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Explicit Hilbert-Kunz functions of 2 x 2 determinantal rings

Marcus Robinson and Irena Swanson

ABSTRACT

Let k[X]=k[zi;:i=1,...,m;j=1,...,n] be the polynomial ring in mn variables z; ; over a
field k of arbitrary characteristic. Denote by I2(X) the ideal generated by the 2 x 2 minors of
the generic m x n matrix [z;;]. We give a closed formulation for the dimensions of the k-vector
space k[ X]/(I12(X) + (xf ;,..., 2%, »)) as g varies over all positive integers, i.e., we give a closed
form for the generalized Hilbert-Kunz function of the determinantal ring k[ X ]/I2[X]. We also
give a closed formulation of dimensions of related quotients of k[X]/I2[X]. In the process we
establish a formula for the numbers of some compositions (ordered partitions of integers), and
we give a proof of a new binomial identity.

1. Introduction

Throughout let m,n,q be non-negative integers and k, k[ X ], and I2(X) as in the abstract.
The generalized Hilbert-Kunz function of R = k[ X ]/I2[X] is the function HKg x : N — N given

by
R kK[X] )
HK 2 x(q) = length [ ——1% ) ~ length :
rx(g) = leng (:cm>) ¢ (12<X>+<x3,1,---aw%m>

The standard Hilbert-Kunz function is only defined when k has positive prime characteristic p
and when g varies over powers of p, whereas the generalized Hilbert-Kunz function is defined
for arbitrary field k, regardless of the characteristic. While the Hilbert-Kunz function is
not necessarily a polynomial function, it has a well-defined normalized leading coefficient.
The normalized leading coefficient of the generalized Hilbert-Kunz function has been studied
by several authors, including Conca [?], Eto [?], Eto and Yoshida [?], while Miller and
Swanson [?] studied the whole generalized Hilbert-Kunz function. Miller and Swanson gave
a recursive formulation for HKg x and proved that it is a polynomial function. They gave
closed formulations in the case m < 2. This paper is an extension of [?].

The main result of this paper, Theorem ?7, is the closed formulation of HKg, x for arbitrary
positive integers m,n. We also give, in Theorem 7?7, an explicit length of

k[X]
IQ(X) + (xZJ : Z,]) + Z?=1($1)j7 .o 7.’L'm7_j)q .
In Lemma ?? and Corollary ?7 we give some explicit formulas for the number of tuples of
specific length of non-negative integers that sum up to at most a fixed number and whose

first few entries are at most another fixed number. (In other words, we give formulas for the
numbers of some specific compositions of integers.)

2. Set-Up

Our proofs are based on the following result from [?]:
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Theorem 2.1. [?, Theorem 2.4] A k-vector space basis for k[ X /(12 + (2 1, ..., 2, ,)) consists
of monomials TJ; ; ,T:Z 7 with the following properties:

(1) Whenever p; ; >0 and i’ <i,j < j', then py j =0. (Monomials satisfying this property
will be called staircase monomials. The name comes from the southwest-northeast
staircase-like shape of the non-zero p; ; in the m x n matrix of all p; ;.)

(2) Either for alli=1,...,m, ¥;p;;<q,orforallj=1,....n, ¥;pi;<q.

O

Thus to compute the Hilbert-Kunz function, we need to be able to count such monomials.

The recursive formulations for this function in [?], as well as the explicit formulations below,
require counting related sets of monomials:

Definition 2.2. [?, Section 3] Let 71,...,7m,c1,...,¢, € NU{oo}. (In general we think of the
r; as the row sums and the ¢; as the column sums.) Define Ny(m,n;r1,...,"m;ic1,...,¢n) tO
be the number of monomials J]; ; x p ‘ ’ with the following properties:

(1) 11 f” is a staircase monomlal i.e., whenever p; ; >0 and i’ < i,j < j', then py j =0.

(2) For all ie{l,...,m}, ¥, pij<Ti, and for all je{l,...,n}, Yipi; <cj.

(3) Either for all i € {1 m}, ¥ipij<q,orforall je{l,....,n}, ¥;pij<q.

For ease of notation let ¢ denote {c,c,...,c}. For example, N,(m,n;oc0,...,00;00,...,00) =
N4(m,n;39,%0). By convention, Ng(0,n;;5¢1,...,¢,) = 1.
It was proved in [?, Section 3] that Ny(m,n;71,...,"m;c1,...,cn) equals
k[ X
length( R ™ X] 1 n .+1)7
I(X) + (55” 20,5) + il (@i1s o @)+ X (T, T )

where for an ideal I, we set I to be the 0 ideal. Thus in particular Ny(m,n;0;%0) =
HK g1x7/1,(x),x (0)-

Our main result relies on the count of the following monomials as well:
Definition 2.3. Let r1,...,7m,¢1,...,¢, € NU{oo}. Define My(m,n;r1,...,"m;c1,...,¢Cn) t0

be the number of monomials []; ij :vp “J such that

(1) I, :Cpljj is a staircase monomlal i.e., whenever p; ; >0 and i’ < i,j < j', then py j =0.

(2) Forallie{l,...,m}, ¥,pi; Smln{rz,q 1}.

(3) There exists j € {1, ...,n} such that ¥, p; ; > ¢;.

The following lemma says that mn exponents p; ; of a staircase monomial can be identified
by m +n or even m +n — 1 numbers:

Lemma 2.4. Suppose that ry,...,7m,c1,...,C, are non-negative integers and that Zl T =
2, ¢j- Then there exists a unique staircase monomial []; ; flf such that for all i =1,...,m,

ri =% pij and that for all j=1,...,n, ¢; = ¥, pij-

Proof. If m =1, then clearly p; ; = c¢;, which is uniquely determined. If n =1, necessarily
Pigl =714

In general, for arbitrary m and n, knowing ¢; and 7, is enough information to uniquely
determine pp, 1: If pp, 1 <min{cy,r,,}, then the mth row has a non-zero number beyond the
first entry and the first column has a non-zero number in the first m — 1 rows, which then
makes the corresponding monomial non-staircase and is not allowed. So necessarily p, 1 =
min{c1,7m }. If pp1 = c1, then no more non-zero exponents appear in the first column, and
it remains to fill in the remaining m x (n—1) matrix of p;; with the remaining numbers

T1y.eesTm—1,Tm — C1,C2,...,Cn. If instead py,,1 = rm, then no more non-zero exponents appear
in the last row, and it remains to fill in the remaining (m —1) x n matrix of p; ; with the
remaining numbers 71, ...,73-1,C1 = Tm,C2; -, Cn-

Lemma 2.5. Let a,b,w,z be integers with a <b. The number of b-tuples of non-negative
integers that sum up to at most w and for which the first a entries are strictly smaller than z
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equals
e Sfa\(w—-iz+b
2 G)

Proof. Set Uy ={(v1,...,vp) eN: ¥ v <w, and I < |{i <a:v; > z}|}. The desired num-
ber is |Uy,0 \ Uy 1l-

Certainly Uy o] = (w+b), which is the number of ways of positioning up to w stones into b
boxes (possibly more than one stone per box).

Let (vi,...,v;) € Upy-iz,0 and let L be an l-element subset of {1,...,a}. We construct
(v1,...,v) € N such that v; = v; + z if i € L and otherwise v; = v]. Note that (v1,...,vp) € Uy .
Every element (v1,...,vp) of Uy, is obtained in this way, but note that for k > [, each element
(v1,...,0p) of Uy g N Uy k+1 is obtained in this way in exactly (’f) ways. This proves that

< (k a a\fw-1lz+b
Uy Uy = Uw-iz0| = .
,;(z)| V| (z)' 10| (z)( b )

This gives a system of a + 1 linear equations whose matrix form is

O () () O Waos Vel T TS

O O o O e vaal |

B G @ - G ol =] O]
)

b
@ () @) - O Taaal] L)
The (a + 1) x (a + 1) matrix above is upper triangular with entries 1 on the diagonal. It is easy
to see that the inverse of this matrix [(l_i)] 5 is [(-1)™7(2])]s,;- Thus by Cramer’s rule,

.
N— N —

i1
U0~ U 1| = ?zj(_l)i_l(ifl)(w - (i —bl)z + b) _ g(_l)i((z)(w —;’)z +b)' 0

3. Main theorems

In this section we give explicit formulas for N,(m,n;s0;¢—1), My(m,n;q-1;¢—1), and
Ny(m,n;s0;50) for arbitrary positive integers m,n.
k[X]
Theorem 3.1. For all m,n, the length of equals

L(X) + (2] 14,5) + X (@15 T )1
Nyl =) = (-1 Z( )i

and furthermore, this number equals the number of (m +n — 1)-tuples of non-negative integers
that sum up to at most n(q—1) and for which the first n entries are strictly smaller than q.

Proof.  Let Ty, 5,q be the set of all staircase monomials [T, ; xfj] such that forall j=1,...,n
¥ pij <q. By [?, Section 3],

k[X]
Tonngl = Ng(m,n; 59 - 1) :1€ngth( )
| dl q L(X)+ (¢ i z])+2 (1 T )l

Let W be the set of (m + n — 1)-tuples of non-negative integers that sum up to at most n(qg—1)
and for which the first n entries are strictly smaller than q. Define f: T}, 4 = W by

f(H:Eplj) (Clu' .én,’f'g,’l"g;,...,’f'm),
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where ¢; = (¢ - 1) = X, pi j, and r; = ¥ p; ;. First of all, by assumption all ¢; are strictly smaller
than ¢, and

n
> é Zpu + Y pij
=1

W'Mg

1#1,7
n(g-1) - Zpl,j
J
<n(g-1).
Thus the image of f is in W. An (n+m—1)-tuple (C1,...Cn,72,73,...,7m) € W uniquely
identifies non-negative integers cy,...,¢Cn,72,. .., n. Furthermore,
n m n m n m
ri=y.ci-yri=y (q=1-¢)=-Y ri=n(g-1)- (D¢ +-Y. 1) >0,
j=1 i=2 = i=2 j=1 i=2
so that (¢1,...¢n,72,73,...,7Tm) uniquely identifies non-negative integers ci,...,Cn, 71, m,

whence by Lemma 77 it umquely identifies the staicase monomial []; ; p i Thus fis 1nJectlve
and surjective, so that by Lemma 77,

Ng(m,n;005q-1) = |W|
—Z( 1)1(71( (¢g-1)- zq+m+n—1)

m+n-1
B )
e ()G o

Theorem 3.2. For all positive integers m,n,

My(m,n;q-T;q-1) = ;g(—nmwl(?)(?)(jq —ig+n - 1).

m+n-1

Proof.  Let Sy m 4 be the set of all staircase monomials []; ; ab 3] such that either for all
i=1,...,m, ¥;pij<qorforall je{l,...,n}, ¥;pi; <q. By Definition ??, N,(m,n;s0;0) =
Sl

Set S ng k= { Ti; 255" € Smomg k< Lipiy > q}} Then My(m,n;q=1;q=1) =[S n g1,

For any [T, ; p}’ € Sm .n,q 1€t ¢; be the jth column sum Y; p; ; and 7; the 7th row sum 2 Pij-
Let Pi(n) be the set of all I-element subsets of {1,...,n}. Let W be the number of (m +n —1)-
tuples of non-negative integers that sum up to at most m(q—1) —lq and for which the first m
entries are strictly smaller than q.

In the following we assume that k>0. If ], ; :Cpljj € Smongk N Smon,qk+1, then by the
definition of Sy, 5.4, 7 <g—1 for all 4. Let K € Py(n) such that ¢; > ¢ if and only if j e K.
For any l-element subset L of K, we associate (L,[]; ;= p”) with (L,g—1-ry,...,q—1-
Ty ChyeoiChy. .. clh), where s is the smallest element in L, and cj=cj—qif jeL and ¢} = ¢;
otherwise. Recall Lemma ?7?: this associated element is in Pl(n) x W because all ; are at most
g-1 and

Z(q 1—Tz)+§:c =m(qg-1) Z;n+§c] (I-1)q
=m(q-1)-cs—(I-1)q
<m(g-1)-q-(l-1)q
=m(q-1)-lq.
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Conversely, we can reverse this. Namely, let (L,v) € P(n) x W. By definition the first
m entries in v are non-negative integers that are at most ¢—1, and we can write them

in the form ¢-1-r; for some r; € {0,...,¢—1}. We write the last n—1 entries of v as
(ch 515 €415+ 5 € ), Where s is the smallest number in L. For j € {1,...,n} \ L, let ¢; = ¢,

for j e L~ {s}, set ¢; = ¢ + ¢, and finally set cs = (¥;7:) — (45 ¢j)- Note that

Sri=mla-1)- Xa-1-7)
=m(q-1)-lg- Z(q 1-7) - Zc +lq+Zc

Jts Jj#s
> g+ Z ¢;
Jts
=q+ Z Cj.

its

Thus ¢ > g and so ¢; > g for all ¢ € L. Furthermore, by Lemma 7?7, these non-negative numbers
T1,--+3Tm,C1, .., Cp uniquely determine a staircase monomial []; ; 2P uniquely. Thus in any
case, (L,v) yields (L,[1; ;= p”) uniquely.

We have proved the followmg for every staircase monomial I, f ng € Smon,q,1 there exists
a umque k such that []; ; fljj € Smongk N Smon,qk+1. There exist ( ) sets L € P;(n) such that

i >qforall jeL. To (L I, = ) we uniquely associate an element of Fj(n) x W.
Thus by Lemma 7?7, for all l > 1

k
( )|Sm,n,q,k N Sm,n,q,k+1| = |B(n) X W|

M=

-\

: = [P |
_ (7)2(—1)"%(7;?)(7”@— D-la-jremen-l)
(IS ( )

J
(eI

This is a system of n linear equations with matrix form:

() ) = [ IS~ Szl T [ ZRoCD™ (00
(0 G 0 = G| e Sl | ()2 S0 G0 )
() G 6 G| ISmaas s Smnaal |=|6) S0 ()05
(G @ = O Swnanal] @S
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But the inverse of this matrix [(Z)]” is [(- )”3( )]1 j» so that by Cramer’s rule,

M,(m,n;q-1;g-1) =

Sm, 7q71|

M:

1Smn.gk N Smon.q.k+1]

E 0z O )
g (S

<>~<> L)

e ()

EE () :

j m+n-1

ke
Il
[

M:

E
I

M:

<.
Il
—

M:

<.
Il
[u

NgE

Il
[u

2

M:

Il
=

=1 j5=1

The main theorem on the generalized Hilbert-Kunz function now follows:

k[X]
L(X)+(2f 15 2in)

Theorem 3.3. For all positive m,n, HKg x(q) = length ( ) equals

Ny (m,n;00;00) = Ny(m,n;00;q—1) + My(m,n;q—1;¢ - 1)

-2 ()G )z e GO )

m+n-1 m+n-1

Proof. By Definition ??, N,(m,n;oc0;00) counts all the staircase monomials I, xflj] with
the property that either for all j, ¥; p; ; < g, or for all 4, ¥, p; ; <q.

The number N,(m,n;o0;q—1) counts those monomials in the previous paragraph for
which for all j, 3;pi; <gq, and My(m,n;q—1;¢—1) counts those monomials for which for
some j, ¥;pij > q. Thus Ny(m,n;o0;00) = Ny(m,n;00;q— 1)+ My(m,n;q-1;¢-1), and by
Theorems 77 and 77 this equals to the claimed sums of binomial coefficients.

In particular, comparison with Theorem 4.4 in [?] when m = 2 gives:

Corollary 3.4. The number of (n + 1)-tuples of non-negative integers that sum up to at most
n(q-1) and for which the first n entries are strictly smaller than q equals

n+1
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Proof. According to [?, Theorem 4.4], N,(2,n;00;00) = w +n(q;::1), and by
Theorem 77,

Ny(2,n; 005 00) :zn: (-1)" 1( ) zq+1)

i=1 n+1
) e ()

2 v” 1( G- G0

S ()G )

n+1
Thus X275, (-1)" (") (4] = w. By Theorem ?7, this number is the number of (n +

1)-tuples of non-negative integers that sum up to at most n(q—1) and for which the first n
entries are strictly smaller than q.

n+1

We remark here that we know of no other proof of the equality in the last corollary.
Natural first attempts would be induction and Gosper’s algorithm, and neither of these is
successful, as for one thing, the summands depend not only on the summing index ¢ but also
on n. The challenge remains to establish a closed-form expression for N,(m,n;o0;50) and
N,(m,n;o00;q—1) for higher m.
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