals in A satisfies going down with respect
to B D A if every prime ideal P of B over p contains a prime ideal § over q.

. Corollary 8.15. Let A be o domain and let A’ be the integral closure of A in its quotient
field. If g C p in A satisfies going down with respect to A', then it satisfies going down with
‘respect to any B D A with B zntegml over A and torsion f'/'ee as an A-module.

Proof. Let P be a prime ideal of B over p. Let K be the quotient field of A Smce B is
torsion free over A, B is a subring of KB and we can construct A'B inside K B. Since
A'B is integral over B, there is a prime P’ of A'B over P. Let'p’' = P'N A'. This lies
over p so, by hypothe51s there is a prime q' C p' lying over q. Now A’ C A'B satisfies all
the hypotheses of Theorem 8.12 so there is a prime Q’ of A'B over ¢ with Q' c P'. Let

Q=BnQ"

Corollary 8.16. Let R be a domain and let A = R[X] be a polynomial ring over R. Let
p be a prime ideal of A, set po = RNy, and let q = poA. Then q C p satisfies going down
with respect to any B D A with B integral over A and torsion free as an A-module. '

Proof. By Corollary 8.15, it suﬂices to consider the case B = A’ = R'[X]. Let p’ be a prime .
of A’ over p, and let pj = R' Np'. Then q' = pyA’ is the required prime.

9. Zariski’s Main Theorem. If P is any property of algebras, we say that an A-algebra
B is essentially P if B is the localization of an A algebra with the property ‘P. Here are a
few trivial facts we will find useful. :

(1) If AC C C B and B is a localization of A then B is a locahzatmn of C. (In fact, if
B = As then B = AsCCsCBs—-—B)

(2) f A C C C B and B is essentially integral over A then B is essentially integral over
C. (If B is a localization of D C B with D integral over A, then, by (1), Bis a
localization of CD C B and CD is integral over C). |

(3) ACBis essent1a11y finite if and only if it is essentxally of finite type and essentially
integral.

The ‘only if’ part is clear. For the converse, let B be a localization of C C B with
C = Aleg,...,cq) of finite type over A, and let B be a localization of D C B with D
integral over A say B = Ds. We can ﬁnd E C D with F finite over A and T C S such that
 the ¢1,...,¢, liein E7. Note that ET C B since T consists of units of B. Now C' C Er so,
by (1), B is a localization of ET and hence of E.

- Theorem 9.1. (Zariski’s Main Theorem) Let A C B be a local morphism of quasi-local
rings which is essentially of finite type. Suppose that B/maB is finite over A/my. Then
A C B is essentially finite.

~ Proof. (after Peskine [Pz]. See also [Ez], {I], and [R]).We first reduce to the following
lemma. Throughout this section, extensions given as A C Alt], etc. are not assumed to be
polynomial extensions.

"Lemma 9.2. Let A C B be a local inclusion of quasi-local rings with A integrally closed in

B. Suppose that A C Alt] C B with B essentially finite over Alt]. If B/maB is finite over
A/my, then A= B. "
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To deduce the theorem, note that we have A C Aft1,...,tn] C B with B essentially
integral over A[tl, tn]. If n =0, the result is clear by (3). If n > 0, let A’ be the integral
closure of A[ty,.: tn 1]in B, let P=mpn A’ and let A" = Ap. Then the lemma applies
to A" C A"[ty] C B since B is essentially finite over A"[t,] by (3). Therefore B = A"
which is essentially integral over Alty,...,t,—1] and the theorem follows by induction on n.

Lemma 9.3. Lei R be quasi-local with mazimal ideal m and residue field k = R/m. Let
R C R[t). If R is integrally closed in R[t], then either R[t] = Rr, a localization of R, or
R[t]/mR][t] = k[T] with T, the image of t, being transcendental over k.

Proof. Assume that T is not transcendental over k. Then there is a polynomlal f(X) over
R such that f(#) lies in mR[t] and such that f, the reduction of f mod m, is non-zero. We
¢an write f(t) = g(t) where all coeficients of g are in m, and replace f by f — g so that
f(t) = 0. If f has degree 0, it is a unit of R which is nonsense. If f =rX +s has degree 1,
either r ¢ m so that R[t] = R or s ¢ m so that R[t] is a quotient of R[X]/(rX + s) =
But then R[t] = R,/I, and I = 0 since R C R|[t]. |

Ifdegf=n>1, weuse induction on n. Let f = aX® +bX™ 1 4 .... If a ¢ m, then
t is integral over R so R[t] = R. If a € m then at is integral over R and so lies in R. If
b¢ mbut at +b=c€m,then at +b- ¢ = 0 gives an equation of degree 1. Otherwise
(at 4+ b)t" ™1 4 ... = 0 gives an equation of lower degree.

Proof of Lemma 9.2. We have A C A[t] C C' C B with A integrally closed in B, B = Cp,
and C finite over Aft]. Let f be the conductor of A[t] cC. Iff¢g P,letr € §f—P.
Then C, = Alt], so B is a localization of Aft ] If Alt] is a localization of A, so is B hence
B = A since A C B is local. If not, B/m4B is a localization of k[T] by Lemma 9.3 which
is 1mposs:ble if B/m4B is finite over A/my4.

There remains the case f C P in which we use the following result.

Lemma 9.4. Let R C R[t] C D with R integrally closed in D and with D finite over R[z‘]
Let § be the conductor of R[t] C D. Let f(X)=aX" - € R[X] be such that f(t) lies in

§. Then some power a” lies in f.

Proof. Note that some a¥ lies in f if and only if Rt], = D, since D is finite over R[t].
Therefore, we can localize with respect to a and so assume that f is monic. We must then
show that D = R[t]. Let z € D. Then f(t)z lies in R[t] so f(t)z = g(t) for some g in R[X].
Write g = fg + r with degr < degf. Let y = z — ¢(t). Then f(t)y = r(¢). Let D =D,
and let R, £,j be the i images of R, t,yin D. The equation f(f) = §~'r(t) shows that tis
_integral over R[j~']. But 7 is mtegral over R[] and therefore over R[j~ 1] It follows that §
is integral over R. If ™ + a15"~ =14 ...=0, then, for some M, yM(y" + a1y ' +...)=0
showing that y is integral over R. Therefore y € Rand z = y + ¢(t) lies in R[t].

_ Returning to the proof of Lemma 9.2, we must consider the case in which § C P. Let
Q C P be a prime of C minimal over f. Let g=ANQandlet A= A/q, C=C/Q so that
A C A[f] ¢ C. We claim that f is transcendental over A. If not, let f(X) = aX"
be a polynomial with a € A — g such that f(¢) € Q. Since Q is m1mmal over f, there is
an element s in C — Q such that sf(¢)N¥ € f. Therefore, f(t)" lies in the conductor of
Aft] € D = At][sC] = AJt] + sC which is finite over A[t]. By Lemma 9.4, some a’ lies in
this conductor and so sa™ lies in f. Since f C @, a lies in Q and so in q, contradlctmd our
choice of a.
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We now have A C A[f] c € ¢ B. where B = Cp with P = P/Q. Let p = A[f]N P
and let po = AN P = my4. Then po[f] < p otherwise B/mp = B/mp would contain the
polynom1a1 ring A/m4[t] and would not be finite over A /m4. By Corollary 8.16, there is a
prime ideal P’ of C contained in P and lying over po[f]. We have m3C C P' < P showing
that B/m4B, a quotient of B/m4B, has Krull dimension at least 1. Therefore B/m 4B
cannot be finite over A/m 4 showing that the case f C P cannot occur.

10. Unramified extensions. We say that a local morphism R — A of quasi-local rings
is unramified if it is essentially of finite type, mpA = my, and A/my is a finite separable -
‘extension of R/mpg. The following characterization appears in [SGAI] (see also R]).

Theorem 10.1. Let R — A be an unramified local morphism. Then there is an R-algebra
(R[X]/f(X))p with f(X) monic such that f’(X) ¢ P, and a surjection D — A such

that D/mRD—eA/mA ‘
We first prove an analogous result without assuming separability.

- Lemma 10.2. Let R — A be a local morphism which is essentially of finite type. Suppose
that mpA = my and that K = A/my is a finite extension of k = R/mp with one gener-
ator K = k(a). Then there is an R-algebra D = (R[X]/g(X))p 'wzth g(X) monic and a

surjection D —» A, with X mapping to o in K, such that D/mgD = A/ma.

We can assume that « # 0 since if @ = 0, we can take & = 1 and then replace X b\
X — 1. We first investigate the artinian case.

Lemma 10.3. Let A be a finite dimensional commutative algebm over a field k. Let
. my,...,My, be the mazimal ideals of A and let A; = A, Then A = Ay X -+ X Ag. If
Ay = k(a) is a field (with a # 0) let v = (0,0,...,0) € Ay X --- x A, let ' = k[y] C A,
and let n=TNmy. Then T'n = Ar—n = A;.

Proof. The first statement is, of course, a classical theorem on commutative artinian rings.
To prove it, it is enough to check that the map is a local isomorphism but this is clear
since all but one of the A; vanish under localization at a maximal ideal. For the second
statement, let f be the minimal polynomial of a over k. Then f(v) = (f(a), f(0), ..., f(0)) =
(0, £(0), ..., f(0)) lies in m; and therefore in n. Since f(0) # 0, f(v) — f(0) liesin I' — n as
well as in all m; with ¢ % 1. Therefore Ar_,, is local and hence must be A1 Since I maps
onto A; and 'y, C Ar—n = Ay, we have I'y = A4, -

_ P'roof of Lemma 10.2. By Zariski’s Main Theorem, A is a localization A = Bp of a finite
R-algebra B. Note that P is maximal since it lies over mg. Let A = B/mgB and m; =
P/mgB. Find ~ as in Lemma 10.3 and lift it to an element z € B. Let C = R[z] and
Q = PN C. Note that C is finite over R since z is integral over R. Clearly C' maps to
I'in A = B/mgB, Q maps ton, and C — Q to I' —n. The map Cq — Bc-q is finite
and is surjective mod mpg since Cg maps onto I'n = Ar_n = Bc- Q/mRBc -@- Therefore
Cg = Bc-g by Nakayama's lemma. Since Cg — A is local and A is a localization of
Cg = Bc-q, we see that Cg = A.

Let 1,%,...,2""! bea base for C/mgrC over k (choose r maximal such that these elements
are linearly independent). Then 1,z,. 1 generate C over R by Nakayama's lemma.
Letglz)=z2"+a12" '+ -+ a = ‘0. We get ¢ : R[X]/g(X) —» C soif P' = ¢~ 1(Q),
then D = (R[X]/g(X))pr — A. Since k[X]/g(X) = C/mrC we see that D/mRD =
CQ/mRCQ A/mRA = K as required. Note that X maps to 4 and therefore to oin K.
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Proof of Theorem 10.1. Here K/k is finite separable so K = k(a). By Lemma 10.2, we get
a surjection D = (R[X]/g(X))p —» A, with X — a such that D/mpD = K = A/my4.
Write C = R[X]/g(X). Let f(X) = 0 be the minimal equation for o over k. Since
g(a) = 0, f divides g. Write § = Feh where f does not divide h so h(a) # 0. Therefore
C = C/mgC = k[X]/g(X) = k[X]/fe(X) x k[X]/R(X). The first factor must be K since
it is the only factor in which f(X) maps to 0. Therefore e = 1. We now have § = fh and
g' = f'h+ fh'. Therefore §'(a) = F'(a)h(a) 5 0 showing that ¢'(X) does not lie in P.

‘Corollary 10.4. Let##* R— Abea local morphism of quasi-local rings which is essentially
finitely presented. Then the following are equivalent. S

(1) @/is essentially étale.
(2) (15 flat and unramified
(3) ¥ = (R[X]/f(X))p with f(X) monic and f'(X) ¢ P.
Proof. Tt is clear that (3) implies (1) and the flatness of f. If (1) holds then k = R/mgr —
A/mpA = k Qg A is essentially étale so k @ A which is local, must be a finite separable
“extension. K of k by Corollary 5.3. Therefore R — A is unramified. It follows that (3) implies
(2) also. Suppose that (2) holds. By Theorem 10.1, we can find D = (R[X]/f(X))p with
f(X) monic and f'(X) ¢ P, and a surjection D —» A such that D/mgD Z Ajmgy =
A/mpA. Write A = D/I. Note that I is finitely generated since A is essentially finitely
presented over R. We have 0 — I — D — A — 0. Since A is flat over R, we get 0 —
I/mgl — D/mgD = A/mgA — 0 showing that I/mpl = 0 and hence that I/mpl = 0.
Since I is finitely generated, I = 0 and (3) holds.
Finally, suppose (1) holds. We saw above that R — A is then unramified. As before we
get 0 — I - D — A — 0. The JZ sequence givesus yyrp = Ta/p — A@SQp/r. Since A
and D are essentially étale over R, I'4/r = 0= Qp/r. Since I'g/p = I/I?, weget I/I* =0
and therefore I = 0. '

Proof of Theorem 2.5. Let C be a local R-algebra essentially smooth over R. Then we
must show that C = (R[T},...,Ta, Y]/(f(T,Y)))p where f is monic in Y and 0f/0Y ¢ P.
Suppose that C = R[X1,...,Xn]p/Ip. Since He/r ¢ P we can find fi,..., fn € I such
that Ip = (fi,...,fn)p and, after renumbering the Xj, det |8fi/0X;l1<i,j<n & P. Let
A = R[X,:1,...,Xn) and let Q = ANP. Then C = Aol X1,....Xnlp/(f1,-- s fa)P
which is essentially étale over Ag by example (5) of §1. By Corollary 10.4, we can write
C = (Ag[Y])/g(Y))g with g(Y) monic and ¢'(Y) ¢ PB. If s is a common denominator for
the coefficients of ¢ then s™g(Y) = f(sY) where f(Y') € A[Y] is monic. If Z = sY', we can
~write C = (A[Z]/f(Z))g which has the required form. - |

Corollary 10.5. Let f : R — A be a flat local map of noetherian local Tings which s
essentially of finite type. Suppose that mpA = my4 and that the residue field K of A 1s
separable over the residue field F of R. Then A s essentially smooth over R.

Proof. Since K is of finite type over F), it has a separating transcendence base {aj,.,an}
over F. Let R' = R[Xi,...,Xn] — A send X, to an element a; lifting a;. Let P be the
inverse image in R' of my and let R = Rp. Then A is flat over R’ ' by Lemma 7.8. The
residue field I of A is finite separable over that of R"” so R" — A is essentially étale by
Corollary 10.4 and R is clearly essentially smooth over R.
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PART III. PROOF OF POPESCU’S THEOREM

11. Preliminary reductions. Let R — A be a geometrically regular homomorphism of
noetherian rings, and let R — A — A with A of finite type over R. The theorem asserts
that we can find R — A — B = A where B is smooth over R. Define h4 = \/H,/pA.
‘We will proceed by noetherian inductior on this ideal. We write h4/r for ha when it is
necessary to specify R.

Lemma 11.1. The theorem i3 true if h4 = A.

Proof. Let Hyjp = '(al,... ,az). Then Y Aa; = A so we can write D, Aja; = 1. Let
B :}f'[Xl,...,'Xn]/(Z a;X; — 1) and map B to A by sending X; to A;. Then we have
R— A— B— Aand Bis smooth over R since for each ¢, By, = A4, [X1,.. XL X,
which is smooth over R so a; € Hp/p for each i showing that Hp/r = B.

We now choose B of finite type over R with R — A — B — A so that hp is maximal
and we claim that hp = A. Suppose this is not so. Let P be a prime ideal of A which is
minimal over hp. It will then suffice to find R — B — C — A with C of finite type over R

such that b C he ¢ B.

Remark. Let u: R — A be the given map and let a = u ~1(hp). Let p be minimal over a.
Then we can choose 8 minimal over §g such that u=(P) = p. -

Proof. Let hg = P N n PBrm.Then a =« (Py) N+  Nu"(Pm) C p. Therefore some
'l(q@')CpbutaCu‘l(m)sou (Bi) = |

" Therefore it suﬂ"ices to prove the followmg

" Theorem 11.2. Letu : R — A be a map of noetherian rings and let R — A — A with A of

finite type over R. Let B be a prime ideal of A such that P is minimal over h4 and assume
that p = u~(P) is minimal over a = u~'(h4). Suppose that Ry — Ag is flat and that
Agp/pAgp is geometrically regular over k(p) = Ry /pRy. Then we can fimd R— A— B— A
with B of finite type over R such that h4 C hp ¢ B. : .

I will say that R — A — A D 3 is resolvable if the conclusion of Theorem 11:1 holds
for it. Note that this is trivially true if h4 ¢ . The idea of Popescu’s proof is to reduce
to the case in which htPB = 0 by the following method. Let R — A — A D P satisfy the
hypotheses of Theorem 11.2. Let I C a be an ideal of R and let R = R/I, A = A/IA,
A=A/IA, and P =P/IA. If bz CP then R — A — A D P also satisfies the hypotheses
of Theorem 11.2. This is clear for the flatness and regularity assumptions. If we assume
that 3 C P then P is minimal over b5 because h AA C bz C P and P is minimal over
haA = ha/IA. Similarly p is minimal over @ = @~ '(h ) since aR C @ C p and p is
minimal over aR = a/I ﬁ’ If T is chosen so ht P < ht‘}3 we can assume by induction that
R— A5 AD ‘)3 is resolvable. This will also be the case if hz; ¢ PB. We now look for
conditions under which the resolution of R — A — A D 8 implies that of R — A — A D B.
Recall the following definition from §4.

Definition. Let A be a finitely presented R-algebra and let a be an element of H4/r. We
say that a is strictly standard with respect to the presentation A = R[X]/I if a lies in
o el f1y .oy fr)iI] for some finite set of elements fi,..., fr of I. .

If R — A and a lies in R, I will write a|A for the i image of @ in A. The followmg is the
main technical lemma needed for the reduction to the case where ht P = 0.

(2
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Lemma 11.3. Let R — A — A with A of finite type over R and with R and A noetherian.
Let a be an element of R. Suppose that :
(1) AnnR(az) = Anng(a) and AnnA(az) = Anny(a).
(2) al|A is strictly standard.
Let ¢ > 8 and let R = R/a°R, A = AJa°A, etc. Letm: A — A be the canonical map.
* Suppose that we have R — A — C — A with C of finite type over R. Then we can find
R — A — B — A with B of finite type over R such that n~1(ha) C bB.

The proof, which is by explicit computation, will be given in §§17 and 18. Note that
it will suffice to prove this for the case ¢ = 8 since if C = C/a®C, then Hg / zC C Hy &R
by Lemma 4.7 and therefore h maps into hs under A— A= A/a®A, showing that
T~ (he) C r“l(bc) so it will suffice to find B with 7~*(h¢) C bs. :
Corollary 11.4. Let R+ A = A D with A of finite type over R and with R and
A noetherian. Let a € R map to an element of Hyjp. Let ¢ 2 8 and let R = R/«‘R,
A=AJa°A, P =P/a°A, etc. Suppose that :
(1) Anng(a?) = Anng(a) and Annp(a?) = Anny(a).
(2) alA s strictly standard.
IfR— A— A D is resolvable, so sR— A5 ADP.
Proof. Let R — A—ﬁ C — A resolve R — A — A D P so that b C bhe € ’,B Lemma
11.3 givesus R = A — B — A with w"l(bc) C hp. Note that ha C 7~ %(h4) since
H4/R4 C Hj/p by Lemma 4.7 so HA/RA - HA/RA and haA C hz. Therefore h4 C
7~ Hhz) C ™ 1(l‘)c) Chp. Ifhp CP, then'he =771 (ho) C 7(P) = B, a contradiction.
In the case where the residue field of 8 has characteristic p # 0, it will be useful to do
the whole reduction in one step using the following result. v

Corollary 11.5. Let R — A — A with A of finite type over R with R and A noetherian.

Let ai,...,ar be elements of R. Let ¢ = 8¢ with € > 1 and let R = R/(dS,...,a%)R.
A=A/(a1/ ..,a8)A, etc. Suppose that
(1) For each i, (aS,...,a5_1):a? = (a§,...,a 2__1) a; in R and in A.

(2) For each i, af|A is strictly standard.
Then if R — A — A D P is resolvable, so is R— A— A DR,

Proof. We can replace each a; by af. Therefore we can assume that ¢ = 8 and that each
a;|A is _str'rcvtly standard. For r = 1, we are done by Corollary 11.4. Suppose the result is
true for r — 1. Let R' = R/(aS,...,at_;)R etc. with @ = a,. Then Corollary 11.4 applies
to R — A' = A’ O P’ and a. Condition (1) is clear and (2) follows from the Lemma 4.8.
Therefore Corollary 11.5 follows by induction on r.

Let a € a in the notation of Theorem 11.2. We can force (1) of Lemma 11.3 to hold by
replacing a by a suitable power a”. In order to get (2) to hold, we use the results of §4 and
the following lemma.

Lemma 11.6. Let R — A — A with R noethema'n and A ofﬁmte type over R. Leta € R
be such that a|A € ha. Then we can find R— A — B — A with B of finite type over R
such that a|B € Hp g and such that HyypB C Hp/r (s0 ha Chp).

Proof. For some N, aV|A € HA/R’\. Let Hyr = (b1,...,br). Then a® = 3 A;b; with
the A; 1n A. Let B = A[.Xl, Xn)/(a” =3, 0:X5) and map B to A by sending X; to
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Ai. Now By, = Ab [X1,.. ., Xi,...,Xn] which is smooth over R so Hy/rB C Hp g and aN
(and hence a) lies in Hp/g.

Corollary 11.7. Under the same hypotheses we can find R— A — C — A where C' 1s of
finite type over R, Hq/rC C Hcyr, and a|C 1s standard with respect 1o some presentatzon
of C. .

Proof. Apply Proposition 4.6 to R — B getting R — B — C with Hg/rC C Hc/ r and
with a|C standard. Smce B is a retract of C, B — A extends to C — A.

Tt follows that for some N, aN|C is strictly standard.

12. Relation to the case of height 0. The results of §11 will be applied to reduce the
problem to the case in which htp = ht P = 0. For p this is easily done.

Lemma 12.1. It is sufficient to prove Theorem 11.2 for the case in 'which htp = 0.

Proof. Suppose that htp > 0. Since p is minimal over a, we can find a € a such that «
lies in no height 0 prime contained in p. Therefore htp/(a) < htp. By Corollary 11.7,
“we can find R — A — C — A with a|C standard and ha C he. If hc € P we have

succeeded in resolving R — A — A D P. Otherwise, P is minimal over h¢ and p is minimal ‘
over u"!(f¢). After replacing a by a suitable power a” we can apply Corollary 11.4 to
R — C — A DP. By induction on htp, R—C — A D B is resolvable, and therefore so is

" RS C—oADP. Weget R-C—D—->ADP,and R— A— D — ADP then gives

" the required resolution.

To reduce to the case htP = .0, we will adjoin indeterminates to R which map to a
system of parameters of Agp. This will be done later. Once we have reduced to the case
ht P = 0, we can reduce the proof to the artinian local case by the following lemmas [Pl]. .

Lemma 12.2. Let R — A — A D P with ‘33 minimal over ha. Let p = u™ ('P) where
u:R— A If Ry — Ar—p — Ag D PAgp is resolvable, then we can find R — A — C -

A D P with be ¢ B.
Note that we do not get ha C h¢ in this generality.

Proof. Write § = R—p. We can find Ry — As — B — Agp with hp ¢ PAgp so by Lemma
11.1, we can even assume B smooth over R,. Let B = Ag[Xy,...,X,]/(F1,...,Fm) and
suppose that X; maps to z;/s in Ap. We can also assume that the coefﬁc1ents of the
F; lie in A. For large N we get homogeneous polynomials G;(Y,T) = TNF(Y/T) of
positive degree such that Gi(z,s) = 0 in Ag. Find u € A — P such that uGi(z,s) = 0
in A. Let t = us and y; = uz;. Then X; maps to y;/t in Ag and Gi(y,t) = 0in A
Let C = A[Y,T]/(G1,...,Gm) and map C to A by sending Y; to y; and T to t. Then
Csr = AglY,T,T7/(G1,...,Gn) = As|X,T,T7')/(Fy,...,Fn) = B[T,T7"] which is
smooth over Rg. Therefore T € Hey/r; = (Hcyr)s so there is some 7 € S such that
rT € Hcyr. The image of rT in A is rt which does not lie in B so Hc/rA ¢ P.

Lemma 12.3. Let R — A — A D P with P minimal over h4. Let p = u"1(P) where
u:R —= A IfhtP =0 and if Ry —» Ar—p — Agp D PAg is resolvable, then so is
R—A—-ADTP. . '

- Proof. Since htP is 0, haAgp is nilpotent so we can find 2 € A — B and N such that

z(b,;)N = (0. Let HA/R = (ai,...,a,) and let w; be the image of a; in A. Let y; = u:{\' SO
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that zy; = 0. Let C be as in Lemma 12.2 and write C = A[Xy,...,Xa]/(F1,..., Fm). Let
D= AX)Y,T,Z)/(F; - Y, YT,],ZY) and map D to A by sendmg Y: to i, TU to 0, Z
to z, and X; as in C — A. Now Dy, is a polynomial ring over A[Y;,Y;™'] and so is smooth
over A. Therefore, D,,y, is smooth over A,; and so over R, showing that a;Y; € Hpr.
The image in A is w;y; = wN'H im aN“H Therefore h4 C hp. But Dz = C[Z,Z71, T
" is smooth over C. By Lemma 12.2, there is some s € He/r which maps to an element
of A —B. Therefore Zs which lies in Hp g maps to an element of A — B, showing that

bp € B.

- 13. The case of characteristic 0. Let R— A — A D P be as in Theorem 11.2 and
assume that htp = 0. We consider here the case in which the residue field F of R, is
of characteristic 0. Since 9 is minimal over 4 which is a radical ideal, haAyp = PAgp.

In particular, the image of h4 in Agp/pAyp generates the maximal ideal so we can find
‘£ € b4 mapping to a regular parameter of Ap/pAp. Extend the map u : R — A to
u': R' = R[X] — A by sending X to £. Let p' = W (B) = (p, X). Then Ry — Ag is flat
by Lemma 7.7 and Ag/p'Agp is regular and therefore geometrically regular over F' which
is of characteristic 0. Consider R[X] — A[X] — A D PB. By Lemma 4.7, Hy/pA[X] C
Hx)/rix) 50 €har C bA[X 1/Rx]- By Corollary 11.7, we can find R’ = R[X]— A[X] —
C - AD ‘13 such that the image of X in C is standard. Let a = XV where N is large

enough so that a satisfies the hypotheses of Corollary 11.4. It then follows that it will suffice
to resolve R' — C — A O B where R’ = R'/a®R' etc. Since a is regular on R', it is also
regular on Ay which is flat over R’ and therefore ht Y < htB. By induction on htP. we.
can therefore reduce to the case ht 3 = 0. By Lemma 12.3 we can then reduce to the case
in which R and A are artinian local. In this case, A/mpgA is regular artinian and therefore
a field, showing that mpA = ma- The following lemma, together with Corollary 3.9, then
'ﬁnlshes the proof.

Lemma 13.1. Let u: R — A be a flat local map of artinian local rings wzth residue fields
of characteristic 0. Assume that mpA = mp. Then A 1s the filtered union of local subrings
" which are essentially smooth over R.

~ To prove this we first recall a bit of the Cohen structure theorem. .

Lemma 13.2. Let A be a quasi-local ring with mazimal ideal m such that m™ = 0 for some
n. Suppose that K = A/m has characteristic 0. Let E C K be a subfield and let s : E — A
be @ ring homomorphism which is a section i.e. E — A — K is the inclusion of E in Iv.
Then s extends to a section K — A. '

Equivalently, if F C A is a subfield then there is a subfield L with FF C L C A such that
L maps isomorphically onto K. In particular, the ring A contains a Cohen subfield, i.e.
a subfield L which maps isomorphically onto K. It follows that if m = (z1,...,2,), then
A = Llz,,...,z,] since each m™/m™*! is spanned over L by monomials in the z;. Since
the z; are mlpotent A will also be finite over L.

Proof. Choose (E,s) maximal among sections. If E # K, let x € K — E. Let F be the
image of E in A. If z is transcendental over F, let y € A lift z, define s : E[z] = Fly] by
sending « to y, and extend to E(z) ~ F(y). If z is algebraic over E, let f be its minimal
polynomial. Then f'(z) # 0 since we are in characteristic 0. Let y € A lift 2. If f(y) €

then y' =y — f(y)/f'(y) lifts z and f(y') € m?". Eventually we find a lift 2z with f(z)

and extend s by sending z to z.
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Proof of Lemma 13.1. Let F' C K be the residue fields of R and of A. By Lemma 13.2, we
can map F into R and extend to a map of K into A. Let 8 be the maximal ideal of A and
let Aq,..., Ar be a set of generators of P which includes a set of generators of p = mp. Then
K[X1,...,X;] — A sending X; to \; is onto so we have A = K[X;,...,X,;]/(F,...,F).
Since the A; are nilpotent, we can assume that some power of each X; occurs among the
- Fj. Let E be any subfield of K of finite type over F and containing the coefficients of the
F;. Let D = E[X,y,...,X,]/(F1,...,F,). Then D is local with nilpotent maximal ideal
(X1,...,X,) and K @z D = A. This shows that A is flat over D and therefore faithfully
flat since D — A is local. It follows that D C A. Also R C D since D contains F and a
set of generators of mg. Since R — A is flat, it follows that R — D is also flat. We have
-mpD C mp. Since A is faithfully flat over D and my = mrDA C mpA C my, we see that
mgrD = mp. Therefore D is essentially smooth over R by Corollary 10.5. It is clear that A
is the filtered union of the subrings D. ’

14. Cohen subrings. We will give here a very explicit proof of the Cohen structure
theorems following [BIV] and André’s notes [A5]. Most of the results will only be stated
for the case of a nilpotent maximal ideal which is the one actually needed in the proof
of Popescu’s theorem. The full Cohen structure theorem is proved in [BIV] using these
methods.

Definition. Let p > 0 be a prime. An artinian p-ring is a quasi-local ring R whose maximal
ideal m is nilpotent and such that m = pR. The length E(R) is defined to be the least n
such that m™ = 0. ' :

A non-artinian p-ring is a complete discrete valuation ring whose maximal ideal is gen-
erated by p. We set E(R) 00. Only the artinian case will be needed here.

Lemma 14.1. Let R be a p-ring and let I be an ideal of R. Then I =(p") for some
n < UR).

| Proof If I =0 then n = 4(R). If not, let n be maximal such that I .C (p™). Then I = p™J
where J = {z|p"z € I}. ButJ¢msoJ R. '

In particular, this shows that the length as defined above has its usual meaning.

Lemma 14.2. Let R be a p-ring and let m < £ = Z(R) Then the annthilator of (p™) 1s
Z—-m)

Proof. It must be (p*) for some s but (p*p™) = 0 if and only if s + m > £. ‘
Corollary 14.3. If R is a p-ring and m < £ = {(R), then R/(p™) has a free resolution of

the form - RZLS REL R 2 R 2" B, Ripm) — 0.
Proposition 14.4. Let R — R’ be a ring homomorphzsm of p-rings. If E(R) = Z(R') ‘then
R' is faithfully flat over R. In pa'rtzcular this 1s true if RC R'.

Proof. Use the resolution of Corollarv 14.3 to compute TorR( R/I,R") = 0 for ¢ > 0. The
faithfulness is then clear since R and R’ are local.

ks

Definition. Let A be a quasi-local ring Wlth maximal ideal m such that m™ = 0 for some
n. Suppose that K = A/m has charactenstlc p. A Cohen subrmg R of A is a subring which .

isa pring and is such that R/mp -——-> A/m.
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Definition. Fix a prime p. If R is any commutative ring let R' = {z? + py|z, y € R}. Let
Ry = R and define Rp41 = (R,) for n 2 0.

Note that R' is a subring of R since it is the inverse image of the subring (R/pR)? of
R/pR. More generally, if I is an ideal of R then I' = {2z + py|z,y € I} is an ideal of R'
because, if z,y € I, z € R, we have z? £+ y? = (z £ y)? mod pI and (z? + pu)z? = (zz)?
mod pl. Note that, in general, R'/I' # (R/I)'. For example, let R = F,[z]/(z*!) and
I = (zP).

Lemma 14 5. Let D be a subrmg of R and let I be an zdcal of R. Suppose that D+I = R,
p€l, and I**1=0. Then D, = R, for n > k.

Proof. Wehave D'+1I' = R’ sinceif z =d+iandy = e+j, then 2P +py = dP +pe+ P+ pz
where z € I. Therefore, Dy, +.I, = R, for all n. Now I,, C I™*? since this holds for n = 0
and, if it holds for n, then I 4y C (I"T1)P 4 pI™t1 c I™+2. But I+t =0 for n > k.

We can now give the construction of Cohen subrings. Let A be a quasi-local ring with
maximal ideal m such that m*+1 = 0 for some k. Suppose that E = A/m has characteristic
p > 0. Choose a p-base {#;} for E and 11ft it to a set {a }JinA IfRisa subrmg of A we
write R[a] for R[{a;}].

Lemma 14.6. A,[a] = Apt1la) for n2>k.

Proof. Since E = EP(f3), we have E? = EP*(BP), etc. so that E = E?"(8) for all n > 0.
The residue field of A4, is EP" so that of Anla] is Ei"n(,@) = F and hence A = A,[a] + m.
By Lemma 14.5 applied to A = A,41]a] + m we see that, if n > k, then A, = (Ant1[a])n
Therefore A, lies in A,41[a], but Any1 C A, so Aple] = Apsi1[e] for n 2 k.

Definition. Let R[a] = Ay[a] for any n > k.
Lemma 14.7. R[.a'] is a Cohen subring of A. ,
Proof. We have seen that the residue field of R[a] is E. It remains to show that R[a]

is a p-ring. Since R[a] = Ap[a] for any n > k, it follows that A,41 C R[a]' so that
Rla] = Apq1[d] C Rla]'[a] and hence R[o] = Rla]' [a] Now all of lie in Rla)' so R[a] is
generated as an R[a]-module by the elements o’ = o’ e with 0 £ m; < p and thus

R[o] = ¥ R|a)'a!. Modulo m this gives E = EE”ﬁ] and the B! are a base for E over E?
by the definition of a p-base. Let p =m0 R[a] We must show that p = pR[a]. Clearly
p D pRla). Let z € p. Then = = Y (v} + pz1)e!, with the y7 and 27 in R[a]. Modulo p, we
have 0 = 3 g7 87, so §1 = 0, i.e. y; € p. Therefore z € p? + pR[a], so that p = p” + pR[a].
In Rla ]/pR[a] we have p = p? but p is mlpotent so p = 0 showing that p C pR[a]. To see
that R[] is quasi-local, note that if ¢ = p" then 29 € 4, for all z € A. If z € R|a ] p
then we have zy =1 in A for some y so 22?7 'y? = 1 in R|a]."

Corollary 14.8. (Cohen structure theorem for artinian local rings). Let A be an artinian
local ring. Then A has a Cohen subring R and A 1s finite over i1, being generated as an
R-algebra by any set of generators of the mazimal 1deal of A.

Proof. We have just seen that A has a Cohen subring even if we only assume that the
maximal ideal is nilpotent. Suppose that A is artinian and let m be the maximal ideal of
A. Let zy,...,z, generate m. Then each m™/m™*! is generated over the residue field K
by monomlals of degree n in the z;. Therefore the same is true over R which has the same
- residue field as A4, so A is finite over R.
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The following simple observations will be used in §15.

Lemma 14.9. Let R be an artinian p-ring. Let D C R be o subring of R such that
D+mp=R. Then D=R.

Proof. We have R = D + pR. IfR= D + p"R, then R ‘D +p"(D +pR) D +p"t1R.
But p"R = 0 for large n.

Corollary 14.10. Let R be an artinian p-ring with residue field E. Let A C R be a subring
of R and let A be the image of A in E. IfE i essentmlly of ﬁnzte type over A then R 1s

essentially of finite type over A.

Proof. Let E be a localization of Afb,...,bs) ‘and lift the b; to a; in R. Let C =
Alai,...,an), let p=mrNC,andlet D =Cp. Then Lemma 14.9 applies. '

15. Artinian rings as colimits. The main result of this section occurs as Lemma 8 of
Popescu’s paper [Pl]. The proof follows André’s notes [A5]. We begin with an elementary
- lemma. ”

Lemma 15.1. Let f : V — W be a linear map of vector spaces whose kernel is finite
dimensional. Let {v;} be a set of linearly independent elements of V. Then we can omit a
finute number of the v; so that the remaining elements have linearly independent images in -

W

Proof. Enlarge {vi} to a basis of V. Let {u;} be a basis of ker f. Write the u; in terms
of the v; and omit the v; which are used. Then no linear combination of the remaining v;
(other than 0) can lie in the kernel.

Theorem 15.2. Let R «— A be a local mapping of artinian local rings with residue fields
F C K of characteristic p # 0. Suppose that dimg I'g/r < co. Then there is a class of
~local subrings D of A such that

(1) The D € D contain R and are essentially of finite type over R.

(2) A is the filtered union of the D € D.

(8) For all D € D, D — A is flat. '

(4) If D C D' are in D then D' is flat over D and mpD' = mp:. Also mpA =mj,.

(5) Let D € D, E = D/mp, and let A\ € A have image X in K. Then for all sufficiently
high powers q of p we can find D' € D with residue field E' = E(M) such that
DCD' anqueD'

- Proof. Let U C R be a set such that its 1mage U in F is a p-base for F. The JZ sequence
for F C F C K where F is the prime field gives I'x/r — K @ Qr/r — Qg/r so Lemma
15.1 applies to K @F Qp/r — Qg r. Therefore we can find a subset Uy of U with U — Up
finite such that the da, u € Up are linearly independent in Qx/r. Consequently we can find
a subset V of A with Uy C V such that V is a p-base for K. Let mk*? = 0. Then C' = Ax[V]
is a Cohen subring of A. Note that if ¢ = p*, then A\? € C for every A € A.

In the following, E, E', etc. will denote subfields of K with F C E C K and E of finite
type over F. For such E, the JZ sequence for F C F C E gives E@rQp/r — Qe — Qg/F.
The elements di, u € Uy span a subspace of finite codimension in E @r Qr/r and their
images in Qg /r are linearly independent since they are even linearly independent in Q5.
Since Qg is finite dimensional, the da with u € Up span a subspace of finite codimension
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in Qp/r. Therefore we can choose a sét W C C with W D Up and W — Uy finite, such that
- W is a p-base for E.

Let Vg = {b € V|b€ E}. Then Uy C Vg and the db, b € Vg, are linearly independent
in Qg/r. Since the di with u € Uy span a subspace of finite codimension in g/F, We see
that Vg — Up is finite. We can choose W D Vg but other choices will also be needed. Let
Cg = n~1(E)x[VE)]. This need not be a p-ring but C' is the filtered union of the CE.

" Let B = 7~1(E)x[W). Then B is a Cohen subring of 77*(E) lying in C. Since B is of
finite type over 7~ 1(E)x[Uo] which lies in Cg, and C is the filtered union of the Cg for
E' O E, we see that B C Cg for some E'. Moreover, given two of the B’s, say By and B,
there is some E' with B; and B, in Cgr. But Cg in turn is contained in some B, showing
that the set By of B’s is filtered with union C.

The collection By also has the property (5) of the theorem. Let B € By be given by
B = 7 1(E)[W) where W is a p-base for E and let A € A have image ) in K. After
replacing A by some A\? we can assume that A € C and that ) is separable over E. Let
E' = E()\). If ) is transcendental over E, then W' =W U {\} (which lies in C') maps to a
" p-base W' for E' and we can let B' = n~*(E')y[W']. If A is separable algebraic over E then
V¥ is also a p-base for E' and we can let B' = 77 (E')[W]. Since MeE, Ner(E")so

if ¢ = p™ with m > k, then A7 € 7~ 1(E")x C B'. Since E' = E(}\) is separable algebraic

over E and purely inseparable over E (\9) we see that E' = E(X9). Therefore the assertion
~of (5) is true for A9,

Let A1,....)\n generate mp and assume that some subset A1,..., Ar geknerates mg. By
Corollary 14.8, we can write A = C[X,, vy X2)/(f1, e, fm) and we can also assume that
the powers Xik'*'1 occur among the f;. Let By be the set of B € By such that B con-
tains the coefficients of all f;. Then B is filtered with union C. For B € B; let D =
B[X1,...,Xn)/(f1,-.., fm). By Proposition 14.4, C is faithfully flat over B. Since C@pD =
A we have D C A since D — C ®p D = A is faithfully flat. Let Do be the set of rings D
just constructed. Properties (2) and (3) are now clear for Dy. For (4), wehave D C D' C A
with A faithfully flat over D and over D' so it follows that D' is faithfully flat over D. It is
clear that mpD' = mp, and mpA = my since mp, mp, and my are all generated by p and
the X;. Also, (5) is clear since it holds for the B’s. It only remains to establish (1)

Now R is finite over its Cohen subring Rx[U] by Corollary 14.8 and hence R is of finite
type over Ri[Ug] which lies in all B € By and so in all D € Dg. Since Dy is filtered, R is
contained in some D € Dy. We now choose D = {D € Dg|R C D}. Let R be the image
of Ri[Us] in K. Then F, which is the image of Ri[U], is of finite type over R and E, the
image of B, is essentially of finite type over F and therefore over R. By Corollary 14.10,
B is essentially of finite type over R[Uq]. It follows that each D € D is essentially of finite
type over Ry[Uq] and so also over R.

16. The case of characteristic p. Let R — A — A D B be as in Theorem 11.2 and
assume that htp = 0. We consider here the case in which the residue field F of Ry is of
characteristic p # 0. This case requires some delicate arbitration to insure that the various
pieces of the construction fit together properly. We begin with the application of Theorem
15.2. We work modulo 5" where n will be determined later. ’

Lemma 16.1. Let R — A — A D P be as in Theorem 11.2. Let p = u™'(®) where
u:R— A. Let F C K be the residue fields of Ry and Ag. Assume that charF = p # 0.

Givenn, let A = Ag /P Ap and let R be the image of Ry in A. Let G be a finite subset of A.
Then we can find u' : R' = R[Y] — A eztending u, where Y is a finite set of indeterminates,
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and a collection D of local subrings of A with the following properties. We set P = u'" L(P)
and R' = R /P"Rlp.
(1) PAgp = PAg.
(2) RIP — Ay s flat.
(3) IfDeDthenR' C D and
(a) GcD.
(b) R' — D is essentially smooth.
() D — A is flat.
(d) mp= PD.
(4) IfDe D and X is any element of A, then there is a power g of p and some D eD
such that D c D' and X € D'. :

Proof. If X is an element of A we write ) for its image in A and ) for its image in K, the
“residue fleld of A. Let c1,...,cp generate 3. We can assume that G contains the images
&; of the ¢;. By the assumptions of Theorem 11.2, A /pAp is geometrically regular over
F = R, /pR, and therefore dim ' /p < 00 by Corollary 6.2. Let D be the class of subrings
of A given by Theorem 15.2 applied to R <« A. Since G is finite, we can choose D € D such
that G C D. Let by,...,bn € D lift a p-base by, ... by, of E/F where E is the residue field
of D. We claim that, after enlarging D by Theorem 15.2 (5), we can assume that the b,

lift to elements y; of A. It is clear that we can lift the b; to elements y;/s of Ap. If ¢ is a
power of p we can rewrite this as s77 y;/s? so we can replace s by s?. If 5 is algebraic over
E, we can, in this way, reduce to the case in which 5 is separable over E. As in the proof
of Theorem 15.2 we then have E' = E(3) = E(3P) so, after replacing s by s?, we can also
assume that d5 =0 in Qg

By Theorem 15.2 (5) we can, after once more replacmg s by some 59, enlarge D to D' € D
with § € D and with residue field E' = E(3). If 5 is transcendental over E, then {b,, 3} is
a p-base for E'/F. Since §; = 3b; we have dj; = 3db; + b;d5 showing that {§;, 5} is also a
p-base for E'/F. If § is separable algebraic over E, the b; are still a p-base for E'/F and,
since we have arranged that d3 = 0, so are the §; = 3b;.

We have now found a subring D € D with R ¢ D C A such that G C D and such
that D is essentially of finite type over R, D — A is flat, and mpA = m; i+ We also have
elements y; in A mapping to D such that the §; are a p~base for E/F where E is the
residue field of D. By Lemma 7.9, the map R[Y{,...,Y¥] — A sending ¥} to y; induces
a flat map R[Y{,...,Y.]o — Ag where @ is the image of 9B, and Aqg/QAcp is regular
Let {y"} C {c1,...,cm} map to a regular system of parameters of As;p/QAsp, let R

R[Y'] = R[Y{,. ..,Y,'n,Y .,Y!"], and define R’ — A by sending ¥} to y!. By Lemma 7. 7
Rp — Aq:g is flat where P is the inverse image of Pin R'. Moreover PAg = PAg since Q
and the y!' generate PAgp. It follows that R =R, /P"R’ — A = Aqp/P"Agp is ﬂat and
therefore faithfully flat since it is local. In particular R' — A is injective. Since the y! were
* chosen from the set {c1,...,can}, their images in A lie in D. Therefore B’ ¢ D. We have
PD C mp and tensoring th1s with A over D gives PA = ‘113 Cc mpA C ‘33 Since D — A is -
faithfully flat (being local), we see that PD = mp.

We now choose D to be the set of D € D such that D C D and such that the re51due
field E' of D is separable over E, the residue field of D. It is clear that properties (1) . (2
(3a), and (3c) of Lemma 16.1 are satisfled. Property (3d) has been shown for D and the
general case follows from Theorem 15.2 (4). For (3b), note that the residue field E of D
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is finite separable over that of R' since the images of the y} in E form & p-base for E/F.
Therefore, the residue field of D is separable over that of R'. Since ' > A and D — A are
faithfully flat, so is B — D. Since mp = PD by (3d), (3b) follows from Corollary 10.5.
Finally, for property (4), observe that by Theorem 15.2, we can enlarge D to D" with
residue field E" = E (29) such that D ¢ D', and M € D'. By taking g sufficiently large,
we can insure that A? is separable over E'. Then E" will be separable over E as required.

Remark. In contrast to the collection D of Theorem 15.2, D need not be filtered in general
because the collection of subfields of K separable over E is not filtered in general. For
example suppose z is transcendental over E while y is inseparable over E. Then there is no
separable extension containing E(z) and E(zy).

Suppose now that R — A — A D 9P satisfles the hypothesis of Theorem 11.2. Let

r = htB. We want to adjoin indeterminates X;,...,X, to R in order to apply Corollary

11.5 as in the characteristic 0 case. Choose N such that (nil As;;) = 0 and such that
PNAp CHy / RAgp We can do this since we have assumed that P is minimal over H 4/ pA.
The next step is to construct a generic standardizer for A. Let by,...,bn generate Hy/p
and let A' = A[X,Z]/(X} — 3, Zijb;). Then A is smooth over Ab] [X] since it is
just a polynomial ring in the Xi and the Z;r with k # j. Since Ay, is smooth over R,
Ay, [X] is smooth over R[X] and hence so is Ay, . Therefore b; i|A" € H 41 g[x) showing that
HypA' C HA:/R[ x]- It follows that X;|4’ € HA:/R[A] Let A" be the standardizer of A’

over R[X] given by Proposition 4.6 and let p : A" — A’ be a ring theoretic retraction which -

exists since A" is a symmetric algebra over A'. By Proposition 4.6, H 4/ /r;x)A" C Han/R[x)
50 H,/rA" C Havyrpx) and, for a suitable presentation of A" over R[X], the X; |A" are
standard. Choose an ¢ such that all X¢|A" are strictly standard and let ¢ = 8¢. We now
apply Lemma 16.1 with n = N + rc and with G containing the images b € A of the b;.
Our next task is to choose images for the X in A so that A’ also maps 1nto an approprlate
D € D. We follow here André’s notes [A5]. The notation is as above and as in Lemma 16.1.

Lemma 16.2. Given dy,...,d, € P, we can find D € D and a map A" — A such that
Xi— die; withe;, € A= and such that the image of A’ in A lies in D.

It follows that the same is true for A" since we can compose the map of Lemma 16.2
with the retraction p : A" — A'. It will be necessary to choose dy,...,d, after R and D
have been fixed so 16.2 does not follow directly from Lemma 16.1.

Proof. Choose some D e D. Since ‘.}3NA9;; C Hy/rAg, the equaﬁons dN = 3 b;);; have a
solution A;; in Agp, and therefore in A. The following well-known fact then shows that they
also have a solution in D. :

Lemma 16.3. Let 3 a;jz; = b; be a finite system of equations over a ring A. Let A — » B
be a faithfully flat map. If the equations have a solution in B, then they also have a solution
Ln A

Proof. Let M be the pullback.of the diagram
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The equations have a solution in A if and only if the map M — A is onto. Since B is
faithfully flat over A, it is sufficient to check this condition over B.

Let d¥ = 3°b;%; in D and lift %; to zj; in Ag. Then d — 2 bjz{; lies in PrAg C
PBr~NApH 4 r so we can write dY = Y b; (z” + 2};) with 2{; in P" NAg. Multlplymg by
dN, we get 2N =Y b;z;; where z;j = sz' + sz” which maps to an element of D since
sz’ does, while d¥ z z};, which lies in ‘BN‘B" NAcp P Ag, maps to 0. Write z;; = w;; /s;
W1th wi; € Aands; €A —@ After replacmg s; by a sufficiently high power, we can enlarge
D by Lemma 16.1 (4) so as to have §; € D. There are elements ¢; € A — P such that
ti((s:d;)*N Z b; sV 1wz ;) = 0. After once again replacing t; by a sufficiently high power
and enlarging D we can assume that #; € D. It is now clear if ¢; = s;t;, we get the required
map A’ — A by sending X; to d;e; and Z;; to (i = 52N 142N ;5.

Remark. If n; are any elements of A — P with #; in D, we can replace ¢; by €n;, sending
X, to die;n; and Z;; to 772N§zj.

We now must choose the sequence dy,...,d,. Here we make the assumption that htp =0
which is permissible by Lemma 12.1. Since R’ = R[Y], Rl is a localization of Rp[Y’]. Since
we have assumed htp = 0, Ry is artinian and hence Cohen-Macaulay Therefore R is also
Cohen-Macaulay by Lemma 8.8. Also, (Rp)rea = F is a field and it follows that (R}p)req
is regular. Let di,...,d; € P map to a regular system of parameters of (Rp)rea. Then
dy,...,dsisa svstem of parameters of R and so is a regular sequence on R’ by Corollary
8.7, and therefore also on Aq which is ﬂat over Rp. In particular, s < dimAg =r. On
the other hand, (di,...,d,) is primary for PR}, so for some M, PMR, C (dl, .,ds)Rp
which implies that ‘}3MAs;p C (dy,...,ds)Aqp so r = ht P < s showing that

'Any permutation of the di, ..., d, is also a system of parameters and so a regular sequence
on Rp. (This is also clear since Ry is local [K,Th.119]). Therefore the following lemma
applies to this sequence.

Lemma 16.4. Let al, ,as be elements of a ring A. Then the following conditions are
equivalent. : '
(1) Any permutation of ai,...,as s a reqular sequence on A.
(2) Any subset of a,...,as (in the given order) is a regular sequence on A.
(3) Let Ty,...,T, be indeterminates. Then a1Th,...,a,Ts 1s a regular sequence on
AlT,..., T '

Proof. f o = (a1,:..,0) write T® = T ... T, Then R[T3,...,Ts)/(a1 Ty, ... ,ai—1Ti1)
= @B, R/L;oT® = A;, say, where I, is the ideal of R generated by {a,|v < i,a, > 0}. The
map a;1; : A; — A is the direct sum of the maps a;7; : R/[;oT* — R/IwT“T Therefore
a;T; is regular on A; if and only if a; is regular on all R/I;,. Since all possible subsets of
{1,...,7 — 1} occur as {v|v < i,a, > 0}, we see that (3) is equivalent to (2). It is clear
that (1) implies (2). For the converse we need only show that two consecutive a; can be
permuted. After factoring out the previous terms we are reduced to showing that if ¢, b is

a regular sequence and b is a regular element, then b, a is a regular sequence. This follows

immediately from the definition.
‘We will also need the following standard fact about regular sequences [K,3-1,Ex. 12].

Lemma 16.5. Ifay,...,a, s a regular sequence n any ring, and if e; > 0, then ay*,. .., aff
is also a regular sequence. :
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Proof. 0 — M' — M — M'" — 0 is exact and c is regular on M' and M", the snake
lemma shows that ¢ is regular on M and 0 — M'/cM' — M/eM — M" [cM'" — 0 is exact.
It follows that a sequence which is regular on M' and M" is also regular on M. If a,c,. .., ¢cs
and b,c,...,Cs are regular on M, the exact sequence 0 — M/bM S M/abM — M/aM —
0 shows that ab, cy,...,cs is regular on M. Therefore a1 ,02,...,0, is regular and we can
now factor out aj? and use induction on s.

We can modify the d; to make them satisfy the condition (1) of Corollary 11.5 1n R'[T)
by using the following lemma.

Lemma 16.6. (Ogoma [0]). Let A be a noetherian ring and let M be a finitely generated
A-module. Let S C A be a multiplicative set. Suppose a € A satisfies kerpss(a) = kerp;(a?)
in M. Then there is an elementt of S such that for anyn > 0, s = t™ satisfies kerpr(as) =
~kerpr((as)?). ’

Proof. Since kerM(az)/ kerps(a) localizes to 0, there 1s some u € S such that u kerM(a ) C
kerp(a). Let t = u®™ where N is so large that kerM(tm) = kerp(t™+!) for all m > N.
Then any s = t* with n > 0 will satisfy skeras(a?) C kerm(a) and kerp(s) = kerps(s?).
Now if (as)?z = 0, then s?a®z = 0 so sa’z = 0. Therefore sz lies in ker(a?) so 5%z lies in
ker(a) showing that s2az = 0 and hence saz = 0.

Corollary 16.7. We can replace the original d; by elements d;s; with s; in R'—P so that the
new d; satisfy ((d1T1)%,...,(di-1Ti—1)):(diT3)? = (i Th)5, ..., (di—1Tim1)¢):d; T2 n R’[T]

for each 1.

Proof. Apply Lemma 16.6 successively with a = d;T;, A = R'[T], § = B@ P, and
]\.{ = A/((lel)c ,(dz 1T..1) ) Note that (d]T])C ( §— 1Tz 1) d; Tl, . 1s a reg-
ular sequence on R’ »|T] by Lemmas 16.4 and 16. 5 SO the hypothesm of Lemma 16.6 is
satisfied. ‘

Corollary 16.8. We can enlarge D as in Lemma 16.1(4) and find elements &; in A —-@
such that
(1) & € D.
(2) There is a map A’ — A with X; — d;6; such that the image of A' in A lies in D.
(3) The elements d; = d;6; satisfy -
(#) (d'5,...,d'5,):ds =(ds,...,di—1°):d in A for each i.

Proof. Apply the method of Corollary 16.7 to the sequence d;e; on A where the ¢; are the

elements of S = A — P given by Lemma 16.2. Suppose we have determined elements 7; in

A — P for j < i such that for §; = €;n;, the d; = d;6; = dje;n; satisfy () in A. Suppose

also that we have enlarged D, using Lemma 16.1 (4), so that the #j; lie in D. Lemma 16.6

then gives us an 7; such that d} = d;e;n]* satisfies (x) for any n > 0. By Lemma 16.1 (4),

we can enlarge D to D' so that #7 lies in D' for some n > 0. Replace D by D' and 7; by
n?. Condition (2) is clear by the remark following the proof of Lemma 16.2.

Lemma 16.9. We have (&5, ..., dS)Ap O B Agp and (d5,...,dS)Rs D P R,

Proof. The d; were chosen to generate the maximal ideal of (R Jred so PR’ is generated.
by di,...,d; and nilpotent elements. Since PAp = PAp = PRpAgp, we ha\e PAp =
(dy,... ,d,-)Agp + N where N = nil(Ap). Let I = (di,...,d;)Agp. Then P Agp = (I +
M = I" + 1" N+ o+ TNV since NN = 0 by the choice of N. Therefore
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PrAg € [N+ = [oH € 70 € (d5,...,d5)Asp. The fact that (df,...,d5)Rp D P R}
now follows by tensoring with Ag which is faithfully flat over Rp.

We now come to the application of Corollary 11.5. Let Ti,...,I, be indeterminates,
let R" = R'[T] and define R[X] — R" by sending X; to d;T;. Define u” : R" — A by
sending T; to &;. Let A" be the standardizer of A[X] constructed above (after the proof
of Lemma 16.1), and let B = R" @gx] A" — A by «" on R" and with A" — A being
given by the retraction p: A" — A’ composed with the map of Corollary 16.8. By Lemma
4.7, HmypixyB C Hppn. Since»HA/RA" C H v /R(x), We get HyrB C Hpg/gr showing
that h4/r C bp/r. Suppose that R" — B — A D P can be resolved. We then get
R"— B — C — A with bg/p C ho/rr ¢ P. Since R'" is smooth over R, Hc rn C Heyr
so we get ha/r C bp/rr C bo/rr C beyr ¢ P and therefore, R - A — C — A
resolves R — A — A O P as required. We now resolve R" — B — A D P by applying
Corollary 11.5 using the sequence a; = d;T;. We have just arranged for condition (1) of
that corollary to hold and condition (2) holds because X$|A" is strictly standard so its
image a¢|B under the base change R[X] — R" is also strictly standard by Lemma 4.8. By
Corollary 11.5, it will suffice to check the resolvability of R"/I — B/IB — A/IA D B/IA
where I = ((d1Th)5,...,(d-T+)¢). By Lemma 16.9, we have htf/IA = 0 since the T;
map to units in Ag. Therefore, by Lemma 12.3, it will suffice to check the resolvability of
(R"/I)s: — (B/IB)s — Ap/IAsp where §' = R" — Q with @ = w""H(P). Tt will therefore
" suffice to show that (R"/I)si — (B/IB)s — Ap/IAgp can be desingularized, i.e. that we
can find (R"/I)s: — (B/IB)s — E — Agp/IAgp with E smooth over (R"/I)g:.

Remark. Note that if R — A — A can be desingularized, and R — R', then R' — R'GrA —
R'@rA can be desingularized sinceif R - A — B — A with B smooth over R then R'©Gr B
is smooth over R'. SR | ‘

Let J = (dS,...,dS) C R'. Since the T; map to elements of A~ they lie in S'. Therefore
Isi = IRY% = JRY, so (R"/I)ss — (B/IB)s: — Ag/IAg can be written as (R"/JR")s —
(B/JB)s: — Agp/JAp. Now QNR' = Pso S’ D § = R'— P. By the above remark applied
to (R"/JR")s — (R"/JR")g, it will suffice to desingularize (R"/JR")s — (B/JB)s —
Ay /JAg which can be rewritten as Rp[T)/Jp|T] — Rp[T]/Jp[T] @rii1) B — Ag/JpAsp.
By Lemma 16.9, P"Rp C Jp so by the above remark applied to Rp[T] /P"Rp(T) —

L1T]/Jp[T], it will suffice to consider the case where Jp is replaced by P"Rp, in other
words, it is sufficient to desingularize R'[T] — R'[T]® rm B — A which can be written as
- R'[T] — R'[T] ®R[X] A — ]\ , :

We have arranged for the images of R'[T] and of A" in A to liein D. Since D is essentially
smooth over R', D[T] will be essentially smooth over R'[T] s0, by Corollary 3.9, it will suffice
to show that R'[T]® rix] A" — D factors through the map D[T] — D sending T; to §;. For
this, it will be enough to show that A’ — D factors through D[T] — D as an R[X]-algebra
homomorphism. Then composing with the retraction p : A" — A’ gives a map A" — D[T]
which will obviously induce the required map. Recall that A' = A[X, Z]/(X?N =3 Z;;b;) —
A with X; v d;6;. Let (;; be the image of Z;; in A. Let §; and fij be the images of §; and
¢i; in D c A. We are given that X; maps to d;T; in R'[T] so that X; maps to d;T; in D[T).
Therefore, we get the required map A[X, Z]/(X2 — 3" Z;;b;) — D[T] by sending Z;; to
(_T;/S,-)zNg:ij. Note that é; is a unit in A and therefore also in D.

17. The lifting .lenﬁma.
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Lemma 17.1. Let R— A be a mayp of noetherian rings and let d € R satisfy Ann(d?) =
Ann(d) in R and in A. Let R = ﬁ/(dz_) and R = R/(d), and similarly for A and other

R-algebras. Suppose we are given R — C' — A with C of finite type over R. Then we can
- find R —» D — A with D of finite type over R such that ‘

(1) There is a commutative diagram

R - C » A
[ A
R—— D » A

where the left and right maps are the canonical quotient maps.
(2) Let m: A — A be the canonical map. Then 7~ %(he) C Hp-

Proof. Let Heyp =/ S CP; where P; € A(fm)[(f“)):f] for some presentation C = R[X]/f
where each {f(9} is a finite subset of I. Note that ¢ = R[X]/I where d* € I and I=
I/d®R[X] ¢ R[X] = R[X]/d*R[X]. Choose a finite set of generators {f1,...,fn} for I
such that {fi,..., fn} contains all elements of the sets {fD}. We can assume that each P;
is the image of some P; in R|[X] which has the form P; = M;N,; where M; is an n X n minor
of (8f;/8Xy) for some n, say for 1 < j < n, and N;T ¢ (f9) where {Ff9} = {f1,..., fn}
so that N;I C (d?, fi,-.., fr). The ordering of the f; here depends, of course, on 7, as does

Let C — A be given by X; — £; and lift £ to & € A. Then fi(¢) € d?A so fi(€) = d¢;
with ¢; € dA. Let gi(X,2Z) = fi(X) — dZ; with new variables Z;. We will define D to be
R[X,Z]/J for some J with (g) C J C (g) + [(9):d] N (Z,d) C (g):d. The map D — A will
be given by X; — & and Z; — ¢;. It is clear that this sends all ¢; to 0. It also sends
[(9):d] N (Z,d) to 0 since if h € [(g):d] then dh € (g) so dh(£,¢) = 0, but if also h € (Z,d),
then h(£,(¢) € dA (since (; € dA) so dh(¢, ¢) = 0 implies A(¢,¢) = 0 by our assumption on
annihilators.

Since I = (f1,...,fn), I C (g,d) and we have a map C = R[X]/I — R[X, Z]/(g,d) —
D = D/dD since R[X, Z]/(g) maps onto D. This map clearly satisfies condition (1). Note
also that d € Hpg since Dy = Ra4[X, Z]/(g) = R4[X] which is smooth over R.

Let p be any of the P; above. Suppose pI C (d*, f1,..., fn) where n and the set f1,..., fn
will depend on p. To avoid messy notation we will just assume that the f; are reordered for
each choice of p. Write pf; = VZ};I Hi(f)fj + degp) fori=1,...,N. Choose Hz-(f) = pdi;
and G = 0 if i < n and set Hff) = 0 for j > n (which depends on the ordering of the
~ f; used for p). Let Fi(p) = pZ; — }:?:1 Hf;-’)Zj - dGEp). Then Fz-(p) = 0 for 1 < n and
JFP = p(fi — gi) = Sy HE(fi — ) — PGP = —pgi+ Ty B9 € (9) showing that
Fi(p) € (g):d. 1t is clear that Fi(p) € (Z,d). We now define J = (g, F) using all such F and
set D = R[X,Z]/J. v : '

Let f stand for the column vector with entries f; and let H® be the matrix with
entries H ff ) (for some fixed ordering of the f;). Then we can write p f = H®Pf modd
s0 if S0 = gH® — H@OH®P then SPIf = qpf — H9pf = gpf — gpf = 0 mod d.
Differentiating this gives S®P98f/0X; € (d, f) = (d.9)- B

Since p = MN where M is an n x n minor of (0f;/0X;) for 1 <1 < n, we can choose
ki,...,kn so that M = |0fi/0Xy,;]| is a factor of p. Note that ngq) = 0 for j > n (in the
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ordering corresponding to p) since H ,(Jp ) = 0 for j > n. Therefore we can write S (r9) = (5 0)
where S denotes the matrix formed by the first n columns. Let M = (0fi/0Xk; )1<i,j<n-
The relations S?28f/0Xy, € (d,g) take the form (S 0) ("14) € (d,g) or SM € (d,g). By
multiplying this by the adjoint matrix of M and then by N, we g=t pS?P?) =0 mod (d,g).

Now HPZ = pZ mod (d,F®) so S?0Z = ¢HPZ - HOHPZ = ¢pZ — pHW Z =
p(gZ — HYZ) = pF9 mod (d,F®¥). - |

Let E® = (R[X, Z)/(g, F®)),. Then S®0) = 0in E® /dE®) so F(9) = 0 in E? [dEP
showing that F(® ¢ dE®). Now dF(® € (g) so dF(® is 0 in E®. We will show that
E® is smooth over R. Therefore it is flat over R so that Ann(d) = Ann(d?) in E(®) (see
Lemma 18.2) and we deduce that F(9) is 0 in E®). This shows that E®» = D, so that
p € Hp/g. Since n71(h¢) is the radical of the ideal generated by d and the p’s, we conclude
that 771(h) C hp as required.
" It remains to show that E(P) is smooth over R. Since 'sz-(p) = —pg; + Z;":l Hff)gj , all
the ¢; will be 0in (R[X, Z]/(g1,-- -, gn, FP)))p s0 that E® = (R[X,Z]/(g1,- - 9n, F®)))p.
Since FP) = pZ; — Py Hi(f)Zj — dG'® (and is 0 for i < n) we can solve for the Z;
with i > n and conclude that E® = (R[X, Z1,...,Z,)/(91,---,9n))p- Now g; = fi —dZ;
so 8g/8(X,Z) = (0f/8X| — dI,,). By definition, some n X n minor of 8f/0X divides p
showing that E(®) is smooth over R. : ‘ '

18. The desingularization lemma.

Lemma 18.1. Let R — A be a map of noetherian rings and let d € R satisfy Ann(d?) =
Ann(d) in A. Let R = R/d*R, A = A/d*A, and similarly for other R-algebras. Let
R — A — A with A of finite type over R. Suppose that d|A is strictly standard and suppose -
there is o retraction (of R-algebras) p: A = R such that | : " ‘

~

l!

-~

ffi-—————>A
N

R —— A

commutes. Let a be the ann,ihi_latbr in R of’ Anng(d®)/ Anng(d). Then we can find R — |
A — B — A with B of finite type over R such that aB C Hp/g.

Proof. Let A = R~[X»1,.~..',XN]/I and let p(X;) = % in R. Lift §; to y; in R IfgX)el
then ¢(§) = 0 in R so ¢(y) € d*R. Let P(X) € A(p)[(f):I] (in R[X]) represent d|A so that
d— P(X) € I. Then d — P(y) € d*R so we can write P(y) = ds where s € R satisfies s = 1
mod d.

Now P(X) = Y_{,m, where the m, are the r x r minors of (8f/0X). Let

8f/0X: ... 0fi/0Xx
Hi=| 5¢ /0%, ... 8f/0Xn
-0 In_-

so that det H; = m; and define H, similarly for each v so that det H, = m, and the
first r rows of H, are the same as for Hy;. Let G) be the adjoint matrix of H, and let
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G, (X) = £,G, so that G,H, = H,G, = £,m,1n and therefore P(X)ly = >G,H,. In
particular, P(y)1y = 3 Go(¥)H, (y) = L L (y)mu(y) = sdin.

Let £; be the image of X; in A and let n; be the image of y; in A. Then é; = n; mod d*A
so we can write & = n; + d%¢; with ¢ € dA. Let € be the column vector (€r,...,€n)
and let H,(y)e = v be the column vector (vgy),...,v‘(,\',/)_) with entries in dA.. Then
3, Gu(y)o™ = P(y)e = sde in A so s(§ — n) =sde=d* G,y

 Since the first r rows of H, are the same for all v, we see that the same is true of v, In
other words, v = (uy,... ,ur,vifl_)l, e ,vg\'{)) where the u1,...,ur are independent of v.

Let hi(X, W, V) = s(Xi — yi) — d*W; — &*(T G, (y)V®);. Here the variables V() are
assumed to have the form V) = (Uy,... ,Ur,Vr(_';)l,...,VIS,V)) where the Us,...,U, are
independent of v. Then h; maps to 0 under the map R[X,W,V] — A sending X; to &;, W;
to 0, and V) to o). |

Now fi(X) — fily) = X; a%%(y)[Xj — y;] + higher order terms in X; — y;. Since
s(Xi —yi) = EBW; + (3 Gy(y)V(”))i mod h, we see that if m = maxdeg f; then,
o F(X) = s i(y) = 5, 6 B WIEW; + P(E GV @] + Q) mod hwith Q) €
(W, V)2R|W,V]. Therefore, s™fi(X) — s™ fi(y) = smE Y %&-(y)[(z G,(y)V"),] +
d3Q; mod h, where Q; € > RW; + d(W,V)?R[W,V]. .

But 3; 2 ()[(Gy(y)V"); is the i-th entry of H,y)Gy()V® = L(y)mu(y)V
and, since ¢ < r, this entry is £,(y)m, (y)Vi. Summing on v gives dsU;. Therefore, we get
smf(X) —s™fily) = smd3U; + d3Q; mod h.

Since fi(y) lies in d*R, we can write fily) = d®c; with ¢; in dR. Define g; = sMe; +
s™U; + Q;, and note that g; lies in R[W, V] since no X; occur. The above calculation shows
that d3g; = s™d%¢; + d*(s™Ui + @) = s™ fi(y) + B(s™U; + Q;) = s™ fi(X) mod h so we
have - ‘

()  dBgi=smfi(X) mod h.

‘e now choose B = R[X,W,V]/(I,g,h) = AW,V]/(g,h) and define ¢ : B — A by
sending X to £, W to 0, and V) to v®). This is well defined: It is clear that @(hi) = 0.
Since o(f;) = 0, () implies that d*p(g:;) = 0 but ¢ lies in dR, (W) = 0, v*) € dA,
and ©(Q) € dA because Q € 3 RW; + d(W, V)2R[W,V]. Therefore ¢(g) lies in dA so
d®o(g) = 0 implies ¢(g) = 0.

We claim that d lies in Hp/g. Note that By = Aq[W,V]/(h) since (*) implies that g = 0
in this ring. We can solve the equations h; = 0 for the W; so that By = A4[V). Tt follows
that By is smooth over Ay which in turn is smooth over R (since d € H,/r), showing that
de HB//R also. ‘ _ '

Let C = R[X,W,V]/(g,h) so that B = C/IC. By (%) and the fact that dI C (f) we
have Cg, — Bg,. Therefore ds € Hc/p since By is smooth over R. .

Next we show that s € Hg/gr. Note first that, in Cs, = R X, W,V]/(g,h), we can
~ solve the equations h; = 0 for the X; so that Cs = R.[W,V]/(g). Now (g):(g) = (1) and
the Jacobian matrix (8g/0U) satisfies (8g/0U) = s™1, mod d since s™¢; is constant and
Q € 3. RW; +d(W,V)?R[W,V]. Taking determinants, we see that for some e, s + de lies
in He, /g, It follows that sM+1 4 sde € Heyp and therefore s € H¢ g since ds € Heir.

Now IC, C dC, since X; = y; mod d in C, (because h = 0), so if g(X) € I then
g(X)=g(y) =0 mod d. ‘ '



40 RICHARD G. SWAN

Smce dI C(f)and fi— 0in C's by (x), we get dIC, = 0. But we have just scen that
IC, ¢ dC, so IC,; = db for some b. Therefore d*b =0 but C, is smooth and therefore flat
over R so it follows that dab = 0 by the following easy lemma. Note that a € a if and only

 if a Anng(d?) C Anng(d) which is equivalent to Anng(d?) C Anng(ad).

Lemma 18.2. Let A — B be flat and let a,b € A. IfAnnA(a) C Anna(b), then Annp(a) C
Annp(b).

Proof. Tensor the diagram

Q—————+AnnA(a) y A s A
l I
0 ‘—————->A'

vnth B.

Now alCy =dab=0soif a e a then IC,, = 0 showing that Cs, = Bs, and therefore
that sa € Hp/p since C; is smooth over R. Since s =1 mod d and d € Hpg/g, we see that
a € Hp g as required.

Corollary 18.3. Let R — A be a map of noetherian rings and letd € R satisfy Ann(d?) =
Ann(d) in R and in A. Let R =R/d*R, A = A/d*A, and similarly for other R-algebras.
" Let R — A — A with A of finite type over R. Suppose that d|A is strictly standard. -Let
R — D — A with D of finite type over R and suppose there is a map (of R- algebme)
f: A — D such that

~

y A

—— A
I
| R D — i
commutes. Then we can find R — B — A 'wzth B of finite type over R with maps A — B
and D — B euch that

R

: > A —— A
U I
R » B )\
H [

» D 5 A

commutes and such that Hp/rB C HB/R (so bp C hg).

Proof. Let E = A @ D. There is a retraction p : E — D given by p(a @ #) = f(a)Z
so Lemma 18.1 applies to D — E — A. Note that d|E is strictly standard with re-
spect to D by Lemma 4.8. We get D — E — B — A with aB C Hp/p where a =
Annp(Annp(d?)/ Annp(d)). If ¢ € Hp/g, then D. is smooth and therefore flat over R 80
Annp, (d?) = Annp,(d) by Lemma 18.2 since Anng(d?) = Anng(d). Therefore a. = D,

and so B. C (Hg/p)c = Hp, D, showmg that B, is smooth over D, and therefore over R
so that c € Hp/r.
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Proof of Lemma 11.9. We have already observed that it will suffice to do the case ¢ = 8.
Let R — A — A with a € R such that

(1) Annga® = Annga and Anny o = Anny a.

(2) a|A is strictly standard.

Let R = R/a®R, R = AJa®A, etc. and let B = R/a*R, A = A/a*A, etc. Let m: A — A be
the canonical map. '

Suppose that we have R — A — C — A with C of finite type over R. By Lemma 17.1
with d = a%, we can find R — D — A with a map C — D such that W‘l(bc) C bp. Now
apply Corollary 183to R — A — A and R — D — A using d = a. The map A= Dis
given by A — ¢ — D induced by ¢ — D. By Corollary 18.3 we get R — A — B — A
with B of fimte type over R such that 771(h¢g) C hp C bs.
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