HILBERT-KUNZ FUNCTIONS OF 2x2 DETERMINANTAL RINGS

LANCE EDWARD MILLER AND IRENA SWANSON

ABSTRACT. Let k be an arbitrary field (of arbitrary characteristic) and let X = [z; ;] be a generic
m x n matrix of variables. Denote by I2(X) the ideal in k[X] = k[z;;:¢=1,...,m;5=1,...,n]
generated by the 2 x 2 minors of X. We give a recursive formulation for the lengths of the k[ X]-
module k[X]/(I2(X) + (21 ,,...,2%, ,)) as ¢ varies over all positive integers using Grébner basis.
This is a generalized Hilbert-Kunz function, and our formulation proves that it is a polynomial
function in q. We apply our method to give closed forms for these Hilbert-Kunz functions for cases
m< 2.

1. INTRODUCTION

Let R be a ring of characteristic p > 0 and set ¢ = p®. For a zero-dimensional ideal I and a

finitely generated R-module M, the Hilbert-Kunz function HK s 1(¢) is the R-module length of
M1 la ps , where I [4] is the ideal generated by the g-th powers of elements of a generating set of I.
Hilbert-Kunz functions were initially studied by Kunz [12]. In contrast with the Hilbert-Samuel
function, which agrees with a polynomial for large input, the Hilbert-Kunz function is in general
not a polynomial function even asymptotically:

Example 1.1. (c.f., [7]) If R = F5[[w,z,y, 2]]/(w* + z* +y* + 2*), then the characteristic is 5, and
for e > 1, HKp (., . ¢)(59) = 135% — 103,

Monsky [I3, Thm 3.10] showed that HKjs.7(q) = cg? + O(¢?1) for a real constant ¢ and where
d =dim M. The real number c is called the Hilbert-Kunz multiplicity of M with respect to I and
is denoted epk (I; M). There is a great deal of computational evidence [14] [15] that the Hilbert-
Kunz multiplicities can take on non-rational algebraic or even transcendental values, but no such
examples have been definitively established. The Hilbert-Kunz function has proven difficult to
compute in any generality, though there are computations done for explicit examples in small
dimensions or special cases [3] [6, 11} 16, 17, 19, 20]. Deeper coefficients have only recently been
proven to exist in special cases [8],[10]. The well-established sensitivity of the Hilbert-Kunz function
to the singularities of the underlying space serves as a driving motivation for their study. For more
details, on Hilbert-Kunz theory see [9] or [I8] Section 8.4].

The main subject of this article is to compute the (generalized) Hilbert-Kunz function of
determinantal varieties of size 2 minors. The setting is the quotient of a polynomial ring in m - n
variables x; j over an arbitrary field £ modulo the ideal I5(X) generated by the 2 x 2 minors of the
generic matrix [z; ;], and we study the length function

k[ X]

HK A —————
k)[X]/IQ(X),m(Q) (IQ(X) +m[q] )
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where ¢ varies over all non-negative integers, mldl = (a;;.lj :1,7), and A\ stands for length. We will

simply refer to this function as the Hilbert-Kunz function, and the corresponding (generalized)
Hilbert-Kunz multiplicity of k[ X]/I2(X) with respect to m equals

HK (x5 (x).m ()

qm+n—1

enk (R[X]/1(X);m) = lim

We give a recursive formulation of the Hilbert-Kunz function which enables us to prove that it is
a polynomial in ¢ (Corollary 34]). We give closed forms for the Hilbert-Kunz function and the
Hilbert-Kunz multiplicity when the generic matrix is of size 2 x n (Theorem [4.4] Corollary [A.5]).
Both are independent of the characteristic of the field. We note that our recursive formulation
gives lengths of various other ideals as well (see discussion below Definition B.1]).

Results on the Hilbert-Kunz multiplicity of k[ X ]/I2(X) at the maximal ideal of variables are well
understood by the work of Buchweitz, Chen, Pardue [1], Eto [4], Eto and Yoshida [5], Watanabe [20],
and Watanabe and Yoshida [2I]. The first calculation had an integral form [I], which was later
put into more combinatorial form by Eto and Yoshida using Sterling numbers of the second kind
[0, 21]: The Hilbert-Kunz multiplicity of k[ X]/I2(X) with respect to m is

X BCOm) = B -+ 5 S (7 )(7)eamse

e ym) = —8(d,n) - — - s%.

HE 2 d! dl Z T \r+s/\s

The central technique in the results of Eto and Yoshida is viewing the determinantal ring of 2 x 2
minors as a Segre product. They work with the relevant lengths by counting monomials in each
factor similar to the monomials counted in this article (See Remark 2.5]). While their work only
yields the leading term, the approach of this article is to compute the lengths using a Grébner
basis. Our approach has the advantage of giving a recursive method which can be used to calculate
not only the multiplicity, but the complete Hilbert-Kunz function.

The authors thank Karl Schwede for careful readings of the document. The motivating question
for this article was asked at a problem session in a recent AIM workshop entitled “Test ideals and
multiplier ideals” organized by Karl Schwede and Kevin Tucker. The authors thank Kevin Tucker,
Karl Schwede and Anurag Singh for many helpful discussions and input.

2. GROBNER BASES

We use the settings from the introduction in the rest of the paper. We impose any diagonal

order on monomials, that is, any monomial order in which the leading term of the determinant of
any 2 x 2 submatrix is the product of the two diagonal entries. Examples of such diagonal orders
are the lexicographic order with variables themselves ordered lexicographically by their indices
T11 > T12 > > Tip > X1 > > Tmon—-1 > Tmon, OF the degree reverse lexicographic orders with
variables ordered instead along the rows from right to left in each row from the top row to the
bottom row.
Pij
i,J
then p; jpir j» = 0. Thus the indices (7, j) for which p; ; # 0 lie on a southwest-northeast staircase in
the two-dimensional integer lattice, such as in the following matrix:

Definition 2.1. We call a monomial []; ; ;"7 a staircase monomial if whenever i <i’ and j < j’,
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We call a staircase monomial a stair monomial if there exist ¢ € {1,...,m} and d € {1,...,n}
such that p;, = 0 whenever (I —c)(k —d) # 0. Thus the indices (i, j) for which p; ; # 0 all lie in the
union of part of row ¢ with part of column d, either in a © or a 1 configuration. A stair monomial
is called a g-stair monomial if for such ¢,d, Y Dk = ¢ = Xk Pk d-

Theorem 2.2. Let G be the set of all g-stair monomials and all 2 x 2 determinants of X. Then G
is a minimal reduced Grobner basis for I5(X) +ml in any diagonal order.

Proof. Set I = I5(X) + ml9). First we prove that G ¢ I. We only have to prove that an arbitrary
g-stair monomial § = pr “ is in I. We proceed by induction on the degree of 3. The smallest

possible degree of such 8 is ¢. In this case § = z ;€ ml9) ¢ . Now suppose that the degree of 3 is

strictly greater than g. By definition of q- stair monomials, there exist 7 < 7’ and j < j' such that

P; 5t pz % p’L
pijpir,j # 0. Set = B/(z; % ay, jjxf]] p ]J ) and m = min{p; j», pi j}. Adding

plj’mpz i~M _pij Pil i m . m
i, i',J ig Tirgr (TigTa 5 xﬂj lj)e‘[

o
pH -m_p; ;—m p”+m Dyr 1 +m
0,5’ i'j 0,J i’
either /3’ /a:p BT op B'/ b ]3 "™ is another g-stair monomial of strictly smaller degree than 3. B
induction on degree this Iilonomlal and hence [ are in I.

Now we prove that G forms a Grobner basis by going through the Buchberger algorithm. We
need to show that for all f,g € G, their S-polynomial S(f,g) reduces to 0 with respect to G. If
f and g are both determinants, then S(f,g) reduces to 0 with respect to other determinantal
elements of G by [2]. If both f and g are monomials, then S(f,g) = 0. So we may assume that
f is a determinant and ¢ is a g-stair monomial. If the leading terms of f and g have no variables
in common, then S(f,g) trivially reduces to 0 with respect to {f,g}. So we may assume that the
leading terms of f and g have a variable in common. By the shape southwest-northeast structure of
g-stair monomials and the northwest-southeast structure of the leading monomials of determinants,
the leading terms of f and g have precisely one variable in common. Let f = x4 pZar 1 — T/ pZa b
with a<ad’, b< V.

Assume that g = Hmi 3] is in the configuration r in row ¢ and column d. First suppose that
Pa,p # 0. By direct calculation S(f,9) = gz p@a p/Tap. If a =cand b=d, then g/zqp is a (g - 1)-
stair monomial. Thus gz, y2a p/Zap is a g-stair monomial in the r configuration, and so S(f,g)
reduces to 0 with respect to G. If a = ¢ and b # d, then gz, /4y is a g-stair monomial, so also in
this case S(f,g) reduces to 0 with respect to G. The remaining case, a # ¢ and b = d, under the
assumption p,p # 0, is handled similarly. Now suppose that p, iy # 0. Again, by direct calculation
S(f,9) = 9TapTa p/Te - Necessarily a’ = ¢ or b’ = d. By symmetry of the diagonal orders without
loss of generality a’ = c. If in addition b" = d, then g/, i is a (¢—1)-stair monomial. If g = xi 4> then

to B, we get the monomial ﬁ’ = Q. . By the shape of ¢-stair monomials,

S(f,9) = gTapTa p/Tar p is & g-stair monomial (in 1 configuration), and otherwise (still with o’ = ¢,
b’ = d) there exist j > d and i > ¢ such that Pe,jPid # 0. In this case, x4y, ; reduces with respect
to G t0 X jTcly = TqjTe,q and Ty px; g reduces to . 4 p, so that S(f,g) reduces to a multiple of
the g-stair monomial gmid/(aza/7b1xc,ja:i7d) = g%c,df(xcjxiq). Thus it reduces to 0 with respect to G.
Now suppose that a’ = ¢ and b’ # d. Necessarily all exponents in g are strictly smaller than ¢, and
since g is a g-stair monomial, there exists i > ¢ such that p; 4 # 0. Since x4 px; g reduces to x¢ qx; p,
it follows that S(f,g) is a multiple of a g-stair monomial, and hence reduces with respect to G to
0. Similar reasoning shows that S(f,g) reduces with respect to G to 0 also in the case when g is a
g-stair monomial in the _ configuration. Thus G is a Grobner basis. O



HILBERT-KUNZ FUNCTIONS OF 2 x2 DETERMINANTAL RINGS 4

Remark 2.3. While the Grobner basis constructed in Theorem is a Grobner basis for many
orders, it is not a universal Grobner basis as it is not a Grobner basis for any antidiagonal order,
and in particular it is not a Grobner basis for the graded reverse lexicographic order while keeping
the same order on the variables. However, a completely analogous Grobner basis can be constructed
in that case, and instead of the ¢-stair monomials in the southwest-northeast configuration we need
analogous monomials in the southeast-northwest configuration.

By standard Grobner basis arguments, the length of k[X]/(I3(X) + ml4), namely the Hilbert-
Kunz function HKj[x1/7,(x),m(¢) at ¢, equals the number of monomials in k[X] that are not

divisible by any element of the Grébner basis G of the ideal Io(X) +ml9. We proceed to make this
collection of monomials explicit.

Theorem 2.4. A k-vector space basis for k[ X]/(Io+ml9l) consists of staircase monomials I ; xflf
such that either for alli=1,...,m, ¥;p;j<gq, or forall j=1,....n, ¥;pi;j<q.

Proof. Theorem gives a Grébner basis G of I + ml9 in any diagonal monomial order. Any
staircase monomial for which either all row sums or all column sums are strictly smaller than ¢ is
not divisible by the leading term of any element of G. Conversely, let M be a monomial in k[ X]
that is not divisible by the leading term of any element of G. Since G contains all 2x2 determinants
whose leading monomials are products of two variables in the northwest-southeast configuration,
necessarily M is a staircase monomial. If some row sum and some column sum of the exponents
in M are at least ¢, then M is a multiple of a g-stair monomial. Hence it is divisible by an element
of GG, which is a contradiction. So the set of all staircase monomials for which either all row sums
or all column sums are strictly smaller than ¢ equals the set of all monomials in k[X] that are
not divisible by the leading terms of any element of G. It follows by the standard Grobner basis
arguments that this set is a k-vector space basis. O

Remark 2.5. Eto and Yoshida [4, [5] used similar vector space methods to compute the Hilbert-
Kunz multiplicity of the ring k[X]/I2(X) (but not the Hilbert-Kunz function). We now give a
translation of their approach and ours. Let d € Z,. Viewing k[X]/I2(X) as a Segre product
Elz1,...,2m|#k[y1, ..., Yn], set @y 4 to be the number of monomials in k[z1, ..., 2] of total degree
d and ;4,4 to be the number of monomials in k21, ..., 2y, ] of total degree d and where deg z; < ¢
for all 4, and similarly for o, g and v, 44 in k[y1,. .., yn]. Both in [4] and [5], Ax (k[ X ]/(I2(X)+m?))
is given by counting all monomials in k[z1, ..., zm |#k[y1,- .., Yn] which have total degree d but with
the conditions that either all the z; have degree at most ¢ or all the y; have degree at most ¢ (see

[4, pg. 319]):

(g-1)n (g-1)m (g=1)m

(1) MR[X) (LX) +mlD)) = S apitnigt Y ndOmdg— Y. OndgCmdg-
d=0 d=0 d=0

This formulation is the same as our count of monomials in Theorem 2.4l as we show next. Consider
the usual map k[ X ] — k[z1,...,2m]#k[y1,...,yn] sending z; ; to zy;, and thus I], ; xff]i] to

i > iPij YiPi,j

[Ty =TT )T Ty ™).

,J @ J

The exponents in the variables z; are row sums of the matrix of the exponents of the monomial

in k[X], and the exponents in the y; are the column sums. This matches the basis described in
Theorem 2.4
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3. RECURSION FOR COMPUTING LENGTHS

In this section we describe a recursion that we then use to compute the Hilbert function
HK i x7/1(x),m (@) = AM(E[X]/(12(X) +ml4l)). We begin by setting up a useful notation for counting
elements of the basis according to restrictions on the row and column sums.

Definition 3.1. Let N,(m,n;71,...,7m;c1,...,¢,) be the number of staircase monomials []; azfl/
such that
(1) For alli=1,...,m, ¥;p;; <7, and for all j=1,....,n, ¥;pi; <c;.
(2) Either for alli=1,...,m, >jpij<q,or forall j=1,...,n, ¥;pi;<q.
We make the convention Ny (0,n;;¢1,...,¢,) = 1.
We note these numbers also compute lengths of ideals. In particular, No(m,n;71,...,rm;c1,...,¢pn)

equals the length

A k[X]
LX)+ (@] 4,5) + D2 (@1, i)+ X0 (@1, Ty ) 9T )

where for an ideal I, we set I®° to be the 0 ideal.

Throughout we abbreviate by writing ¢ when ¢ gets repeated. For example, the symbol
Ny(m,n;00,...,00;00,...,00) is abbreviated to Ny (m,n;o0;50). This is the Hilbert-Kunz function
Me(B[X]/(I2(X) + ml9)) that we are interested in computing. Despite this being the primary
interest, the recursion forces us to consider r; and ¢; different from oco. We first establish the base
case of the induction.

Theorem 3.2. (1) Ny(1,n5005¢1,...,¢,) = [1jog min{c; + 1,q}.
(2) Ny(1,n;00;50) = Ny(1,n;00500,...,00) =q".
(3) If r < oo, then

min{c1,r,g—1} min{co,r—i1,q-1} min{Cn—l,T’—Z?:'f ij,q-1} n-1
Ny(L,nsrier,... cp) = Z Z Z min{r + 1 - Zij,cn+1,q}.
i1=0 i3=0 in_1=0 j=1

(4) If r<q, and if r<cy,...,cpn, then

+
Ny(L,nsrier,....cp) = (T n)

n
In particular, Ny(1,n;7;¢1,. .. ,¢y) is independent of ci, ..., c,. (Note that this is the number
of ordered partitions of 0,1,...,r into n or fewer parts.)

Proof. If m =1 = n, then clearly N,(1,1;7;¢) = min{r +1,c+1,q}. If n > 1, Ny(1,n;r;cq,...,cp)
counts the number of monomials ] xlljlj’-j where p; 1 varies in the set {0,...,min{c;,r,¢—1}}, and
for each such pj 1, the possible number of rest of the 1 x (n —1) matrix of p;; has the count of

Ny(1,n-1;7=pi1;¢2,...,¢,). Thus, by repeating this reasoning,

min{cy,r,qg-1}
Ny(L,nsrier,... cp) = Z Ny(L,n—1;r —iy;c2,...,¢n)
i1=0
min{c1,r,q—1} min{ca,r—i1,q-1}
= Z Ny(1,n—2;1—iy —idg;c3,...,Cp)
11=0 12=0
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min{c1,r,q—1} min{ca,r—i1,q-1} min{cn—h?"*Z?;f i5,q-1} n-1
= > Ng(L,L;r = Y dj5en)
i1=0 i9=0 in_1=0 j=1
min{c1,r,g—1} min{co,r—i1,q-1} min{cnqm—Z?:f ij,q-1} n-1
= Z min{r +1 - Zij,cn+1,q}.
i1=0 i3=0 in_1=0 j=1

It remains to prove (4). If n =1, then Ny (1,1;7,¢1) = min{r + 1,¢; + 1,¢}, which by assumption

equals r+1 = (’”1’1). Now suppose that we know the result for n — 1. Then
" fr—ir+n-1 r+n—-1+1 r+n
Ny(L,n;r;cq,...,cp) = ( ):( ):( )7
ol e en) 2% n-1 n-1+1 n
which proves the proposition. O
Recall that Ny(0,n;;¢1,...,¢,) = 1. In the next theorem and beyond we utilize the monus

operation a = b = max{a - b,0}.

Theorem 3.3. For all m,n>1 and all r;,c; e N U {00},

Ny(m,n;ri,...,rmict,.0,6n) = Ng(myn =151, .. s Ca, .o Cr)
m~—1min{r;,qg-1}
+ Z (Nq(m_iul;Ti-%—la"me;cl _j)LNq(m_iul;Ti+17"'7Tm;q_1_j))
i=1 j=1

- Ng(i,n - 1;min{ry,¢—1},... ,min{r;_1,¢ - 1}, min{r;,¢ - 1} = j;ca,...,¢n)

m min{r;,q-1}

+Z Z Nq(m—i,l;nﬂ,...,rm;min{cl,q—l}—j)
i=1 j=1

'(Nq(ivn_ 1;7'17"' yTi-1,T4 —j;min{c2,q— 1}7 7min{cn7q_ 1})
LNq(i7n_ 1;T17”’ yTi-1,4 — 1 _j;min{627q_ 1}7 7min{cn7q_ 1}))

m min{r;,q-1}

+Z Z Nq(m—i,l;nﬂ,...,rm;min{cl,q—l}—j)
i=1 j=1

Ng(i,n = 1iry,. . rim,min{rg, g = 1} = jica, .. cn).

Proof. By Theorem [2.4] it suffices to recursively count all monomials []; ; :1:2 ’J’ as in Definition B.11
The number of such [p; ;] with all p; ; zero is Ny(m,n—1;71,...,7m;¢2,...,¢,). Now suppose that
some p; 1 is non-zero. Let ¢ € {1,...,m} be smallest with this property. By the staircase condition,
there are no non-zero entries in [p; ;] in the submatrix of rows i+1,...,m and columns 2,...,n, and
by the assumption on 7, there are no non-zero entries in [p; ;] in the first column in rows 1,...,i—1.
So it remains to count the possible combinations of how to fill in the submatrix of the first column
in rows 4,...,m and the submatrix of rows 1,...,47 and columns 2,...,n. If we fill the first column
so that the total sum is g or larger, then we have to make sure that all the rows in the rest of [p; ;]
add up to strictly less than ¢; if the first column adds up to strictly less than ¢ and the ith row
adds up to ¢ or more, than we need to control all the columns of [p; ;] to be strictly less than g;
and finally, if the first column and the ith row each add up to at most ¢—1, then we have no further
restriction on the rest. This is expressed precisely by the sums in the recursive formulation. (]
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Theorems [3.3] and [3.2] immediately give:
Corollary 3.4. The Hilbert-Kunz function HKy[x)/1,(x)m(q) is a polynomial in q. [

4. COMPUTING THE 2 x nn CASE

Our main interest is the Hilbert-Kunz function N,(2,n;35;50), but the recursion in Theorem B3]
forces us to calculate also N, (2,n;50;q— 1), Ny(2,n;00,7;50), Ny(2,n;00,7;q - 1) for all r < g. We
begin this section with a summary of the main results on Ny(2,n;r1,r2;¢1,...,¢,) proved in this
section, where 7 in the table is always strictly smaller than g¢:

Theorem Result (r < q)

Theorem BTl | Ng(2,n;55;¢—1) = ¢"*! + (n - 2)g"(§)

Theorem E2 | Ng(2,n;500,7550) = (n—1)(7 1) + (r + 1)¢"

n+1

Theorem 3] | Ny(2,n;00,7¢ - 1) = (r+1)¢" - (Hn)

n+l
—— _ ng""—(n-2)¢" n+q-1
Theorem B4l | Ng(2,n;55;50) = “——"=2 4 n("971)

Corollary limg, o0 W =5+ Gy

Theorem B | Ny(2,n;00,7500,q - 1) =¢"(r +1)

Theorem Ny(2,n;9-1,r;q-1) = q(T:L") + Yt (q”_l)(rm_i) - n(”")

i+1 n—i n+1

Theorem 7] | Ny(2,n;¢—1,r;50) = (T:L”) + Yyt (qﬂlfl)(”"*i)

i+1 n—1i

Throughout we will make use of many detailed but easy lemmas concerning binomial sums. To
improve readability the proofs of these can be found in Appendix [Al
The general recursion from Theorem [B.3] applied to the case m = 2 gives:

Ny(2,m;71,1m25¢1, ... ,¢n) = Ng(2,mn = 1571, 79502, ... Cp)
min{r1,qg-1}
+ > (Ng(1,1;r9501 = 5) = Ng(1,1;r05¢ = 1= §)) - Ng(1,n = 1;min{ry, ¢ — 1} = jyco,... )
j=1
2 min{r;,g-1}

+Z 2 Nq(2_i71;ri+17"'7r2;min{cl7q_1}_j)
i=1 j=1

“(Ng(i,n=157r1,... 11,7 — jymin{cp,q - 1},... ,min{e,,q - 1})
= q(ivn_l;rlw'- 77'72717(]_1_j;min{c27q_1}7"' 7min{cn7q_ 1}))

2 min{r;,g-1}
+Z 2 Nq(2_i71;ri+17"'7r2;min{cl7q_1}_j)
by S |

'Nq(i7n_ 1;T17"'7T’i—17min{ri7q_ 1} _j;CQ,...,Cn).

We now handle each case required by the recursion in turn.
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Theorem 4.1. For n>2, Ny(2,n;55;¢-1) =¢"" + (n - 2)q"_1(g).
Proof. By Theorems [3.3] and [3.2]
Ng(2,n;005q=1) = Ng(2,n - 1;00;9 - 1)

q-1 _
+ Y (Ng(1,15005 =1 5) = Ny(1,15005¢ = 1= j)) - No(1,n =15 -1 - 53¢ — 1)

j=1

I

Z ,(2-i,1;50;9-1-35) - (Ny(i,n-1;0;¢-1) = N,y(i,n-1;50,¢ - 1 - j;q — 1))
1=1j=1

[\

q-1

+ 3 D Ng(2-1i,1;505g -1 - ) - Ng(i,n—1;59,g—1-j;q—1)
i=1j=1

= N,(2,n-1;50;q - 1)+ZZN(2 i,1;0;g—1—j) - Ny(i,n - 1;50;¢ - 1)
zl]

=Ny(2,n-1;50;g-1) + ENq(l,l;oosq—l—j)'Nq(l,n—lsocuq-l)
j=1

q-1 _
+ ENq(O,l;;q—l—j)-Nq(2,n—1;§;q—1)
j=1

q-1
=qNy(2,n - 1,50 - 1)+ ».(q-5)¢" "
=1

=qNg(2,n - 1;;¢ - 1) + q”’l(g)'

When n = 2, this equals q(qﬂ) q(g) = ¢%, which is exactly the theorem. If n > 2, then by induction
and reduction above,

Ny(2,m;50;q 1) = qNy(2,n - 1;50;q - 1) + q"’l(q)

2
ol oma (Y e ()

Ly (n—2)q"_1(g). [ ]

Theorem 4.2. For n>2 and r <q, Ny(2,n;00,7;50) = (n=1)(['") + (r + 1)¢".
Proof. We apply Theorems B.3] and B.2}
Ny(2,m;00,7,50) = Ny(2,n - 1;00,7;59)

q-1
+ 3 (Ng(1,157500) = No(1, 15750 = 1= 5)) - Ng(1,n - 1;q - 1 - j;50)
j=1

q-1

+ > Ng(1,1;r5¢=1-5) - (Ng(1,n = 1;00;¢ = 1) = Ny(1,n - 1;¢ - 1 - j;q¢ - 1))
j=1
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T
+ > Ng(0,155 = 1= 5) - (Ng(2,n = 1500,7 = jig— 1) = Ny(2,n - 1;00,g = 1 - j;q - 1))
j=1
q-1
+ 3 Ny(1,1;m59 - 1-5) - Ny(L,n - 1;¢ - 1 - j; 55)
7=1
T

§: 0(0,1;5¢ =1 -4) - Ng(2,n - 1;00,7 — j;50)

T

Z 7(2,n—1;00,7 - j,00)+2((7’+1) min{r +1,q-j})- (q—l—j+n—1)

7=0 j=1 n-1
1-j+n-1
+Zmin{r+1,q—j}-(q”71—(q Jrm ))
! ~1-j+n-1
+Emin{r+1,q—j}-(q grn )
r o —1-j+n-1
:ZNq(2,n—1;oo,r—j;w)+Z(r+1)(q JEn )
30 i n-1
! -1-j+n-1
+Zmin{r+1,q—j}-(q"‘l—(q Jrm ))
j=1 n-1

Z:: 7(2,n—1;00,7 - ]7OO)+(T+1)(Q+Z_2)

+ (q(r+ 1) - (ng))qn_l - ((r+ 1)(q+n—2) - (21?)) (by Lemma [A.2])

n

" 2
=Y Ng(2,n-1;00,7 - j;50) + (r+1)¢" - ¢" (7’+ )+(7‘+n)'
320 2 n+1

When n = 2, this equals Y7_q (7 - j+1)g+(r+1)g*- (T+2)+(T§2) (T’+2)q+(r+1)q —q(r+2) (732)

= (r+1)¢*+ (T+2) which is of the desired form. If n > 2, then by induction and the reduction above,

Nq(2,n;00,1;50) = ZT: ((n_2)(r—j :;n_ 1) +(r—j+ 1)q"*1)

=0
+(r+1)q”—qn1(r;2)+(;i?)
S A SR eyN
NGRS M YRR .

Theorem 4.3. Forn>2 and r<q, Ny(2,n;00,7;¢ - 1) = (r+1)q" - (::{)
Proof. By Theorem [3.3]
Nq(2,n500,r5q = 1) = Ng(2,n = 1500,759 - 1)
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E Ny(L,L;73g -1 -5) - (Ng(1,n - ;005 — 1) = Ny(L,n - 1;¢ - 1 - jiq - 1))

<.
\ |

T

+ > Ng(0,15;g=1-5) - (Ng(2,n = 1500,r = jiq—1) = Ng(2,n - 1;00,g - 1 - j;q - 1))
=1

q-1 _
+ > No(1,15735=1-5) - Ny(1,n - 13— 1-j;¢ - 1)

7=1

T

+ > Ng(0,15; =1 -5) - Ng(2,n = 1;00,7 = jiq— 1)

=1

T
2N(2n 1;00,7 - 7:q — 1)+2mln{r+1q j}qn1
7=0 J=1

r+2
2

™=

Ny(2,n-1;00,7 = jiqg— 1)+ (r+1)¢" —( )q”f1 (by Lemma [A.2]).

7=0

When n = 2, this is

Ny(2,2500,75¢ - 1) = ZNq(Q,l;oo,r—j;q—1)+(r+1)q2_(r+ )q

pn) 2
T q—l 2
:ZZmin{q—i,r—j+1}+(r+1)q2—(T+ )q
=0 i=0 2
2 2 2
:q(r;- )—(T; )(byLemma +(7‘+1)q2—(r; )q
2
=(7‘+1)q2—(r; )

which proves the theorem in case n = 2. Now let n > 2. By above and by induction,

_ r _ 2
Ng(2,n500,73¢=1) = Y Ng(2,n—1;00,7 = j5q = 1) + (r +1)¢" - (T; )qn*1
§=0

S b AT P

r+2\ -1 (7‘+n) n (r+2) el
= - +(r+1)q" -
( 2 )q nat) TUTDE )

Theorem 4.4. The Hilbert-Kunz function for the 2 xn generic matriz X with n > 2 is

—(n—2)q"+n(n+q—1).
2 n+1

HK [ x1/1(x),m () =
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Proof. Recall that HK[x)/7,(x)m(q) = Ng(2,7;50;5) by notation. We apply Theorems 3.3 and
B.2

Ny(2,n;30;50) = Ng(2,n - 1;50;59)
q-1
+ Y (Ng(1,1500500) = Nyg(1,1;00;g = 1= 5)) - Ng(1,n - 15— 1 - j;50)
j=1
1 —_— _—
Ng(2-14,1;50;9-1-7) - (Ng(i,n—1;50;q - 1) = Ny(i,n — 1;%0,¢ -1 - j;q — 1))

Q
|

+
M

~
1}

—_
QS

I
e

+

M

Ng(2-4,1;505¢ -1 -7) - Ny(i,n - 1;50,q - 1 - j;0)
7=1

7

Il
—_

q-1
= Ny(2,n-1;50;) + j(
i=1

q—l—j+n—1)
J

n-1
q-1 _ _

+ Y Ng(1,1500;¢ =1 -5) - (Ng(1,n = 150050 = 1) = Ny(1,n - 154 = 1 - j;q - 1))
j=1
q-1

+ ) Ng(0,1;;9-1-7) - (Ng(2,n—1;50;q - 1) = Ng(2,n - 1;00,g - 1 - j;q — 1))
j=1
q-1

+ ) Ny(1,1;00;g-1-7)-Ny(1,n-1;g-1~5;50)
j=1

q-1
+ Y Ng(0,1;5¢ 1= ) Ng(2,n - 1;00,g - 1 - j;5)
Jj=1

-1
=N,(2,n-1;;) + (q J;n) (by Lemma [A.T))
n+

+;§(q—j)(q"1—(q_1_j+n_l))

n-1
q-1 _ L
+ Y (Ng(2,n - 1;50;¢ - 1) = Ng(2,n - 1;00,g = 1 - j;q - 1))
j=1

q-1 ; q-1
~fqg-1-7+n-1 L
+Z(q—3)( 1 )+2Nq(27n—1;oo,q—1—3;00)
i=1 n- J=1
_ qg-1+n q\ n-1
:Nq(Z,n—l;oo;oo)+( il )+(2)q"
q-1 _ L
+ ) (Ng(2,n - 1,505 - 1) = Ny(2,n = 1500, = 1 = ;¢ - 1))
j=1

q-1
+ ZNq(Q,n— 1;00,q—1-7;50).
=
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When n = 2, this simplifies to
_ g+1\ (g Qf(a+1) K . = .
Nq(2,2;oo;°0)=q2+( )+( )q+2(( )—me{q—z,q—J} + > q(g-j)
3 2 j=1 2 i=1 j=1

(1) s o)1) e

:q2+(q+1)g(q—l)+q3_q2+(q—l);q+1)Q_(q+1)g(q+1)
q+1
:q3+2( 3 )

which proves the case n = 2, and if n > 2, then by Theorems 41l 4.2 4.3] and the reduction above,

i DD (10 (1) 1)

q—l—j+n—1))

)

-1

(q" +(n- 3)qn’2(g) ~(q=5)g" "+ (

Jj=1 n
+;§((”‘2)(q_1_i+n_l)+(q—j)q"1)
_(n-1)q" —2(n—3)q"‘1 . (n- 1)(n +z—2) N (q;i-;n) . (g)q’“
e e

_ (n-2)¢"+q" - (n-3)¢g" ! +(n_1)(n+q—1)+(q—1+n)+(n_2)(g)qn_1

2 n+1 n+1
+qn+1 _ qn _ (n _3)qn—2(g)
_ n+1 n _ _ n _
_(n=2)¢"" +q" - (n-3)q +n(n+q 1) f g
2 n+1
n+1 n _ _ n _
_ng"" +q (n-1)q +n(n+q 1)
2 n+1
n+l _ _ n _
_ng (n-2)q +n(n+q 1). .
2 n+1

Corollary 4.5. (c.f., |5l Theorem 3.3]) The Hilbert-Kunz multiplicity for the 2 x n generic matriz
X withn>2 is
Ny(2,n;50;50) _n, n
g+l 2 (n+1)
We pause to use Theorem 4] and Corollary to record the Hilbert-Kunz functions and
corresponding multiplicities for specific n > 2. We also remark that the Hilbert-Kunz function
Ny(2,3;0;50) appeared in [10, pg. 544] without supporting calculation.

enk (K[ X]/12(X);m) = qll{g

4¢3 - 4
Nq(2727§7§) = %761‘1]& = 57
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13¢* - 2¢3 - ¢* -2 18
N‘](273;§7§): 1 q8 1 q7eHK:§7
_ . 61¢°-25¢" +5¢% - 5¢* - 6q 61
Ny(2,4;50;00) = ,€
ol ) 30 BRET
. 361¢° - 207¢° + 25¢* + 15¢° - 26¢* - 24¢ 361
N,(2,5;00; = = —.
q( ) 700700) 144 , EHK 144
To generalize Theorem 4] the recursion in Theorem B3l applied to larger cases forces other cases
of Ng(2,n;71,72;¢1,...,¢n) to be computed. The rest of this section proves two such necessary cases.

Theorem 4.6. For all v <q, Ny(2,n;q-1,r;q—-1) = q(T:L") + Yt (q”_l)(rm_i) - n(”")

i+1 n—i n+l/°

Proof. By Theorem B.3]

Ny(2,m;9-1,7;¢-1) = Ny(2,n - 15~ 1,7, - 1)

q-1 L
+ Y (Ng(L,1;m35g = 1= §) = Ng(1,1;75¢ = 1= ) - Ny(L,n = 1, = 1= j;¢ = 1)
j=1
2 7
+ ) 2 N2, L5 -1,m59-1-5)
i=1j=1
'(Nq(i7n_1;7'17"'77'7:7177'7:_]';(]_1)LNq(i7n_1;T17"'7Ti717q_1_j;q_1))
2 1
+ZZNq(2—i,1;q—l,7‘;q—l—j)-Nq(i,n—1;T1,...,7’Z~_1,T,-—j;q—1)
i=1j=1
:Nq(27n_1§q_177"§q_1)
2 r;
+ZZNq(2_i,1;q—1,T;q—1—j)'Nq(i,n—1;7"1,...,7’7;_1,7"i—j;q_1)
1=17=1
:Nq(27n_1§q_177"§q_1)
q-1 _
+ 2, Ng(L, L= 1-7) - No(L,n - 1;¢ -1 - j;¢ - 1)
=1

T
Z (0,155 =1-75) - Ng(2,n - 1;¢ - 1,7 - jiq = T)
Jj=
=Ny(2,n-1;9-1,1;¢-1)
q-1 . r
-1- -1 -
Z 1n{r+1,q—j}(q g+m )+2Nq(2,n—1;q—1,r—j;q—1)
j=1

— n-1

T

Z (2,n-19-1,7r-7;q- 1)+(r+1)(

+n-—2
n

) - (::rn) (by Lemma [A.2]).

When n = 2, this equals

Ng(2,20 - 1,75g-1) = JzoNq@m Lr—jig= 1>+<7"+1>() (732)
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3
) (T+2) (by Lemma [A.4]) +(r+1)(g)—(r+2)

e ;
o)) -2(5 )

which fits the pattern, and for n > 2,

_ r _ -2
Ng(2,m5q-1,7;¢-1) = ZNq(Zn—l;q—l,r—j;q-l)+(T+1)(q+n )-(Hn)
n

520 n+1
r r—j+n-1\ "Zrg+i-1\(r-j+n-1-i r—j+n-1
SRS
7=0 n-1 i=1 1+1 n-1-1 n
+(r+1)(q+n—2)_(r+n)
n n+1

+

LR ) () e () ()

n+1
(7‘+n) (q+z—1)(r+n—i) (r+n)
n g\ i+l n-1 n+1

Theorem 4.7. For all r <q, Ny(2,n;q—-1,r;59) = (T’:L") + Yyt (q:ﬁl)(r;ﬁ;’)
Proof. By Theorem B.3]

Nq(27n;q_ 177,;%) = Nq(27n_ 17q_ 177,;%)

q-1
+ 3 (Ng(1,157500) = No(1, 15750 = 1= 5)) - Ng(1,n = 1;q - 1 - j;50)

j=1
2 r;
+ Y Y Ng(2-4,1;9-1,r5¢-1-7)
i=1j=1
'(Nq(i7n_1;T17"'7Ti—17ri_j;q_1)LNQ(Z‘7TL—1;T17"'7ri—17q_1_j;q_1))
2 7
+ 3 S Ng(2-4,Lg-1,r5qg-1-35) - Ng(i,n = L;r1,... 1m0, — J;50)
i=1j=1
:Nq(27n_1§q_17745§)
q-1
+ > (Ng(1,1;7500) = Ng(1,L;m5¢ = 1= 5)) - Ny(1,n - 1, — 1 - j;50)
j=1
q-1
+ > Ng(1,15735=1-5) - Ny(1,n - 1;¢ — 1 - j; )
7=1

T
+ > Ng(0,15;g-1-7) - Ny(2,n—1;q - 1,7 - j; )
j=1
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r q-1
=ENq(Zn—l;q—l,r—j;%)JrENq(l,l;r;OO)-Nq(l,n—l;q—l—j;ﬁ)
j:I
r “1-j+n-1
:ZN(2n Lg—1,7- j,oo)+2(7’+1) (q ‘7+1” )
/”L_

?M% u

-2
N(2n Lig-1,r-j5)+(r+1)- (q+n )
n

When n = 2, this equals

Ny(2,2;qg-1,r;50) = ZE)N(ZL(] Lr-—j;0)+(r+1)- ()

So-iene e (§)=(75) 0 -n-(2)

which fits the pattern, and for n > 2,

-2
Ny(2,n;9-1,r;50) = ZNq(2n l;g-1,r- j,oo)+(7’+1)(q+n )
Jj=0 n

Sl (e B ey e AT (o
)BT )
( .

Theorem 4.8. For all r < q, Ny(2,n;00,7;00,q—1) =q"(r +1).
Proof. By Theorem B.3]
Ng(2,n;00,7500,q = 1) = Ng(2,n —1;00,75¢ - 1)
q-1

+ 3 (Ng(1,157500) = Ng(1,L;m5¢ = 1= 5)) - No(Ln -1, -1 - 34— 1)
j=1

q-1
+ 3 Ng(1,L;r5g=1-j)- (Ng(1,n - 15005 - 1) = Ny(1,n - 1;¢ - 1 - j;¢ - 1))
7=1

Z q(Oalaaq 1- j) (Nq(2 n- 1 0, T — j q - 1) Nq(27n_17007q_1_]7q_1))

7=1

q—l
Ng(1,1;75¢-1-35) - Ny(I,n -1, -1~-34;q-1)

]:1

T

+ 2, Ng(0, 1559 = 1= 5) - No(2,m = Ly00,7 = jig = 1)

<.
Il
—_
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T
=Y Ng(2,n-1;00,7 - j;q—1)
7=0

ql
N(l,lmoo)N(ln l;g-1-j;q-1)

M
,_.

1
ZN(I,qu 1-5)-(Ny(l,n-1;005¢-1) = Ny(1,n - 15— 1-j;¢ - 1))

q-
J

M‘S

“1-j+n-1
Ny(2,n-1;00,7 - j;q—1) + Z(r+1) (q Jrn )
= j=1 n-1

+ in{?‘+17q—j}-(q"‘1—(

=}
—_

qg-1-7+n-1

)) (by Theorem [3.2])

n-1

[y

.
<3

. ~92
= Y N, (2,n - 1oo,r—j;q—1)+(7‘+1)-(q +")
3=0 n

=)o) o e

n+

T T+ 2 T+n
2 1; g-D+q¢"(r+1 ( )+( )
gq(n 00,7 =jiq=1)+q"(r+1)-q"( ", o

When n =2, by Theorem [3.2] and Lemma this equals

L 2 2
Nq(272;°°,7’;00,q—1):ZZmin{q—i,r—j+1}+q2(r+1)—q(r; )+(T; )
j=0i=0

o) (5 e n=o(7) (15
=¢*(r+1),

and when n > 2, by Theorem [4.3] this equals

Ny 2ie0 0= = 2 (g ne =T ) ey - (7)) (1)

J=0 n+1
_(r+2) n,l_(r+n)+ e 1) - nl(r+2)+(r+n)
2 )t n+1) ! T\ o n+1
=q"(r+1),
which proves the theorem. O

APPENDIX A. SOME BINOMIAL FORMULAS

This section contains some binomial formulas used in the main calculations. The reader may
want to read this section only as needed.
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Lemma A.1. For any g >1,

qizl,(j+n—1) (q+n—1) anqu:_(q—j+n—1) (q+n)
=N = .
J n+1 J n-1 n+1

j=0 n-— 1 j=1

Proof. Note $1755("}"1") = S0 5 Gymr = n S0 Sy = n X (1) = n(101). so that

! (k:+n 1)

Zi:(q e 1) Z(q k) 1
S

J
q‘l(j+n—1) T
J
(q+n—1) (q+n—1)
n n+1
(

_ (g-1+n)! (g—1+n)!

- " D)i(g - 2)!

_ (¢-1+n)! (g-1+n)!
_q(n+1)(n+1)!(q—l)!_ (a- )(n+1)!(q—1)!

B (g=1+n)l  (q+n
_(n+q)(n+1)!(q—1)!_(n+1)' "

Lemma A.2. For all r < q, we have the following equalities

qimin{TJrl’q—j} = (q—l)(r+1)—(r;rl) =q(r+1) - (T+2)

i
Saitretan (7)o (00)
qzlmin{r+1,q_j},(q—l—;];;n_l)
=1

= (r 1)(Q+n 2) (T_l)(r+n 1)+(n+1)(7,;7i;1)‘

Proof. By direct computation

q-r-1
Zm1n{r+1q jt= Z(r+1)+ Z(q j) = (q—r—l)(r+1)+( )

Jj=q-r

=<q—1xr+1>—(T;1)

q—l—j+n—1)
n-1

qZ:lmin{r+1,q—j}-(

j=1
:q—vﬂzj—l(r+1)'(q—1—j+n—1)+ qz_:l (q_j)'(q—l;]j;n—l)

= n-1 jear
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(1))

+qZ:1(q—1—j)(q 1nj_+n 1) ii(q—l—j+n—1)

Jj=q-r j=q-r n-1

e (7)) )
:(7’+1)(q+2_2)—7’(r+n 1)+n(r;:n 1) (by Lemma [A.T))

n +1
:(T+1)(q+n—2)_(r+n)’
n n+1
! -1-j+n-1
Zmin{r+1,q—j}-(q gEn )
j=1 "

=q§1(T+1)'(q_1_i+n_l)+ ‘_fi (q_j)_(q—l—im—l)

:(T+1)((q+n—2)_(r+n—1))+ qf (q_j)'(q—2—j+n)

n+1 jeger n

+1
+_§(q 2- ) (q 2 ]+n) 22((] 2 - j+n)
—(r+1)(q ) +1)(r ) Ezk (]Hn) (T;i;n)
St T R [

q-lq-] g+1
Lemma A.3. The sum Z Z min{q-1i,q-j} = 2( 5 )
j=1i=1

Proof. By direct computation Z;’;i Z;?;ll min{q - i,q — j} = Z?j Zg;ol(q -j)+ Z?;i Zg;jl(q -1) =

ST 2L () = (5 + (5. -

Lemma A.4. For all v < q the sum Y;_ OZ‘; min{r —i+1,q - j} = q(r+2) (7;3) and the sum
0 Zq _omin{r-i+1,q-j}= q(”z) (7;2).

Proof. By Lemma [A.2]

ZT: min{r—i+1,q—j}=g(q(r—i+1)—(r_;+2)) =q(T;2)—(T;3),

i=0 j=1
Z(:]Z_:l min{r -i+1,q-j} = q(r;2) (T+3) ir—z#l)

<
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(r+2) (r+3) (r+2) (r+2) (r+2)
=q — + =q - . | |
2 3 2 2 3

REFERENCES

R. O. Buchweitz, Q. Chen and K. Pardue, Hilbert-Kunz functions, Algebraic Geometry e-print series, Feb. 4,
1997.

L. Caniglia, J. A. Guccione and J. J. Guccione, Ideals of generic minors, Comm. Alg., 18 (1990), 2633-2640. B]
A. Conca, Hilbert-Kunz functions of monomial ideals and binomial hypersurfaces, Man. Math., 90, (1996), 287—
300. @

K. Eto, Multiplicity and Hilbert-Kunz Multiplicity of Monoid Rings, Tokyo J. Math., 25, 2, (2002), 241-245. [2]
2

K. Eto and K-i. Yoshida, Notes on Hilbert-Kunz multiplicity of Rees algebras, Comm. Algebra, 31, (2003),
5943-5976. 21 [

N. Fakhruddin and V. Trivedi, Hilbert-Kunz functions and multiplicities for full falg varieites and elliptic curves,
J. Pure. Appl. Alg., 181, (2003), 23-52. [II

C. Han and P. Monsky, Some surprising Hilbert-Kunz functions, Math. Z., 214, (1983), 119-135. [

M. Hochster and Y. Yao, Second coefficients of Hilbert-Kunz functions for domains, preprint. [l

C. Huneke, Tight closure and its applications, with an appendix by Melvin Hochster, CBMS Regional Conference
Series in Mathematics, 88, 1996. [I]

C. Huneke, M. McDermott, and P. Monsky, Hilbert-Kunz Functions for Normal Rings, Math. Res. Lett., 11,
(2004), 4, 539-546. [0

M. Kreuzer, Computing Hilbert-Kunz functions of 1-dimensional graded rings, Uni. Iagel. Acta. Math., 45,
(2007), 81-95. [

E. Kunz, On noetherian rings of characteristic p, Am. J. Math, 98, (1976), 999-1013. [

P. Monsky, The Hilbert-Kunz function, Math. Ann., 263, (1983), 43-49. [

P. Monsky, Rationality of Hilbert-Kunz multiplicities: a likely counterexample, Michigan Math. J., 57, (2008),
605—623, Special volume in honor of Melvin Hochster. [I]

P. Monsky, Transcendence of some Hilbert-Kunz multiplicities (modulo a conjecture), arXiv:0908.0971. [I

P. Monsky, Hilbert-Kunz theory for nodal cubics, via sheaves, arXiv:1012.2354. [T]

P. Monsky and P. Teixeria, p-Fractals and power series-II: Some applications to Hilbert-Kunz theory, J. Alg.,
304, (2006), 237-255. [

K. Schwede and K. Tucker, A survey of test ideals, to appear in the proceedings volume Prog. in Comm. Alg,.,
de Gruyter. [

P. Teixeria, p-Fractals and Hilbert-Kunz Series, Ph. D. Thesis, Brandeis Univ., 2002. [T

K.-i. Watanabe, Hilbert-Kunz multiplicity of toric rings, The Inst. of Natural Sciences Nihon Univ., Proc. of the
Inst. of Natural Sciences 35 (2000), 173-177. [0

K-i. Watanabe and K.-i. Yoshida, Minimal relative Hilbert-Kunz multiplicity, Illinois J. Math, 428, (2004),
273-294.



	1. Introduction
	2. Gröbner bases
	3. Recursion for computing lengths
	4. Computing the 2 n case
	Appendix A. Some binomial formulas
	References

