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Chapter 1: Computation of primary decompositions

In a polynomial ring in one variable, say R = Q[z], it is easy to compute the primary
decomposition say of (z* — 1):

(z* -1 =(@*+1)N(z—-1)N(x+1).

The reason that this computation is easy is that we readily found the irreducible factors
of the polynomial z# — 1. In general, finding irreducible factors is a necessary prerequisite
for the computation of primary decompositions. In these notes we make the STANDING
ASSUMPTION that for any field k£ that arises as a finite field extension of Q or of a
finite field, and for any variable x over k, one can compute all irreducible factors of any
polynomial in k[z]. The reader interested in more details about polynomial factorization
should consult [24] or [12, page 38].
Throughout all rings are Noetherian and commutative with identity.

1.1 Introduction to primary ideals and primary decompositions

Definition 1.1.1 An ideal I in a ring R is primary if [ # R and every zerodivisor in
R/I is nilpotent.

Facts 1.1.2

(1) Any prime ideal is primary.

(2) If I is a primary ideal, then /T = {r € R: r! € I for some | € N} is a prime ideal.
Furthermore, if P = /I, then I is also called P-primary.

(3) If I is P-primary, there exists a positive integer n such that P™ C I.

(4) The intersection of any two P-primary ideals is P-primary.

(5) If VT is a prime ideal, it need not be the case that I is primary, nor is it the case
that the square of a prime ideal is primary. For example, let P be the kernel of
the ring homomorphism k[X,Y, Z] — k[t] taking X to t3, Y to t*, and Z to t°.
Then P = (2% — yz,y? — xz,2? — 2%y) is a prime ideal, the radical of P? is P,
x® 4 2y — 32%yz + 23 € P? by an easy degree count, z ¢ P, but

v(@® + oy’ = 3ayz + 2°) = (2% —y2)* — (yF —22) (2" —2'y),

which proves that P? is not primary.
(6) Suppose that I is an ideal such that /T is a maximal ideal. Then I is a primary
ideal. Namely, if » € R is a zerodivisor modulo I, then as R/I is Artinian with



only one maximal ideal, necessarily the image of r is in this maximal ideal. But
then a power of r lies in I.
(7) Let P be a prime ideal and I a P-primary ideal. Then for any r € R,

1, if r € P;
I:r=< R, ifrel;
a P-primary ideal strictly containing I, ifr € P\ I.

Moreover, there exists r € R such that I : r = P.

(8) Let R — S be a ring homomorphism, and I a primary ideal in S. Then I N R is
primary to v/I N R.

(9) Let U be a multiplicatively closed subset of R. There is a one-to-one correspondence
between prime (resp. primary) ideals in R disjoint from U and prime (resp. primary)
ideals in U~'R given by I — IU 'R for I an ideal in R, and J — J N R for J an
ideal in U~ 'R.

(10) If I is P-primary and z is a variable over R, then IR[z] is PR[x]-primary.

Definition 1.1.3 Let I be an ideal in a ring R. A decomposition I = Nj_,q; is a primary
decomposition of I if q1,...,qs are primary ideals.

If in addition all \/q; are distinct and for all i, N;x;q; € q;, then the decomposition is
called irredundant or minimal.

By Facts 1.1.2, the following is immediate:

Proposition 1.1.4 If I = N{_,q; is a (minimal) primary decomposition, then for any
multiplicatively closed set U such that U~'I # U~R,

is a minimal primary decomposition. []
Emmy Noether proved the existence of primary decompositions:

Theorem 1.1.5 Every proper ideal I in a Noetherian ring R has a (minimal) primary
decomposition.

Proof. Once existence of a primary decomposition is established, existence of a minimal
one is straightforward: if the radicals of two components are identical, we replace the two
components with one component, namely their intersection, and if one component contains
the intersection of the others, then that one component is redundant and is omitted. So it
suffices to prove the existence of any primary decomposition.

If I is primary, the decomposition consists of I only. In particular, if I is a maximal
ideal, it has a primary decomposition. So assume that I is not primary. Then by definition
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there exist a,b € R such that ab € I, a € I and b ¢ VI. As R is Noetherian, the chain
I CI:bC1TI:0b®C .- terminates. Choose n such that I : o' = T : b1 = ..., Tt is
straightforward to prove that I = (I : b') N (I + (b')). By assumption a € (I : b') \ I
and b* € (I + (b"))\ I. Thus both I : b and I + (b') properly contain I. By Noetherian
induction, these two larger ideals have a primary decomposition, and the intersection of
the two decompositions gives a possibly redundant primary decomposition of I. ]

Observe that the proof above is rather non-constructive: how does one decide whether
an ideal is primary, and even if somehow one knows that an ideal is not primary, how can
one determine the elements a and b? Nevertheless, this is a crucial step in the algorithm
for computing primary decompositions in polynomial rings that we present. An important
point for algorithmic computing is also that the ascending chain I C I :bC I : b2 C .- is
special: as soon as we have one equality I : b = I : b!*! then for allm > 1, I :b' =1 :b™.
(General ascending chains do not have this property.)

Example 1.1.6 For monomial ideals it is straightforward to decide when they are pri-
mary: a monomialideal [ in R = k[X7, ..., X,,] is primary if and only if whenever a variable
X divides some minimal monomial generator of I, then a power of X; is contained in /.
This fact at the same time makes the existence of primary decompositions of monomial
ideals as outlined in the proof of the previous theorem constructive. Namely, set b = X
and a to be the monomial generator divided by X, repeat the construction as in the proof
of the previous theorem to obtain two strictly larger monomial ideals, and use Noetherian
induction. In particular, we apply this to I = (22, 2y, 22). With b = y and a = x we get
that I : y = I : y? and so that

I=(I:y)n(I+(y)) = (x)N (2% y, z2).

Now () is alredy primary (even prime), but (22, y,22) is not. We apply b = z, a = z to
get that (2%, y,x2) = (2%, y, 72) 1 2) N ((2%,y,22) + (2)) = (x,9) N (2%, y, 2), s0 that

I=(z)N(z,y)N(2%y, 2).
Clearly (z,y) is redundant, so that finally we get the minimal primary decomposition
I=(z)N(a%y,2)

But this is not the only possible primary decomposition. Namely, in the last step we could
have used (22,y,z2) = ((2%,y,22) : 22) N (2%, y, 22) + (2?)) = (z,y) N (22, y, 2, 2?), to get
that

I=(z)N(z,y)N (2%, y,x2,2%) = (z) N (22,9, x2, 27),

which gives a different primary decomposition.
This gives an example of non-uniqueness of primary decompositions. However, certain
uniqueness does hold:



Theorem 1.1.7 If I = ¢ N --- N qs is a minimal primary decomposition, then
{Vai,-..,\/as} equals the set of all prime ideals of the form I : f as f varies over
elements of R. In particular, the set {\/qi,...,/qs} Is uniquely determined. If \/q; is
minimal (under inclusion) in this set, then q; is uniquely determined as

IzNR

More generally, for each i, there exists [; € N such that \/@l C g;. Then

I= ﬂ (va" + 1y NR)

i=1
is also a primary decomposition.

Proof. By minimality of the primary decomposition, for each i there exists 7 € M;.;q; \ ¢
Then I :r = (q :7)N---N(gs : 7) = g : v is primary to ,/g;, and by Facts 1.1.2, there
exists ' € R such that ¢; : (rr') = (¢; : ) : 7’ equals \/g;. Conversely, suppose that I : f is
a prime ideal. This means that (¢1 : f) N ---N(gs : f) is a prime ideal, so necessarily this
prime ideal equals some g; : f. But by Facts 1.1.2, necessarily this prime ideal equals ,/q;.
This proves the first two statements of the theorem.

The third statement follows from Facts 1.1.2 and Proposition 1.1.4, and the fourth
one from Facts 1.1.2. For the last statement, observe that (\/El + 1) /g, is primary to
the maximal ideal and contained in the localization of ¢;, so that (\/@l +1)yg NRis
V/@i-primary and contained in g;. Since it also contains I, it follows that

Qﬁ<\/q_z +1),3, ﬂR) ﬂqz—l

so that equality holds throughout. ]
The primes appearing in this theorem are called associated primes, and their set
is denoted as Ass(R/I). When the [; are taken to be minimal possible, the resulting
primary decomposition is called canonical (see works by Ortiz [20], Ojeda and Piedra-
Sénchez [18], [19] and Ojeda [17]).
Yao proved that the (non-unique) primary components can be mixed and matched
more generally than in the last statement in the theorem:

Theorem 1.1.8 (“Mix-and-match”, Yao [25]) Let {Py,..., Ps} = Ass(R/I), that
I:ﬂqji, jzl,...,S

is a primary decomposition of I with \/q;; = P; for all i,5. Then I = ﬂle qii 1s also a
primary decomposition.
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The following appeared in the proof of Theorem 1.1.5: for any element b € R and any
ideal I of R, 1 C I :bC I:b*>C --.. By Noetherian assumption, there exists [ such that
I:b'=1T1:b%1 and hence I = (I:b')N (I + (b')). Thus straightforwardly

e (1) cm () 0 () Une 121

Incidentally, the stable value of I : b" is also often written as I : b>°.
It is left as an exercise that

o ) 2 (8) 2 5 Une ()

even when I # (I : b) N (I + (b)). This latter fact can be very helpful for example if b is a
variable, so that a primary decomposition of I + (b) is essentially done in the polynomial
ring in fewer variables and can thus possibly be handled by induction on the dimension of
the polynomial ring.

We also leave as an exercise the useful fact that if I is homogeneous in a Z%-graded
ring, then so are all of the associated primes of I, and there exists a primary decomposition
of I all of whose components are homogeneous. This has to do with zerodivisors in graded
rings.

1.2 Basic facts of Grobner bases

In this section R = k[Xy,...,X,], where k is a field and X1,...,X,, are variables
over k.

Definition 1.2.1 A monomial order on R is a total order > on the monomials of R
such that 1 is the smallest of all monomials and such that whenever my; > moy, then
mmsi > mms.

Examples 1.2.2

(1) The lexicographic order is a monomial order with X ... X% > X% ... Xbn if
the left-most non-zero entry in (a; — by, ..., a, — by,) is positive.

(2) The degree lexicographic order is a monomial order with X{* ... X% >
X0 XPifay 4+ da, >bi4-+by,0ra; +---+a, =b +---+b, and the
left-most non-zero entry in (a3 — by, ..., a, — b,) is positive.

(3) The degree reverse lexicographic order is a monomial order with X{* - X4~ >
Xfl . -X,bln if the right-most non-zero entry in (a; — by,...,a, — b,) is negative.

(4) If > is a monomial order on k[Xi,...,X4] and >" is a monomial order on
E[Xdt1,...,Xp], then the product order on k[Xi,...,X,] is a monomial
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order with X{' ... X% > XU ... Xbo if either X{* .. X3¢ > XU ...X% or

X XG4 = X0 X0 and XU X0 > XS XD
Whatever order > we choose, for any non-zero f € R, the leading monomial Im ( f)
is the unique largest monomial m € R that appears in f with a non-zero coefficient. The
coefficient of this monomial in f is called the leading coefficient, and is denoted by lc (f).

The leading term of fisltf =lc f-1m f.

Definition 1.2.3 For any ideal I in R and any monomial order >, a finite set G C I is
called a Grobner basis of I if for every f € I there exists g € GG such that 1t f is a multiple
of ltg.

Definition 1.2.4 Let G be a non-empty subset of R. A reduction step with respect
to (G,>) is a procedure which takes as input a polynomial f in R and whose output is
a polynomial f — mg € R, where g € G and the monomial m are chosen so that 1t(f)
equals mlt(g). If there is no such g, the reduction step returns f. A reduction with
respect to (G,>) is a procedure which applies recursively reduction steps to polynomials
and stops either when the reduction step returns the zero polynomial or when it returns
the polynomial whose leading monomial is not a multiple of the leading monomial of any
element of G.

By definition, if G is a Grobner basis of I, then any element f € I reduces to 0 with
respect to G. Thus a Grobner basis of [ is necessarily a generating set of I. Furthermore,
f € R reduces to 0 with respect to G if and only if f € I.

Grobner bases exist, by the following algorithm due to Buchberger:

Algorithm 1.2.5 (Grobner basis algorithm) Let F' be a field, let R be the polynomial
ring F[X1,...,X,], and let > be a monomial order on the set of all products of variables
X1,...,X,. For any f,g € R, the S-polynomial of f and g is

lem(lm f,1lm g)
Im f

Input: A finite generating set G of an ideal I in R.
Output: A Grébner basis G of 1.

S(f.q) =lcg lem(lm f, lmg)g.

f=lcf

Img

for all f, g € G,
reduce S(f,g) with respect to G
if the resulting polynomial is not 0, add it to G
repeat as long as any S(f,g) does not reduce to 0 with respect to G

It takes a bit of an effort to prove that the output is indeed a Grobner basis, and we
do not prove that here. Here is a discussion on the termination of this algorithm. At every
step of the loop in the algorithm, we add a polynomial f to G only under the condition



8 Chapter 1: Computation of primary decompositions

that Itf is not a multiple of the leading terms of elements of the current G. If the loop
were infinite, i.e., if we had to add infinitely many elements to G, then we’d be at the same
time constructing an infinite strictly increasing chain of monomial ideals, contradicting the
Noetherian property of R.

In case n = 1, the reduction step is simply the division algorithm, and computing the
Grobner basis is finding elements in the ideal of smaller and smaller degrees, until we get
to the greatest common divisor of all the generators of the ideal.

The following are straightforward to prove from the definitions:

Facts 1.2.6 Throughout R = k[X1,..., X,].

(1) If > is the lexicographic order or the product order as in Examples 1.2.2, then for
any ideal I in R, I Nk[Xg441,...,X,] is computable. More specifically, if G is a
Grobner basis of I, then G N k[X441,...,X,] is computable (check if the finitely
many elements of G only involve the first d variables), and I N k[X441,...,X,] =
GNk[Xgi1,...,X,]. (This is called elimination of variables Xy, ..., Xy.)

(2) The intersection of two ideals in R is computable: If I, J are ideals in R and t is a
variable over R, then by commutative algebra

INJ={U-t+J-(t—1))R[t|]NR,

and so by the previous item, I N .J is computable.

(3) I:J is computable. Namely, if J = (j1,...,4s), then I : J =n:_,(I : j;), and by
the previous item it suffices to prove that I : j is computable for an element j € R.
But (I :j)-j = 1nN(j) is computable, and since the polynomial rings are integral
domains, I : j is obtained from I N (j) be dividing each generator by j.

(4) For any ideal I and any non-zero element f in R, the contraction of the localization
Iy N R is computable. Namely, by commutative algebra, Iy N R equals both I : f*°
and (ItR[t] + (ft — 1)R[t]) N R, where t is a variable over R. Each equality gives a
computable method.

Proposition 1.2.7 Let A = k[X3,...,X4] € R = k[Xy,...,X,]. Then for any ideal I
in R, Iq\(x,) N R is computable.

Proof. The proof shows how to compute it.

We impose the lexicographic order X,, > --- > X; on R. Any term t in R can be
written as aM;, where a is a term in A and M; is a monomial in k[X411,...,X,]. For
each f € R, let fv be the sum of all those terms ¢ in f for which M; = M, ;. Write
f: as X1’ My, ¢ for some non-negative integer e; and some ay € A\ (X7). We also write
Mf for Minf-

Let G be a Grobner basis of I.

Claim: If f € I4\(x,) N R then there exist g € G and 7 € A\ (X;) such that rf €gR.
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Proof of the claim: Let f € I4\(x,)NR. Then for some c € A\ (X1), cf € I, so that in(cf)
is a multiple of ing for some g € G. Write in(cf) = aX{M(ing) for some a € A\ (X1),
e € N, and some monomial M in k[X4y1,...,X,]. We will prove that it is possible to
find g such that e.; > e + e,. Suppose that e.; < e + e4. Then there exists a term in
cf that is a k[Xa, ..., X4)-multiple of X|*/ M,; and that is not cancelled in cf — aX{Mg.
Thus cf — aX7Mg has a term t with M; = M.y and e, = e,y < e + e4. Suppose that
we have a1,...,a,_1 € A\ (X1), M1,..., Ms_1 monomials in k[X4y1,...,X,], and non-
negative integers ey, ..., es_1 such that forall j =1,...,s—1, in(cf — 23;11 a; X7 M;g;) =
in(a; X1 M;g;), and ecy < ey, +e;. Set h =cf — Zf:_ll a; X{"M,g;. By the last conditions,
My = M. = M;jM,, for all j. As h is in I, we have that the initial term of h is
as X7 Ms(ings) for some gs € G, as € A\ (X1), es € N, and some monomial M, in
k[ X441,...,X,]. Since the monomial ordering is a well- orderlng, this cannot go on forever,
so that for some g € G, ey > e, + e. But then agcf = agcf = ane“f “ Mg. This proves
the claim.

Set b = HgEG Qg. Certainly I, " R C IA\(Xl) N R. Now let f € IA\(Xl) N R. To
prove that f € I, N R, it suffices to assume that among all f in (I4\(x,) N R) \ Iy, the
term My is smallest. By the claim, there exist ¢ € G, r € A\ (X1) and h € R such
that 7f = hg = ha,X;*M,. Let u = ged(r,h). Then Lf = L, X7M,. Since R is
a UFD, necessarily € A\ (X1) is a factor of ay, hence of b. Write b = v7. Then

f = vrf =0 agXlegM Set h = bf — v%g. By construction, M; < Myy = My. If
My =1, then h = 0, and in general, h € I4\(,) N R. By induction on My, h € I, N R, so
that bf = h +vlg € I, N R, whence f € I, N R. This proves that I, N R = I 4, N R.

Finally, by the facts above, I, " R = I : b> is computable. L

1.3 Computing radicals and primary decompositions

In this section we present the Gianni-Trager-Zacharias algorithm [9]. We use Grobner
bases and induction on the number of variables. By the STANDING ASSUMPTION we
can compute radicals and primary decompositions in k[X7, ..., X,] if n < 1. Now suppose
that n > 1.

Alternate algorithms for computing primary decompositions can be found in the pa-
per [6] by Eisenbud, Huneke, and Vasconcelos, and in the paper by [21] by Shimoyama
and Yokoyama. A survey with clear exposition on algorithms and the current state of
computation is in the paper [3] by Decker, Greuel and Pfister.

Reduction step 1: To compute a primary decomposition, we reduce to the case where
IN A is primary for all subrings A of R generated over k by a proper subset of the variables
Xq,..., X,

Proof. Fix one such A. Let J = I N A. By induction we can compute a minimal primary
decomposition J = ¢ N---Ngqs. If s =1, we are done, so we suppose that s > 1. We want
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to identify 7 such that ,/g; is a minimal associated prime ideal. We want to accomplish
this with minimal computing effort. We could certainly compute all the radical ideals and
compare them, but radicals can be time-consuming, so the radical is not a goal in itself,
we avoid its computation. Instead, we compute some colon ideals. If ¢; : ¢; # q1 for some
i > 1, then /g1 is definitely not a minimal prime, so we can eliminate g; from further
pairwise tests. If instead ¢y : ¢; = ¢ for all i =2,...,s, then ,/g; is a minimal prime ideal.
With such coloning in finitely many steps we identify ¢ such that ,/g; is a minimal prime
ideal. Say i = 1.

Now we want 7 € g2 N ---MN¢s \ /q1- Certainly we can find r € g2 N ---Ngqs \ q1: one
of the generators of g N --- M ¢, is not in g1, and this can be tested. By prime avoidance,
it is even true that a random/generic element r of gz N --- N g, is not in /gq;. Ask the
computer to give you a random element r of ga N --- M gqs, and then r ¢ /g if and only
if ¢ : r = ¢1. Thus while random generation may not reliably produce an element of
q2N---Ngs\ /q1, we do have a computable method via colon of checking for this property.
In practice, one would probably ask for one random r, test it, and if the test fails, ask for
a new random element, and if necessary repeat a small finite number of times. A reader
uncomfortable with the randomness of this procedure, should instead compute /g1, and
then test successively for a generator of g N ---M g5 to not be in /qr.

So suppose that we have r € g2 N ---N g, \ \/q1. As on page 6, there exists a positive
integer [ such that I : r! = I : #/T1. This ideal is strictly larger than I as it contains ¢; R.
Furthermore, I + (r!) is strictly larger than I since r ¢ /@1 and hence r ¢ V1. If we can
obtain a primary decomposition of the strictly larger ideals I : r! and I + (r'), then we
get one also for I = (I : ') N (I + (r')). Thus by replacing I by the strictly larger ideals
I:7band I+ (r!), we get strictly larger intersections with A, and we continue this until
the intersections are primary.

We repeat this procedure with all the possible A. While working on a new I N A’, the
intersections I N A with the old A can only get larger, but by the Noetherian property of
A it can get larger only finitely many times. Since there are only finitely many possible A
this procedure has to stop.

Reduction step 2: To compute a primary decomposition, we reduce to the case where
I N k[X;] is non-zero for all i.

Suppose that I N k[X;] = (0). This is a principal prime ideal, so that by Proposi-
tion 1.2.7, there is a computable non-zero b € k[X]| such that Ik(X;)[Xs,..., X, N R =
I :b>. Let [ be a positive integer such that I : b = I : b'. The ideal I + (b') has the
desired property that its intersection with k[X] is not zero. Since I = (I : b') N (I + (b")),
it suffices to find a primary decomposition of I : b'.

By induction on the number of variables, we can compute a minimal primary decom-
position Tk(X1)[Xs, ..., X,] = ¢ N---Ngs. If s = 1, then by the one-to-one correspondence
between primary ideals before and after localization, I : b' is primary, and we are done.
So we may assume that s > 1. Then as in the proof of Reduction step 1 we can compute
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r € k(X1)[Xa, ..., X,] that is a non-nilpotent zerodivisor modulo Ik(X1)[Xs,..., X,]. We
can write r = :—; for some r; € R, ro € A\ (X1), and by ignoring the unit 7o we may assume
that »r = r; € R. Then I is the intersection of strictly larger ideals I : ! and I + (r!) in R,
and we proceed by Noetherian induction on ideals in R.

We repeat this with I N k[X;] for all ¢ > 1.

Reduction step 3: To compute a primary decomposition, we reduce to the case where
I N Ek[X;] is non-zero for all i and I N A is primary for all subrings A of R generated over
k by a proper subset of the variables X1,..., X,.

For this repeat the first two reduction steps. Again by Noetherian induction in each
of the finitely many rings this step terminates in finitely many steps.

Reduction step 4: To compute the radical, we reduce to the case where I N k[X;] is
non-zero for all ¢ and I N A is primary for all subrings A of R generated over k by a proper
subset of the variables X1,..., X,,.

Note that Reduction step 1 for the computation of primary decompositions successively
replaces I by strictly larger ideals Ji, ..., Js such that I = J;N---NJg and such that J;N A
is primary for all A and all i. Since VI = /J; N ---N+/Js, it suffices to compute /J; for
all 1.

If INk[X1] = (0), by induction on the number of variables we can compute the radical of
ITk(X1)[X2,...,X,]. Let g1,...,g: be a generating set of this radical. By possibly clearing
denominators, we may assume that gq,...,g; € R. Then the radical of Tk(X1)[X5,...X,,]
intersected with R equals J = (g1,...,9:)k(X1)[X2, ... X,] N R. This is a radical ideal,
and it is computable by Proposition 1.2.7. Certainly v/I C J. More precisely by Propo-
sition 1.2.7, there exists non-zero b € k[X;| such that (g1,...,9¢:)k(X1)[Xo,... Xu] N R
= (g1,.--,9¢) : b>°. Then I : b>° =TI : b' for some I, I = (I : b') N (I + (b')), and the radical
of I'is JN+/I + (b), so it suffices to compute the radical of the strictly larger ideal I + (b').
So we may assume that I N k[X;] # (0), and more generally that I N k[X;] # (0) for all 7.

Repetition of this and Noetherian induction bring to a successful reduction in this
step.

Theorem 1.3.1 The radical and the primary decomposition of an ideal I in R are com-
putable.

Proof. We have reduced to the case where I N k[X;] = (f1),...,I NEk[X,] = (f,), and
INk[Xy,...,X,_1] are primary.

By our STANDING ASSUMPTION, (p;) = +/(f:;) is computable. In characteristic
zero, this computation is easier: p; = m

By induction on the number of variables we can compute the radical of I N
k[ Xy,...,X,-1]. Since we assumed that I N k[Xy,...,X,,_1] is primary, it follows
that its radical is a maximal ideal; call it M. (In characteristic zero, as in [13],
M = Ink[Xy,...,Xn1] + (p1,---,Pn—1) because k[Xy,...,X,_1]/(p1,.- - Pn-1) =
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(k[X1]/(p1)) ®k -+ QK (E[Xn-1]/(Pn—1)) is a tensor product of finitely generated field
extensions of k, and is thus reduced, semisimple, so that any ideal in this ring is radical.)

Since INk[X,,] # (0), necessarily I is not a subset of M R. We can compute g € I\ MR.
Even more, since R/MR = W[Xn] is a principal ideal domain, we can compute
g € I such that g(R/MR) = I(R/MR). By the STANDING ASSUMPTION, there exists
J1,---,9s € R such that the g;(R/MR) are pairwise non-associated and irreducible, and
such that g(R/MR) = gi* - - - g% (R/MR) for some positive integers ay, ..., as.

Then I C N;(MR+ g;R) = MR + (¢91---gs)R C VI, the associated primes of I are
MR+ gR,i=1,...,5 VI =0n;(MR+ ¢g;R), and the (MR + g; R)-primary component of
Iis I:([];4; 95) All of these are computable. O

Example 1.3.2 Let I = (2% + yz, 22z — y?, 22 — 22) in Qz,y,2]. We roughly follow
the outline of the algorithm, with some human ingenuity to skip computational steps.
Clearly yz + 22 € I Nk[y,z] and it appears unlikely that a power of z is contained in
INkly, z]. (We could use elimination and Grébner bases to compute precisely I Nkly, z] =
(yz + 22,92 + 23).) Thus z is a non-nilpotent zerodivisor modulo I. By the algorithm
we compute [ : 2z = (y + z,22 — 22,22 — 22), I : 22 = (y + z,2 — z) = I : 2%, which is
clearly prime and hence primary. Furthermore, I + (22) = (22, yz, 22z — 92, 22) has radical
(7,9, ), which is a maximal ideal, so that I+ (22) is primary. Thus I = (I : 22) N (I + (2?))
= (y+ z,2 — 2) N (22, 92,22 — y?,2?) is a primary decomposition, and clearly it is an
irredundant one.



Chapter 2: Expanded lectures on binomial ideals

In these pages I present the commutative algebra gist of the Eisenbud—Sturmfels pa-
per [7]. The paper employs lattice and character theory, but this presentation, inspired by
Melvin Hochster’s, avoids that machinery.

The main results are that the associated primes, the primary components, and the
radical of a binomial ideal in a polynomial ring are binomial if the base ring is algebraically
closed.

Kahle wrote a program [11] that computes binomial decompositions extremely fast:
the input fields do not have to be algebraically closed, but the program adds the necessary
roots of numbers.

Throughout, R = k[X71, ..., X,], where k is a field and X}, ..., X, are variables over k.
A monomial is an element of the form X% for some a € N{J, and a term is a scalar multiple
of a monomial. The words “monomial” and “term” are often confused, and in particular,
a binomial is defined as the difference of two terms. (In my opinion, we should switch the
meanings of “monomial” and “term”.) An ideal is binomial if it is generated by binomials.

Here are some easy facts:

(1) Every monomial is a binomial, hence every monomial ideal is a binomial ideal.

(2) The sum of two binomial ideals is a binomial ideal.

(3) The intersection of binomial ideals need not be binomial: (t—1)N(t—2) = t>—3t+2,
which is not binomial in characteristics other than 2 and 3.

(4) Primary components of a binomial ideal need not be binomial: in R[¢], the binomial
ideal (t3 — 1) has exactly two primary components: (¢t — 1) and (t2 +¢ + 1).

(5) The radical of a binomial ideal need not be binomial: Let ¢, X, Y be variables over
Z)2Z, k = (Z)2Z)(t), R = k[X,Y], and I = (X2 +¢, Y2+ ¢+ 1). Note that I
is binomial (as t + 1 is in k), and VI = (X% +¢,X + Y 4 1), and this cannot be
rewritten as a binomial ideal as there is only one generator of degree 1 and it is not
binomial.

Thus, for the announced good properties of binomial ideals, we do need to make a
further assumption, namely, from now on, all fields k£ are algebraically closed, and then
the counterexamples to primary components and radicals do not occur.

Can the theory be extended to trinomial ideals (with obvious meanings)? The question
is somewhat meaningless, because all ideals are trinomial after adding variables and a
change of variable. Namely, let f = a1 +as+---+a,, be a polynomial with m terms. Intro-
duce new variables t3,...,t,,. Then k[Xq,..., X,]|/(f) = k[X1,..., Xn,ts, ... tn] /(a1 +
ag —ts, —tg+as—ty, —ty+ag—ts,...,~tm_o+am-—2—tm-1, —tm—1+am—1—tm). In this
way an ideal I in a polynomial ring can be rewritten for some purposes as a trinomial ideal
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in a strictly larger polynomial ring, so that essentially every ideal is trinomial in this sense.
Then the general primary decomposition and radical properties follow — after adding more
variables.

But binomial ideals are special. By Buchberger’s algorithm, a Grébner basis of a bino-
mial ideal is binomial: all S-polynomials and all reductions of binomial ideals with respect
to binomials are binomial. Thus whenever I is a binomial ideal and A is a polynomial
subring generated by some of the variables of R, then I N A is binomial. In particular, from
the commutative algebra fact that I NJ = (¢t + (t — 1)J)R[t] N R, where ¢ is a variable
over R, whenever [ is binomial and J is monomial, then I N.J is binomial. Similarly, for
any monomial j, I N (j) and I : j are binomial.

Proposition 2.0.1 Let I be a binomial ideal, and let Jy, ..., J; be monomial ideals. Then
there exists a monomial ideal J such that (I + Jy)N---0N (I +J;) =1+ J.

Proof. We can take a k-basis B of R/I to consist of monomials. By Grébner bases of
binomial ideals, (I + Ji)/I is a subspace whose basis is a subset of B. Thus N(({ + J)/I)
is a subspace whose basis is a subset of B, which proves the proposition. ]

Binomial ideals are sensitive to the coefficients appearing in the generators. This has
implications in complexity theory, as well as in practical computations. For example, if the
characteristic of k is not 0 and R is a polynomial ring in m x n variables X;;, the ideal gen-
erated by the 2 x 2-determinants of [Xj;]; ; is a prime ideal (see for example [2]), whereas
the ideal generated by such permanents (both coefficients +1) generate a prime ideal pre-
cisely when m = n = 2, they generate a radical ideal precisely when min {m,n} < 2, and
whenever m, n > 3, the number of minimal primes is n+m+ (5)('y). (This is due to [14].)

2.1 Binomial ideals in S =k[X,..., X, X; ' X = kX, ..., Xolx, o x,

Any binomial X% — c&g can be written up to unit in S as 12_9 —c.

Let I be a proper binomial ideal in S. Write I = (X% — ¢ : some e € Z",c. € k*).
(All ¢, are non-zero since [ is assumed to be proper.)

If e, ¢’ occur in the definition of I, set ¢’/ = e — €, = e+ ¢€’. Then

’ 1 1"
Xg_ce :Kg—i—g —Ce = CE/KE — ce mod I,

e 6///—6/ . _1 6///
X=—ce=X" = —ce=c, X5 —cemod I,

1 and ¢” is allowed with cov = cecer. In par-

so that e’ is allowed with c.» = ccc,,
ticular, the set of all allowed e forms a Z-submodule of Z™. Say that it is generated
by m vectors. Records these vectors into an n x m matrix A. We just performed
some column reductions: neither these nor the rest of the standard column reductions

over 7Z change the ideal I. But we can also perform column reductions! Namely, S =
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E[X1 XD X, .oy X, (X0 X)) 7 (X2) 7L, .., (X)) 7Y, and we can rewrite any monomial
X% as (Xqj X )@ X527 X% .- X2 which corresponds to the second row of the matrix
becoming the old second row minus m times the old first row (and other rows remain un-
changed). Simultaneously we changed the variables, but not the ring. So all row reductions
are allowed, they do not change the ideal, but they do change the ideal. We work this out
on an example:

Example 2.1.1 Let I = (23y — Ty3z, xy — 42?%) in k[z, y, 2], where the characteristic of k
is different from 2 and 7. This yields the 3 x 2 matrix of occurring exponents:

3 1
A=1(-2 1
-1 -2

We will keep track of the coefficients 7 and 4 for the columns like so:

3 1
A=1(-2 1
-1 -2
7 4

We first perform some elementary column reductions, keeping track of the ¢, (if all ¢, are 1,
then there is no reason to keep track of these, they will always be 1):

1 3 1 0

A— |1 =2|—->1]1 =5
-2 -1 -2 5
4 7 4 7/43

We next perform the row reductions, and for these we will keep track of the names of
variables (in the obvious way):

z | 1 0 zy | 1 0 zyz 2 [1 0 zyz~2 [1 0 zyz~2 [1 0
y| 1 —=5|—=uy 0 —-5|— vy 0 5| —= vy 0 0f = 2y~ [0 5
z|—2 5 z | —2 5 z 0 5 2yt |0 5 Y 0 0

In these reductions, the coefficients remained 4 and 7/43.

This was only a special case, but obviously the procedure works for any binomial
ideal in S: the matrix A can be row- and column-reduced, keeping track of the variables
and coefficients. Once we bring the matrix of exponents into standard form, every proper

binomial ideal in S is of the form (X;™* —¢y, ..., lemd —c¢q) for some d < n, some m; € N,
some ¢; € K*, and some X/ are are products of positive and negative powers of X1, ..., X,

in a way that S = k[X/,..., X/, X1, ..., X1,
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Now the following are obvious: in characteristic zero,

I= () (X]—wuy,....X)— ug),
wt=c;
where all the primary components are distinct, binomial, and prime. Thus here all associ-
ated primes, all primary components, and the radical are all binomial ideals, and moreover
all the associated primes have the same height and are thus all minimal over I.
In positive prime characteristic p, write each m; as p“n; for some positive v; and
non-negative n; that is not a multiple of p. Then

I= () ((X]=w)P", . (X —ua)”?).

u:ni:ci

The listed generators of each component are primary. These primary components are
binomial, as (X| — u;)P» = X;p”i — u}"". The radicals of these components are all the
associated primes of I, and they are clearly the binomial ideals (X] —uq,..., X —uq). All

of these prime ideals have the same height, thus they are all minimal over I. Furthermore,

VI = ﬂ (X1 —up, .., Xy —ug) = (X7 —ult, .o X —uld),

for any u; with u;"* = ¢;. The last equality is in fact well-defined as if (u})"™ = ¢;, then
0=c;—c; =ul™ — (uh)™ = (ul — (u})™)P", so that u}* = (u})™. In particular, /T is
binomial.

We summarize this section in the following theorem:

Theorem 2.1.2 A proper binomial ideal in S has binomial associated primes, binomial
primary components, and binomial radical. All associated primes are minimal. In char-
acteristic zero, all components are prime ideals, so all binomial ideals in S are radical. In
positive prime characteristic p, a generating set of a primary component consists of (differ-
ent) Frobenius powers of the elements in some binomial generating set of the corresponding
prime ideal. U

Example 2.1.3 (Continuation of Example 2.1.1.) In particular, if we analyze the ideal

from Example 2.1.1, the already established row reduction shows that I = (zyz=2 —

4, (zy=1)5 — 7/43). In characteristic 5, this is a primary ideal with radical I = (zyz~2 —
4,2yt — 7/43) = (wyz72 — 4,2y~ —3) = (zvy — 42%, 2 — 3y) = (xy — 4 - 9y?%, 2 — 3y)
= (z — y,z — 3y). In characteristics other than 2,5,7, we get five associated primes
(xy — 422, 2 — ay) = (x — 4a®y, 2 — ay) as a varies over the fifth roots of 7/43. All of
these prime ideals are also the primary components of I. (In characteristics 2 and 7,

IS=85.)
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Theorem 2.1.4 Let I be an ideal in R such that 1.5 is binomial. Then SN R is binomial.
In particular, for any binomial ideal I of R, any associated prime ideal P of I such that
PS # S is binomial, and we may take the P-primary component of I (in R) to be binomial.

Proof. Let @ be a binomial ideal in R such that QS =1S. Then ISNR=QSNR=Q:
(X5 -+ X,,)® is binomial by the facts at the beginning of this chapter. O

2.2 Associated primes of binomial ideals are binomial

Theorem 2.2.1 All associated primes of a binomial ideal are binomial ideals. (Recall
that k is algebraically closed.)

Proof. By factorization in polynomial rings in one variable, the theorem holds if n < 1.
So we may assume that n > 2. The theorem is clearly true if the binomial ideal I is a
maximal ideal. Now let I be arbitrary.

Let j € [n] = {1,...,n}. Note that I + (X,) = I; + (X,) for some binomial ideal
I; in k[X,..., X,_1]. By induction on n, all prime ideals in Ass(k[X,..., X,_1]/I;) are
binomial. But Ass(R/(I + (Xj))) = {P + (X,) : P € Ass(k[X1,...,X,_1]/I;)}, so that
all prime ideals in Ass(R/(I + (X;))) are binomial. By the basic facts from the beginning
of this chapter, I : X; is binomial. If X is a zerodivisor modulo 7, then I : X; is strictly
larger than I, so that by Noetherian induction, Ass(R/(I : X)) contains only binomial
ideals. By facts on page 6, Ass(R/I) C Ass(R/(I + (X;))) UAss(R/(I : X)), whence also
by induction on the number of variables, all associated primes of I are binomial as long as
some variable is a zerodivisor modulo I.

Now assume that all variables are non-zerodivisors modulo I. Let P € Ass(R/I).
Since X7 - -+ X, is a non-zerodivisor modulo I, it follows that Px,...x, € Ass((R/I)x,...x,,)
= Ass(S/1S). Then P is binomial by Theorem 2.1.4. ]

We have already seen in Example 1.1.6 that for monomial all associated primes are
monomial (hence binomial).

Example 2.2.2 (Continuation of Example 2.1.1, Example 2.1.3.) Let I = (23y —
Ty3z, 2y — 42%) in klz,y,2]. We have already determined all associated prime ideals of
I that do not contain any variables. So it suffices to find the associated primes of I + (z™),
I+ (y™) and of I + (™), for large m. If the characteristic of k is 2, then the decomposition
is

I =2y —y’zay)l = (yz,2y) = () N (°,2) N (2, 2),
If the characteristic of k is 7, then the decomposition is

I = (2%y,zy —42°) = (y,2°) N (%, xy — 427).

(The reader may apply methods of the previous chapter to verify that the latter ideal is
primary.) Now we assume that the characteristic of k is different from 2 and 7. Any prime
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ideal that contains I and z also contains z, so at least we have that (z, z) is minimal over
I and thus associated to I. Similarly, (y, z) is minimal over I and thus associated to I.
Also, any prime ideal that contains I and z contains in addition either x or y, so that at
least we have determined Min(R/I). Any embedded prime ideal would have to contain
all of the already determined primes. Since I is homogeneous, all associated primes are
homogeneous, and in particular, the only embedded prime could be (z,y, z). It turns out
that this prime ideal is not associated even if it came up in our construction, but we won’t
get to this until we discuss the theory of primary decomposition of binomial ideals in the
next section.

2.3 Primary decomposition of binomial ideals

The main goal of this section is to prove that every binomial ideal has a binomial
primary decomposition, if the underlying field is algebraically closed (Theorem 2.3.4). We
first need a lemma and more terms.

Definition 2.3.1 An ideal I in a polynomial ring k[Xy,...,X,] is cellular if for all
1 =1,...,n, X; is either a non-zerodivisor or nilpotent modulo I.

All primary monomial and binomial ideals are cellular.

Definition 2.3.2 For any binomial g = X% — cX? and for any non-negative integer d,
define
g[d] — ng _ Cdidé.

The following is a crucial lemma:

Lemma 2.3.3 Let I be a binomial ideal, let g = X% — CXQ be a non-monomial binomial
in R such that X% and 19 are non-zerodivisors modulo I. Then there exists a monomial
ideal Iy such that for all large d, I : g%l =T : (¢l¥Y2 = I + I,.

Proof. For all integers d and e, ¢g!¥ is a factor of gl?¢, so that I : g4 C I : gl¥!. Thus
there exists d such that for all e > d, I : gl#! =T : gle'l.

Let f € I: gl Write f = fi + fo +--- + f, for some terms (coefficient times
monomial) f; > fo > --- > f,. Without loss of generality X% > X% We have that

AXEH fo X0+ 4 [ X+ X+ X4+ fXP e L

In the Grobner basis sense, each f; X4, f; X b reduces to some unique term (coefficient times
monomial) modulo /. Since X* and is a non-zerodivisor modulo I, f;X* and f; X% cannot
reduce to a scalar multiple of the same monomial, and similarly f; X% and fjgé cannot
reduce to a scalar multiple of the same monomial. Thus for each 7 = 1,..., s there exists
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m(j) € [s] = {1,...,s} such that fjz®® — ¢ f ;yz"® € I. The function 7 : [s] — [s] is
injective. By easy induction, for all i, f;(z%2)? — ¢4 fﬂi(j)(gd!é)i € I. By elementary group
theory, 7%'(j) = j, so that for all j, fjg[d!][S!] € I. Then fjg[((d!)(S!))!] € I, and by the
choice of d, fjg[d!] e I. Thus I : g!" contains monomials fi, ..., fs. Thus set Iy to be the
monomial ideal generated by all the monomials appearing in the generators of I : gld!.
Let f € I: (gl*)2 We wish to prove that f € I : gl*l. By possibly enlarging I,
we may assume that Iy contains all monomials in I : ¢gl%! = I + I,. This in particular
means that any Grobner basis G of I : g% consists of monomials in Iy and binomial non-
monomials in I. Write f = f1 + fo + -+ + fs for some terms f; > fo > --- > fs. As
in the previous paragraph, for each j, either fjgd!ﬂ € Iy or else fjgdlﬂ — cd!fﬂ(j)gd!é el
If fjzde € Iy C I : g!¥, then by the non-zerodivisor assumption, fiel: g, which
contradicts the assumption. So necessarily we get the injective function 7 : [s] — [s]. As
in the previous paragraph we then get that each f; € I : gl ]

Without loss of generality assume that no f; is in I : gl%). Note that fgl?) e I : gl@'].
Consider the case that szd!ﬁ € Iy and get a contradiction. Now repeat the m argument as
in a previous part to make the conclusion.

Theorem 2.3.4 If k is algebraically closed, then any binomial ideal has a binomial pri-
mary decomposition.

Proof. Let I be a binomial ideal. For each variable X there exists { such that I = (I :
le) N (I+ (X)), so it suffices to find the primary decompositions of the two ideals I : le-
and I + (X;)!. These two ideals are binomial, the former by the basic facts from the
beginning of this chapter. By repeating this splitting for another X; on each of the two
new ideals, and then repeating for X on the four new ideals, et cetera, with even some
J repeated, we may assume that each of the intersectands is cellular. Thus it suffices to
prove that each cellular binomial ideal has a binomial primary decomposition.

So let I be cellular and binomial. By possibly reindexing, we may assume that
X1,..., X4 are non-zerodivisors modulo I, and X;44,..., X, are nilpotent modulo /. Let
P € Ass(R/I). By Theorem 2.2.1, P is a binomial prime ideal. Since I is contained
in P, P must contain Xg4.1,...,X,, and since the other variables are non-zerodivisors
modulo I, these are the only variables in P. Thus P = Py + (Xg441,...,X,), where Py is a
binomial prime ideal whose generators are binomials in k[X1, ..., X4], and X1,..., X, are
non-zerodivisors modulo /.

So far we have I “cellular with respect to variables”. (For example, we could have
I=(X3(X?—-X2),X2) and P = (X; — X2, X3).) Now we will make it more “cellular with
respect to binomials in the subring”. Namely, let g be a non-zero binomial in Py. (In the
parenthetical example, we could have g = X; — X5.) By Lemma 2.3.3, there exists d € N
such that I : gl = I': (¢{¥)2 = I + (monomial ideal). This in particular implies that P is
not associated to I : g9, and so necessarily P is associated to I + (g[d]). Furthermore, the
P-primary component of [ is the P-primary component of the binomial ideal I + (g[d}).
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We replace the old I by the binomial ideal I + (g!#). We repeat this to each g a binomial
generator of Py, so that we may assume that P is minimal over /. (In the parenthetical
example above, we would now have say with d = 6 that [ = (X? — X§, X3(X? - X2), X2).)
Now Xg4+1,...,X, are still nilpotent modulo /. The P-primary component of I is the
same as the P-primary component of binomial ideal I : (X7 ---X;4)®°, so by replacing I
with 7 : (X7 ---X4)* we may assume that [ is still cellular.

If Ass(R/I) = {P}, then I is P-primary, and we are done. So we may assume that
there exists an associated prime ideal @) of I different from P. Since P is minimal over I
and different from Q, necessarily there exists an irreducible binomial g = X%—c¢X% Q\P.
Necessarily g € (Xg41,...,X,)R. Thus Lemma 2.3.3 applies, so there exists d € N such
that T : gl¥ = I : (gl)2 = I + (monomial ideal). Note that @Q is not associated to this
ideal but @ is associated to I, so that the binomial ideal I : ¢[¥ is strictly larger than
I. If gl & P, then the P-primary component of I equals the P-primary component of
I : g9 and so by Noetherian induction (if we have proved it for all larger ideals, we can
then prove it for one of the smaller ideals) we have that the P-primary component of I is
binomial. So without loss of generality we may assume that g/% € P. Then ¢!¥ contains
a factor in P of the form gy = X2 — ¢/ X2 for some ¢ € k. If the characteristic of R is
D, ggm is a binomial for all m, we choose the largest m such that p™ divides d, and set
h = gl /90, b= ggm. In characteristic zero, we set h = g4 /g0 and b = gg. In either case, b
is a binomial, b € I : h and h ¢ P. Thus the P-primary component of I is the same as the
P-primary component of I : h, and in particular, since I C I + (b) C I : h, it follows that
the P-primary component of I is the same as the P-primary component of the binomial
ideal I+ (b). If b € Q, then gy = X* — ¢ X% and g = X2 — ¢X? are both in Q. Necessarily
¢ # ¢, so that X% X% e Q, and since g ¢ (X1, .., Xpn)R, it follows that @) contains one
of the variables Xi,..., Xy. But these variables are non-zerodivisor modulo I, so that )
cannot be associated to I, which proves that b € ). But then I is strictly contained in
I + (b), and by Noetherian induction, the P-primary component is binomial. ]

2.4 The radical of a binomial ideal is binomial

Here is general commutative algebra fact: for any Noetherian commutative ring R,
any ideal I, and any Xi,..., X, in R,
VI= T+ (X)Nn--- NI+ (Xa) VT (X1 X,)>
=VI+(X)N---NVIT+(X,)NVI:X - X,

Theorem 2.4.1 The radical of any binomial ideal in a polynomial ring over an alge-
braically closed field is binomial.

Proof. This is clear if n = 0. So assume that n > 0. By the fact above,
VI = T+ (X0) N0 T+ (X) 1T (Kr - X),
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Let Ip = \/T: (X1 X,)>®. We have established in Theorem 2.1.2 that \/IoS = VIS is
binomial in S. By Theorem 2.1.4, \/Ij is binomial.

Let I; = I Nk[Xa,...,X,]. We know that I; is binomial. By induction on n, the
radical of I; is binomial. This radical is contained in v/T, so that v/I = \/+/T; + I. Thus
without loss of generality we may assume that \/I; C I. Hence we may also assume that
\/E = Il.

Let P be a prime ideal minimal over I + (X7). Suppose that there exists a binomial g
in I that involves X; but is not in (X;). Write ¢ = X1m' + m for some monomial terms
m,m’, with X7 not appearing in m. Since P is a prime ideal, there exists a variable
dividing m that is in P. Say this variable is X5. Then P is a prime ideal minimal
over I + (X1, X3). By continuing this we get that, after reindexing, P is a prime ideal
minimal over I + (X1, Xo,...,Xy) and that any binomial in [ is either in (Xi,..., Xy4) or
in k[Xg41,...,X4]. By Grobner bases rewriting,

I+ <X17"'7Xd) = (<I+ (X17"'7Xd)) mk[Xd-l-l?"'?Xn] + (X17"'7Xd))R
= (Il N k[Xd-i-l? .- 7Xn] + (X17 . '7Xd>)R7

and this is a radical ideal since I; is. This proves that the intersection of all the prime ideals
minimal over I 4+ (X7) equals the intersection of ideals of the form I + (some variables).
Hence by Proposition 2.0.1, /I + (X;) = [ + J; for some monomial ideal J;. Similarly,

I+ (X;) = I+ J; for some monomial ideals Jy,...,J,. By the first paragraph in this
section and by Proposition 2.0.1 then /I = (I + J) N I for some monomial ideal J. But
I C I, so that /I = I+ JN Iy, and this is a binomial ideal because .J is monomial and I
is binomial (see page 14). O



Chapter 3: Primary decomposition in algebraic statistics

Algebraic statistics is a relatively new field. The first work is due to Studeny [22] from
an axiomatic point of view, and several works after that used the axiomatic approach. A
first more concrete connection between statistics and commutative algebra is due to the
paper of Diaconis and Sturmfels [4], which introduced the notion of a Markov basis. Not
all parts of statistics can be algebraicized, of course. Some of the current research topics in
algebraic statistics are: design of experiments, graphical models, phylogenetic invariants,
parametric inference, maximum likelihood estimation, applications in biology, et cetera.
This chapter is about (conditional) independence.

3.1 Conditional independence

Definition 3.1.1 A random variable, as used in probability and statistics, is not a
variable in the algebra sense; it is a variable or function whose value is subject to variations
due to chance. I cannot give a proper definition of “chance”, but let us just say that
examples of random variables are outcomes of flips of coins or rolls of dice. (If you are
Persi Diaconis, a flip of a coin has a predetermined outcome, but not if I flip it.)

A discrete random variable is a random variable that can take on at most finitely
many values (such as the flip of a coin or the roll of a die).

Throughout we will be using the standard notation P() to stand for the probability
that condition 7 is satisfied, and P(i | j) to stand for the (conditional) probability that
condition 7 is satisfied given that condition j holds. Whenever P(j) # 0, then

P(i]j) =

Definition 3.1.2 Random variables Y7,Y5 are independent for all possible values ¢ of
Y7 and all possible values j of Yo, P(Y1 =i | Y5 = j) = P(Y; = i), or in other words, if

PY1=14,Yo=j)=P(Y1 =i)P(Y2 =j).
If this is satisfied, we write Y7 1 Y5.

Let bij = P(Yl = i,YQ = j) Then ijij = P(Yl = Z) and Zipij = P(YQ = j)
(In statistics, these sums are shortened to p;; and p.j, respectively.) For discrete random
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variables Y7, Y, with Y7 taking on values in [m] and Y5 in [n] (without any of these values
omittable), independence is equivalent to the following matrix equality:

P11 Pin PY1=1)] [PYo=1)--- P(Yo=n)].
- _ | Ppvi=2)

Pmi1  Pmn

Since the sum of the p;; is 1, it follows that the rank of the matrix [p;;] is 1, and so
I>([pi;]) = 0. Conversely, if I2([p;;]) = 0, since some p;; is non-zero, necessarily [p;;] has
rank 1. Then we can write

P11 -+ Pin ai [bl"‘bn]

Pm1 0 Pmn am

for some real numbers a;,b;. Since some p;; is a positive real number, by possibly multi-

plying all a; and b; by —1 we may assume that all a;, b; are non-negative real numbers.
Let a =3, a;,b=73;b;. Then

ab = Zaibj = Zpij =1,
] 4,

whence we also have

P11 - Din aib [ab1~-~abn].

Pm1  Pmn amb

All the entries of the two matrices on above are non-negative, a;b = > j a;b; = > jPij =
P(Yy =1) and ab; = ), a;b; = Y, pij = P(Y2 = j), which yields the factorization of [p;;]
as in the rephrasing of independence. Thus Y; 1L Y5 if and only if I>([pi;]i,;) = 0.

How does one decide independence in practice? Say a poll counts people according to
their hair length and whether they watch soccer as follows:

watches soccer does not watch soccer
has short hair 400 200
has long hair 40 460

Thus watching soccer and the hair length in this group appear to not be independent: it
seems that the hair length fairly determines whether one watches soccer. Even if the polling
has a 10% error in representing the population, it still seems that the hair length fairly
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determines whether one watches soccer. However, the poll break-down among genders
shows the following:

men ‘ watching not women ‘ watching not
short hair 400 100 short hair 0 100
long hair 40 10 long hair 0 450

Now, given the gender, the probability that one watches soccer is independent of hair length
(odds for watching is 4/5 for men, 0 for women).

This brings up an issue: in general one does not find such clean numbers with determi-
nant precisely 0, and so one has to do further manipulations of the data to decide whether
it is statistically likely that there is an independence of data.

Here I continue with the obvious needed definition arising from the previous example:

Definition 3.1.3 Random variables Y; and Y, are independent given the random vari-
able Y3, if for every value v of Y1, 7 of Yo and k of Y3,

PYi=i|Ys=jYs=k)=PY1=1i|Ys=k).

If P(Ys = k) > 0, this is equivalent to saying that P(Y; =i,Ys = 7, Y3 = k)P(Ys = k) =
P(Y1 =1i)P(Y2 = j). We write such independence as Y7 1 Y5 | Ys.

Let M be the 3-dimensional hypermatrix whose (7, j, k) entry is P(Y; =14,Ys = j, Y3 =
k), Y1 L Yo | Y3. Then Y7 1L Y5 | Y5 means that on each k-level of M, the ideal generated
by the 2 x 2-minors of the matrix on that level is 0.

Here are the axioms of conditional independence:

(1) Triviality: X 1L 0 | Z. (Algebraically this says that the ideal generated by the
2 x 2-minors of an empty matrix is 0.)

(2) Symmetry: X I Y | Z implies Y 1 X | Z. (Algebraically this follows as the
ideal of minors of a matrix as the same as the ideal of the tranpose of that matrix.)

(3) Weak union: X I {Y7,Y5} | Z implies X 1L Y; | {Y2,Z}. Here we point out
that if U and V is a (discrete) random variable, so is {U,V}, whose values are
pairs of values of U and V', of course. (Algebraically this says the following: let
pijki = P(X =1,Y1 = j5,Ys = k,Z = [). The assumption says that for all values !
of Z, the ideal generated by the 2 x 2-minors of the matrix [pi;il; k) is 0. But
then for fixed [ and a fixed value k of Y5, the ideal generated by the 2 x 2-minors
of the submatrix [p;;xi]i; is 0 as well, which is the conclusion.)

(4) Decomposition: X I {Y7,Y5} | Z implies X 1 Y; | Z. (Algebraically this says
that if for each I, I>([pijrili,j,x)) = O then Is([pij1i)i,;) = 0, where + means that
the corresponding entry is the sum ), pjjni.)

(5) Contraction: X 1L Y | {Z1,Z5} and X 1 Z, | Z; implies X 1 {Y, Z>} | Z;.
(Algebraically this says that if for each k,l, Is([pijki]i,;) = 0 and for each k,
Iy ([pixrilin) = 0, then for each k, Iy([pijri)i ;1)) = 0.)
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(6) Intersection axiom: Under the assumption that all P(X =i,Y = j, Z = k) are
positive, X LY | Zand X 1L Z | Y implies X I {Y, Z}.
The last axiom is the focus of the next section.

3.2 Intersection axiom

Algebraically the intersection axiom says that if all p;;;, are positive, if for each k,
I>([pij)i,j) = 0, and for each j, I([pijilix)) = 0, then Ia([pijkli k) = 0.

Example 3.2.1 Here we show that the assumption on the p;;; being positive is necessary.
Let M be the 2 x 2 x 2-hypermatrix whose (i, j, k) entry is

1/8, ifi=j=k=1;
3/8, ifi=2j=k=1;
1/8, ifi=j=k=2;
0, otherwise.

We can view this in a 2 X 2 x 2-hypermatrix, with the third axis going up, the second axis go-
ing to the right, and the first axis coming out of the page:

0 3/8

0 1/8

1/8 0

3/8 0

Then
[pijili; = B?S 8} s [pijeli; = [8 ??2}  [pitklie = {168 368} , [pizklin = {3(/)8 1(/)8} ,

and all have zero determinants. However,

_[1/8 0 0 3/8
[Pijk]i,(j,k)—[g/éa 0 0 1/8]’

in which one 2 x 2-minor is not zero. Note that the last matrix is the flattening of the
hypermatrix — squish into the x — y plane, without any overlaps.
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The intersection axiom says that if all p;;;, are non-zero, the conditions on the vanishing
on the minors along each k£ and along each j-level are enough to make the “slanted” 2 x 2-
minors zero as well.

We parse the intersection axiom further. Now let X;;; stand for a variable (algebraic,
not random, variable). The axiom says that the simultaneous zero o of I5([Xijx): ;) for
each k and of I([Xjjr]i,x) for each j is also a zero of Io([Xyjx]i (jx)) if all entries in o are
positive. Via Hilbert’s Nullstellensatz this says that

12([X1_7k (],kz) \/Z IQ ij']i,j) + ZIQ([ zjk 1, k H ijk
J

1,9,k

Certainly

Z zjk ,j +ZIQ ij"Lk' CI2([X1jk] (],k:))

k

Statisticians have known that <Zk Iy ([Xijk)i;) +Zj Ig([Xijk]i,k)) : (H”k Xijr)>® =
I5([Xijklij,k)), and that the latter is a prime ideal not containing any variables; see a
proof in Theorem 3.3.1. Thus

IQ([Xij jk) ZIQ ij! zy +ZI2 zyk: zkz HX’LJIC ’

1,5,k

so that the intersection axiom says that one of the associated primes and even primary com-
ponents of >y I>([Xijklij) + D25 Lo([Xijrlik) is Io([Xijklijx)). Fink in [8] determined all
other associated prime ideals of } ; Io([Xyjk]i,;) +>_; I2([Xijkli k), proving the conjecture
of Cartwright and Engstréom (conjecture is stated in [5 Page 146]).

The papers [1] and [23] algebraically generalize the intersection axiom to the fol-
lowing: if all for all possible values i; of Y;, P(Y1 = 41,...,Y, = 4,) > 0, and if
Y. LY | ({Yo,...,Y, )\ {Y;}) foralli =2...,n, then Vi 1L {Ya,...,Y,).

3.3 A version of the Hammersley-Clifford Theorem

For completeness I give in this section the most algebraic proof I can think of of the
Hammersley-Clifford Theorem. A different proof can be found in [15, page 36|, and there
is more discussion in [5, page 80].

Let G be an undirected graph on the set of vertices [n]. Let Y7,...,Y, be discrete
random variables. Associated to this graph is a collection of conditional independence
statements:

{Yi LY, | ({Y1,.... Yo b\ {Y5,Y;}) : i # 7, (4, ) is not an edge in G}.
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(Such a graphical model of conditional independence statements is said to satisfy the pair-
wise Markov property.) If Y; takes on r; distinct values, then we need rq - - - r,, variables
X,, and we denote by I the ideal generated by all the 2 x 2-minors of all the matrices
obtained from all the conditional independence statements (over some understood field F).
For example, if n = 3 and the only edge in the graph is (2, 3), the associated conditional
independences are
YlJ.LYQ ‘ Yg anleiLYg | YQ,

which are precisely the hypotheses of the intersection axiom. Fink [8] analyzed the corre-
sponding ideal. Swanson-Taylor [23] analyzed the ideals for arbitrary n and t € [n] with
the graph being the complete graph on vertices t +1, ..., n; Ay-Rauh [1] analyzed the case
for arbitrary n and t = 1.

Theorem 3.3.1 (Hammersley and Clifford) Let n,G,Is be as above. Then Ig :
(I, Xa)* is a binomial prime ideal which does not contain any variables. In particular,
I : (I1, Xa)™ is a minimal prime ideal over I¢, and its primary component is the prime
ideal.

Furthermore, the variety of the prime ideal in this theorem has a monomial
parametrization, which is explicit in the proof below.

Proof. Suppose that Y; takes on r; distinct values. Without loss of generality these values
are in the set [r;]. If any r; equals 0 or 1, the conditional independence statements can be
rephrased without using that Y;. So we may assume that all r; are strictly bigger than 1.

If G is a complete graph on [n], then I = 0, so that I =0 = I : ([[, X,)™ is a
binomial prime ideal which does not contain any variables. In the sequel we assume that
G is not a complete graph, so that I is a non-zero (binomial) ideal.

Fix a pair of distinct , j in [n] such that (7, j) isnot an edge in G. Fix a = (aq, ..., ay),
with oy, varying over the possible values of the random variable Y. Let M, be the r; x r;
generic matrix whose (k,)-entry is X, with a; = k, a; = [, and all other components in
a identical to the corresponding components in a. (Obviously a; and «; are not needed
to specify M,.) The ideal I;; expressing the conditional independence statement Y; L
Y | ({Y1,...,Ya} \ {Yi, Y;}) is generated by all I5(M,,) as a varies.

By definition I = ), ; I;j, as 4, j vary over distinct elements of [n] such that (¢, j) is
not an edge (and without loss of generality i < j).

A clique in G is a subset of its vertices any two of which are connected by an edge.
For any maximal clique L of G' and for each cr, € [[,c.[ri], let T ., be a variable over the
underlying field F'. Let ¢ : F[X, : a]| = F[TL ., : L,cy] be the F-algebra homomorphism
such that o(Xq) = [[; Tr,a(r), as L varies over the maximal cliques of G, and where a(L)
is the | L|-tuple consisting only of the L-components of a. Let P be the kernel of .

Warning: Whereas I is the sum of the I;; where (7, j) is not an edge, the variables
Tr,.., and thus the map ¢ instead use (cliques of) edges and isolated vertices.
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We prove that I C P. It suffices to prove that I;; C P, where (4, j) is not an edge. For
simplicity, suppose that (1,2) is not an edge in G. By reindexing it suffices to prove that
X1, 0X2,2,1,..,1) — X1,2,1,...10%X2,1,1,...,1) € P. To simplify notation, we treat below
Ty, ez as 1if L is not a clique of G. Note that no clique contains both 1 and 2. Then ¢
maps X(1,1,...,1)X(2,2,1,...,1) tO

H Tr.1,..,1) H Tr,1,...1) H Tr,1,..,1) H Tr,2.1,..1) H Tr,2.1,..1) H T 1,...,1)

1€L 2€L 1,2¢L 1€L 2€L 1,2¢L

and X121, 1)X2,1,1,..,1) tO

H Ty ,..1) H Ty 2,1...,1) H T 1,..,1) H T 2,1,..1) H T 1,..,1) H Ty 1,...1)

1eL 2L 1,2¢L 1eL 2¢L 1,2¢L

so that X1 1, 1)X2.2,1,...1) — X(1,2,1,...,1)X(2,1,1,...,1) is mapped by ¢ to 0. Thus I C P.

As ¢ is a homogeneous monomial map of positive degree, P is generated by binomials
and does not contain any variables. Thus even I¢ : ([, X,)> C P.

Now let f € P. The proof below that f € Ig : ([[, Xa)> is fairly elementary,
only long in notation. Since P is the kernel of a homogeneous monomial map, we may
assume that f = X, - X, — Xp, -
show that f € Ig : ([[, Xa)®°, it suffices to prove that any monomial multiple of f is in
Ic : (I, Xa). Fix a non-edge (i,j). Suppose that in aj neither the ith nor the jth
component is 1. Let ¢x be the n-tuple whose ¢th and jth components are 1 and whose
other components agree with the components of a;. Both X,, and X, lie in the same
submatrix of [X,], that gives I;;, so that X,, X., reduces modulo I;; and hence modulo I
to Xa; XC; where a), and ¢}, each have entry 1 either in the ith or the jth components. Let
U be the product of all such X.,. Then modulo I, Thus U f reduces with respect to Ig
to a binomial in which the subscripts of all the variables appearing in the first monomial

- Xy, for some n-tuples ay,...,am,b1,...,bp. To

am

have at least one of 7, j components equal to 1, and in the second monomial the number
of non-1 ith and jth components in the subscripts does not increase. By repeating this for
the second monomial as well, we may assume that for each variable appearing in f, the
1th or the jth component in the subscript is 1. If we next similarly clean positions i, j’
in this way, we do not at the same time lose the cleaned property of positions ¢ and j: as
factors of the multipliers U keep the clean (7, j) property. By repeating this cleaning, in
finitely many rounds we get a binomial f in P such that for each non-edge (i, j) and for
each variable appearing in f, the ith or the jth component of the subscript of that variable
is 1.

With the assumption that for each non-edge (i, j), the ith or the jth component of ay
and of by is 1, we claim that f = 0 € Ig. If a; = b; for some i,j € [m], then the
binomial f/X,, has the same property of many components being 1, and it suffices to
prove that f/X,, = 0 € Ig. Thus without loss of generality we may assume that m > 0
and that a;, # b; for all 4,j € [m]. Let K; (resp. L;) be the set of all ¢ € [n] such that
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the ith component in a; (resp. b;) is not 1. By possibly reindexing we may assume that
K is maximal among all such sets. By the assumption on the 1-entries, necessarily K is
contained in a maximal clique L of G, and for all ¢ € [n]\ L, the ith component in a; is 1.
Since f € P, the variable T}, ,, () must also divide ¢(Xp, ) for some k € [m]. This means
that a; and b, agree in the L-components, and in particular, K7 C Li. By maximality
of K1, necessarily K1 = Ly, whence a; = by, which is a contradiction.

This proves that P = Ig : ([[, X4)* is a binomial prime ideal containing no vari-
ables. Thus Ig : ([, Xa)> is contained in the P-primary component of I, and since
Ic : (I, Xa)® is primary (even prime) and contains I, necessarily it is the P-primary
component. ]

In particular, if n = 3 and the only edge in G is (2,3), then I is the ideal of the
intersection axiom, which fills in the details in the discussion on page 26. Even more
simply, if n = 2 and G contains no edges, then I = I : ([[, Xa) is the ideal generated
by the 2 x 2-minors of the generic matrix.

Remark 3.3.2 To any monomial parametrization ¢ : F[X. : ¢] — F[T; : d| we can
associate a 0 — 1 matrix A whose (¢, d)-entry equals 1 if Ty is a factor of ¢(X,.), and is 0
otherwise. In the theorem above the indices ¢ were n-tuples; here we assume that these are
ordered in some way, so that for any monomial [[. XS we can talk about the exponent
vector (e. : ¢). For any binomial [, X¢ — [], X/° in the kernel of ¢, the corresponding
vector (e, : ¢)—(fc : ¢) isin the kernel of A. Conversely, for any integer vector (e, : ¢) in the
kernel of A, the binomial Hec>0 XGe — Hec<0 X % is a binomial in the kernel of ¢. Thus
finding a set the kernel of ¢ is the same as finding the kernel of A as a Z-submodule of the
set of all integer vectors. The generating set of the latter kernel is a Markov basis for A,

and its connections to algebraic statistics were first explored by Diaconis and Sturmfels
in [4].

3.4 Summary /unification of some recent papers

This is a partial summary of Fink [8], Herzog-Hibi-Hreinsdottir-Kahle-Rauh [10],
Ohtani [16], Ay-Rauh [1], Swanson-Taylor [23]: there are some similarities in the methods
and results of these papers, but there does not seem to be one all-encompassing theorem.
I present these results using as much of the common language as I can, but the four papers
have further details and results.

Let 1,72, ..., 7, be positive integers, and let N = [r1] X [rg] X - -+ X [r,] (where for any
positive integer 7, [r] = {1,2,...,7}). Let R be the polynomial ring in variables X, over
a field, where a varies over elements in N. We will often refer to the generic hypermatrix
[X, :a € NJ, so we give it a name, say M.

A generalized two-by-two determinant of M, given a,b € N and K C [n], is

Jr,ab = XaXp — Xs(K,a,0) Xs(K,b,a)»
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where s(K, a,b) is an element of N with

b;, ifjeK;
S(K,a,b); = {ai ifj ¢ K.

If K = {i}, we also write s(7, a, b) for s({i},a,b) and f; 4 for f{;y 45 When a and b differ
only in positions ¢ and j, then f; 44 is precisely a standard two-by-two determinant of the
submatrix of M obtained by keeping the entries that agree with a and b in the positions
k#1,j7. _

Let t € [n]. For each i € [t] let G; be a simple graph on [rq] x -+ X [r;] X -+ X [r].
(These graphs play a very different role from the ones in Section 3.3.) Define

I'NGy, ..., G = (fiaw i <t,{(a1,..., a5, ... an), (b1,...,bi, ..., by)} is an edge in G;).

These ideals have been studied as follows:

(1) Fink [8]: n = 3, t = 1, and G is the grid graph on [r3] X [r3], namely G; =
(Uje[rz],h,sz[rg]{(jv k1), (J, kQ)}) U (UkE[T3]aj1’j2€[T2]{(j17 k), (j2, k)})

(2) Herzog, Hibi, Hreinsdottir, Kahle, and J. Rauh [10] and independently Ohtani [16]:
n=2nr=2t=1.

(3) Ay, Rauh [1]: t = 1.

(4) Swanson, Taylor [23]: for each i, G; is the grid graph on [rq] X -+ X [r;] X« - X [rp],
i.e., the edges consist of those pairs of (n — 1)-tuples that differ in precisely one

—~

component.

o~

Throughout ¢ € [n]. For each i € [t], let N; = [rq] x --+ x [r;] X -+ X [ry,], and let G;
be a graph on N;. We write G for {G1,...,G}. We use the Hamming distance on N:
d(a,b) = #{i € [n] : a; # b;}, and D(a,b) = {i € [n] : a; # b;}.

Definition 3.4.1 We say that a,b € N are directly connected relative to G; if
{(al,...,d\i,...,an),(bl,...,bAi,...,bn)} is an edge in G;.

We say that a,b € N are connected relative to G; if there exist ¢y, co,...,ck_1 € N
such that with co = a and ¢, = b, for each j = 1,...,k, ¢j_1 and c¢; are directly connected
relative to G;. We call a = ¢y, cq,...,c_1,c, = b a path from a to b relative to G;.

We say that a,b € N are connected relative to G if there exist ¢y, co,...,ck_1 € N
such that with co = a and ¢, = b, for each j = 1,...,k, there exists i € [t] such that c;_,
and c; are directly connected relative to G;. We call a = cg,c1,...,cx—1,c, = b a path
from a to b relative to G.

Lemma 3.4.2 Let i € [t] and let cg, ..., ci be a path relative to G;. Then

k—1

H ch : fi,co,ck, S I<t>(GZ)

j=1
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Proof. (Similar versions of this are proved in [1] and [23].) If the ith components in ¢y
and ¢y, are identical then f; o, ¢, = 0. If ¢, ¢, without the ith components form an edge in
Gi, then fi co.cp € I®(G;). In particular, the lemma holds if k£ < 1. Now let & > 2. Then
modulo IY(G;),
Xeo(Xey - Xey o) Xy Xy = Xs(i,eo,en 1) (Xer X)) Xs(iren_1,00) X ey, (Dy induction on k)
= s(i,co,ck_l)(Xcl e Xck,g)Xs(i,s(i,ck_l,co),ck)Xs(i,ck,s(i,ck_l,co)
(since s(, ck—1, Co), k1S a path relative to G;)
- s(i,co,ck_l)(Xcl T Xck,g)Xs(i,ck_l,ck)Xs(i,ck,co)

X01 o 'XCk_z)Xs Xs

= S(ias(i7007ck71)’S(iack71ack))( (4,8(4,cr—1,¢k),8(%,¢0,ck—1)) “¥s(i, ¢k 5C0)
(by induction on k, since
s(i, €0, Ck—1),C1y .-+, Cr—2,8(i,ck_1, ck) is a path relative to G;)
= s(i,co,ck)(Xcl o .Xck—Q)XCk—lXS(iackacO)’
which proves the lemma. 0

Remark 3.4.3 Note how the ith entry in the path is not important! But if we want to
mix G; and G, the ith entries make a difference (and it is not clear how to control for
that fully, in fact, the ideals in [23] have embedded primes whose characterization is not
complete).

Lemma 3.4.4 Leti € [t]. Let H be the set of all elements (H;:ll ch> “fico.cn @SCO, .-, C

vary over paths relative to G;. Then H is a (redundant) Grébner basis in the lexicographic
order.

Proof. Let f = (H;:ll ch) “ fico,cr, and g = (Hé;ll de) - fido.d,- We want to show
that the S-polynomial of f and g reduces to 0 with respect to H. In the lexicographic
order, the leading monomial of f; ., , is either X X, or X ¢y cp)Xs(i,en,c0)- 10 the lat-
ter case, since fico.c. = —fis(i,coen)sisen,co) and since s(i, co, cx), c1, ..., ck—1,8(4, ¢k, co)
is a path relative to GG;, by possibly replacing ¢y and ¢, with their switches we may as-
sume that the leading term of f is X.,X., . Similarly we may assume that the leading
term of g is X4, Xg4,. By standard Grobmer bases, if {co,cr} and {do,d;} are disjoint,
then the S-polynomial of f and g reduces to 0. If ¢g = dy and ¢, = d;, then S(f,g) =
U Xs(i,do,dy) Xs(idy,do) — Xs(irco,er) Xs(i,er,c0)), Where m = lem(Xe, -+ X, , Xa, -+ Xq,) Is
the product of all the variables in a path from s(i,do,d;) = s(i,co,ck) to s(i,d;,dy) =
s(i, ¢k, o). so that this S-polynomial is in H. It remains to consider the case ¢y = dy
and Ck 7§ dl. Then S(f, g) = m<XCkXs(i,do,dz)XS(i,dz,do) - XdlXs(i,co,ck)Xs(i,ck,co))a where
m = lem(X,, - X¢,, Xa, -+ - Xq,). Consider X, Xy 4,,4,): if this term is bigger in the
lexicographic order than X(; c, 4,)Xs(i,do,c)> then since m is a product of the right vari-
ables in the right path, we can reduce S(f,g) further. Any further reductions of the two
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degree-three terms in the binomial part can be reduced similarly because m has enough
variables, until S(f, g) reduces to 0. O

Papers [8], [10], [16], and [1] go further and determine minimal Grdbner bases, via
further restrictions on admissible paths.

3.5 A related game

One would understand the primary components of I in the previous section much
better if one understood the following;:

Problem 3.5.1 Letay,...,ay,,b1,...,by, ben-tuplessuch that X, --- X, —X3 ---X;, €
I"(@). (For the ideals in [23], an equivalent and more elementary check is that for each
i =1,...,n, he ith components of a4, ..., a,, are up to order the same as the ith compo-
nents of by, ..., b,.) Carry out the successive rewriting of X, --- X, with respect to the
generators of I™(G) to get to X,, --- X,

Since this is a hard problem, I would like instead somebody to make it a computer

game or an app:

m

Game: The computer serves you two lists of n-tuples of positive integers: aq,...,a,, and
bi,...,bm. (In one version of the game, X, --- X, — X3, --- X3, € I™(G), in another
version whether this is so is determined by chance.) The following move is allowed on the

Am

list a1,...,an: if a; and a; differ in exactly two components, say k and [, replace the list
ai,...,an, with the list ¢1,..., ¢y, where ¢; = s(k,a;,a;) = s(l, a5, a;), ¢; = s(k,aj,a;) =
s(l,ai,a;), and for all s # i,j, ¢s = as. Repeat the moves on the new list ¢y, ..., ¢, until
you get the list by,...,b,,. You get bonus points for accomplishing the task in few moves.

I envision users all over the world solving instances of this while waiting for the bus
or in the coffee shop, and they could be competing for the shortest number of moves, with
possibly short answers being transmitted to some central station.
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