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Table of basic properties

In this table, R is an arbitrary Noetherian ring, and I, J ideals in R. The
overlines  denote the integral closure in the ambient ring.

ICIC+Iand+0CI. (Page 2.)

(1)

(2) I=1. (Corollary 1.3.1.)

(3) Whenever I C J, then I C J. (Page 2.)

(4) Forany I,J,I:JC1I:J. (PageT.)

(5) For any finitely generated non-zero I and any J in a domain,

IJ:1=J. (Corollary 6.8.7.)

(6) An intersection of integrally closed ideals is an integrally closed
ideal. (Corollary 1.3.1.)

(7) Persistence: if R -5 S is a ring homomorphism, then o(I) C
o(I)S. (Page 2.)

(8) If W is a multiplicatively closed set in R, then IW 1R =
IW=1R. (Proposition 1.1.4.)

(9) An element r € R is in the integral closure of I if and only if
for every minimal prime ideal P in R, the image of r in R/P
is in the integral closure of (I + P)/P. (Proposition 1.1.5.)

(10) Reduction criterion: J C I if and only if there exists [ €
N such that (I + J)'T = (I + J)"*1. (Corollary 1.2.5.)

(11) Valuative criterion: J C T if and only if for every (Noe-
therian) valuation domain V' which is an R-algebra, JV C I'V.
When R is an integral domain, the V' need only vary over val-
uation domains in the field of fractions of R. Furthermore, the
V need only vary over valuation domains centered on maximal
ideals. (Theorem 6.8.3 and Proposition 6.8.4.)

(12) I-J C1J. (Remark 1.3.2 (4), or Corollary 6.8.6.)

(13) Let R C S be an integral extension of rings. Then IS NR = I.
(Proposition 1.6.1.)

(14) If S is a faithfully flat R-algebra, then IS N R = I. (Proposi-
tion 1.6.2.)

(15) The integral closure of a Z" x N™-graded ideal is Z" x N™-

graded. (Corollary 5.2.3.)




If R is a polynomial ring over a field and I is a monomial
ideal, then T is also a monomial ideal. The monomials in I are
exactly those for which the exponent vectors lie in the Newton
polyhedron of I. (Proposition 1.4.6, more general version in
Theorem 18.4.2.)

Let R be the ring of convergent power series in d variables

X1,..., X4 over C, or a formal power series ring in Xq,..., Xy
over field of characteristic zero. If f € R with f(0) = 0, then
of of
el Xi=—,..., Xgq=—— ).
/ ( e daxd>

(Corollary 7.1.4 and Theorem 7.1.5.)
Let (R, m) be a Noetherian local ring which is not regular and
I an ideal of finite projective dimension. Then m(/ : m) = m/
and I : m is integral over I. (Proposition 1.6.5.)
x € I if and only if there exists ¢ € R not in any minimal
prime ideal such that for all sufficiently large n, cz™ € I".
(Corollary 6.8.12.)
If R is a Noetherian local ring, then ht(7) < ¢(I) < dim R.
(Corollary 8.3.9. The notation ¢() stands for analytic spread.)
If R is local with infinite residue field, then I has a minimal
reduction, and every minimal reduction of I is generated by
¢(I) elements. (Proposition 8.3.7.)
If I or J is not nilpotent, then ¢(1.J) < ¢(I) + £(J). (Proposi-
tion 8.4.4.)
x € I™ if and only if

lim M >n.

1—>00 1
(Corollary 6.9.1 and Lemma 6.9.2.)
If R — S is a normal ring homomorphism of Noetherian rings,
then for any ideal I in R, IS = IS. (Corollary 19.5.2.)




Notation and basic definitions

Except where otherwise noted, all rings in this book are commutative with
identity and most are Noetherian. An ideal in a ring R generated by aq, ..., a,
is denoted by (a1, ...,a,) or (ai,...,ay)R. If n =1, it is also written as a; R.

A ring is local if it has only one maximal ideal. We write (R, m) to denote
a local ring with maximal ideal m, and (R, m, k) to denote (R, m) with residue
field k. An overring S of R is a ring that contains R as a subring. An
R-algebra S is essentially of finite type over R if S is a localization of a
finitely generated R-algebra. The total ring of fractions is the localization
of R inverting all non-zerodivisors. If f: R — S is a ring homomorphism, [
an ideal in R and J an ideal in S, then IS is the ideal in S generated by f([);
and J N R is the ideal f~1(J).

An R-module M is faithful if ann(M) = 0. M is torsion-free if for any
non-zerodivisor r of R and any m € M, rm = 0 implies that m = 0. If I is an
ideal in R, M is said to be separated in the I-adic topology if N, I"M = 0.

A\ B set difference A minus B

N natural numbers starting from 0

mpg the maximal ideal of a local ring R
Min(R) the set of minimal prime ideals of R
Max(R) the set of maximal prime ideals of R
Ass(M) set of associated prime ideals of M

Re R\ Upeminr) P

Ryea ring R modulo its nilradical

R completion of (R, m) in the m-adic topology
R(X) faithfully flat extension of R, Section 8.4
Q(R) field of fractions of R

WR canonical module of R

dim( ) Krull dimension; vector-space dimension
A() length

T(R), Tx(R) Definition 13.4.3

(R;), (S:) Serre’s conditions, Definition 4.5.1

Js/r Jacobian ideal, Definition 4.4.1

K~ the set of units in K

K algebraic closure of field

RT absolute integral closure, Section 4.7
I,R integral closure of ideal, ring

tr.degp(K) transcendence degree of K over F

[K : F] F-vector space dimension of a field K
Tr trace

D(R),D(R) set of divisorial valuation (ring)s with respect

to R, Definition 9.3.1, Section 18.1 resp.



R, the valuation ring of valuation v, Section 6.2
m, the maximal ideal of R,
Ko the residue field of R,
rk(v), rat.rk(v) rank and rational rank of v, Definition 6.6.1
I, value group of valuation v, Definition 6.2.1,
I'v value group of valuation ring V', page 122
R[It], R[It,t71] Rees and extended Rees algebras, Chapter 5
gr;(R) associated graded ring, Definition 5.1.5
Fr(R),F; fiber cone of I, Definition 5.1.5
k(P) field of fractions of R/ P, residue field of P
adj( ) adjoint, Chapter 18
ann( ) annihilator ideal
depth( ) depth of a module or ring, depth(R) = oo
VI radical of 1
V(I) the set of prime ideals in R containing
ht( ) height of an ideal, ht(R) = oo
o) analytic spread, Definition 5.1.5
() minimal number of generators
ords( ) order function, Definition 6.7.7,

ordr( ) = ordm( ) if (R, m) is a local ring
c(I) content of an ideal, 14.1.1
c(f) content of a polynomial, 1.7.1
RV () set of Rees valuations or Rees valuation rings
-1 Hompg (I, R), Definition 2.4.5
I, 171, 172 etc. R (powers of an ideal I in a ring R)
I|J ideal I divides ideal J, Definition 14.0.1
I:J™ the union |J,,({ : J™), where I and J are ideals
ry(I) reduction number, Definition 8.2.3
rk(M) rank of a module

if R domain: rk M = dimgg)(M ®r Q(R))

er(l; M), e(I; M), e(R) multiplicity, Chapter 11
( 1 La; M)
er(1l; dl] [dk], M) mixed multiplicity, Chapter 17
Pra(n ) Hilbert—Samuel polynomial
det ¢ (M) determinant of a module, Proposition 16.3.2
Ii(p) ideal of ¢ x ¢ minors of a matrix ¢
Er(M) page 321
Rp(M) a Rees algebra of a module, Definition 16.2.1
Sr(M) Definition 16.2.1
Symp (M) symmetric algebra of M, Chapter 16
T>R infinitely near, Definition 14.5.1
U1 asymptotic Samuel function, Definition 6.9.3

A(v) Lipman’s reciprocity, 14.6.2



Preface

Integral closure has played a role in number theory and algebraic geometry
since the nineteenth century, and a modern formulation of the concept for ide-
als perhaps began with the work of Krull and Zariski in the 1930s. This book
is on the integral closure of ideals, rings, and modules over commutative Noe-
therian rings with identity. Our goal in writing this book was to collect mate-
rial scattered through many papers, and to present it with a unified treatment.
To make the book self-contained, we begin with basic material, and develop
most of what is needed to read the book. We hope the presentation makes
the book friendly to a beginner. The reader should have basic knowledge of
commutative algebra, such as modules, Noetherian chain conditions, prime
ideals, polynomial rings, Krull dimension, height, primary decompositions,
regular sequences, homomorphisms, regular and Cohen—Macaulay rings, and
the process of completion. One exception is the need to have prior knowledge
of the integral closure of rings, as this is worked out carefully in Chapter 2.

Integral closures of ideals, rings and modules overlap many important top-
ics, including the core of ideals, Hilbert functions, homological algebra, mul-
tiplicities (mixed and otherwise), singularity theory, the theory of Rees alge-
bras, resolution of singularities, tight closure, and valuation theory. While all
of these topics are touched on in the book, we ask the reader to forgive us if
we didn’t fully explore their own favorite from among this list. After over 425
pages, we had to put some limits on what we could cover.

The book is written to be read in linear order. The first eleven chapters
are linearly dependent upon each other to some extent, but the last several
chapters are largely independent of each other, and the reader or instructor
can easily pick and choose which they prefer to cover. In a few places in later
chapters more commutative algebra techniques are used without background
explanation. Exercises are included at the end of each chapter. Some exercises
are easier than others; exercises labelled with a star are hard.

A seminar, beginning in 1984, with William Heinzer, Sam Huckaba, Jee
Hub Koh, Bernard Johnston, and Jugal Verma, and later Judith Sally, was
instrumental in encouraging the second author’s interest in this material. The
subject of the seminar, integral closure, became the basis of courses given by
the second author at Purdue University. An impetus in writing the book was
provided by a grant to the first author from the NSF POWRE program that
enabled us to work together during 2000/01 at the University of Kansas. The
first author taught there from the very first version of the book. We thank the
students in that course for helping us smooth the presentation: Giulio Cav-
iglia, Catalin Ciuperca, Bahman Engheta, Glenn Rice, Janet Striuli, Emanoil
Theodorescu, and Yongwei Yao. Yongwei Yao provided several results and
exercises for the book.



Xiv

Marie Vitulli taught from a second preliminary version at the University
of Oregon. We thank Marie Vitulli for her support and feedback, and to
Aaron Tresham for working out solutions to the exercises. Several people
read parts of earlier versions of the book and provided valuable feedback on
the content and on the presentation: Lionel Alberti, Jean Chan, Alberto
Corso, Dale Cutkosky, Clare D’Cruz, Trung Dinh, Neil Epstein, Sara Faridi,
Terence Gaffney, Daniel Grayson, William Heinzer, Melvin Hochster, Rein-
hold Hiibl, Eero Hyry, Mark Johnson, Olga Kashcheyeva, Daniel Katz, Franz-
Viktor Kuhlmann, Monique Lejeune-Jalabert, Joseph Lipman, Thomas Mar-
ley, Stephen McAdam, Patrick Morandi, Liam O’Carroll, Bruce Olberding,
Greg Piepmeyer, Claudia Polini, Christel Rotthaus, Mark Spivakovsky, Bran-
den Stone, Steven Swanson, Amelia Taylor, Bernd Ulrich, Wolmer Vasconce-
los, Janet Vassilev, Jugal Verma, and Cornelia Yuen. We are indebted to all
for improving the book and for reducing the number of errors. Of course, the
remaining errors are all our own. Terence Gaffney and Joseph Lipman intro-
duced us to material that we had not previously considered, and we thank
them for their help.

William Heinzer, Liam O’Carroll, Claudia Polini, Christel Rotthaus, Amelia
Taylor, Bernd Ulrich, and Jugal Verma gave us crucial detailed comments that
helped us clarify the presentation. Daniel Katz went beyond any call of inter-
est or friendship; he read and corrected the whole book, and often suggested
clearer and better proofs. We thank them profusely.

We gratefully acknowledge the partial support of NSF while the book was
in progress; the second author was supported in part by NSF grant 024405,
while the first author acknowledges support on NSF grants 9970566, 0200420,
on the POWRE NSF grant 0073140, and on the ADVANCE Institutional
Transformation Program at New Mexico State University, fund NSF0123690,
during Spring 2005.

We thank Cambridge University Press, and in particular Roger Astley, for
encouragement and help over the years it took us to write this book.

The book was typeset with TEX, and the few pictures were made with
Timothy van Zandt’s pstricks. Occasionally, to explain some side remark
or a well-known point, we use the small-print paragraphs.

Our families put up with us over our years of effort on this book, even when
things were not working as we hoped. Nothing works without family support,
and our heartfelt gratitude go to Steve, Simon, Edie, Sam, and Ned.

Ultimately, our thanks go to the many researchers who developed integral
closure; we ourselves owe a special debt to Joseph Lipman and David Rees,
who inspired and taught us, and this book is dedicated to both of them.



1
What is integral closure of ideals?

The main goal of this chapter is to introduce the integral closure of ideals.
We give basic definitions, show some elementary manipulations, give a flavor
of the theory for monomial ideals, and show how integral closure arises in
various contexts.

Why and how did the integral closure of ideals arise in the first place? Much
of commutative algebra is dependent, in various guises, upon understanding
growth of ideals. A classic example of this phenomenon is the Hilbert—Samuel
polynomial for an m-primary ideal I in a local Noetherian ring (R, m). For
large n, the length of R/I™, as a function of n, equals an integer-valued
polynomial. The coefficients of this polynomial are necessarily rational, and
are numerical invariants which are important for study of the pair (R, I). For
example, the degree of this polynomial equals d = dim R, and the normalized
leading coefficient of the polynomial, namely the leading coefficient times d!,
is an invariant carrying much information about I and even about R. It is
called the multiplicity of I on R (which is the multiplicity of R if ] =m). A
key question is what elements r can be added to an m-primary ideal I so that
I and I 4+ rR exhibit the same power-growth, or more specifically, have the
same multiplicity?

A first try might be to say that “powers of r grow as powers of I”, i.e., if
there is an n such that »™ € I"™. This has merit, but allows too few elements 7.

A next attempt can be an asymptotic version. Let v, (r) be the least power

of rin I™. If the limit of U”T(T) exists and is at least 1, we can intuitively think
that r “grows” at least as fast as I. This approach was taken by David Rees
in the 1950s, and successfully picks elements 7.

Another approach is to use valuations to measure the relative “sizes” of I
and r. One can simply require that v(r) > v(I) for every valuation v. This a
priori leads to a new and different idea of growth, but it turns out to be the
same as Rees’s asymptotic approach above.

There are other natural approaches. One approach that has become more
important through its relationship to tight closure is to ask that there be an
element ¢ such that for all large n, cr™ € I". Taking nth roots and letting n
go to infinity somehow captures the sense that r is almost in 1.

All of these different approaches lead to the same concept, which is called
the integral closure of the ideal I. Moreover, integral closure occurs naturally
in many contexts. Even more remarkably, all of these notions can be subsumed
into a single equational definition (see Section 1.1).

The goal of this chapter is to introduce the integral closure of ideals, show
some elementary manipulations, and motivate the study of integral closure.



2 1. What is integral closure of ideals?

We present many examples of integral closure constructions. In Section 1.4
we illustrate the theory on monomial ideals. In the last two sections we
describe how integral closure arises naturally in many contexts. We start with
the equational definition, and in Section 1.2 we characterize integral closure
with reductions. We expand more on the theory of reductions in Chapter 8.
The valuative approach to integral closure is taken up in Chapter 6, Rees’s
asymptotic approach is in Chapter 10, and the connection with the Hilbert—
Samuel polynomial and multiplicity is in Chapter 11.

1.1. Basic properties

Definition 1.1.1 Let I be an ideal in a ring R. An elementr € R is said to be
integral over I if there exist an integer n and elements a; € I',i=1,...,n,
such that

4 ar™ ! Fagr™ 2 o a1+ ap, = 0.

Such an equation is called an equation of integral dependence of r over 1
(of degree n).

The set of all elements that are integral over I is called the integral clo-
sure of I, and is denoted I. If I = I, then I is called integrally closed. If
I C J are ideals, we say that J is integral over I if J C I.

If I is an ideal such that for all positive integers n, I™ is integrally closed,
then I is called a normal ideal.

A basic example is the following:

Example 1.1.2 For arbitrary elements x and y € R, xy is in the integral

closure (22, y2) of the ideal (22,y?). Namely, with n = 2, a; = 0 € (22, 9?)

and ay = —x%y? € (22,9%)?, (vy)? +a1(zy) +az = 0 is an equation of integral

dependence of zy over (z2,y?).
Similarly, for any non-negative integer i < d, z'y%~% is in (2%, y%).

Remark 1.1.3

(1) I C1I,asforeachr € I, n =1 and a; = —r give an equation of integral
dependence of r over I.

(2) If I C J are ideals, then I C J, as every equation of integral dependence
of r over I is also an equation of integral dependence of r over J.

(3) I C+/1, as from the equation of integral dependence of 7 over I of degree
n as above, r™ € (ay,...,a,) C I.

(4) Radical, hence prime, ideals are integrally closed.

(5) The nilradical v/0 of the ring is contained in I for every ideal I because
for each nilpotent element r there exists an integer n such that r™ = 0,
and this is an equation of integral dependence of r over I.

(6) Intersections of integrally closed ideals are integrally closed.

(7) The following property is called persistence: if R-%5S is a ring ho-
momorphism, then ¢(I) C ¢(I)S. This follows as by applying ¢ to an
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equation of integral dependence of an element r over I to obtain an equa-
tion of integral dependence of ¢(r) over ¢(1)S.

(8) Another important property is contraction: if R 5 S is a ring homo-
morphism and I an integrally closed ideal of S, then ¢ ~1(I) is integrally
closed in R. Namely, if r is integral over o~ !(I), then applying ¢ to an
equation of integral dependence of r over ¢~ 1(I) gives an equation of
integral dependence of o(r) over I, so that ¢(r) € I, whence r € o~ 1(I).

(9) In particular, if R is a subring of S, and I an integrally closed ideal of S,
then I N R is an integrally closed ideal in R.

Integral closure behaves well under localization:

Proposition 1.1.4 Let R be a ring and I an ideal in R. For any multi-
plicatively closed subset W of R, W11 = W—11.
Furthermore, the following are equivalent:
(1) I=1.
(2) For all multiplicatively closed subsets W of R, W11 = W-11.
(3) For all prime ideals P of R, Ip = Ip.
(4) For all maximal ideals M of R, Ip; = Ipy.

Proof: By persistence of integral closure, W—'I C W-1I = IW-1R. Let
r € W-1I. Write r® + a;r"~! + --- 4+ a, = 0 for some positive integer n
and some a; € W1I*. There exists w € W such that wr € R and for all
i=1,...,n, wa; € I'. Multiplying the integral equation by w™ yields
(wr)™ + ayw(wr)” ™ 4+ @ w™H (wr) + apw™ = 0.

All the summands are in R, but the equality holds in W~!R. Multiplying
through by the nth power of some w’ € W gives equality in R:

(ww'r)™ 4+ ayww’ (ww'r)" " 4 @y (ww')

"Hww'r) + an(ww')™ = 0.

This is an integral equation of ww'r € R over I. Thus » € W~1I, which
proves the first part.

By the first part, (1) implies (2), and clearly (2) implies (3) and (3) implies
(4). Now assume that (4) holds. Let r € I. Then for all maximal ideals
M in R, r € Iy, hence r € I. This proves (1) and finishes the proof of the
proposition. ]

The following proposition reduces questions about of integral closure to
questions about integral closure in integral domains:

Proposition 1.1.5 Let R be a ring, not necessarily Noetherian. Let I be an

tdeal in R.

(1) The image of the integral closure of I in R,.q is the integral closure of
the image of I in Ryeq: IRyeq = IRyeq. Thus I equals the natural lift to
R of the integral closure of I in the reduced ring R,eq.

(2) An element r € R is in the integral closure of I if and only if for every
minimal prime ideal P in R, the image of r in R/P is in the integral
closure of (I + P)/P.
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Proof: By persistence of integral closure, IR,.q is contained in IR,.q. For
the other inclusion, let » € R such that r + V0 € IR,.q. Write f=r"+
ar" 4+ ap_1r + an € VO for some a; € I'. Some power of f is zero.
But f* = 0 gives an equation of integral dependence of r over I of degree kn,
which finishes the proof of (1).

We prove (2). By persistence of integral closure, the image of I in R/P is
contained in the integral closure of (I + P)/P for every P. Conversely, let W
be the set {r"+a1r" 1 +---+a,|n € Nug,a; € I'}. Note that W is a subset
of R that is closed under multiplication. If W contains 0, r is integral over I;
otherwise there is a prime ideal () in R disjoint from W. As minimal prime
ideals exist in every ring R, there is a minimal prime ideal P contained in Q).
By assumption on Q, W NP C WnNQE = (), but by the assumption on all the
minimal prime ideals, W N P is not empty, contradicting the assumption that
0 is not in W. ]

When the set of minimal prime ideals of R is finite, an equation of integral
dependence of r over I can be constructed from the equations of integral
dependence of r over I modulo each of the minimal prime ideals Py, ..., P,
as follows: there exist aj; € I'i=1,... ,nj, such that f; =r" + ajlr”ﬂ'_l +
o+ Q1T + ajn; € Pjo Then f = fifo--- fin € /0, so that for some
positive integer k, f¥ = 0, and this gives an equation of integral dependence
of r over I.

Remark 1.1.6 Even if there are finitely many minimal prime ideals and the
ideal I is contained in none of them, it may happen that the integral closure
of I is determined by going modulo only a proper subset of the minimal prime
ideals. For example, let R = k[X,Y, Z]/(XY), with X,Y, Z variables over k.
For I = (Y, Z)R, the integral closure of I modulo the minimal prime ideal
(X) lifts to (X, Y, Z) R and the integral closure of I modulo the minimal prime
(Y) lifts to (Y, Z)R, making the first calculation redundant.

We next rephrase integral closure with ideal equalities:

Proposition 1.1.7 Let R be a ring, not necessarily Noetherian. For any
element r € R and ideal I C R, r € I if and only if there exists an integer n
such that (I + (r))™ = I(I + (r))" 1.

Proof: First suppose that € I. Then an equation of integral dependence of
r over I of degree n shows that ™ € I(I+(r))" ! and hence that (I + (r))" =
I(I+ (r))"L. Conversely, if (I + (r))"* = I(I + (r))""! then r™ = byr"~! +
bor™ =2 4 ... 4+ b,_1r + b, for some b; € I’, which can be easily rewritten into
an equation of integral dependence of r over I. ]

One can also use modules to express integral dependence:

Corollary 1.1.8 (Determinantal trick, cf. Lemma 2.1.8) Let I be an ideal
in R and r € R. Then the following are equivalent:
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(1) r is integral over I.

(2) There exists a finitely generated R-module M such that rM C IM and
such that whenever aM = 0 for some a € R, then r € 0 : a.

Moreover, if I is finitely generated and contains a non-zerodivisor, r s integral

over I if and only if there exists a finitely generated faithful R-module M such

that IM = (I + (r))M.

Proof: Let 1" +a1r" ' 4---+a, = 0 be an equation of integral dependence of
r over I. There exists a finitely generated ideal J C I such that a; € J* for all
1 =1,...,n. Thus r is integral over J, and by Proposition 1.1.7, there exists
an integer n such that J(J + (r))" =t = (J+ (r))". Then M = (J + (r))" "1 is
finitely generated, and rM =r(J + (r))" 1 C (J+ (r)" = J(J + (r))" ! =
JM C IM. Also, if aM = 0, then ar™ ! = 0.

When [ is finitely generated, we may take J = I, so that IM = (I+(r))M.
If I contains a non-zerodivisor, M is faithful.

Conversely, assume (2). Let M = Rby + - -- + Rb,, be an R-module such
that rM C IM. For each ¢+ = 1,...,m, write rb; = Z;ﬂ:l ai;b; for some
a;; € I. Let A be the matrix (6;;7 — a;;), where §;; is the Kronecker delta
function. Let b be the vector (by,...,b,)T. By construction Ab = 0, so that
det(A)b = adj(A)Ab = 0. Hence for all i, det(A)b; = 0, so that det(A)M =
0. By assumption det(A)r® = 0 for some integer k, and an expansion of
det(A)r* = 0 yields an equation of integral dependence of r over I. The last
statement now also follows. O

The first case of Proposition 1.1.7, for special rings, without using the term
“integral”, is in Priifer’s 1932 paper [226], on pages 14-16. In the same paper,
Priifer used the determinantal trick as in the proof above.

1.2. Integral closure via reductions

We introduce reductions in this section. Reductions are an extremely useful
tool for integral closure in general, and we expand on them in Chapter 8.

Definition 1.2.1 Let J C I be ideals. J is said to be a reduction of I if
there exists a non-negative integer n such that 1"t = JI™.
Proposition 1.1.7 proved the following;:

Corollary 1.2.2 An element r € R is integral over J if and only if J is a
reduction of J + (r).

Remark 1.2.3 Note that if JI™ = ™!, then for all positive integers m,
Jmtn = grmtn—l — ... — JmIn In particular, if J C I is a reduction, there
exists an integer n such that for all m > 1, [™*" C J™.

The reduction property is transitive:

Proposition 1.2.4 Let K C J C I be ideals in R.
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(1) If K is a reduction of J and J is a reduction of I, then K is a reduction
of I.

(2) If K is a reduction of I, then J is a reduction of I.

(3) If I is finitely generated, J = K + (r1,...,7), and K is a reduction of
I, then K s a reduction of J.

Proof: First we assume that K C J and J C I are reductions. Then there
exist integers n and m such that KJ? = J"*! and JI™ = I™*!. By Re-
mark 1.2.3 it follows that 7™+l = gotipm — g gnpm C KJmtn C [mntl
so that equality holds throughout and K is a reduction of I. This proves (1).

Assume that K C I is a reduction. Then there exists an integer n such
that I"T! = KI™ C JI™ C I™*!, so equality holds throughout and J is a
reduction of I. This proves (2).

Assume that [ is finitely generated, J = K + (r1,...,7%), and K is a
reduction of I. Then there exists an integer n such that KI" = I"*!. By
(2), for all i =0,...,k, K+ (r1,...,7;—1) is a reduction of I. (When i = 0,
(r1,...,7m;—1) is interpreted as the zero ideal.) As r; € I, by the choice of n
it follows that r,I™ C KI™ C (K + (r1,...,7;—1))I™. If aI™ = 0 for some
a € R, then as r; € I, also ar]’ = 0. By assumption I" is finitely generated.
Thus by Corollary 1.1.8, r; is integral over K + (r1,...,7;—1), so that by
Proposition 1.1.7, K + (r1,...,7r;_1) is a reduction of K + (r1,...,r;). Hence
by (1) and induction on k, K C K + (r1,...,7,) = J is a reduction. O

In case ideals are not finitely generated, the conclusion of Proposition 1.2.4
need not hold (see Exercise 1.8).

Corollary 1.2.5 Let K C I be ideals. Assume that I is finitely generated.
Then K is a reduction of I if and only if I C K.

Proof: 1f K is a reduction of I, then by Proposition 1.2.4 (3) for every r € I,
K is a reduction of K + (r), so that by Proposition 1.1.7, r € K. Thus I C K.

To prove the converse, suppose that I = (r1,...,7,) € K. Then for
i =1,...,n, r; is integral over K and hence over K + (ri,...,r;_1). Then
by Proposition 1.1.7, each immediate inclusion in the chain K C K + (r1) C
K+ (r,r2) €--- C K+ (r1,...,m,) = I is a reduction, so that by Proposi-
tion 1.2.4 (1), K C I is a reduction. O

1.3. Integral closure of an ideal is an ideal

Reductions allow an easy proof of the fact that I is an ideal.

Corollary 1.3.1 The integral closure of an ideal in a ring is an integrally
closed ideal (in the same ring).

Proof: Let K be an ideal in a ring R. Certainly . K is closed under multiplica-
tion by elements of R. It remains to prove that K is closed under addition. Let
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r,s € K. Write an integral equation for r over K: ™+ k"t +-- - +k, =0
for some k; € K*. There exists a finitely generated ideal K’ contained in K
such that k; € (K')'. Thus r € K’, and similarly, by possibly enlarging K,
s€ K. Let J=K' +(r), I = K'+(r,s) = J +(s). By Proposition 1.1.7, K’
is a reduction of J, and J is a reduction of I. Thus by Proposition 1.2.4, K’ is
a reduction of I. As K’, J and I are finitely generated, by Proposition 1.2.4
then K’ C K’ + (r 4+ s) C I are reductions. Thus by Proposition 1.1.7, r + s
is integral over K’ and hence over K, so that K is an ideal.

To prove that the integral closure of an ideal is integrally closed, let I be

an ideal of R, and r € I. Then there exists a finitely generated subideal
J in I such that r € J. Write J = (j1,...,jk). Similarly there exists a
finitely generated ideal K C I such that each j; is integral over K. By
Proposition 1.2.4, K is a reduction of K + J and K + J is a reduction of
K +J+(r), hence K is a reduction of K + (r). Thus r is integral over K and
hence over I. This proves the corollary. O

An alternate proof of this corollary is by Proposition 5.2.1 which shows that
the integral closure of an ideal is a graded component of the integral closure
of a special Rees ring in an overring. Integral closures of rings are discussed
in the next chapter and Rees rings in Chapter 5.

The fact that the integral closure is an ideal is very useful in computations
and constructions. We use this property in the rest of this section.

Remark 1.3.2

(1) The following are equivalent for an ideal I and an element r in a ring R
(cf. Proposition 1.1.4):
(i) rel.
(ii) For all multiplicatively closed subsets W of R, T € W—11.
(iii) For all prime ideals P of R, * € Ip.
(iv) For all maximal ideals M of R, ¥ € Ip.

(2) If I and J are ideals in R, then I :J C I : J. Namely, it is enough to
prove that I : J is integrally closed. Let r be integral over I : J. Then
r satisfies an equation of integral dependence over I : J. Say that the
degree of this equation is n. For any a € J, multiply the equation by a™
to get an equation of integral dependence of ra over I. It follows that
ra € I. Hence rJ C I, which means that I : J is integrally closed.

(3) If I C Jand J C K are integral extensions, sois  C K (K CJ CI=1).

(4) If I C I’ and J C J’ are integral extensions of ideals, so are I+.J C I'+.J’
and IJ C I'J’. Namely, elements of I’ and of J’ are clearly integral
over I + J, hence the ideal I’ + J’ is integral over I + J. Also, for any
a€l, b e, ab is integral over I.J (write out the equation of integral
dependence for b’ over J and multiply by an appropriate power of a), so
that the ideal I.J’ is integral over I.J. Similarly, I’J’ is integral over I1.J’,
so that I'J' C IJ CIJ.
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Example 1.3.3 Let R = k[X,Y] be a polynomial ring in X and Y over a
field k. The ideal I = (X2 + Y3, XY3 Y?) is integrally closed.

Proof: Observe that I is homogeneous under the weighted grading deg(X) =
3, deg(Y) = 2. The ideal of R consisting of all elements of degree 8 or higher
is generated by X3, X2Y, XY and Y*, and is contained in I. Let r € T\ I
have components of degree strictly smaller than 8. Since I is an ideal, by
possibly subtracting elements of I C I from r, without loss of generality
degy(r) < 1 and degy (r) < 3. An integral equation of r over I is of the
form r™ 4+ a;r" ! + .- 4+ a, = 0 with a; in I*. The lowest degree component
monomial in 7" has to cancel some component monomial in a;7"%, or in
other words, there exists an integer 7 such that the lowest degree component
ro appearing in r has degree equal to the degree of a component appearing
in a; divided by i. But a; is in I?, so its degree is at least 6i, so that deg(rg)
is either 6 or 7, and so the lowest degree component in a; has to have degree
at most 7i. Necessarily the lowest degree component in a; is a multiple of
the only generator in I of degree strictly smaller than 8, namely of X2 + Y3,
Since this holds for all such 4, then ro € /(X2 +Y3) = (X2 + Y3), which
contradicts the assumption that degy (r) < 2. Thus I = I.

The sum of integrally closed ideals need not be integrally closed:

Example 1.3.4 Let k be a field, X and Y variables over k, and R = k[ X, Y].
Let m = (X,Y)R. By Example 1.3.3, I = (X2 +Y?3)+m* is integrally closed.
By similar degree arguments or by Exercise 1.18, J = (Y3) + m? is also
integrally closed. However, the sum of these two integrally closed ideals is not
integrally closed. Namely, XY? is integral over I + J = (X2,Y3) + m* as it
satisfies the monic polynomial f(T) = T3 — X3Y°® with X3Y% € (I +.J)3, but
XY?isnotin I+ J.

In rare cases the sum of two integrally closed ideals is still integrally closed:

Proposition 1.3.5 Let I be an integrally closed ideal in a ring R. Let Z be
a variable over R. Let S = R[Z]. Then IS + ZS is integrally closed.

Proof: Let r € IS + ZS. We have to prove that r € 1.5 + ZS. Without loss
of generality no Z appears in . Then in an equation of integral dependence
of r over IS+ ZS we collect all terms of Z-degree zero to obtain an equation
of integral dependence of r over I, so that as [ is integrally closed, r € I.5.[]

The following is a trick to translate a counterexample for I +.J = I + J
(as above) to a counterexample for IJ = I - J: given ideals I, J in R and
re I+ J\(I+J),let Z be a variable over R. Set S = R[Z], I' =1S+ ZS
and J' = JS+ ZS. Then I’ and J’ are integrally closed by Proposition 1.3.5.
However I'J" = IJS + (I + J)ZS + Z%S is not integrally closed as rZ is
integral over (I 4+ J)ZS and hence over I'J’, yet if rZ were in I'J’, it would
have to be in (IJS+(I+J)ZS)NZS = (I +J)ZS, which is a contradiction.
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1.4. Monomial ideals

Integral closure of monomial ideals is especially simple and illustrative of the
theory in general.

Definition 1.4.1 Let k be a field, X1, ..., X4 variables over k. A monomial
in the polynomial ring k[ X1, ..., X4| (or alternatively in the convergent power
series ring C{X1,..., Xa} orin the formal power series ring k[[X1, ..., Xd]])
is an element of the form X' X3?..-X* for some non-negative integers
ni,...,ng. An ideal is said to be monomial if it is generated by monomials.

The polynomial ring k[X7,..., X4 has a natural N¢ grading as follows:
deg(X;) = (0,...,0,1,0,...,0) € N? with 1 in the ith spot and 0 elsewhere.
Under this grading, monomial ideals are homogeneous, and in fact monomial
ideals are the only homogeneous ideals.

Let I be a monomial ideal and r = X{"'XJ?--- X% a monomial in the
integral closure of I. Let ™ + a1 ' + -+ -+ a,,_17 + a, = 0 be an equation
of integral dependence of r over I. As I is a monomial ideal, homogeneous
under the natural Nd—grading on k[Xq,...,X4], each graded piece of each
a; is also an element of I*. In particular, the graded piece of the equation
above of degree n(ni,...,ny) is an equation of integral dependence of r over
I. So if b; is the homogeneous component of a; of degree i(nq,...,ng), then
" 4 bir" L 4.4 b,_17 + b, = 0 is also an equation of integral dependence
of r over I. Let i be such that b;r™ % is non-zero. Note that both ™ and
b;r"~* are elements of degree n(ni,...,nq). Since the graded component
of k[X1,..., X ] of degree n(nq,...,nq) is a one-dimensional k-vector space,
there exists a unit u in k such that r™ 4+ ub;r"~* = 0. By dividing through
by 7"~ we get an equation of integral dependence of r over I of the form
r® —¢; = 0 for some ¢; € I' that is a product of 7 monomials in I.

Thus the problem of finding an equation of integral dependence of a mono-
mial r over a monomial ideal I reduces to finding an integer ¢ and monomials
mi,...,m; in I such that

r*—mq---m; =0.

With this we can prove that the integral closure of a monomial ideal is a
monomial ideal (an alternative proof is in Corollary 5.2.3):

Proposition 1.4.2 The integral closure of a monomial ideal I in a polyno-
mial ring k[ X1, ..., X4] is a monomial ideal.

Proof: For contradiction suppose that f € I is not a monomial and that no
homogeneous component of f is in I. Write f =, , fi, where A is a finite

subset of N¢ and f; is the component of f of degree I. Let L € A with f7, # 0.

First assume that k is algebraically closed. Any ring automorphism ¢ of
k[X1,..., X4 maps an integral equation of f over I into an integral equation
of ¢(f) over ¢(I). In particular, for any units uy,...,uq in k, if ¢, is the
ring automorphism taking X; to u; X;, then ¢, (I) = I and ¢, (f) is integral
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over I. Furthermore, each ¢, has the property that f is non-zero in degree
I € N* if and only if ¢, (f) is non-zero in degree I. As k is algebraically
closed and f is not a scalar multiple of a monomial, there exist ui,...,uq € k
such that ¢, (f) is not a polynomial multiple of f. As both f and ¢, (f) are
integral over I, so is g = u™ ---udef — wu(f). As vy (f) is not a multiple
of f, then g is not zero. Note that the component of g in degree L is 0 and
that whenever ¢ is non-zero in degree [, then f is also non-zero in degree I,
so that [ € A. Thus g has strictly fewer non-zero homogeneous components
than f, so by induction on the number of components, each component of g
lies in the integral closure of I. But each component of g is a scalar multiple
of a component of f, which proves that some homogeneous components of f
are in the integral closure of I, contradicting the choice of f.

Now let k be an arbitrary field and k its algebraic closure. By the previous
case we know that each monomial appearing in f with a non-zero coefficient is
integral over Tk[X1,..., X4]. Thus by the derivation prior to this proposition,
each monomial r appearing in f satisfies an integral equation of the form
rt —a; = 0 for some a; that is a product of i monomials of Tk[X7,..., X4].
Hence a; is also a product of ¢ monomials of I, so that r is integral over I.[]

Definition 1.4.3 Let R be the polynomial ring k[ X1, ..., X4|. For any mono-
mial m = X" X)? .- X its exponent vector is (ny,...,ng) € N%. For
any monomial ideal I, the set of all exponent vectors of all the monomials in
I is called the exponent set of I.

Example 1.4.4 Let (X% XY?2 Y?) be a monomial ideal in C[X,Y]. Its
exponent set consists of all integer lattice points touching or in the shaded
gray area below:

0 1 2 3 4

If G is a monomial generating set of I, the exponent set of I consists of
all those points of N¢ that are componentwise greater than or equal to the
exponent vector of one of the exponent vectors of an element of G. In other
words, a monomial m is in a monomial ideal I if and only if m is a multiple
of one of the monomial generators of I.
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In general, let k[X1, ..., X4| be a polynomial ring and let I be a monomial
ideal. Let its generators be m; = X;7' X, X7 j =1,...,s. Let a
monomial 7 = X" X3? ... X be integral over I. We have proved that
there exist a positive integer ¢ and a product a; of ¢ monomials of I such
that »* —a; = 0. An arbitrary product a; of i monomials in I is of the

form bm’flmgz ---mks where b is another monomial, and the k; are non-
k

vs, and for each

negative integers which sum up to i. Then r® = bmlflm;62 ceem

coordinate [ =1,...,d,i-n; > Zj k;n;i, or in other words, n; > Zj %nﬂ.
Thus the problem of finding monomials r = X7 X372 --- X ¢ that are inte-

gral over I reduces to finding rational non-negative numbers cq, ..., cq which

add up to 1, such that componentwise
(n1,n2,...,nq) > ch(njhnjz, o Mq).

Conversely, suppose we are given rejmtional non-negative numbers cy,...,cq
such that > ¢; = 1 and such that the inequality in the last display holds
componentwise. Write ¢; = k;/i for some k;j,i € N, i # 0. Then r’ =
bk ... msd for some monomial b € k[X1, ..., X4], so that » € I. This proves
that the problem of finding monomials » = X7 X5 --- XJ* that are integral
over I is equivalent finding rational non-negative rational numbers cq, ..., cq
such that

(nl,ng,...,nd) > ch(njl,njz,...,njd), ZC]' = 1. (145)
j ;

J

Geometrically the construction of (n1,nse,...,ng) satisfying the inequality
above is the same as finding the integer lattice points in the convex hull of
the exponent set of the ideal I. This proves the following:

Proposition 1.4.6 The exponent set of the integral closure of a monomial
tdeal I equals all the integer lattice points in the convex hull of the exponent
set of I.

Thus for example the integral closure of (X4, XY?2,Y3) can be read off from

the convex hull of the exponent set below, proving that (X4, XY?2 Y3) equals
(X%, X3Y, XY2,Y?3):
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This convex as in the statement of Proposition 1.4.6 has a classical name:

Definition 1.4.7 For any monomial ideal I in k[ X1, ..., Xq4|, the convex hull
inRY or in Q¢ of the exponent set of I is called the Newton polyhedron of I.

Example 1.4.8 Let I = (X3, X?Y, Y4 Y?2Z, 73) C C[X,Y, Z]. The lower
boundary of its exponent set is given below. We leave it to the reader to
compute the integral closure of I.

Z

|

X

An analysis of the proof above of Proposition 1.4.6 shows even more:

Proposition 1.4.9 Let I be a monomial ideal in k[X1, ..., X4]. Let N be an
upper bound on the degrees of the minimal monomial generators of I. Then
the generators of the integral closure of I have degree at most N +d — 1.

Proof: Let m = X{"---X}? be a generator of I. Then there exist non-
negative rational numbers ¢y, ..., ¢4 that satisfy equation (1.4.5). Suppose
that for some i € {1,...,d}, n;, > 1+ Zj c¢;jnji. Then the exponent vector of

m/X; also satisfies equation (1.4.5), so that m/X; is in I. Hence m is not a
generator of I. This proves that for all 7, n; < 1+ Zj cjnji. Thus the degree

of any generator is at most 2?21 n; < Z?Zl(l +>25¢nj) =d+ N. O

This makes the computation of the integral closure of monomial ideals fea-
sible; see more in Section 15.4.

We conclude that the integral closure of monomial ideals is special: the
equations of integral dependence are simple and the integral dependence re-
lations have a combinatorial/geometric aspect. Nevertheless, the theory of
integral closure is sufficiently interesting even for monomial ideals. For exam-
ple, the power of an integrally closed monomial ideal need not be integrally
closed (see Exercises 1.14 and 1.13).
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However, if the first few powers of a monomial ideal are integrally closed,
then all the powers are integrally closed:

Theorem 1.4.10 (Reid, Roberts and Vitulli [245]) Let I be a monomial ideal
in the polynomial ring k[X1,..., X4] such that I,1%,..., 1971 are integrally
closed. Then all the powers of I are integrally closed, i.e., I is normal.

Proof: Let n > d. It suffices to prove that I"™ is integrally closed under the
assumption that I,I2,...,1" ! are integrally closed. For this it suffices to
prove that every monomial X7 --- X{* in the integral closure of I™ lies in I"™.
Let {X*,..., X"} be a monomial generating set of I. By the form of the in-
tegral equation of a monomial over a monomial ideal there exist non-negative
rational numbers a; such that ) a; = n and the vector (cy,...,cq) is compo-
nentwise greater than or equal to ) a,;v;. By Carathéodory’s Theorem A.2.1,
by possibly reindexing the generators of I, there exist non-negative rational
numbers b1, ..., by such that Zle b; > n and (c1,...,¢cq) > Zle biv; (com-
ponentwise). As n > d, there exists j € {1,...,d} such that b; > 1. Then
(c1,...,¢q) —vj > > .(bj—6;;)v; says that the monomial corresponding to the
exponent vector (cy,...,cq) — v, is integral over I"~!. Since by assumption
I~ ! is integrally closed, the monomial corresponding to (ci,...,cq) — v; is
in I"~t Thus X{'--- X34 e ["1X% C " O]

In particular, in a polynomial ring in two variables over a field, the power of
an integrally closed monomial ideal is integrally closed. (This holds more gen-
erally for arbitrary integrally closed ideals in two-dimensional regular rings,
by Zariski’s theory. See Chapter 14.) A strengthening of the theorem above
is in Singla [273] (one needs to test the integral closedness of only the first
[ — 1 powers of I, where [ is the analytic spread of I.)

1.5. Integral closure of rings

The integral closure of the ideal R equals R, as by Remark 1.1.3 (1), R is
contained in its own integral closure and by the definition, the integral closure
of any ideal is contained in R.

Compare this with the definition of the integral closure of rings:

Definition 1.5.1 (A more general definition is in 2.1.1.) If R is a reduced
ring with total ring of fractions K, an element r € K is integral over the
ring R if

4 ar™ a2+t apr+a, =0

for some a; € R. The set of all elements of K that are integral over R is
called the integral closure of R. If R equals its integral closure, then R is
called integrally closed.

Beware of the terminology: the integral closure of the ideal R in the ring R
is always R, and the integral closure of the ring R may be larger than R.
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In Chapters 2 and 4 we will see more on the integral closure of rings and
on the connections between the integral closure of ideals and integral closure
of rings. Here is a first example, showing that in integrally closed rings every
principal ideal is integrally closed (as an ideal).

Proposition 1.5.2 Let R be a ring, not necessarily Noetherian, and in-
tegrally closed in its total ring of fractions. Then for any ideal I and any
non-zerodivisor f in R, fI = f-1. In particular, every principal ideal gener-
ated by a non-zerodivisor in R is integrally closed.

As a partial converse, suppose that R is an arbitrary Noetherian ring such
that no prime ideal is both minimal and maximal and assume that every prin-
cipal ideal of height one s integrally closed. Then R is reduced and integrally
closed in its total ring of fractions.

Proof: Assume that r is integral over fI. Then each equation of integral
dependence of r over fI is of the form r™ + by fr*t + ... +0b,f" =0
for some b; € I'. Dividing through by f™ yields the following equation of
integral dependence of the element 7 over the ring R: (§)" + b1(§)"_1 +
R bn—1(§) 4+ b, =0. As ? lies in the total ring of fractions of R and R
is integrally closed, ? is an element of R, so that » € fR. Furthermore, from
the equation, r/f € I, so r € f - I, proving that fI C f-1I.

Let r € f - I and write r = sf for some s € I. Multiplying an equation of
integral dependence of s over I of degree n through by f" yields an equation
of integral dependence of sf = r over fI, so that f-I C fI.

We prove the converse statement. Every integrally closed ideal contains
the nilradical N. For every P € Min R by assumption there exists a prime
ideal Qp properly containing P. Choose an element cp € () p that is not any
minimal prime ideal. This is possible by Prime Avoidance. The product ¢ of
all ¢p is not in any minimal prime ideal. Then N C N;(cf) = N;(c?). By the
Krull Intersection Theorem, N(1 —rc) = 0 for some r € R. If b=1—rc is
contained in a minimal prime ideal P, it is also contained in )p, hence as
c € Qp, necessarily 1 € ) p, which gives a contradiction. Thus b = 1—rcis not
contained in any minimal prime ideal P. The same argument as for ¢ shows
that N (1 —sb) =0 for some s. Hence N = N(1 —s(1—rc)) = N(1—sb) = 0.
Thus R is reduced. Let § be in the total ring of fractions of R (a,b € R, b
a non-zerodivisor) and assume that a/b is integral over R. Then « is integral
over bR, so by assumption a € bR, and it follows that § € R. ]

As a consequence of Proposition 1.5.2, a Noetherian local ring of positive
dimension that is integrally closed in its total ring of fractions and is not equal
to its total ring of fractions is reduced.
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1.6. How integral closure arises

There are many contexts in which integral closure and integral dependence of
ideals arise naturally. This section and the following one illustrate this. One
of the illustrations is Ratliff’s theorem, whose proof we only give in Chapter 5
(Theorem 5.4.1). We prove all the other results in this section.

Proposition 1.6.1 Let R C S be an integral extension of rings. Let I be
an ideal in R. Then ISNR=1.

Proof: By persistence I is contained in IS N R. Let r € IS N R. This means
that r satisfies an equation of integral dependence over 1S and thus there exist
a finitely generated R-algebra T' C S and a finitely generated ideal J C I in
R such that r satisfies an equation of integral dependence over JT'. It suffices
to prove that JT N R C J. Thus by replacing S by T and I by J we may
assume that I is a finitely generated ideal and S a module-finite extension of
R.

Then r € IS N R means that there exists an integer n such that I(I +
(r))™S = (I+(r))"*1S. Let M be the finitely generated R-module (I+(r))"S.
Then rM C IM, and if aM = 0 for some a € R, then (ar)” = 0. Thus by
Proposition 1.1.8, r € I. L

This proposition says that integral closure extends and contracts from in-
tegral extensions. The same holds for faithfully flat extensions:

Proposition 1.6.2  Let R be a ring and S a faithfully flat R-algebra. For
any ideal I of R, ISNR=1. R

In particular, if R is Noetherian local with mazimal ideal m and R is its
m-adic completion, then for any ideal I in R, IRNR=1.

Proof: By the persistence property of integral closure, I C IS N R. Now
let » € IS N R. By Proposition 1.1.7 there exists an integer n such that
rtl e I(I + (r))*S. Thus v+t € I(I + (r))"SN R = I(I + (r))", so that
again by Proposition 1.1.7, r € I. ]

Discussion 1.6.3 Notice that by combining Propositions 1.6.2, 1.6.1, 1.1.4,
and 1.1.5, it follows that the integral closure of an ideal I is completely deter-
mined by the integral closure of the images of I in the following rings: in rings
which arise by localizing R at prime ideals containing I, those obtained by
completing, those obtained by going modulo minimal prime ideals, and those
obtained by passing to integral extensions of the rings. In other words, I is
determined by the integral closure of the image of I in (some) complete local
integrally closed domains. This is not only an important theoretical reduc-
tion, but it also tells us what difficulties we can expect in dealing with integral
closures. The transfer of properties of R to properties of the completion of R,
to going modulo minimal prime ideals and passing to integral closures will all
be important, and are manifested in various critical definitions and assump-
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tions which appear in this book, including those of analytically unramified
and formally equidimensional rings.

Proposition 1.6.4 Let R be an N-graded ring, generated over Ry by R;.
Assume that Ry is reduced Let Fi,..., F,, be homogeneous elements of de-

gree 1 in R. If \/(F1,...,F) = R1R, then (Fy,...,F,) = RiR.

Proof: By assumption there exists n such that R} C (Fi,..., F,). By ho-
mogeneity, RfR C R} '(Fy,...,F,). This proves that (Fy,...,Fy,) is a
reduction of R; R, and then by Corollary 1.2.5 that R1R C (Fy,..., F,,). But
RiR is a radical ideal, so RiR C (F1,...,Fp) C /(F1,...,Fn) € RiR,
which finishes the proof. ]

Socle elements modulo an ideal are sometimes integral over the ideal:

Proposition 1.6.5 (Burch [34]) Let (R, m) be a Noetherian local ring that
is not regular, i.e., p(m) > dim R, and let I be an ideal of finite projective
dimension. Then m(I : m) =ml and I : m is integral over I.

Proof: Without loss of generality I # R. Let F be a minimal free resolution
of R/m:
SN A Les ) JNLee o iies NN o RN )

Let (_)" denote images after tensoring with R/I over R. Let d be the dimen-
sion of R, and consider the following part:

5d+3 5d+2

F F’ F’ 5—%“ F’
d+3 d+2 d+1 d:

As R is not regular, these modules are non-zero, but the homologies are
Tor§+2(R/m R/I) = Tork, (R/m,R/I) = 0 as R/I has finite projective di-
mension. Let r € I : m. Then as rF C’l | maps to zero under ¢/ there exists

d+1»
v € Fyqo such that ) ,(v') = (+/,..., 7). Then there exists a € IFyy1 such
that d442(v) = (r,...,7) + a. Similarly, as 0y, ,(mv’) = 0, for every x € m

there exists w € Fd+3 such that 0; 5(w’) = zv’. Then xv — dqi3(w) € [Fq42,
so that

z((r,...,r)+a)=xda42(v) = day2(zv)
= 0g+2(2v — bgy3(w)) € dgr2(IFyq2) C I Fgq1.

Thus z(r,...,7) € zaR + [0g42(Fyy2) C wlFg4q1 + I64+2(Fyy2). From this

we read off that that xr € mI, whence m(/ : m) C m/, as was to be proved.
The last statement follows from Corollary 1.1.8: M = m and if aM = 0 for

some a € R, then ar =0 forallr €l :m Cm. (]

It is not always true that socle elements are integral over an ideal. For

example, let R = k[[X]] be the power series ring in one variable X over a
field k. Then with I = X2R, I : m = (X) is not integral over I. Thus the
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non-regular assumption is necessary in the previous proposition. Also, the
finite projective dimension assumption is needed: let R be the non-regular
ring k[[ X2, X3]], [ = (X3, X?), and m = (X2, X3). Thenm = I : m but X? is
not integral over I (by degree count). For a closely related idea, see Goto [95].
See Choi [38] for an interesting application of integral closure to the growth
of Betti numbers.

Here is a final example of how integral closure of ideals arises naturally (see
Theorem 5.4.1 for a proof).

Theorem 1.6.6 (Ratliff [230]) Let R be a locally formally equidimensional

Noetherian ring and let (z1,...,x,) be a parameter ideal, i.e., the height of
(x1,...,2y) is at least n. For allm > 1,
(1, oy Tp1)" 2y C (X1, s T 1)™ s Xy = (T1, e o, Ty ™.
In particular, for all m > 1, the integral closure of (x1,...,2,)™ has no

embedded associated prime ideals. This result is proved in Theorems 5.4.1
and 5.4.5 below.

1.7. Dedekind—Mertens formula

Another example of how integral closure arises is taken from a classical for-
mula of Dedekind and Mertens. The treatment here is as in Heinzer and
Huneke [112]. One of the corollaries of this formula is that the product of an
n-generated ideal with an m generated ideal is always integral over an ideal
generated by at most n + m — 1 elements. As we will see in Chapter 8, it is
desirable and useful to find ideals with the same integral closure and fewer
generators.

Definition 1.7.1 Let R be a commutative ring and let t be a variable over
R. The content c(f) of a polynomial f € RI[t] is the ideal of R generated by
the coefficients of f.

The classical Dedekind—Mertens Lemma states that if f = a9+ a1t +---+
amt™ and g = by + byt + - - - + b,t™ are polynomials in R[t], then

c(f)"e(f)elg) = e(f)"c(fg)-
See Theorem 1.7.3 below for a stronger statement and a proof.

Since ¢(f)e(g) 2 ¢(fg), the right-hand side of the above equation is always
included in the left-hand side. Provided that ¢(f) contains a non-zerodivisor,
this equation together with Corollary 1.1.8 shows that ¢(f)c(g) is integral over
c(fg). However, since the equation holds in the generic situation in which
the coefficients of f and g are allowed to be variables and in this case ¢(f)
obviously contains a non-zerodivisor, it follows that c¢(f)c(g) is always integral
over ¢(fg), providing a type of “generic” equations for integral closure. For
example, in the simple case in which f = ag+a 1t and g = by+b1t, the product
of the contents is generated by the product pairs a;b;, while the content of
the product is generated by agbg, agb1 +a1bg, a1b1, and an equation of integral
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dependence of aiby over the latter ideal is given by X2 — (agby + a1bg) X +
(aobo)(albl) = 0.

The fact that c(f)c(g) is always integral over ¢(fg) can be seen as a gen-
eralization of Gauss’s Lemma. Gauss’s Lemma is stated in many different
forms, but one statement of it says that the product of primitive polynomials
is primitive, where a polynomial F' is primitive if ¢(F’) = 1. If both f and ¢
are primitive, then ¢(f)c(g) is the unit ideal, and the fact that it is integral
over ¢( fg) immediately implies that ¢(fg) is also the unit ideal, giving Gauss’s
Lemma in this special case.

Note that in the display above, the exponent n is exactly the degree of g
and is independent of f. The exponent can even be smaller:

Definition 1.7.2 The Dedekind—Mertens number of a polynomial g €
R[t] is the smallest positive integer k such that

() e(f)elg) = e(f)* e(fg)
for every polynomial f € RIt].
The Dedekind—Mertens number of a polynomial g(t) very much depends
upon the coefficient ring R. It is not invariant under base change.
The classical Dedekind—Mertens Lemma says that the Dedekind-Mertens
number of g is at most deg(g) + 1, the maximal number of coefficients of g.
The next theorem sharpens this inequality:

Theorem 1.7.3 (Arnold and Gilmer [14]; Heinzer and Huneke [112, Theo-
rem 2.1]) Let R be a commutative ring, let g € R[t] be a polynomial, and let
c(g) denote the content ideal of g. If for each mazximal ideal m of R, ¢(g)Rm
15 generated in Ry by k elements, then the Dedekind—Mertens number of g is
at most k.

Proof: Since c(f)"c(f)e(g) = c(f)"c(fg) holds in R if and only if for each
maximal ideal m of R, c(f)"c(f)c(g9)Rm = c(f)"c(fg)Rm, the Dedekind—
Mertens number of g is the maximum of the Dedekind—Mertens numbers of
the images of ¢ in Ry|[t] as m varies over the maximal ideals of R. Thus we
may assume that the ring R is local (but not necessarily Noetherian), and it
suffices to prove the following:

Theorem 1.7.4 Let (R, m) be a local ring and let g € R[t] be a polynomial.
If the content ideal c(g) of g is minimally generated by k elements, then the
Dedekind—Mertens number of g is at most k, i.e., for every polynomial f € R|[t]
we have

() e(f)elg) S e(f)F el fg)-

We prove Theorem 1.7.4 by induction on k. The case k = 1 follows by
factoring out the principal content of g and using the lemma of Gauss (see
Exercise 1.7) that says that a polynomial g with unit content is Gaussian,
i.e., c(fg) = c(f) for all f. To continue the induction, we use the following
lemma which implies that we may assume that every non-zero coefficient of g
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is a minimal generator of ¢(g).

Lemma 1.7.5 Let (R,m) be a local ring and let g € R[t] be a polynomial.
Suppose b € R is such that b € mc(g). Let i be a non-negative integer and set
h = g+0bt'. Let J be a finitely generated ideal of R and f € R[t] a polynomial.
If Je(f)e(h) = Je(fh), then also Je(f)e(g) = Je(fg). Therefore g and h
have the same Dedekind—Mertens number. More generally, if g* and h* are
polynomials in R[t] and if c(¢g* —h*) C me(g*), then g* and h* have the same
Dedekind—Mertens number.

Proof: 1t is clear that Jec(f)c(g) 2 Je(fg). For the reverse inclusion, since
b€ mc(g) and h = g + bt', we have c(g) = c(h). Thus

Je(f)e(g) = Je(f)e(h) = Je(fh)
= Je(f(g+bt")) € J(c(fg) +be(f)) € Je(fg) +mTe(f)e(g).

Nakayama’s Lemma implies Je(f)c(g) = Je(fg). Letting J = c(f)*, we see
that the Dedekind—Mertens number of ¢ is at most the Dedekind—Mertens
number of h. Since g = h + (=b)t’, we also have the opposite inequality.
If ¢(g* — h*) C me(g*), then h* is obtained from g* by a finite sequence of
operations h; = g; + b;t", where b; € mc(g;) = me(g*). Therefore g* and h*
have the same Dedekind—Mertens number. ]

We now continue our proof of Theorem 1.7.4. Assume that ¢(g¢) is minimally
generated by k > 2 elements and that for every polynomial h € R[t] whose
content is minimally generated by fewer than k elements, we have for every
polynomial f € R[t] that

()" 2e(f)elh) € e(f)"2e(fh).

Let g = b, t™ +- - -+ b1t +by. By Lemma 1.7.5 we may assume that b,, is a
minimal generator of ¢(g). Write g = b, h(t)+g1(t), where c¢(h) = R and ¢(g1)
is generated by fewer than k elements. Also write f(t) = a,t™ + f1(t), where
deg(f1) < deg(f) = n. By induction on deg(f), we may assume c(f1)*c(g) =
c(f1)* te(frg).

We claim that ¢(fg1) € ¢(fg) + bme(fi). To prove this claim, note that
c(fg1) = c(f(g = bmh)) € c(fg) + c(bm fh) = c(fg) + bmec(fh). As c(h) = R,
the last ideal equals ¢(fg) + bme(f) = c(fg) + bnc(ant™ + f1(t)) C c(fg) +
anbm R + byc(f1). Since anby,, € ¢(fg), the last ideal equals ¢(fg) + bc(f1).
In summary, ¢(fg1) € e(fg) + bme(f1)-

Claim: c(f19) € c(fg) + anc(g1). We have c(f19) = c((f — ant™)g) C c(fg) +
anc(t"g) € c(fg) + anc(g) C c(fg) + anc(bph(t) + 91(t)) € c(fg) + anbp R +
anc(g1) = c(fg) + anc(g1), the last equality since a,b,, € c(fg).

It suffices to show each term in c(f)*1c(f)c(g) = c(f)Fe(g) of the form
0 =ay’ - --albj, where > v; = k, isin c(f)*"Le(fg). Since g = b h(t)+g1(t),
we can write b; = by,e; + b1;, where e; is the coefficient of t/ in h(t) and b1,
is the coefficient of t7 in gy (¢).
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Consider the following cases:
Case 1: Suppose that v,, # 0 and j = m. Then 0 = a;" - ~-afl”_1anbm €
c(f)* te(fg).

Case 2: Suppose that vn # 0 and j < m. Then 0 = ay° - --aprb; =
ag® -+ alr (byej + bij) = ag’ - -alrtapbme; + ag’ - - - alr"ta,by;, which lies
in c(f)*e(fg) + c(f)*  anc(gr).

Case 3: Suppose that v, = 0. Then 0 € c(f1)*c(g) = c(f1)*te(frg) by
induction on the degree of f.

Combining these three cases, we have
c(f)felg) C e())*  e(fg) + e(f)* anc(gr) + c(f1)* el frg)
Ce(N) e fg) + () anc(gr) + e(f1) 7 (e fg) + anc(gr))
)

C (/) e fg) + () anc(gr)
(since ¢(f1) C c(f)). As ¢(g1) is generated by fewer than k elements, we have
c

)
(f

c(f)Fte(gr) = () 2c(fg1) by induction on k: Therefore
c(f)fe(g) € e() " e(fg) + anc(f)*2e(f1)
Ce(f)f el fg) + anc(£)F 2 (e(fg) + bme(f1))
C e(f) el fg). u
Corollary 1.7.6 Let R be a commutative ring and let I' and J' be ideals of
R. Suppose that I' is integral over an ideal I = (aq, . ..,an—1) generated by n
elements and that J' is integral over an ideal J = (bg,...,bm—_1) generated by

m elements. Then I'J' is integral over an ideal generated by at most n+m—1
elements.

Proof: Let t be a variable, and set f(t) = ag + ait + -+ + a,_1t"" !, and
g(t) = bo + byt + -+ + by _1t™ L. Since I'J’ is integral over I.J, it suffices
to prove that I.J is integral over an ideal generated by at most n +m — 1
elements. By Theorem 1.7.3, IJ = ¢(f)c(g) is integral over ¢(fg). Since fg
has degree at most n + m — 2, the corollary follows. ]

1.8. Exercises

1.1 Let I and J be ideals in a Noetherian ring R. Prove that I.J = I.J.

1.2 (Cancellation theorem) Let I, J and K be ideals in a Noetherian ring
R, I not consisting of zero divisors. Assume that IJ = IK. Prove
that J = K. More generally prove that if the height of I is positive
and I.J = IK then J = K.

1.3 Let R be a Noetherian ring, P a prime ideal and ¢ a P-primary ideal.
Prove that ¢ is integrally closed if and only if ¢Rp is.

1.4 Let R be a ring, I an integrally closed ideal and J an arbitrary ideal.
Prove that I : J is integrally closed.

1.5 Let R be an integral domain and I an ideal in R. An element r € R is
said to be almost integral over I if there exists a non-zero element
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¢ € Rsuch that foralln > 1, er™ € I™. (Cf. Exercise 2.25 in Chapter 2
for the analogous notion for rings in place of ideals.)

(i) Prove that every element of I is almost integral over I.

(ii) Prove that the set of all elements in R that are almost inte-
gral over I forms an ideal. This ideal is called the complete
integral closure of I.

Let R be a polynomial ring in d variables over a field. Let I be a
monomial ideal in R. Prove that for all n > d, I = "1,

(Gauss’s Lemma) Let R be a Noetherian ring, X a variable over R,
and f,g € R[X] such that the content ¢(g) of g is locally generated
by one element. Prove that c(fg) = ¢(f)c(g).

Let k be a field, X and Y variables over k, and R a direct product
or a direct sum of countably infinitely many copies of k[X,Y]. Let K
be the ideal whose component in the ith piece of R is (X% Y?), J the
ideal whose ith component is (X?, Y*, XY*"1) and I the ideal whose
ith component is (X,Y)?. Certainly K C J C I. Prove that K is a
reduction of I but that K is not a reduction of J.

(Corso, Huneke, Katz and Vasconcelos [45, Corollary 3.3]) Let (R, m)
be a Noetherian local ring, I an integrally closed m-primary ideal and
M a finitely generated R-module. Prove that if Tory(R/I, M) = 0,
then the projective dimension of M is strictly smaller than k. (Hint:
generalize the proof of Proposition 1.6.5.)

([45, Corollary 2.5]) Let (R, m) be a Noetherian local ring and I an
m-primary integrally closed ideal. Let H;(I) be the first Koszul ho-
mology on a system of generators of I. Prove that ann Hy(I) = 1.

Hint for the exercises below: as in Example 1.3.3, use (various) gradings on
the rings to compute the integral closure of ideals.

1.11

1.12

1.13

1.14

1.15

1.16

Let k be a field, X,Y variables over k, R = k[X,Y], I = (X%, Y?)R,
J = (X,Y)R. Prove that (I :J)#1:J.
Let [ = (X2 + Y3 XY3 Y% C k[X,Y] from Example 1.3.4. Prove
that I is not an intersection of integrally closed irreducible ideals.
(Faridi) Let R be the polynomial ring k[ X, Y, Z], and let X, Y, Z have
weights 12, 15, and 20, respectively. Consider the ideal I = Rx>go
(note that 60 here is the least common multiple of the three weights).
Prove that I is integrally closed but that I? is not.
(Jockusch and Swanson, unpublished) Let k[X,Y, Z] be the polyno-
mial ring over a field k. Let I = (X2,Y3,27).

(i) Prove that (I)? is not integrally closed.

(ii) Prove that I3 # (X2,Y3, Z7)(I)2.
Show that for I = (X'2,Y5Z") in the polynomial ring k[X,Y, Z],
(X,Y,2)] # (X,Y, Z)1.
Let k[ X7, ..., X4] be the polynomial ring in X1, ..., X4 over a field k,
and let Iy, ..., F,, be forms of degree n. Assume that (Xy,...,Xy) =

V(F1, ..., Fp). Prove that (F,..., Fy,) = (X1,...,Xa)™
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1.18

1.19
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1.21
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(Huckaba and Huneke [130]) Let R be an N-graded Noetherian ring
such that Ry is a field. Let m be the homogeneous maximal ideal of R,
and I an ideal in R generated by homogeneous elements of the same
degree d. Suppose that I is integrally closed (resp. normal). Prove
that I 4+ m9t! is integrally closed (resp. normal).
Let (R, m) be a regular local ring, i.e., u(m) = dim R. Prove that for
any n € N, the ideal fR 4+ m" is integrally closed if f € m"~! or if
fem\m?
Let R be a polynomial ring over a regular local ring. Let m be the
homogeneous maximal ideal of R. Prove that fR + m"™ is integrally
closed for any homogeneous f € m\ m? and for any f € m"~1.
Give counterexamples to each of the following:

Qi) I+J=1I1+J.

(i) IJ=1-J.

(iii) If I = J, then I = J.

(iv) For any ideal J C I, I/J =1/J in the ring R/J.
(Jarrah [152]) Let [ = (XY™, X"Z" Y"Z") C k[X,Y, Z]. (Here k
is a field, X,Y, Z variables over k.) Prove that I has no embedded
prime ideals but that I has embedded prime ideals.
(Huneke) Let k be a field of characteristic 2, X,Y, Z variables over
k, R =k[X,Y,Z],and I = (X® - Y222 Y* - X222 7% — X1Y?).
(One can verify that I is the Frobenius power of the kernel of the
natural map k[X,Y, Z] — k[t3,t*,t5].) Prove that I has no embedded
prime ideals but that I has embedded prime ideals. (This exercise is
computationally challenging.)



2
Integral closure of rings

Integral closure of ideals is intricately connected to, and to a large extent
depends on, the notion of the integral closure of rings. For example, the
integral closure of ideals can be characterized via integrally closed rings, such
as valuation rings. (See Proposition 6.8.2.) In this chapter we present the
basic background on the integral closure of rings that is needed in the rest of
this book.

The notion of the integral closure of a ring R in an overring S is analogous
to the notion of the algebraic closure of a field in an overfield. In fact, the
algebraic closure of a field is a special case of the integral closure of rings.
Under the operations of integral or algebraic closures, the ring is enlarged to
a larger one in which many more equations have solutions. This property is
perhaps the most fundamental one of integral closure.

2.1. Basic facts

The basic ingredient in the theory of integral closures, as well as in the theory
of algebraic closures, are monic polynomials and their zeros:

Definition 2.1.1 Let R be a ring and S an R-algebra containing R. An
element x € S is said to be integral over R if there exists an integer n and
elements r,...,r, in R such that

24" 4,41, =0.
This equation is called an equation of integral dependence of x over R
(of degree n).

Equations of integral dependence are not unique, not even if their degrees
are minimal possible. For example, let S be the ring Z[t]/(t?> — t3), where
t is a variable over Z. Let R be the subring of S generated over Z by t2.
Then t € S is integral over R and it satisfies two distinct quadratic equations
22 —t> =0 = 22 — xt? in x. As t is not in R, there can not be equations
of integral dependence of degree 1, which shows that equations of integral
dependence of minimal degree need not be unique.

However, there are many cases in which equations of minimal degree are
unique (see comment after Theorem 2.1.17). Over integral domains, any equa-
tion ™ + r,_12" "' + .-+ r, = 0 of integral dependence of a non-zero ele-
ment z, if it is of minimal degree, then r,, is non-zero, for otherwise z(x" ! +
riz" 2+ 41, 1) =0, so that necessarily 2"~ 1 +r2" 2+ ... +r, 1 =0,
which is then an equation of integral dependence of x of strictly smaller degree,
contradicting the assumption.
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The integral property is preserved under some standard ring operations:

Proposition 2.1.2 Let R C S be an extension of rings, and let x be an

element of S that is integral over R. Then

(1) For any R-algebra T, x @ 1 € S ®@r T is integral over the image of
T=R®RrT in SRRT.

(2) For any ideal I in S, x+ I € S/I is integral over R/(I N R).

(3) ‘}/7"?7“ 1a£y multiplicatively closed subset W of R, T € W=LS is integral over

Proof: This is straightforward by the observation that an equation of integral
dependence of x over R gives an equation of integral dependence under tensor
products, quotients, and localization. ]

In contrast to the proposition above, the notion of integral non-dependence
is not preserved under tensoring, passing to quotients, or localization. For
example, % is not integral over Z, but is integral over Z after inverting 2.
However, the following is easy to prove:

Proposition 2.1.3 Let R C S be an extension of rings, x € S. Then the
following are equivalent:

(1) x is integral over R.

(2) For all multiplicatively closed subsets W of R, x is integral over WLR.
(8) For all prime ideals P of R, x is integral over Rp.

(4) For all mazimal ideals M of R, x is integral over Ryy;.

Definition 2.1.4 Let R C S be an inclusion of rings. The set of all elements
of S that are integral over R is called the integral closure of R in S. If
every element of S is integral over R, we say that S is integral over R.
When S is the total ring of fractions of a reduced ring R, the integral closure
of R in S is also called the integral closure of R. A reduced ring R is said
to be integrally closed if the integral closure of R equals R.
We start with a basic and omnipresent example of integrally closed rings:

Proposition 2.1.5 A unique factorization domain R is integrally closed.

Proof: Let a,b € R, with a/b in the field of fractions integral over R. By
possibly dividing a and b we may assume that a and b have no non-unit
factors in common. Let ™ +r;2" ! +---+r, = 0 be an equation of integral
dependence of a/b over R. Then a™ + riba™ ! + -+ + 7,b" = 0, so that
a™ € (b). But by unique factorization, b must be a unit, so that a/b € R. O

In particular, the ring of integers Z, polynomial rings over fields (in arbitrary
number of variables), power series rings, regular rings, etc., are all integrally
closed.

Here is an example of a ring that is not integrally closed. Let k be a field,
t a variable, and set R = k[t?,#3]. This is the subring of the polynomial ring
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k[t] consisting of polynomials without the linear term. Ast = i—z is in the field
of fractions but not in R, and as t satisfies the integral equation z? — ¢ = 0,
R is not integrally closed. It is not difficult to see that the integral closure of
k[t2, 3] is klt].

The following is proved easily.

Proposition 2.1.6 Let R C S CT be an extension of rings. The following

are equivalent:

(1) S is the integral closure of R in T.

(2) S is the integral closure of R inT after localizing at every multiplicatively
closed subset of R.

(8) S is the integral closure of R in T after localizing at the complement of
every prime ideal in R.

(4) S is the integral closure of R in T after localizing at the complement of
every maximal ideal in R.

Integral dependence of integral domains and fields is a special case:

Lemma 2.1.7 If R C S is an integral extension, then Q) € Spec S is maximal
m S if and only of Q N R is mazximal in R. If R C S is an integral extension
of integral domains, then R is a field if and only if S is a field.

Proof: The first part follows from the second as R/(Q N R) C S/Q is an
integral extension of domains.

Assume that R is a field. Let  be a non-zero element of S. Then for some
ri € R, 2" +ra" P+ +7r,_1x+7r, =0. As R is an integral domain, we
may assume that r,, is non-zero. By dividing this equation by r,z one gets
ottt e ten 2 o et + 27 =0, s0 that 271 € S.

Conversely, assume that S is a field. If x is a non-zero element of R, then
x~ 1 is in S and is thus integral over R. Hence for some r; € R, x7 ™ +

riz~ "t 4 ... 4, = 0. Multiplying through by 2"~ ! yields that z=! € R.J
A weak version of the following lemma was used in Corollary 1.1.8:

Lemma 2.1.8 (Determinantal trick) Let R be a ring, M a finitely generated
R-module, ¢ : M — M an R-module homomorphism, and I an ideal of R such
that o(M) C IM. Then for some r; in I,

S0n+7"1§0n_1+"'+7°n80020-

In particular, if x is in an extension algebra containing R such that xM C M,
then if M is faithful over R[x] it follows that x is integral over R.

Proof: The second part follows from the first part: set I to be R, set ¢ to be
multiplication by z, and observe that the conclusion that 2™ + riz" ! + ---
+r,, annihilates a faithful module implies that ™ + riz" ' + .-+ 7, = 0,
whence x is integral over R. Thus it suffices to prove the first part.

Let {my,...,my} be a generating set of M. Write p(m;) = >._, ai;jm;

j
for some a;; € I. Let A be the matrix whose entry (i,j) equals d;j¢ —
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a;;Id. Then A multiplies the column vector (my,...,m,) € M™ to zero, i.e.,
Almq,...,my]T = 0. Left-multiplication of both sides of this equation by the
classical adjoint of A shows that det A annihilates M. But det A is a function
of the form " +r;" !t 4 .- 4+ 1,0, with each r; € I'. O

The next lemma is a generalization (to rings) of the fact from field theory
that a finitely generated algebraic extension of a field is a finite-dimensional
vector space over that field:

Lemma 2.1.9 Let R C S be an inclusion of rings, and let x1,...,x, € S.

The following are equivalent:

(1) For all1 <i<mn, x; is integral over R.

(2) Rlzy,...,x,] is a finitely generated R-submodule of S.

(8) There is a non-zero finitely generated R-module M C S such that x; M C
M for each 1 <i <n and such that M is a faithful R[x1, ..., z,|-module.

Proof: Assume (1). We use induction on n to prove (2). By induction we

may assume that R[xi,...,2z,_1] is a finitely generated R-submodule of S.
We can then replace R by R|z1,...,%,_1]; it suffices to prove this implication
when n = 1. Let * = x;. There exists a positive integer m such that

x satisfies an equation of integral dependence of degree m over R. Thus
R[z] = R+ Rz + Rz* + --- + Rz™~ !, which proves (2).

Assertion (3) follows from (2) by setting M = R[x1,...,xy].

The determinantal trick (Lemma 2.1.8) proves that (3) implies (1): for each
i, x; M C M, M is faithful over R|z;]. O

Proposition 2.1.10 Let R C S be an inclusion of rings, S generated over
R by the elements sy, as A varies over a variable set A. Then S is integral
over R if and only if each sy is integral over R.

Proof: 1t suffices to prove that if each sy is integral over R, then S is integral
over R. Let s be an arbitrary element of S. Then there exists a finite subset
Ag of A such that s € Sy = R[sx | A € Ag]. As all rings contain an identity, S
is a faithful R-module. By Lemma 2.1.9, S is a finitely generated R-module.
But sSyp C Sp implies by Lemma 2.1.9 that s is integral over R. ]

(A version of this for the integral dependence of ideals is in Corollary 5.2.2.)
This further implies that the integral closure of a ring in another is also a
ring, so that the integral closure is an operation on the category of rings:

Corollary 2.1.11 The integral closure of R in an overring S is a ring.

Proof: Assume that x and y in S are integral over R. By Lemma 2.1.9, R|x, 3]
is a finitely generated faithful R-module. Note that zy and x — y multiply
R[z,y] to R[x,y|, so that xy and x — y are both integral over R. ]

Furthermore, the integral closure operation is an operation on the category
of fields, i.e., if R C S are fields, then the integral closure of R in S is also a
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field. Namely, if x is a non-zero element of the integral closure of R in .S, then
R C R[z] is an integral extension of integral domains, so by Lemma 2.1.7,
Rlz] is a field. Thus R(1) = R(z) = R[z]. By Lemma 2.1.9, R[z] is module-
finite over R. Thus % is is contained in a module-finite extension, so by
Lemma 2.1.9, % is integral (algebraic) over R. This proves that the algebraic
closure of a field in an overfield is a field.

Here is another analogy with fields: just as algebraic dependence is a tran-
sitive operation, so is integral dependence:

Corollary 2.1.12 Let R C S CT be inclusions of rings. Then S is integral
over R and T is integral over S if and only if T is integral over R.

Proof: 1If S is integral over R and T is integral over S, then for any element
t of T, let t" + 51t" ' + ...+ 5, = 0 be an equation of integral dependence
of t over S, with each s; € S. Then ¢ is integral over R[si,...,s,]. By
Lemma 2.1.9, Rl[sq,..., Sp, t| is module-finite over R[sy,...,s,]|. By assump-
tion, each s; is integral over R, so that Rl[si,...,s,] is module-finite over
R. Thus R[s1,...,Sn,t] is module-finite over R, so that by condition (3) of
Lemma 2.1.9, t is integral over R. Thus T is integral over R.

The converse is clear. ]

Finding the integral closure reduces to integral domains:

Corollary 2.1.13 Let R be a reduced ring. Let Py, ..., Ps be all the minimal
prime ideals of R. The integral closure of R in its total ring of fractions is
R/Py x --- X R/Ps, where R/P; is the integral closure of R/P; in its field of
fractions k(P;).

Proof: The total ring of fractions K of R is the zero-dimensional ring obtained
from R by inverting all elements of R that are not in any minimal prime ideal.
Thus K is the direct product of the x(P;). Observe that

RCR/P; x---x R/Ps

is a module-finite faithful extension contained in K, which is integral over R
by Lemma 2.1.9. As R/P; x --- x R/P; is integral over (R/P;) X --- x (R/P;)
(see Exercise 2.1), it follows that R/P; X --- x R/P;s is integral over R. Thus
R/P; x ---x R/P;s is contained in the integral closure of R. But R/P; X - - - X
R/ P is integrally closed, for if (k1,...,ks) € K = k(Py) X -+ X k(Ps), then
an equation of integral dependence of (kq,...,ks) over (R/Py) x ---x (R/Ps)
is the product of equations of integral dependence of each k; over R/P;. Thus
foralli=1,...,s, k; € R/P;. It follows that R/P; x --- x R/Ps is integrally
closed. Thus R/P; x --- x R/P; is the integral closure of R. O

Thus a finite direct product of integrally closed domains is locally a domain.

Definition 2.1.14 A ring R is said to be normal if for every prime ideal
P of R, Rp is an integrally closed integral domain.
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Every normal ring is locally an integral domain, thus globally it is reduced.
By Corollary 2.1.13, a Noetherian reduced ring is integrally closed if and only
if it is normal.

The following lemma helps identify when an intersection of normal rings is
normal.

Lemma 2.1.15 Let R be a reduced ring whose total ring of fractions K 1is

a finite direct product of fields. Then

(1) R is normal if and only if R is integrally closed in K.

(2) Let L be a ring containing K. For each i in some index set A let R; C L be
an integrally closed ring whose total ring of fractions contains K. Suppose
that R =\ R;. Then R is normal.

Proof: Let P be a prime ideal of R. The total ring of fractions of Rp is
K g\ p, which is a direct product of fields. If R is integrally closed in K then
Rp is also integrally closed in Kp\ p. By Corollary 2.1.13, by the structure of
prime ideals in a direct product of rings, Rp is a domain. The idempotents
one obtains by decomposing Kpr\p as a product of fields are integral over
Rp, hence are in Rp, and hence Kp\ p is a field, which implies that Rp is an
integrally closed domain, and so R is normal. Conversely, assume that R is
normal. Then Rp is an integrally closed domain. If ¢ € K is integral over R,
then % is integral over Rp, and so % € Rp for all prime ideals P, implying
that t € R.

To prove the second statement, it is enough to prove that R is integrally
closed in K, using the first part of the lemma. Let x € K be integral over
R. For each 7, x is in the total ring of fractions of R; and still integral over
R; as the equation of integral dependence over R is an equation of integral
dependence over R;. By assumption, z € R; for each i, hence x € R. This
proves that R is integrally closed. ]

Reduction to integral domains is helpful even without the assumption that
there be only finitely many minimal prime ideals:

Proposition 2.1.16 Let R be a ring, not necessarily Noetherian, and S an
overring of R. Let x € S. Then x 1s integral over R if and only if the image
of © in S/PS is integral over R/ P, as P wvaries over all the minimal prime
ideals of R.

Proof: Clearly if z is integral over R, then as the image of an integral equation
of x over R passes to an integral equation of the same degree in all quotients,
it follows that the image of z in S/PS is integral over R/P for every minimal
prime ideal P of R.

For the converse, let U be the subset of S consisting of all elements of the
form {x" + 712" 1+ 47, |n € Nsg,r; € R}. Then U is a subset of S that
is closed under multiplication and that by assumption intersects with P.S for
each P € Min(R). If U does not contain 0, then S can be localized at U. If
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Q is a prime ideal in U~1S, let ¢ denote the contraction of Q in R. Since U
intersects ¢S and ¢S is contained in @, it follows that @) intersects U, which
is a contradiction. Thus U~!S has no prime ideals, which contradicts the
assumption that 0 is not in U. So necessarily 0 € U, which gives an equation
of integral dependence of z over R. L

It follows that to find the integral closure of R in S it suffices to find the
integral closure of R in S modulo the nilradical of R. In other words, the
nilpotent elements behave trivially under the integral closure operation.

By Proposition 2.1.16 it is often no loss of generality if in the study of the
integral closure and dependence we only consider integral domains. There are
a few more tools available for integral closure of integral domains.

None of the theory developed so far gives a good clue towards deciding
when an element in an extension is integral over the base ring, or towards
finding equations of integral dependence. In Chapter 15 we discuss some of the
computational difficulties: while there is a general algorithm for computing
the integral closure of an integral domain, in practice it is often unmanageable.
Some help in this direction is provided by the following:

Theorem 2.1.17 Let R be an integral domain, K its field of fractions, and
L a field extension of K. Then for every element s € L, s is integral over R
if and only if it is algebraic over K and its minimal (monic) polynomial over
K has all its coefficients in the integral closure of R.

Proof: 1f s is algebraic over K and its minimal monic polynomial over K
has all its coefficients in the integral closure of R, then s is integral over the
integral closure of R, so s is integral over R by Corollary 2.1.12.

If s is integral over R, it is clearly integral also over K, and satisfies a
monic polynomial f(z) all of whose coefficients are in R. This polynomial is a
multiple in K [x] of the minimal polynomial of s over K. Let L’ be a splitting
field of f(x) over K. Let 7 be a K-automorphism of L’. Then by applying
T to the given integral equation of s over R, 7(s) € L’ is also integral over
R (and K). From field theory one knows that the minimal polynomial for s
over K is [[(z —7(s))", where n is either some power of the characteristic of
K or is 1 if the characteristic of K is 0. In the expansion of this polynomial,
all the coefficients are in K, are symmetric polynomials in the 7(s), and are
thus integral over R. (]

Thus in particular, if R is integrally closed in its field of fractions, each
element in an algebraic closure of this field that is integral over R satisfies a
unique equation of integral dependence of minimal degree over R, namely its
minimal polynomial. It is easy to prove the following weaker version:

Proposition 2.1.18 Let R be an integral domain, K its field of fractions,
and L a field extension of K. For any element s € L, s is integral over K if
and only if for some non-zero r € R, rs is integral over R.
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The next lemma will be useful later.

Lemma 2.1.19 Let R be an integral domain, K its field of fractions, and X
a variable. Let f(X) be a monic polynomial in R[X], and g(X), h(X) monic
polynomials in K[X] such that f(X) = g(X)h(X). Then the coefficients of g
and h lie in the integral closure of R.

Proof: Let L be an algebraic closure of K. Any root of g is also a root of f,
so as [ is monic with coefficients in R, this root is integral over R. Since the
coefficients of g(X) are sums of products of the roots, each coefficient is both
integral over R and in K. ]

2.2. Lying-Over, Incomparability,
Going-Up, Going-Down

The four most basic theorems concerning the behavior of prime ideals under
integral ring extensions have names: Lying-Over, Incomparability, Going-
Up, and Going-Down. These were first proved by Krull for integral domains
in [177], and in greater generality by Cohen and Seidenberg in [43].

Definition 2.2.1 Let f : R — S be a ring homomorphism. We say that f satisfies
Going-Down if whenever P; C Ps are prime ideals in R and Qs is a prime ideal in
S such that f_l(Qg) = Ps, there exists a prime ideal Q1 in S contained in Qo such
that f~1(Q1) = P1.

We say that f : R — S satisfies Going-Up if whenever P C Py are prime ideals
in R and Q1 is a prime tdeal in S such that f_l(Ql) = P1, there exists a prime
ideal Q2 in S containing Q1 such that fﬁl(Qg) = P5.

Also, f satisfies Lying-Over if for any P € Spec R there exists Q € Spec S such
that f~H(Q) = P.

Theorem 2.2.2 (Lying-Over) Let R C S be an integral extension of rings.
Then for any prime ideal P of R there exists a prime ideal Q of S such that
QNR=P.

Proof: 'We may replace R by Rp and S by Sg\p: this is still an integral
extension of rings, and if the conclusion holds after localization, it holds in
the original set-up as well. Thus without loss of generality R is a local ring
with maximal ideal P. Let ) be a maximal ideal in S. By Lemma 2.1.7,
@ N R is a maximal ideal of R, so that Q N R = P. []

This implies that PS N R = P for every prime ideal P of R. Furthermore,
it implies that the natural map Spec.S — Spec R is surjective.

Theorem 2.2.3 (Incomparability) Let R C S be an integral extension of
rings and P C Q) prime ideals of S. If PN R =Q N R, then P = Q.

Proof: Without loss of generality we may localize both R and S at the mul-
tiplicatively closed set R\ (Q N R). By Lemma 2.1.7, P is a maximal ideal of
S since QN R = PN R is a maximal ideal in R. Thus P = Q. ]
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A consequence of the Incomparability Theorem is that the Krull dimen-
sion satisfies the inequality dim S < dim R whenever R C S is an integral
extension.

Theorem 2.2.4 (Going-Up) Let R C S be an integral extension of rings.
Then for any chain of prime ideals P, C Py, C ... C P, of R and for any
prime Q1 in S such that P, = Q1 N R, there exists a chain of prime ideals
Q1 CQ2C...CQ, of S such that Q; N R=P; foralll <i<n.

Proof: By a straightforward induction, it suffices to prove the case n = 2.
Without loss of generality we may localize both R and S at the multiplicatively
closed set R\ P,. Also, we may replace R by R/P; and S by S/Q;: this is
still an integral extension of rings, with the images of the P; and of (); prime
ideals. The advantage is that now every ideal in S contains ¢); = 0, so it
suffices to find a prime ideal in S that contracts to P, in R. But this follows
by the Lying-Over theorem. ]

This implies that whenever R C S is integral, dim .S > dim R. Thus the
last two theorems give:

Theorem 2.2.5 Let R C S be an integral extension of rings. Then dim R =
dim S.

Whereas integral extensions preserve dimension, the height of a prime ideal
in an integral extension need not be the same as the height of its contraction.
For example, if R is a ring and P is a prime ideal in R of positive height, then
R C R® R/P viar — (r,r + P) is a module-finite extension of rings, thus
an integral extension by Lemma 2.1.9, but the prime ideal P in R of positive
height is the contraction of the prime ideal R $ 0 C R @ R/P of height 0.

In Corollary 2.2.8 we give some general conditions on R and S so that
height is preserved for arbitrary ideals. However, even for a finitely generated
integral extension R C S of Noetherian integral domains it is possible that
for some prime ideal @ of S, ht Q # ht(Q N R). Here is an example:

Example 2.2.6 (Nagata [215, E2.1]) The goal of this example is to show
that the height of the contraction may differ from the height of the prime ideal
in an integral extension, giving more nuance to Theorem 2.2.5. Let (A4, m) be
a Noetherian local domain and S a Noetherian domain containing A. Assume
that S has only finitely many maximal ideals, and that for each maximal ideal
Qin S, QN A=mand S/Q is a finite algebraic extension of A/m. Let J be
the Jacobson radical of S, i.e., J is the intersection of all the maximal ideals
of S. Then S/J is a module-finite extension of A/m. Set R = A+ J. It is
easy to verify that R is a commutative domain with identity, and since m C J,
every element of R can be written as an element of J or as a unit of A plus an
element of J. Note that J is a maximal ideal of R and A/m = R/J C S/J is a
module-finite extension. But as J is an ideal in both R and S and since it is the
maximal ideal of R, Nakayama’s Lemma gives that R C S is a module-finite
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extension. Every element of R\ J is a unit in S, thus a unit in R, so that R has
a unique maximal ideal. We claim that R is Noetherian. Let I be an ideal in R.
The (A/m) = (R/J)-module I/JI is contained in the (A/m)-module IS/JI,
which is finitely generated. Thus I/JI is finitely generated as an R-module.
Let ay,...,a; be elements of I whose images generate the R-module I/J]I.
By possibly adding elements, we may also assume that aq, ..., a; generate I.S.
Now let @ € I. Then a € (ai,...,ax) + JI C (a1,...,ax) + JIS, so we can
write a = Y, r;a; + ), j;a; for some r; € R and j; € JS C R. This proves
that I = (ay,...,ax) Since I was arbitrary, R is Noetherian.

Clearly each of the maximal ideals in S contracts to the maximal ideal in R.
If we start with S whose maximal ideals have distinct heights, then this yields
an example of an integral extension R C S of Noetherian integral domains
such that for some prime ideal @ of S, ht Q # ht(Q N R).

Here is an example of such a ring S, namely, of a ring S that is an overring
of a Noetherian local ring (A, m), such that S has only finitely many maximal
ideals, these maximal ideals have different heights, and the residue fields at
these maximal ideals are finite algebraic extensions of A/m. The example
below is again due to Nagata. Let A = k be a field, X,Y7,...,Y,, variables
over k, r a positive integer and let z; = Z;‘io a; X7, .. .z = Z;’io ar; X7
be algebraically independent elements over k(X) for some a;; € k. Set
Zik = XZ;’ik a;; X7k, Let 8" = k[X, 2t | i,k]. Then S’ is not Noetherian.
As Xz 41 = zir, — aix X, it follows that XS’ is a prime ideal and that S’ ¢,
is a subring of k[[X]]. Any non-zero prime ideal in S’ g, either contains X, in
which case it is the maximal ideal, or it contains a power series in X that is
not a multiple of X, and then the ideal is the whole ring. Thus S’ ¢, is a prin-
cipal ideal domain, so Noetherian. Now let S” = k[X, zk, Y1,..., Y | 4, K.
Let m = (X,Y7,...,Y,)S" and n = (X — 1, 250, Y1, ..., Yy | 4)S”. By the pre-
vious work, Sy, is a Noetherian local ring of dimension m + 1. As S'[1/X] =
k[X,1/X,2,...,z2], it follows that Sy is a Noetherian local ring of dimension
m~+r-+1. Let S be the ring obtained from S” by localizing at the multiplica-
tively closed set S” \ mUn. Then S is Noetherian with exactly two maximal
ideals, one of height m + 1 and the other of height m + r + 1. Also, the two
residue fields equal k, so that this S indeed works in the previous example.

Another result regarding expected heights is in Proposition 4.8.6.

Theorem 2.2.7 (Going-Down) Let R C S be an integral extension of rings.
Assume that R is an integrally closed domain. Further assume that S is
torsion-free over R, i.e., every non-zero element of R is regular on S. For
any chain of prime ideals Py C P, C ... C P, of R and @, prime in S such
that P, = Q, N R, there exists a chain of prime ideals Q1 C ... C Q, of S
such that Q; "R = P; for all 1 <1 < n.

Proof: By induction on n it suffices to prove the case n = 2. By localizing both
R and S at the multiplicatively closed set R\ Py, without loss of generality R
is a local integrally closed domain with maximal ideal P». It suffices to prove
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that P; contracts from a prime ideal contained in ()2, or that P; contracts
from a prime ideal in the ring extension Sg,. By Exercise 2.4 it suffices to
prove that P;Sg, N R = P;.

Let r € P1Sg, N R. Then r = % for some x € P.S and s € \ Q2. There
exists a finitely generated R-subalgebra T of S such that x € P,T. Necessarily
R C T is integral, so the finite generation implies that T" is module-finite over
R. Note that 2T C P,TT = P,T. Thus by Lemma 2.1.8, x satisfies an
equation 2™ +a;z" "t +---+a, = 0 with a; € Py (actually in P}, but we may
ignore the powers).

Set f(X) = X"+a; X" 1+ -+a,. If f(X) factors into monic polynomials
over K[X], then by Lemma 2.1.19 it factors into monic polynomials over R[X].
Clearly R[X]/P;R[X] is a domain and the image of f(X) in this ring is X".
This forces each of the factors of f(X) to have all the non-leading coefficients
in P;. This proves that the minimal integral equation for x over K has all
the non-leading coefficients in P;. By changing notation we may assume that
this minimal equation is 2" 4+ a12" ' + - - - + a,, = 0, with each a; € P;.

It follows that (%)n + %(%)n_l + -+ % =0. Since £ = s and r € R,
this equation is an integral equation for s over K. By Theorem 2.1.17, the
minimality of n implies that this is a minimal equation for s = = over K.
Thus by Theorem 2.1.17 all the coefficients are in R. Then for ¢ = 1,...,n,
s in R, and so a; € "RNP, fori=1,...,n. If r & Py, then RN
P, = r'Py, so a; € v*P; and the minimal equation for s over K (and over
R) is s™ + bys" ! + bys" 2 4+ ...+ b, = 0 for some b; € P;. In this case
s € VP S C Q2S, which is a contradiction. So necessarily r € P;. 1

Corollary 2.2.8 Let R C S be an integral extension of rings. Assume that
R is an integrally closed domain. Further assume that S is torsion-free over

R, i.e., every non-zero element of R is reqular on S. Then for every ideal I
of R, ht I = ht(IS).

Proof: By Theorem 2.2.2, R C S satisfies the Lying-Over condition, and by
Theorem 2.2.7, R C S satisfies the Going-Down condition. Proposition B.2.4
then finishes the proof in the Noetherian case.

The rest covers the general case. By Lemma B.1.3, every prime ideal in R
that is minimal over I contracts from a prime ideal in S that is minimal over
IS and every prime ideal in S that is minimal over IS contracts to a prime
ideal in R that is minimal over I. Hence it suffices to prove the corollary in
the case where I is a prime ideal.

Let @ € SpecS be minimal over IS and of height equal to ht(1.S). Then
QNR =1 As R; C Sy is integral, by Theorem 2.2.5, ht I = dim(R;) =
dim(Sy) > dim(Sg) = ht @, whence ht I > ht(I5).

Let Py C P1 C---C P, = I be a chain of prime ideals in R with h = ht I.
By Going-Down there exist Qq,...,Qn € SpecS such that @, = Q, Qp C
Q1 C - CQp,and Q;NR = P; for j =0,...,n. By the Incomparability
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Theorem 2.2.3, Qo C Q1 € --- C @y is a saturated chain, whence ht I = h <
ht @ = ht(1.S). Thus ht I = ht(15). O

2.3. Integral closure and grading

Recall that a monoid is a non-empty set with an associative binary operation
and a unit. A typical example is N¢ x Z° for some non-negative integers d, e.
If a ring is graded by a totally ordered abelian monoid, then so are all of its
minimal prime ideals (see for example Section A.3 in the Appendix).

Definition 2.3.1 Let G be an abelian monoid. A ring R is said to be G-
graded if the following conditions are satisfied:

(1) For each g € G there exists an additive subgroup R, of R.

(2) R — @geGRg.

(3) For each g,9' € G, RgRy C Ryyq.

When R is G-graded, an R-module M is called G-graded if

(1) M = @geaMgy, where Mg is an Ry-submodule of M,

(2) for each g,9' € G, RgMgy C Mgy 4.

An element of R (respectively M ) is said to be homogeneous of degree g
if it is an element of some R, (respectively M, ).

Theorem 2.3.2 Let G = N% x 75, and let R C S be G-graded and not
necessarily Noetherian rings. Then the integral closure of R in S is G-graded.
Proof: We first prove the case d +e = 1. Let s = ;1:].0 sj, s; € S;, be
integral over R. We have to show that each s; is integral over R.

Let r be an arbitrary unit of Ry. Then the map ¢, : S — S that multiplies
elements of S; by r* is a graded automorphism of S that restricts to a graded
automorphism of R and is identity on Sy. Thus ¢,.(s) = ;;jo ris; is an
element of S that is integral over R.

Assume that Ry has n = j; — jo + 1 distinct units r; all of whose differences
are also units in R. Define b; = ¢, (s). Each b; is integral over R. Let A be
the n X n matrix whose (i, ) entry is 7/ 77°~!, Then

Sjo bjo
Sjo+1 bj0+1
Sj1 bj1

As A is a Vandermonde matrix, since all r; —r; for 7 # j are units in R, A is
invertible, so that
Sj bjo

bjo—l—l

0
Sjo+1

— A1

Sj1 bjl
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Thus each s; is an R-linear combination of the b;, whence each s; is integral
over R, as was to be proved.

Finally, we reduce to the case when Ry has n = j; — jo + 1 distinct units
r; all of whose differences are also units in R. Let t;,,...,t;, be variables
over S. Set §' = S[tj,tj_l,(tj —t;)7 4,5 = jo,-..,j1] and let R' be the
subring R[tj,tj_l, (t; — t:)" 4,5 = jo,...,j1). We extend the G-grading on
R and S to R’ and S’ by setting the degree of each t; to be 0. Then R’ C S’
are G-graded rings, R’ contains at least n distinct units r; = ¢; in degree 0 all
of whose differences are also units in R’. By the previous case, each s; € S is
integral over R’. Consider an equation of integral dependence of s; over R/,
say of degree m. Clear the denominators in this equation to get an equation
E over R[t;|i = jo,...,j1]. The coefficient of s7* in F is a polynomial in
R[t;|i = jo,...,j1], with at least one coefficient of this polynomial being a
unit of R. Picking out the appropriate multi ¢;-degree of E yields an integral
equation of s; over R. Thus s; is integral over R. This finishes the proof of
the case d +e = 1.

Now we proceed by induction on d + e. Let T be the integral closure of R
inS. Ife=0set @ =Nt and if e > 0 set G’ = N? x Z°'. We impose a
G'-grading on R C S by forgetting about the last component. By induction,
T =73, co Ty, where T, is the homogeneous part of T consisting of elements
of degree v. Now let s € T,,. As s € S and S is G-graded, we may write
:;'1:j0 sj, where each s; € S, ;). Thus by the case d + e = 1, each s; is
integral over R. O

S =

It is not true that a result of this type holds for an arbitrary monoid G, as
the following example shows:

Example 2.3.3 Let R = k[X]| C S = k[X,Y,Z]/(X?+Y? + Z?), where
X,Y and Z are variables over a field k of characteristic 2. Then R and S
are (Z/27)-graded domains as follows: each element in S can be represented
uniquely as a polynomial in Y of degree at most 1. With such representation,
S =585, R=Ry®dR1 = Ry, each §; is closed under addition, Sy x S; C .5;,
S1 x 51 € Sp. However, the non-homogeneous element Y + Z is integral over
R, yet neither of its homogeneous components is integral over R. Thus in this
case the integral closure of a G-graded ring in a larger GG-graded ring is not
G-graded.

However, there is another grading on this particular R C S under which
the integral closure of R in S is graded. (See Exercise 2.21.)

Thus the relative integral closure of graded rings is graded for “good” grad-
ings. We next examine conditions that guarantee that the (non-relative) in-
tegral closure be graded as well. The problem with considering the integral
closure of a graded ring is that the integral closure is taken in the total ring of
fractions, which is not necessarily a graded ring. Consequently, Theorem 2.3.2
cannot be applied directly. In fact, the integral closure of a graded ring need
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not be graded. To see what can happen, consider the following examples of
gradings.

Example 2.3.4 It need not be the case that the integral closure of a reduced
(N x Z°)-graded ring is graded. Let R = Q[X,Y]/(XY), with X,Y variables
over (. We can impose any of the following gradings on R:
(1) N-grading deg X =0, degY =1,
(2) Z-grading deg X =1, degY = —1,
(3) N2-grading deg X = (1,0), degY = (0, 1).
Under any of these gradings, R embeds in the graded integrally closed re-
duced ring Q[X] x Q[Y], which is isomorphic to a subring of the total ring of
fractions K of R. However, the isomorphism is not graded: we show next that
the idempotents of the integral closure are not in the subring of K obtained
from R by inverting homogeneous non-zerodivisors. Namely, X/(X +Y) is
an element of K and it satisfies the integral equation 72 — T = 0. Thus
X/(X +Y) is integral over R and is an idempotent. However, X/(X +Y)
cannot be written as a fraction of homogeneous components under the given
gradings. In fact, there are no homogeneous non-zerodivisors except for units.
For R as in the example above but with the N-grading deg X = m, degY =
n, with m,n € Nyg, X/(X +Y) can be written as the (clearly) homogeneous
element X" /(X" +Y™).

The next proposition gives necessary and sufficient conditions for the inte-
gral closure to be graded.

Proposition 2.3.5 Let G = NYxZ°, let R be a G-graded reduced Noetherian
ring, K its total ring of fractions, and Min(R) = {Py, ..., Ps}. Let S be the
localization of R at the set of all homogeneous non-zerodivisors of R. The
following are equivalent:

(1) The ring S is integrally closed.

(2) The integral closure R of R is a G-graded subring of S (inheriting the

grading). B
(8) The idempotents of R are homogeneous elements of S of degree 0.
(4) Fori =1,...,s, Pi+ N;jxP; contains a homogeneous non-zerodivisor.

(In case s = 1, this condition is vacuously satisfied.)

Proof: Assume condition (1). Since R C S C K, the integral closure of
R is contained in the integral closure of S, which is just S. Hence R is
the integral closure of R in S. By Theorem 2.3.2 it follows that R is Z%"-
graded. However, R must in fact be G-graded since the equations of integral
dependence show that new negative terms cannot appear. This proves (2).
Assume (2). Since the idempotents of R are in K and satisfy the monic
equation X2 — X = 0, they are integral over R and hence are sums of homo-
geneous elements in K. Write an idempotent e as e = " | e;, where each
e; is homogeneous. Impose a lexicographic order on Z3¢. Without loss of
generality deg(ey) > -+ > deg(e,). If deg(e;) > 0, the homogeneous part of
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e? — e of degree 2deg(e) is exactly e?, and since e —e = 0 and R is reduced,
we get a contradiction. Similarly if deg(e, ) < 0 we get a contradiction. This
forces n = 1 and e to be homogeneous of degree 0, whence proving (3).

Assume (3). To prove (4), by symmetry it suffices to prove (4) for ¢ = 1.
Consider the idempotent e = (1,0,...,0) € R = R/P; x --- x R/Ps (using
Corollary 2.1.13). By assumption e is homogeneous. There exist homogeneous
elements a,b € R, with b a non-zerodivisor in R such that e = a/b. This
means that the image of a in the direct product is (b, 0, . .., 0), which says that
b—a € P; and that a € P,N---NP,. Hence b= (b—a)+a € P+ P,N---NP;s
is a homogeneous non-zerodivisor. This proves (4).

Finally, assume (4). Let h; be a homogeneous non-zerodivisor in P; +
Nj2iPj. Set h = hy---hs. Then h € R is a homogeneous non-zerodivisor, and
for each i, h = p; +r; for some r; € P; and some p; € N;x; P;. Since all the P;
are homogeneous by Corollary A.3.2, we may take r; and p; to be homogeneous
of the same degree as h. Set e; = §t. As pyr; € N;P; = 0, it follows that
e; = ei(m%i) = e%, so that e; is a homogeneous idempotent of degree 0. If
i # 7, then p;p; is in the intersection of all the minimal prime ideals, hence
zero, so that e;e; = 0. Since ), p; is not in any minimal prime ideal, it follows
that >, e; is an idempotent that is a unit in K, and thus ), e; = 1. Since S
contains the orthogonal idempotents e; and is a homogeneous localization of
R, the isomorphisms S/P;S = Se; and S = (S/P1S) x - -- x (S/PsS) preserve
the grading, and S has no non-minimal homogeneous prime ideals. We will
prove that each S/P;S is integrally closed, whence S is integrally closed by
Corollary 2.1.13.

Set T = S/P;S. This is a Z%°-graded domain in which there are no non-
zero homogeneous prime ideals. In particular, Tj is a field, and every non-zero
homogeneous element is a unit in 7. Let M be the Z-module generated by the
degrees of the homogeneous non-zero elements of T'. Then M C zte. Every
non-zero element of M is the degree of some non-zero homogeneous element
of T' (for this we use that 7" is a domain). In particular, since M is a finitely
generated free Z-module, there exist non-zero homogeneous elements 1, ..., .
in T such that if v; = deg(t;), then {vq,...,v.} is a Z-basis of M. Since the
v; are linearly independent over QQ, the ¢; are algebraically independent over
the field Tj.

Clearly To[t1,...,te,t7 ", ... t-1] € T. Let € T be a homogeneous ele-
ment. Write deg(z) = ), m;v; for some m; € Z. Then z and "' -- -t € T
are homogeneous elements of the same degree, whence their quotient is a non-
zero element of Ty. Hence x € Ty[t1,...,te,t7 Y, ...,t- 1. This proves that
T = Toltr, ... te,t7h, ... 1], with ¢1,. .., t. variables over the field Tp. In
particular, T" is (a localization) of a unique factorization domain, hence T is
integrally closed. This proves (1).

This finishes the proof of the proposition. ]

2
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Corollary 2.3.6 Let R be a reduced N-graded ring, possibly non-Noetherian,
such that the non-zero elements of Ry are non-zerodivisors in R. Then the
integral closure of R is N-graded.

Proof: Let a € R. By writing o as a quotient of two elements of R and by
collecting all the homogeneous parts of the two elements and of the coefficients
of an equation of integral dependence, we see that there exist finitely many
homogeneous elements x1,...,x, in R such that if R’ is the subalgebra of R
generated over the primitive subring A of Ry by the x;, then « is in the total
ring of fractions of R’ and is integral over R’. It suffices to prove that the
integral closure of R’ is G-graded. Observe that the non-zero elements of R
are non-zero divisors in R and hence also in R’. By switching notation, with-
out loss of generality we may assume that R = A[xy,...,z,]. In particular,
we may assume that R is Noetherian.

Localize R at Ry \ {0}: the localization is still N-graded, and by Theo-
rem 2.3.2 it suffices to prove that the localized R has an N-graded integral
closure. Thus without loss of generality we may assume that all non-zero
elements of Ry are units, so that Ry is a field.

As R is Noetherian, it has only finitely many minimal prime ideals and
they are all homogeneous. By assumption on Ry being a field, these prime
ideals are generated in positive degrees. Let MinR = {P,...,Ps}. For
each i € {1,...,s}, P, +N,;x;P; is a homogeneous ideal generated in positive
degrees, and not contained in P, U---U Ps. Thus by homogeneous Prime
Avoidance, P; + Njx; P; contains a homogeneous non-zerodivisor. Then by
Proposition 2.3.5, the integral closure of R is N-graded. (]

There are many other examples of graded rings whose integral closures are
graded. We present the case of monomial algebras.

Corollary 2.3.7 Let k be a field, X1,..., X4 variables over k, and R a
subalgebra of k[X1,...,Xq4] generated by monomials in the given variables.
Then the integral closure of R is generated by monomials.

Let E = {m € N | X™ is a monomial generator of R}. Then X™ € R if
and only if m € Q>oE NZE.

Proof: Since R C k[X1,...,X4], the first part is an immediate corollary of
Corollary 2.3.6, applied with G = N¢. If m € N%, then X™ is in the field of
fractions of R if and only if m € ZFE, and by the form of the integral equations
for monomials, X™ is integral over R if and only if m € QsyE. O

The main point of the proof above is that the G-graded ring (with G = N%)
is contained in a natural G-graded integrally closed ring.

We finish this section by proving that the integral dependence among N-
graded algebras is related to the integral dependence of ideals.
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Proposition 2.3.8 Let R C S be an inclusion of N-graded rings. Assume
that R = Ro[R1] and S = Sy[S1]. Then R C S is an integral extension if and
only if the ring inclusion Ry C Sy is an integral extension and for each n € N,
the S-ideal S,,S is integral over the ideal R,S.

If Ry = Sy, then S 1is integral over R if and only if S15 s integral over
R, S.

Proof: 1f S is integral over R, then any element s € S,, is integral over R.
There exists a homogeneous equation of integral dependence of s over R, which
shows that s is integral over R,,S. Conversely, assume that for all n € N, S,,.S
is integral over R,S. Let s € S,. Then s satisfies an equation of integral
dependence over the ideal R, S, with all the coefficients in R, [Sp]. Thus the
ring S is integral over R[Sp]. But Sy is integral over Ry, so S is integral over
R. This proves the first part. The proof of the second part follows easily. [

2.4. Rings of homomorphisms of ideals

We show in this section that whether an integral domain is integrally closed
can be detected by computing infinitely many rings of homomorphisms of
finitely generated fractional ideals. This is, of course, uncheckable in general,
nevertheless, this new characterization does have checkable corollaries, see
Section 15.3. This section is only used in later chapters; a reader may want
to skip it on first reading.

Rings of homomorphisms of ideals appear in all general algorithms for com-
puting the integral closure, as explained in Chapter 15. They are “com-
putable” over “computable” rings. Other examples of manipulations of rings
of homomorphisms of ideals are for example in Katz [165].

Lemma 2.4.1 Let R be a reduced ring with total ring of fractions K. If K
1$ a direct product of finitely many fields and I and J are R-submodules of K,
then every R-homomorphism I — J is multiplication by an element of K.

Proof: Write K = K; x --- x K,, where each K, is a field. Let W be
the set of all non-zerodivisors in R. Then W is a multiplicatively closed
subset of R, and W~'T is a W ! R-module, i.e., a K-module, contained in K.
After possibly reindexing, W~'I = K; x --- x K, for some s < r. Let
e; be the idempotent of K such that Ke; = K;. Then 1 = Z;Zl e;. Let
w € W such that for ¢ = 1,...,r, we; € R and such that for s = 1,...,s,
we; € I. Observe that (€541, ...,6e.)] =0. We claim that ¢ is multiplication
by ¢(>°;_jwe;)/w. Let x € I. Then wp(z) = p(wz) = (> ;_, wre;) =
o>l wxe;) = xp(Y i, we;), which proves the claim and the lemma. [

We explicitly write the multiplication element as in the lemma in the case
where I contains a non-zerodivisor or a unit on R. In this case, with notation
as in the proof, W'l = K andw = Y_;_, we; € I. Thus any ¢ € Hompg(I, J)
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is multiplication by ¢(w)/w. In fact, whenever y € I is a non-zerodivisor, ¢
is multiplication by ¢(y)/y because for any x € I, yp(x) = p(yz) = zo(y).

Lemma 2.4.2 Let R be a reduced ring with total ring of fractions K. Assume
that K is a direct product of finitely many fields, and that I and J are R-
submodules of K. Then the natural map

(J K I) — HOIIIR(I, J)

is a surjective R-module homomorphism with kernel (0 :x I).

Proof: 1t suffices to prove that the kernel is as specified. If £ € K and
if multiplication by k is the zero function in Hompg(Z, J), then kI = 0, so
k e (0 'K I) U]

If R and K are as above, then by Lemma 2.4.2, for any R-module I C
K, Hompg(I,I) is naturally identified as an R-submodule of K/(0 :x I).
Furthermore, Hompg(1,I) is a commutative subring of K/(0 :x I) containing
the identity. If ¢ is multiplication by z and % is multiplication by y, then
xy = yx implies that po1 = 1pop. If in addition I contains a non-zerodivisor
or a unit, then Hompg(Z, ) is a subring of K, and if I is finitely generated,
then Hompg (7, ) is even contained in the integral closure of R in K: for if
xl C I, then by the determinantal trick (Lemma 2.1.8), = € R.

The following makes this representation as a submodule of K transparent:

Lemma 2.4.3 Let R be a reduced ring with only finitely many minimal
prime ideals. Let I and J be R-submodules of the total ring of fractions K
of R and suppose that I contains an element x that is a non-zerodivisor on
R. Also suppose that I and J are contained in iR for some non-zerodivisor
y on R. Then Hompg(I,J) can be identified (as in Lemma 2.4.1) with the
R-submodule xiy(:cy!] r 1) of K.

Proof: Certainly multiplication by any element of %(:py(] :r I) takes I to J.
Now suppose that £k € K and kI C J. Then in particular kx is in J, so that
kxy is in R. thus kxy € (zyJ :g I), whence k € %(azyj rI). O

This characterization makes it clearer how Homp (I, J) is a submodule and
how Hompg(1, I) is a subring of the total ring of fractions of R.
We now restrict out attention to the case where R is a domain.

Definition 2.4.4 Let R be an integral domain. A fractional ideal I of R is
a submodule of the field of fractions K of R for which there exists a non-zero
element k in K such that kI C R.

We show that fractional ideals play a big role in the computation of integral
closures. In particular, we prove that R = Uy Hompg (I, I), where I varies over
fractional ideals of R.

Definition 2.4.5 If R is a domain with field of fractions K, for any non-zero
fractional ideal I, define I=' = Hompg (I, R).
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Note that 11t = I='T C R. Whenever equality holds, both I and I~! are
finitely generated: write 1 € R as a finite linear combination 1 = >0 | a;b;
with a; € I and b; € I~!. Then the a; generate I and the b; gener-
ate I71: for any r € I, r = > a;(rb;) € >, a;R, and for any s € I,
s = > (sa;)b; € Y, b;R. Fractional ideals I for which II=! = R are called
invertible fractional ideals.

It is not true that all finitely generated fractional ideals are invertible. An
example is the ideal I = (X,Y) in k[X, Y], where k is a field and X and Y
variables over it. Note that here =1 = k[X,Y], for no other element of the
field of fraction multiplies both X and Y back into the ring.

By definition I C (I1)~%

The fractional ideal 1! is in a sense more useful than the original I:

Lemma 2.4.6 If R is a domain with field of fractions K and I is a non-zero
fractional ideal, then as submodules (and even subrings) of K,

(I-I"Y)"'=Homgr(I" ', I =Homg((I"H™ ', I H™h.

Proof: Letk € (I-17Y)~. Thusk € K and kI-1-! C R, whence k=1 C I~
so that k € Hompg(I~1, I71).

Next let k € Homg(I~1,171). Then kI~ C 7L If r € (I71)7!, then
rkI=t C I71(I7Y)~! C R, so that rk € (I"1')~!. This proves that k €
Homp (1)), (1)),

Let k € Hompg((I~1) =1, (I71)71). Then k(I71)~t C (I71)~1, so that kI -
I'Cr(IY) I C(I YT CRand ke (I-171)1, 0

Discussion 2.4.7 It is worth noting that the lemma above follows from the
Hom-tensor adjointness.Namely, the first equality in the display in the lemma
follows due to
Homp (™1, R) 2 Homg(I ' ®r I, R),

since the kernel of the natural map from I~! ®x I onto I~'I is a torsion
module, and any homomorphism of I ®z I~! to R automatically sends tor-
sion elements to zero. Hence Hompg(I7'I,R) = Hompg(I~! ®gr I,R) =
Homp(I~t, I71), the last isomorphism coming from the Hom-tensor adjoint-
ness. Similarly one can prove the other parts of Lemma 2.4.6 as well as other
formulas involving 1.

In general it is not true that Hompg (I, 1) = (I-171)~! (“justifying” the claim
that I=! is more useful than I). For example, let R = k[t3,t%,¢7], where t is
a variable over a field k, and let I = (¢3,¢°). Then I"' = 1R + t?R + t*R,
I-T7' =, 5t)R, (I -I71)"! = IR+ t?R + t*R, and Homg(I,I) = R.
Nevertheless, in a certain sense, I is no less useful than 7~!:

Proposition 2.4.8 Let R be a Noetherian domain. If I varies over non-zero
(finitely generated fractional) ideals, then

R = JHompg(I,1) = | JHomp(I" ", 171).
I I
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Proof: By Determinantal trick 2.1.8, Hompg(I~1, I71), Homg(I,I) C R, giv-
ing one pair of inclusions. Let s € R\ R. Set J = R :g R[s]. Then J is a non-
zero finitely generated ideal in R satisfying the property that sJ C J. This
proves that R C Uy Hompg (I, I). Similarly, sJ'J =sJJ ! C JJ ' CR, so
that sJ~! C J~!, whence R C Uy Homg(I~%, I~!). These give the reverse
pair of inclusions. (]

This gives a new normality criterion for a domain:

Proposition 2.4.9 Let R be a Noetherian integral domain with field of

fractions K. Then the following are equivalent:

(1) R is integrally closed.

(2) For all non-zero fractional ideals I, (I -171)~1 = R.

(3) For all non-zero ideals I, (I -171)~! = R,

(4) For all non-zero ideals I and all prime ideals P in R of grade one (i.e.,
the mazimal length of a regular sequence contained in P is one), (I -

I_l)_lRp = Rp.

Proof: For all fractional ideals I, R C (I-17%)~1, so the first three statements
are equivalent by Proposition 2.4.8 and Lemma 2.4.6. Clearly (3) implies (4).
Now assume (4). Let € (I-171)~!. Then for all P of grade 1, z € Rp. But
NpRp = R, as P varies over ideals of grade 1. O

2.5. Exercises

2.1 Let R; C S; be ring inclusions, with ¢ varying in some index set I.
Prove that @;c;S; is integral over (resp., integrally closed in) ®;cR;
if and only if for each i, S; is integral over (resp., integrally closed
in) R;. (Note: the direct sum rings need not have identity.)

2.2 Let A C B C C be rings such that B is the integral closure of A in C.
Let X be a variable over C. Prove that B[X] is the integral closure
of A[X] in C[X].

2.3 Let R be an integrally closed domain. Let X be a variable over R.

(i) Prove that R[X] is integrally closed.
(ii) Prove that R[[X]] is integrally closed if R is Noetherian.

24 Let ¢ : R — S be a ring homomorphism and P a prime ideal in R.
Prove that ¢~!(¢(P)S) = P if and only if there exists a prime ideal
Q in S such that p=1(Q) = P.

2.5 Let (R,m) be an integrally closed local domain and x a non-zero
element in Q(R). Prove that mR[x] "mR[1/x] C m.
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Let R C S be an integral extension of rings such that for every s € S,
some power of s is in R.

(i) Prove that for every prime ideal P of R there exists a unique
prime ideal in S lying over P.

(ii) Prove that there is a one-to-one natural correspondence between
prime ideals in R and prime ideals in S. Prove that under this
correspondence height is preserved.

(Homework problem from the MA 650 class with William Heinzer in
1988) Let R be a ring and G a finite group of automorphisms of R.
Let A be the ring of invariants of G, i.e., A = {r € R| for all g €
G,g(r)=r}.

(i) Prove that A C R is an integral extension.

(ii) Prove that if 1, Q2 are prime ideals in R such that Q1 N A =
Q2 N A, then there exists g € G such that Q2 = gQ1.

(iii) Prove that A C R satisfies the Going-Down property.

Let R C S be an integral extension of integral domains. Assume that
R is integrally closed in its field of fractions K and that the field of
fractions L of S is a finite Galois extension of K. Prove that for each
prime ideal P of R, the number of prime ideals in S lying over P is
at most the degree [L : K|. (Hint: see Exercise 2.7.)

(Homework problem from the MA 650 class with William Heinzer in
1988) Let k be a field of characteristic different from 2, and X,Y
variables over k. Let A = k[X? — 1,X3 - X, Y] C R = k[X,Y].
Prove that A C R is an integral extension that does not satisfy the
Going-Down property.

Let R C S be reduced rings satisfying one of the following:

(i) S is contained in the total ring of fractions of R.

(ii) S is integral over R and S is an integral domain.

Prove that for every s € S, (R :s s) is an R-submodule of S not
contained in any minimal prime ideal of S.

Let R C S be an extension of reduced rings, and let S be a subset of
the total ring of fractions T" of R. If S is module-finite over R, prove
that R :7 S is an ideal in R and in S that contains a non-zerodivisor.
This ideal R :7 S is called the conductor. Prove that R :7 S equals
R :p S and that R :7 S is the largest ideal that R and S have in
common. (More on conductors is in Chapter 12.)

Let R C S be a module-finite extension of reduced Noetherian rings.

(i) Let P be a prime ideal in R that does not contain R :r S. Prove
that SR\p = RP.

(ii) Prove that R :g S is not contained in any minimal prime ideal
of R and that R and S have the same number of minimal prime
ideals if and only if R and S have the same total ring of fractions.

Let R be an integral domain, let R be its integral closure in the field
of fractions of R, and let ¢ C p be prime ideals in R. Suppose that
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2.14

2.15
2.16

2.17

2.18

2.19

2.20
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for every prime ideal P in R with p = P N R there exists Q € Spec R
such that Q N R = ¢ and Q C P. Prove that for every torsion-free
integral extension S of R and for every P € SpecS with p = PN R
there exists () € Spec S such that Q"R =q and Q C P.
Let F be a field extension of Q with a finite basis B. Prove that
any r € F' that is integral over Z is of the form %ZbeB apb for some
ap, a € 7.
Prove that Z[+/2] is integrally closed.
Let D be a non-zero integer. Factor D = Dyn?, where Dy is a square-
free integer. Let R be the integral closure of Z[v/D]. Prove that the
elements of R are of the form a + bw, with a,b € Z, where

(i) w= Yo if Dy = 1mod 4,

(ii) w = /Dy if Dy # 1 mod 4.

Let R be a ring that is a direct summand of a ring S as an R-module.
Prove that if S is integrally closed, so is R.
Let k£ be a field, Xq,..., Xy variables over k, and R a subalgebra of
k[X1,...,Xq4] that is generated by finitely many monomials. The goal
of this exercise is to prove that R is a direct summand (as a module
over R) of a polynomial ring (not necessarily of k[X1, ..., X4]).
(i) Let E be the set of exponent vectors of monomials in R. Prove
that if there exists a matrix A such that F = (ker A) N"N?, then
R is a direct summand of k[ X7, ..., X4] and is integrally closed.

(ii) Let F = (QsqE)NN? Let S be the subalgebra of k[X1, ..., X,]
generated by monomials whose exponents are in F. Prove that
R is a direct summand of S.

(iii) Prove that there exist bq,...,b,, € 7% such that e € Qs F if
and only if for alli =1,...,m, b; - e > 0 (dot product). -

(iv) Let B be the (m+d) x d matrix whose first d rows are identity,
and the last m rows are by,...,b,,. Prove that B defines an
injective map Q% — Q™% that takes F to N™ " Let A be a
k x (m+d) matrix whose rows generate the set of all relations on
the image of F' under B. (So ABF = 0.) Prove that (ker A) N
N™T is the image of F' under B.

(v) Prove that R is a direct summand of k[X1, ..., X, 4].

(More general results of this type are in [123].)

Let k be a field, and X,Y,t, s variables over k. Prove that the inte-

grally closed ring k[X,Y, X?t, XY't,Y?] is not a direct summand of

the polynomial ring k[X, Y, t] but is a direct summand of the polyno-
mial ring k[ X, Y, ¢, s|.

Let k be a field, X1, ..., X, variables over k£, and consider the ring in-

clusion k[ X% ... X% C k[ Xy, -+, X,], where a; = (1, -, q) €

N?. Prove that these rings have the same field of fractions if and only

if the determinant of the d x d matrix [«a;;] is £1.
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2.21 Let R=kK[X]C S =k[X,Y,Z]/(X?+Y?+ Z?), where X,Y and Z
are variables over a field k. Find a non-trivial grading on .S such that
the integral closure of R in S is also graded. (Cf. Example 2.3.3.)

2.22 (Y. Yao) Let (G,+) be a commutative monoid such that

(i) for all x,y € G and n € Ny, nz = ny implies that x = v,

(ii) for all z,y and z in G, z + z = y + z implies that z = y.
Prove that whenever R C S are G-graded rings, the integral closure
of R in S is also G-graded.

2.23 ([264]) Let R be an integral domain containing Q and let ¢ be a
variable over R.

(i) Prove that if R is integrally closed and Noetherian, so is R[[t]].
(i) If R is Noetherian, prove that if the integral closure R of R is
Noetherian and module-finite over R, then the integral closure
of R[[t]] is R[[t]].
(iii) Assume that R is integrally closed (and that R contains a field).
Suppose that there exists a non-unit € R such that N(z™) # 0.
Prove that R[[t]] is not integrally closed.

2.24  Let k be a field, t an indeterminate over k, and R the ring of formal
Puiseux series in t over k, i.e., R is the ring consisting of all elements
of the form ) .., a;t"/™, where a; € k and n is a positive integer.

(i) Prove that R = Uy,>1k[[t=]] and that the field of fractions of R
equals Ups1k((t7)).
(ii) Prove that R has only one maximal ideal and is integrally closed.
(iii) Prove that R is integral over k[[t]].
(iv) If kis R or C, and A is the ring of all convergent Puiseux series
in ¢t over k, prove that A is integrally closed and integral over
the ring of all convergent power series k{t} in t over k.

2.25 Let R C S be domains with the same field of fractions. An element
x € 8 is defined to be almost integral over R if there exists a
non-zero element ¢ € R such that for all sufficiently large integers n,
cx™ € R.

(i) Prove that x € S is almost integral over R if and only if there
exists ¢ € R\ {0} such that for all integers n > 1, ca™ € R.

(ii) Prove that the set of all elements of S almost integral over R
forms a ring between R and S. This ring is called the complete
integral closure of R in S.

(iii) Prove that every element of S that is integral over R is almost
integral over R.

(iv) Assume that R is Noetherian and = € S almost integral over R.
Prove that x is integral over R.

(v) Prove that R+ X K[X] is integrally closed and that the complete
integral closure of R + X K[X] is K[X] if R is integrally closed
in its field of fractions K and X is a variable over K.
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2.31
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(vi) Prove that a completely integrally closed domain is integrally
closed.

(vii) Prove that a unique factorization domain is completely inte-
grally closed.

(viii) Let X be a variable over R. Prove that R is completely integrally
closed if and only if R[X] is completely integrally closed, and
that holds if and only if R[[X]] is completely integrally closed.

(ix) Let k be a field, X, Y variables over k, and R = k[X"- Y™ |n =
1,2,...]. Prove that S = R[XY"|n = 1,2,..] is integral
over R, and that Y is almost integral over S but not over R.
Conclude that the complete integral closure of R is not com-
pletely integrally closed.

(Seidenberg [264]) Let R be a Noetherian integral domain containing

Q and K the field of fractions of R. Let D : K — K be a derivation

such that D(R) C R. Prove that D takes almost integral elements

to almost integral elements. (Hint: Let ¢ be a variable. Prove that

1+tD+(t2/2!)D?+ (3 /3!) D3 +- - - is a ring endomorphism on K{[t]].)

Let R be a Noetherian domain whose integral closure R is a module

finite extension strictly containing R. Let P € Ass(R/R). Prove that

depth Rp = 1.

(Zariski lemma) Let k£ be a field, and let L be a finitely generated

k-algebra that is a field. Prove that L is a finite-dimensional k-vector

space. (Hint: Induction on the number of generators of L over k,

Proposition 2.1.18, and Theorem 2.2.5.)

Let k be a field, X,...,X,, variables over £ and m a maximal ideal

in k[X1,...,X,]. Prove that m is generated by elements f1,..., fn,

where f; € k[X1,...,X;] is monic in X;. Deduce the Weak Nullstel-
lensatz: if k is algebraically closed, then m = (X7 —aq,..., X, — ay)

for some aq,...,qa, € k.

An integral domain R is said to be seminormal if for each x in the

field of fractions with 22,23 € R, actually z € R. Prove that an

integral domain R is seminormal if and only if each x in the field
of fractions satisfying z™,2"*t! € R for some positive integer n is

actually an element of R.

Let k be a field, t a variable over k, and R = k[t(t—1),t?(t—1)]. Prove

that R is the set of all polynomials f € k[t] such that f(0) = f(1).

Prove that R is seminormal but not normal.

Let X,Y variables over a field k and R = k[X? Y2 XY, XY, XY?].

Prove that R is seminormal but not normal.

Let R be a seminormal domain and S a domain containing R. Prove

that R :g S is a radical ideal in S.

Seminormality was first defined by Traverso in [298] as follows: the seminor-
malization of a reduced Noetherian ring R with module-finite integral closure
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R is the set of all elements s € R of R such that for every prime ideal P of R,
s € Rp + J(Rp\p), where J(_) denotes the intersection of all the maximal
ideals of the ring. The ring R is said to be seminormal if it is equal to its semi-
normalization. The definition appearing in Exercise 2.30 is a characterization
due to Hamann [104]. Hamann proved the equivalence for pseudo-geometric
rings; in full generality the equivalence was proved by Gilmer and Heitmann
n [93]. Swan [279] redefined seminormality and constructed seminormaliza-
tions in greater generality: R is seminormal if whenever s,t € R and s% = t2,
there exists 7 € R such that s = r? and t = 3. Hamann’s and Swan’s formu-
lations are equivalent when the total ring of fractions of R is a finite direct
product of fields.

Here is another notion of integral dependence: Swan [279] defined a subin-
tegral extension to be an integral extension R C S of rings such that the
contraction of ideals from S to R gives a one-to-one correspondence between
prime ideals in S and prime ideals in R, and the induced maps of residue
fields are all isomorphisms. The seminormalization of a reduced ring R turns
out to be the largest subintegral extension of R in its total quotient ring.
Roberts and Singh [248] gave element-wise definition for subintegrality over
a Q-algebra. Later, Reid, Roberts, and Singh [244] removed the Q-algebra
assumption, and introduced a more general definition, quasisubintegrality
(later renamed weak subintegrality), which agrees with subintegrality for
Q-algebras. Vitulli and Leahy in [316] defined the notion of weak subintegral-
ity for ideals.






3
Separability

Our purpose in this chapter is to develop basic results on separability and
the tensor product of fields. We need to some of these results to prove the
main theorems on the behavior of integral closure under flat homomorphisms
in Chapter 19. A basic case to understand is the behavior of integral closures
under field extensions, and that immediately leads to the notion of separabil-
ity. One of the main results of this chapter, Theorem 3.1.3, relates to integral
closure: it shows that the integral closure of integrally closed domains in sep-
arable field extensions of the field of fractions is always module-finite. More
connections to integral and algebraic closure are in Section 3.3. The main
section, Section 3.2, contains many formulations of separability.

3.1. Algebraic separability

An algebraic field extension k C ¢ is separable if for every x € £, the minimal
polynomial f € k[X] of x over k is relatively prime to its formal derivative
f’ in the polynomial ring k[X]. In other words, in an algebraic closure of k,
all the roots of f are distinct. Some relevant properties of separable exten-
sions are summarized without proof in the following (see for example [212,
Corollaries 5.7 and 8.17)):

Theorem 3.1.1 Let k C £ be a finite separable field extension. Then the
following properties hold:

(1) (Primitive Element Theorem) There exists x € ¢ such that { = k(x).
(2) The trace map Tr : £ — k is not identically zero.

Discussion 3.1.2 A consequence of Theorem 3.1.1 is that for any basis
{x1,...,z,} of a separable field extension ¢ over k, the n xn matrix [Tr(x;x;)]
is invertible: if not, there exist ¢q,...,c, € k, not all zero, such that for all
j=1,...n,0=3" ¢Tr(zz;) = Tr(> " cimizy). Set ¢ = Y i | ciw.
By the assumption on the ¢; not being all zero, ¢ # 0. Let a € £ such that
Tr(a) # 0, and write a/c = ) ajx; for some a; € k. Then

n n n
0= Z a; Tr (Z ciasixj> =Tr CZ a;z; | =Tr(a),
j=1 i=1 j=1

which is a contradiction. Thus in particular there exist a;; € k such that
lai;][Tr(z;x;)] is the n X n identity matrix. Set y; = >, a;jz;. Then
Tr(y;x;) = 6;5, and by invertibility of the matrix [a;;] one can easily verify
that {y1,...,yn} is a basis of £ over k.
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This is enough to show that integral closure behaves better on separable
extensions:

Theorem 3.1.3 Let R be a Noetherian integral domain that is integrally
closed in its field of fractions K. Let L be a finite separable field extension of
K. The integral closure of R in L is module-finite over R.

Proof: Let S be the integral closure of R in L and let {z1,...,z,} be a vector
space basis for L over K.

Each z; is algebraic over K, so that for some non-zero r; € R, r;x; is integral
over R. Each r;z; € S, and {riz1,...,rpx,} is still a vector space basis for
L over K. Thus by replacing x; by r;x; we may assume that each z; is in S.

As K C L is finite and separable, as in Discussion 3.1.2, there exists a dual
basis {y1,...,yn} of L over K such that for all ¢, j, Tr(z;y;) = 0;;, where Tr
stands for the trace of L over K and d;; is Kronecker’s delta function. Let
s € 5. Write s =), k;y; for some k; € K. Then

Tr(x;s) = ZTr(asjkiyi) = Zkl Tr(x,y:) = k.

But the trace of any element of S is in K and is still integral over R. Thus
Tr(z;s) = kj isin R. It follows that s € 3| Ry;, hence S is an R-submodule
of "1 | Ry;, and consequently S is module-finite over R. O

3.2. General separability

In this section we give many criteria for a ring to be separable over a field.
The basic definition is the following.

Definition 3.2.1 Let k be a field, and R a k-algebra. We say that R is

separable over k if for every field extension k C ¢, the ring R®y ¢ is reduced.
It is not clear that this notion of separability generalizes the definition

introduced in the first section, but it does. See Proposition 3.2.4 (5) below.

Proposition 3.2.2 Let k be a field and R a k-algebra.

(1) Suppose that k C S C R. If R is separable over k then S is separable
over k.

(2) If R is separable over k and k is contained in a field ¢, then R @y £ is
separable over £.

(8) A k-algebra R is separable over k if and only if for every subalgebra S C R
that s finitely generated as a k-algebra, S is separable over k.

(4) R is separable over k if and only if R ® ¢ is reduced for all finitely
generated field extensions £ of k.

Proof: (1) Let ¢ be a field extension of k. Since ¢ is flat as a k-algebra, the
injection of S to R induces an injection from S ®j £ into R ®p £. As R ®y ¥
is reduced, so is S ® ¢, proving that S is separable over k.
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(2) Let L be a field extension of . Then (R ®j ¢) ®¢ L = R ®y, L, so that
(R®y £) ®¢ L is reduced, and hence R ® ¢ is separable over /.

(3) One direction follows immediately from (1). If R is not separable over
k then there is a field extension ¢ of k and a non-zero nilpotent element
y € R® L. Suppose y" = 0. The tensor product of R and ¢ over k is
isomorphic to a free module F' modulo the submodule N generated by certain
universal relations that give the tensor product its universal property. To say
y™ = 0 means that we can represent the element corresponding to y™ in this
F' as a finite sum of generators of N. We can collect the coefficients needed
to define y as an element of the tensor product, and the coefficients appearing
when writing y™ as a finite sum of elements of N. Let S be the subalgebra of
R generated by all the coefficients of R appearing. Define z € S ® ¢ using
the same coefficients as for y. Then 2™ = 0, and z is non-zero since it maps
to y under the injection of S ®j £ to R ®j ¢ (using the flatness of £ over k).

Part (4) has a proof similar to that of (3) and we leave it as an exercise. ]

Discussion 3.2.3 If £ C ¢ C R and R is separable over k, then R is
not necessarily separable over ¢. For example, let k be a field of positive
characteristic p, and let ¢ be a variable over k. Set ¢ = k(t?) and R = k(t).
By Proposition 3.2.4 below, R is separable over k, but R is not separable over
¢. Although this example is clear, the reader should consider the following
“proof”: suppose that £k C £ C R and R is separable over k. We will “prove”
that R is separable over £. Let £ C L be an arbitrary field extension. First note
that R ® ¢ is separable over ¢ by Proposition 3.2.2 (2). Hence (R ®y ) ®; L
is reduced. After tensoring with R over k, the inclusion of k£ C ¢ induces an
inclusion R C R ®j, £. Tensor the latter inclusion with L over ¢ (which is flat
and will preserve the injection), to obtain that R ®, L C (R®y {) ®¢ L. Since
(R®y £) ®¢ L is reduced, so is R ®, L, which implies that R is separable over
¢. What is wrong with this “proof”?

Proposition 3.2.4 Let k be a field and R a k-algebra.

(1) If t1,...,t, are algebraically independent over k, then k(ti,...,t,) is
separable over k.

(2) R is separable over k if and only if for every reduced k-algebra S, the ring
R ® S is reduced.

(3) Suppose that R = k[t|/(f). Then R is separable over k if and only if
(f, f') =1, where f' is the derivative of f.

(4) Suppose that k C ¢ C R and that ¢ is a field. If R is separable over { and
¢ is separable over k, then R is separable over k.

(5) If k C ¢ is an algebraic field extension, then £ is separable over k if and
only if for every x € {, the minimal polynomial f € k[t] of x over k
satisfies that (f, f') = 1.

Proof: (1) Let ¢ be an extension field of k. Then k(t1,...,t,) Qk £ =
klt1, ..., talw ®gl, where W is the multiplicatively closed set consisting of the
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non-zero elements of the polynomial ring klt1, ..., t,]. But k[t1,...,t,]w @kl
is isomorphic to (k[t1,...,tn] ®k O)w = ([t1,...,tn])w, which is a domain.

(2) One direction is trivial. For the other, we first reduce to the case where
S is Noetherian. If R is separable over k and S is a reduced k-algebra such
that R ®; S is not reduced, then there exists a subalgebra 7" C S that is
finitely generated over k such that R ® 7' is not reduced. One simply needs
to use the argument in Proposition 3.2.2 (3) above. By replacing S by T we
can assume that S is Noetherian. Let Pj,..., P, be the minimal primes of
S. Since S is reduced, S embeds in T'= S/P; x --- x S/P,. Let K; be the
field of fractions of S/P;. As R is flat over k, R®, S C [[, R®y K;. If R is
separable over k, each R ®; K; is reduced, and thus so is R ®; S.

(3) Assume that R is separable over k. Let k be an algebraic closure of
k. We have that k[t]/(f) = R ® k is reduced, which implies that f has no
multiple roots over k. Hence (f, f') = 1. Conversely suppose that (f, f’) = 1.
Let ¢ be an extension field of k. If R ®; ¢ is not reduced, then neither is
R ®y, £, where / is an algebraic closure of £. Thus f(¢) has multiple roots over
¢, which gives that f and f’ are not relatively prime.

(4) Let L be an extension field of ¢. As ¢ is separable over k, the algebra
S =4 ® L is reduced. By (2), we then have that R ®, S is reduced, and this
tensor product is isomorphic with R ®j L, proving that R is separable over k.

(5) If ¢ is separable over k, then for every x € ¢, by Proposition 3.2.2, k(x) is
separable over k. This is also an algebraic extension, so that k(x) = k[t]/(f),
where f is the minimal polynomial for x over k. By (3), (f, f’) = 1. Con-
versely, assume that for every = € /¢, the minimal polynomial f € klt]
of = over k satisfies that (f, f') = 1, and suppose that ¢ is not separa-
ble over k. Then there exists a field extension L of k£ such that ¢ ®; L
is not reduced. By collecting the coefficients as in the proof of Proposi-
tion 3.2.2 (3), there exist zi,...,z, € £ such that k(zi,...,z,) ®k L is
not reduced. Let f;(¢) be the minimal polynomial for x; over k. The cri-
terion (f;, f/)k[t] = 1 implies that if g; is a minimal polynomial for z; over
k(x1,...,zi—1), then (g;, g})k(z1,...,2,-1)[t] = 1. Hence by (3), k C k(z1) C
k(zi,x2) C -+ C k(x1,...,x,) is a chain of separable extensions. Thus by
(4), k C k(z1,...,z,) is separable, whence k(z1,...,z,) ® L is reduced. O

Definition 3.2.5 Let L and K be subfields of a common field E, both of them
containing a subfield k. We say that L and K are linearly disjoint over k
if the subalgebra LK of E generated by L and K s isomorphic to L Q) K via
the map sending Y, l; @ k; to Y, l;k;.

Eventually we want to establish several equivalent criteria for an algebra
to be separable over a field. First we treat the case in which the algebra is
a field extension, and then handle the case of an arbitrary algebra. In the
finitely generated case we need the concept of a separably generated field.

Definition 3.2.6 Let L be a finitely generated field extension of a field k.
We say that L is separably generated over k if there exists a transcendence
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basis z1, . ..,zq for L over k such that L is separable over k(z1,...,24)-

Theorem 3.2.7 (MacLane’s criterion [200]) Let k be a field and let L be a

field extension of k. The following are equivalent:

(1) L is separable over k.

(2) L ® k is reduced, where k is an algebraic closure of k.

(8) L ®y k' is reduced for every purely inseparable field extension k' of k.

(4) Either k has characteristic 0, or k has positive characteristic p and L ®y,
kP s reduced.

(5) FEither k has characteristic 0, or k has positive characteristic p and L and
kP are linearly disjoint over k.

Furthermore, in case that L is finitely generated over k, these conditions are

equivalent to:

(6) If L = k(z1,...,2n), there exists a transcendence basis z;,, ..., z;, for L
over k such that L is separable over k(z;,, ..., zi,).

(7) L is separably generated over k.

Proof: Clearly (1) implies (2), (2) implies (3), and (3) implies (4).

We prove that (4) implies (5). There is nothing to prove unless k has
positive characteristic p. Assume (4). Consider the natural map from L ®j
kP — LE'YP, where Lk'/? is the subalgebra of the field L'/? generated by the
images of L and kP, Let P be the kernel of this map. We claim in general
that P is nilpotent; this will prove (5) since we are assuming that L ®j k/p

is reduced. Let oo = ZZ’;I l; ® a}/p € P, where [; € L and a; € k. Then of =
ST @ a; = (S0 ag) © 1. However, Y, a; — (Y ial/)P = 0,
proving that P is nilpotent.

We next prove that (5) implies (6) under the assumption that L is finitely
generated over k. Say L = k(z1,...,2,). We may assume that the charac-
teristic of k£ is a positive prime p, and that zq,..., 2z, are not algebraically
independent. Thus there exists a non-zero polynomial f € k[Ty,...,T,] of
minimal degree such that f(z1,...,2,) = 0. Not every monomial in f is
a pth power since L and k'/P are linearly disjoint over k. So by possibly
reindexing we may assume that 7T, appears in some monomial to the ¢th
power, where ¢ an integer that is not a multiple of p. Then by the min-

imal degree assumption on f the coefficient of T in f(z1,...,2n_1,T}) is
non-zero. Hence k(z1,...,2n-1) C k(21,...,2,) = L is separable algebraic.
Now k(z1,...,2n—1) and kP are still linearly disjoint over k, so by induc-
tion, after reindexing, zi,...,z4 are algebraically independent over k and
k(z1,...,2n—1) is separable algebraic over k(z1,...,z4). Then by Proposi-
tion 3.2.4 (4), L = k(z1, ..., z,) is separable algebraic over k(z1,...,2q). This
proves (6).

Clearly (6) implies (7).

Assume (7). Then L is separable over k(z1, ..., zq) for some transcendence

basis 21, ..., 24 of L over k. By Proposition 3.2.4 we know that k(z1, ..., 24)
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is separable over k, and an application of the same proposition then shows
that L is separable over k.

It remains to prove that (5) implies (1) without necessarily assuming that L
is finitely generated over k. By Proposition 3.2.2, to prove that L is separable
over k it suffices to prove that every finitely generated subfield of L is separable
over k. Since (5) clearly passes to subfields, it suffices to prove the case where

L is finitely generated over k. But with this assumption, the equivalence of
(1) through (7) has been proved. ]

Theorem 3.2.8 Let k be a field and let R be a Noetherian k-algebra. The

following are equivalent.

(1) For every reduced k-algebra S, R ®j S is reduced.

(2) R is separable over k.

(8) There exists an algebraically closed field extension field ¢ of k such that
R ®y, ¢ is reduced.

(4) For all purely inseparable field extensions k' of k, R ®y k' is reduced.

(5) R is reduced and for every minimal prime P of R, k(P) is separable
over k.

Proof: Clearly (1) implies (2) and (2) implies (3). Assume (3). Every purely
inseparable field extension &’ of k can be embedded into £. Then R ®; k' C
R ®y, ¢, proving that R ®y, k' is reduced, which proves that (3) implies (4).

Assume (4). By assumption R = R ®y k is reduced. Let W be the multi-
plicatively closed set of R equal to R\ P. Let k' be a purely inseparable field
extension of k. To prove that x(P) is separable over k, it suffices to prove that
k(P)®k’ is reduced, by Theorem 3.2.7, part (3). But k(P)®rk’ = (RRkk )w,
which is reduced since R ®j, k' is reduced. This proves (5).

Finally assume (5). Let Pi,...,P, be the minimal primes of R. Set
R; = R/P;, and let K; = k(P;). To prove (1) we may assume S is a
finitely generated k-algebra, hence Noetherian. Let @4, ..., Q,, be the mini-
mal primes of S, and set L; = k(Q;). There are embeddings of R into [[, K;
and S into [[, L; which induce an embedding of R ® S into Hm K; ® Lj.
As K is separable over k for all i, the product is reduced, proving (1). (]

3.3. Relative algebraic closure

This section examines the behavior of algebraic closures of a subfield in a larger
field under various extensions, such as tensoring and adjoining indeterminates.

Theorem 3.3.1 Let K = k(z1,...,x,) be a purely transcendental extension
of a field k. Let L be an arbitrary extension of k such that k is algebraically
closed in L. Then K is algebraically closed in L(zy,...,x,).

Proof: By induction on n it suffices to prove the theorem for n = 1. Suppose
that n € L(z) is algebraic over K = k(). Let f(T) =T"+a;T" 1+ -+,
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be the minimal polynomial for n over K. Write a; = ‘g—f with a;, b; € k[x].
Let b be the least common multiple of the b;. Then bn is algebraic over K
with minimal polynomial T™ + bayT™"! + .- + b"q,, having coefficients in
k[x]. Since bn is integral over kx| it follows that bn € L]z]. Write g(z) = bn.
If g(x) € k[z] we are done since then n € k(z).

We have reduced the problem to proving that if k is algebraically closed in
L, and g(z) € L|x] is integral over k[x|, then g(x) € k[z]. By Theorem 2.3.2
the integral closure of k[z] in L[x] is graded. If g(x) = ¢, 2™ +- - -+ ¢¢ this fact
implies that each c;z° is integral over k[z]. Thus each ¢; must be algebraic
over k forcing c¢; € k for all 7. ]

Proposition 3.3.2 Let K C L be a finitely generated extension of fields.
Let F be the algebraic closure of K in L. Then F' is finite over K.

Proof: Choose a transcendence basis 1, ...,z4 for L over K. If d = 0, then
L = F is finitely generated over K and algebraic over K, hence finite. Assume
that d > 0. Let L; be the algebraic closure of K(z1) in L. By induction on
d, Ly is finite over K(x1), and is therefore finitely generated over K. Clearly
F' is the algebraic closure of K in L; as well. Thus we can replace L by L
and assume that d = 1. Let z = x;.

If linearly independent elements of F' over K remain linearly independent
over K(z), then [F : K] < [L: K(x)]. The latter is finite since L is finitely
generated and algebraic over K (x). If there are linearly independent elements
of F' that are not linearly independent over K (x), then there is a non-zero
polynomial f(7T') € F[T] such that f(z) = 0. In this case x is algebraic over
F'| contradicting the choice of F' as the algebraic closure of K in L. O]

Theorem 3.3.3 Let I be a field, let FF C K be an arbitrary separable field
extension of ', and let F' C L be a finitely generated field extension of F' such
that F' is algebraically closed in L. Then K 1is integrally closed in K ®p L.

Proof: We may write K as a (directed) union of finitely generated extensions
K; of F, and by Proposition 3.2.2 (1) each of these is separable. If we prove
that K is integrally closed in K; ®p L, then as K ®p L = UK,; ®p L, it will
follow that K is integrally closed in K ®r L. Thus we reduce to the case
where K is finitely generated over F'. Then by Theorem 3.2.7 this extension
is separably generated, and so there exists a transcendence basis Y for K over
F so that K is finite separable algebraic over F(Y).

By Theorem 3.3.1, the field F'(Y) is algebraically closed in L(Y’). Note that
K®pL=(K@py)F(Y))®rL=K®p@y)L(Y), so that by replacing F' by
F(Y) and L by L(Y') we have reduced to the case where K is finite separable
algebraic over F'.

There exists a primitive element a € K so that K = F'(a). By Lemma 3.3.4
below, [L(a) : L] = [F(a) : F]. We claim that F'(a) is algebraically closed in
L(a). Suppose that b is in L(a) and is algebraic over F(a) (and hence also
algebraic over F'). Since L(a)/L is separable algebraic it follows that F'(b) is
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also a separable algebraic field extension of F. We claim that b € F(a). If
not, then F(a,b) is separable algebraic over F', and by applying Lemma 3.3.4
below we obtain that [L(a) : L] = [L(a,b) : L] = [F(a,b) : F] > [F(a) :
F] = [L(a) : L], which is a contradiction. Therefore b € F(a). Note that
K ®p L =F(a) ®F L = L(a), and this identification finishes the proof. [

Lemma 3.3.4 Let F be a field, let ' C K be a finite separable field extension
of F', and let F C L be a finitely generated field extension of F' such that F
is algebraically closed in L. For every subfield ¢ of K containing F, [{ : F] =
[(L : L], where LL is the subfield of an algebraic closure of L generated by the
images of elements of L.

Proof: Without loss of generality, / = K. As K is separable over F', there
exists a primitive element a € K so that K = F(a). Let g(X) € F[X] be the
minimal polynomial for a. Since F' is algebraically closed in L, g(X) must be
irreducible in L[ X] because the coefficients of every factor of g(X) are sums of
products of roots of g(X), hence algebraic over K. Hence [KL : L] = [L(a) :
L] =[F(a): F). O

3.4. Exercises

3.1 Prove (4) of Proposition 3.2.2.

3.2 Determine exactly what is wrong with the “proof” given in Discus-
sion 3.2.3.

3.3 Let E and L be extension fields of a field k. Find necessary and
sufficient conditions for £ ®; L to be local.

3.4 Let k£ be an algebraically closed field, and let £ and L be arbitrary
extension fields of k. Prove that F ®; L is a domain.

3.5 Let k be a field, and let F be a separable algebraic extension field
of £k and L be an arbitrary extension field of k. If k is separably
algebraically closed in L, prove that E ®; L is a field.

3.6 Let k be an algebraically closed field, and let R be a k-algebra. Prove
that k is algebraically closed in R if and only if R is reduced and has
no non-trivial idempotents.

3.7*  (Sweedler [285]) Prove the Units Theorem: if k is an algebraically
closed field and R and S are two k-algebras that are reduced and
have no non-trivial idempotents, then every unit in R ®; S has the
form a ® b, where a is a unit in R and b is a unit in S.

3.8 Let R and S be k-algebras. Let r € R, s € S be transcendental
over k. Prove that r ® 1 + 1 ® s in R ® S is not invertible. (Hint:
Use Exercise 3.7.)

3.9%  (Sweedler [286]) Let R and S be k-algebras, k a field. Prove that the
following are equivalent:

(i) R®g S is local.
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(ii) R is local with maximal ideal m, S is local with maximal ideal
n, either R or S is algebraic over k, and (R/m)®y, (S/n) is local.
Let k be a field, and let E and F' be two finitely generated extension
fields of k. Prove that every maximal ideal of the ring R = F ® F
has height min{e, f}, where e is the transcendence degree of E over k
and f is the transcendence degree of E over k.
Let I be a field, K a finite separable field extension of F' and R an
integrally closed F-domain. Prove that if K ®p R is a domain, it is
integrally closed.
Let L and K be subfields of a field F, and let k be a subfield of LN K.
Prove that L and K are linearly disjoint over k (with respect to F) if
and only if elements of L that are linearly independent over k remain
linearly independent over K.
Let k be a field and X a variable over k.
(i) Prove that the field of fractions of k[[X]] is uncountable.
(ii) Prove that if k is countable, so is the algebraic closure of any
finitely generated field extension of k.
(iii) Prove that the transcendence degree of the field of fractions of
E[[X]] over k(X) is infinity.
(iv) Prove that Y, , X" € k[[X]] is transcendental over k(X).
Let k be a field of characteristic 0 and Xq,..., X,, variables over k.
For each j = 1,...,n, let G; be a square-free polynomial in k[X}]
(so that \/(G;) = (G;)). Prove that k[X1,...,X,]/(G1,...,Gy) is

reduced.






4
Noetherian rings

This book is mostly about Noetherian rings. However, the integral closure of
a Noetherian domain R need not be Noetherian (Exercise 4.9), so we need to
develop some results for non-Noetherian rings as well. Nevertheless, integral
closure of Noetherian rings is fairly well-behaved, and we concentrate on their
good properties in this chapter. In Section 4.10 we present Krull domains and
the Mori-Nagata Theorem that the integral closures of Noetherian domains
are Krull domains. In Sections 4.3 and 4.6 we present different scenarios in
which we can conclude that the integral closure of a given ring in an extension
ring is necessarily module-finite over the base ring. In Section 4.9 we prove
the Krull-Akizuki Theorem: the integral closure of a Noetherian domain of
dimension one is Noetherian, though not necessarily module-finite. In Sec-
tion 4.10 we prove that the integral closure of a two-dimensional Noetherian
domain is Noetherian. The first two sections analyze principal ideals in inte-
grally closed rings and normalization theorems. Section 4.4 covers Jacobian
ideals, Section 4.5 covers Serre’s criteria. Section 4.8 analyzes Lying-Over and
preservation of heights under integral extensions.

4.1. Principal ideals

Proposition 1.5.2 shows that principal ideals in integrally closed reduced Noe-
therian rings that are generated by non-zerodivisors are themselves integrally
closed. Such ideals also have good primary decompositions:

Proposition 4.1.1 (Cf. Proposition 1.5.2.) Let R be a Noetherian ring that
18 integrally closed in its total ring of fractions. The set of associated primes of
an arbitrary principal ideal generated by a non-zerodivisor x consists exactly
of the set of minimal prime ideals over (x).

Furthermore, all such associated prime ideals are locally principal.

Proof: All minimal prime ideals over (x) are associated to (z). Let P be
a prime ideal associated to xR. By Prime Avoidance there exists a non-
zerodivisor y in R such that P = zR :p y. We may localize at P and
assume without loss of generality that R is a local ring with maximal ideal
P. By definition P C R. If 2P C P, then by Lemma 2.1.8, £ € R = R,
so that y € R and P = zR :gp y = R, which is a contradiction. Thus
necessarily 2P = R. Hence there exists z € P such that 22 = 1. Then
P=xR:py=yzR:py = zR, so P is a prime ideal of height 1. Thus P is
minimal over xR.

The last statement follows immediately. ]
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The proposition implies that for any principal ideal (even generated by a
zerodivisor, say by Corollary 2.1.13) in a reduced integrally closed Noetherian
ring, the primary decomposition is particularly simple: R = Np(zRp N R),
as P varies over the minimal prime ideals over zR.

The non-zerodivisor assumption in Proposition 4.1.1 is necessary:

Example 4.1.2 Let k£ be a field, X and Y variables over k, and R =
k[X,Y]/(X3, XY). Then R is integrally closed in its total ring of fractions,
but the principal ideal generated by the zerodivisor X2 has an embedded
prime ideal.

A special case of integrally closed domains are one-dimensional Noetherian
integrally closed domains, also known as Dedekind domains. The following
is an easy consequence of Proposition 4.1.1, and we leave the details to the
reader (cf. Proposition 6.3.4).

Proposition 4.1.3 Let (R, m) be a Noetherian local ring. Then m is princi-
pal generated by a non-zerodivisor if and only if R is a Dedekind domain, and
that holds if and only if every non-zero ideal in R is principal and generated
by a non-zerodivisor. Furthermore, for such a ring R, every ideal is a power
of m, and there are no rings strictly between R and its field of fractions. [

4.2. Normalization theorems

We present several versions of the Noether Normalization Theorem.

Lemma 4.2.1 Let R be a finitely generated algebra over a field k, x1,...,x,

elements in R, X1,..., X, variables over R, and f € k[X4,...,X,] a non-

zero polynomial such that f(x1,...,x,) =0.

(1) Then there exists an integer e such that for all positive integers e; >
e, 3 > €€y, ..., €n_1 > €n_2, Ty 1S integral over the ring klx; +
S P R

(2) If R is a domain and %(wl, ...y xp) # 0, then there are infinitely many
€1,...,€n_1 SO that x, satisfies a monic polynomial h(X,) of integral

dependence over k[zy1 +x, ... 21 + 20" ""] and that b/ (z,) # 0.

(8) If k is an infinite field, there exists a non-empty Zariski-open subset U
of k"1 such that whenever (c1,...,¢n—1) € U, then x,, is integral over
klxy — c1@Tn, - oy Tpn—1 — Cn—1Tn]-

(4) Suppose that k is infinite and that R is a domain. If aann(a:l, ceyTp) # 0,
there exist infinitely many c1,...,ch—1 € k such that x,, satisfies a monic
polynomial h(X,) of integral dependence over klx1 — c1Zp, ..., Tp—1 —
Cn—1%n] such that h'(z,) # 0.

Proof: Let e be a positive integer strictly larger than the degree of f. Set
e1 > e, and for each i > 2, set ¢, > e-¢€;-1. Then g(Xy1,...,X,) =
f(X7—Xa, ... X, 1 — X", X,,) is a non-zero polynomial. By the choice
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of e1,...,e,_1, g is, up to a scalar multiple, monic in X,,. But g(z; +
. 1, Tn) = f(z1,...,2,) = 0, so that g is an equation of
integral dependence of x,, over k[z1 + ¢, ..., 2, 1 +ay," " "]. This proves (1).

Suppose that R is a domain and aann(xl’ ey Tp—1,Tn) # 0. By the chain
rule, aaTgn equals Z?;ll(—engi_l)g—)é—i—;Tfn evaluated at (X7—X2, ..., X,,_1—
X7 X,). After passing to X, — @, and X; — x; + 2& for i < n, by pos-
sibly increasing the previously determined e;, this is not zero, for otherwise
Z?:_ll( e;xti—1) aag (T1,...,Tn)+ %(ml, ..., Ty) = 0 for all infinitely many
possibilities for the e;, which is a contradiction. This proves (2).

If k£ is infinite, let d be the degree of f, and let f; the component of f
of degree d. As fy is a non-zero polynomial and k is infinite, there exist
ai,...,an € k such that fy(aq,...,a,) # 0 and a,, # 0. The polynomial
9g( X1, .., Xn) = f(Xi + a1 Xn, ..., X1 + an_1Xn,a,X,) has then degree
at most d, and has coefficient of X¢ equal to f4(a,...,a,), which is non-zero.
Thus up to a scalar multiple g is a monic polynomial in X,, such that

g(x1 — alaglxn, e Tl — an_larjlxn, a;lxn) = f(x1,...,2,) =0,

whence z,, is integral over k[ry — aja, '@y, ..., Tn_1 — an_1a, ‘x,]. Setting

ci=aa  fori=1,....n—1and U = {(cl,...,cn_l)|fd(cl,...,cn_1,1) =+
0} finishes the proof of (3)

L. . . .. P)

Now suppose that k is infinite and in addition that %(ml, CeyTp) F
0. By the chain rule, 8X (r1 —ara, Ty, Tt — an_1a;, tx,, X,,) equals
Sy aig—)é(xl —a1a; a1 X, o Tyl — A1, T+ A1 X, 0 X)),
This is not zero if ay = -+ = a,_1 = 0 and a,, = 1. Since k is infinite, it is
possible to find infinitely many aq, ..., a, such that this is non-zero and such
that fq(ay,...,an)a, # 0, which proves (4). O
Theorem 4.2.2 (Noether normalization) Let k be a field and R a finitely
generated k-algebra. Then there exist elements x1,...,x, € R such that
klx1,...,2xm] is a transcendental extension of k (i.e., k[x1,. .., xm] is isomor-

phic to a polynomial ring in m variables over k) and such that R is integral
over k[x1,...,Tm)].

If k s infinite, x1,...,T., may be taken to be k-linear combinations of
elements of a given generating set of R.

In any case, if R is a domain and the field of fractions of R is separably
generated over k, then x1,...,x, above can be chosen so that the field of
fractions of R is separable over klzq, ..., xy].

Proof: Write R = k[y1,...,yn]. We use induction on n to prove the first
claim, including the assertion that if k£ is infinite, z1,...,x,, may be taken
to be the sufficiently general k-linear combinations of elements of the y;. We
may choose the y; so that k[yp,...,y] is transcendental over k and such
that k[y1,...,y] € R is algebraic. If n = [, set z; = y; and | = m, and
we are done. We thus assume that n > [. By Lemma 4.2.1, there exist
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21y ..y 2n—1 such that k[z1,...,2zn—1,Yn] = Ek[y1,...,ys] and such that y, is

integral over k[z1,...,z,—1]. If k is infinite, 21,..., 2,—1 may be taken to be
k-linear combinations of y1,...,y,. By induction on n we may assume that
there exist elements x1,...,2,, € k[z1,...,2,-1] such that k[z1,...,2,-1] is
integral over k[z1,...,x,,] and such that zy,...,z,, are transcendental over
k. If k is infinite, x1,..., 2z, may be taken to be k-linear combinations of
Z1,...,2n_1, and therefore k-linear combinations of yq,...,y,_1. It follows
that R is integral over k[x1,. .., Zm].

If Q(R) is separable over k, by Theorem 3.2.7 (6), there exist algebraically
independent z1,...,2, € {y1,...,Yn} such that k(x1,...,z,) C Q(R) is
separable algebraic. By the choice of the x;, k[x1,..., 2] C R. Suppose that
Y1, - - -, Yr satisfy separable equations of integral dependence over k[z1, ..., Ty]
but y,4+1,...,y, do not. If » = n we are done, so we suppose that r < n.
By Lemma 4.2.1 (2) and (4), there are z,..., 2, € R, with the differences
x;—x; all powers of y,41 or all scalar multiples of y,.11 in case k is infinite, such

that y,41 is separable and integral over k[z),...,z],]. Then k[z],...,2],] C
k[x/b s 7xflrn7 yT+1] = k‘[l'l, s ,xmayr-i-l] - :IC[CUl, <oy Ly Y1, - - 7y7"+1] are all
separable integral extensions, and necessarily the extension k(z,...,x},) C

Q(R) is separable algebraic. By repeating this step, we eventually get that
all y; are separable and integral over an m-generated polynomial subring. []

Observe that the proof above is quite explicit about how to choose a gener-
ating set for a Noether normalization. The same holds for the graded version
below.

Theorem 4.2.3 (Graded Noether normalization) Let k be a field and R
a finitely generated N-graded k-algebra such that Ry = k. There exist alge-
braically independent x1,...,x, € R, homogeneous of the same degree, such
that R is integral over k|1, ...,Tmy]|. If k is infinite and R is generated over
k by elements of degree 1, then the x; may be taken to be of degree 1.

Proof: Write R = k[y1, ..., yn], with y1,...,y, homogeneous elements. Let
d be an integer multiple of all deg(y;). Then R is module-finite over the k-
subalgebra R generated by all elements of degree d. Thus it suffices to replace
R by R and assume that all the y; have the same degree d.

Suppose that k is infinite. By Theorem 4.2.2, there exist linear combinations
x1,-...,Ty, of the y; that are algebraically independent over k such that R is
integral over k[x1,...,x,,]. Note that each x; is homogeneous of degree d.

Now assume that k is an arbitrary field, possibly finite. By repeated use of
Corollary A.3.2, which says that all associated prime ideals in R are homo-
geneous, and by repeated use of the homogeneous Prime Avoidance Theorem
(A.1.3), there exists a sequence x1,...,x,;, of homogeneous elements in R
such that for all ¢ = 1,...,m, x; is not in any prime ideal minimal over
(x1,...,2;—1). Let m be the maximal integer for which this is possible. By
possibly lifting each x; to a power, we may assume that all x; have the same
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degree, say degree ed. By construction the only prime ideal in R containing
X1, ..., Ty is the maximal homogeneous ideal 9. Then M C (xq,...,x,,) for
some integer ¢, and in particular if R is the subring of R generated over k by
all homogeneous elements of degree ed, then the maximal ideal of R raised to
the cth power is contained in (x1, . .. ,scm)f%. Thus as in the first paragraph we
may assume that R is generated by elements of degree ed. By homogeneity and
degree count M = M (z1, ..., ), so that M is integral over (x1, ..., xy).
By Proposition 2.3.8, R is integral over its subring A = k[z1,...,x,,]. Since
9 has height m by the construction of the x;, there exists a minimal prime
ideal P in R such that the height of 9t/P is m and hence by the Dimen-
sion Formula (Theorem B.5.1) the height of (z1,...,2,)A = MM N A mod-
ulo A/(P N A)is m. This means that ht((zy,...,z,)A) = m and so that
x1,...,T, are algebraically independent over k. ]

Observe that in the theorems above, given any finite set of algebra gener-
ators of R over k, the x; in the conclusion of the theorem may be obtained
from the given set by successively applying exponentiation and addition.

Theorem 4.2.4 Let R be a Noetherian ring and S a finitely generated R-

algebra containing R that is a domain. Then there exist elements x1,...,x,, €
S and r € R such that R[z1,...,Ty] is a transcendental extension of R and
such that S, is integral over R[zq,..., 2y, (localization at one element).

Proof: Let W = R\ {0}, which is a multiplicatively closed subset of R. Then
W—IR C WS is a finitely generated algebra extension of the field W 'R,
so that by Theorem 4.2.2 and the observation above, there exist elements
T1,...,Tm € S such that W='R C W~IR[xy,...,z,,] is transcendental and
WR[z1,...,2,,] € WS is integral. Thus clearly R C R[z1,...,Ty] is
transcendental. Let {si,...,s,} be a generating set of S as an algebra over
R[r1,...,2,). Bach s; is integral over W= R[z1, ..., z,], so that there exists
u; € W such that s; is integral over R[zy,...,Zm]y,. Let r = up - uy,.
Then each algebra generator s; of S, over R[zri,...,Z,], is integral over
R[z1, ..., xm],, which proves the theorem. O

4.3. Complete rings

We present a first set of connections between integral closure and complete
rings. Many more connections are in Sections 4.6, 4.8, and in Chapter 9 on
analytically unramified rings. Theorem 4.3.4 shows that the integral closure
of a complete local Noetherian domain is a module-finite extension, hence
Noetherian. We start with showing that module-finite extensions of complete
local Noetherian rings are direct products of complete local rings.

Proposition 4.3.1 Let R be a ming and I an ideal in R such that I is
complete in the I-adic topology. Then any idempotent of R/I lifts to an
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tdempotent in R.

Proof: Let e € R such that e+ is an idempotent in R/I, i.e., €2 —e € I. Fix
n > 1. Write the expansion of 1 = (e + (1 —¢€))** ! as 1 = e"p,, + (1 — €)"qn,
and set e, = €"p,,. Then e, is a multiple of e”, 1 —e,, is a multiple of (1—e)",
and e, (1 —e,) € (e"(1 —e€)™) C I". Thus e, + I" is an idempotent in R/I".
Furthermore, e, + I =Y 7" 1 (" Nel(1—e)? 1= [ =21 4 [=e+ 1.

The sequence {e,}, of elements of R is a Cauchy sequence in the I-adic
topology:

eny1 —€n + 1" = 672’L+1 —ei + 1" = (eny1 — en)(ent1 +en) + 1"

=1—-e,—1+ent1)(ent1 +en)+ 1"
= ((1=e)"gn — (1= )" guy1)) (€ ppys + €"pn) + 1"
=0.

By assumption the limit of this sequence exists in R. Let f be the limit. Then
f(1—f)=lime,(1—e,) =0, so that f is an idempotent in R. But e, + I"
is a lift of e 4+ I and the e,, converge to f, so that f +1 =e+ I. ]

The lifting of idempotents has the following important consequence:

Proposition 4.3.2 Let (R,m) be a complete local Noetherian ring, and let
R C S be a module-finite extension ring of R. Then S has finitely many
maximal ideals, say {my,...,m:}, and S = Sy, X -+ X S,

Proof: There are only finitely many prime ideals in S that are minimal
over mS, say mq,..., m;, and these are all the maximal ideals of S. By the
Chinese Remainder Theorem, S/mS 2 (S/mS)m, X -+ x (S/mS)y, are iso-
morphic as rings. In particular, there exist mutually orthogonal idempotents
€1,...,er € S/mS that give this decomposition, so that e; + --- + e; = 1.
Note that S is complete in the m-adic topology and Noetherian. Idempotents
can be lifted in complete rings by Proposition 4.3.1, so that each e; lifts to
f; € S that are mutually orthogonal and necessarily fi +---+ f; = 1. Hence
S = Sm XX Sm,- O

Complete local domains have a normalization result reminiscent of normal-
ization results in the previous section:

Theorem 4.3.3 (Cohen Structure Theorem) Let (R, m) be a complete Noe-
therian local domain, and k a coefficient ring of R. In case k is a discrete
valuation domain of rank one with maximal ideal generated by p, we assume
that p,x1,...,xq 1S a system of parameters. If R contains a field, we assume
that x1,...,xq is a system of parameters. Then the subring k[[z1,...,zq4]] of
R s a regular local ring and R is module-finite over it.

We only comment on a proof. The most difficult part is establishing the
existence of the coefficient ring k£, and we do not provide a proof of that in
this book. Once a coefficient ring and a system of parameters are chosen, the
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theorem is proved as follows. Let I be the ideal generated by the system of
parameters. For notation we set xg to be either 0 if R contains a field and
p otherwise. As the R-module R/I has finite length, there exists a finite set
S of elements in R with the property that whenever r € R, then there exist
s € S and a unit v € k such that r — su € I. Clearly A = k[[z1,...,z4]]
of R is a subring of R. We claim that R is module-finite over A and is
generated by the elements of S. If » € R, choose s; € S, a unit u; € k
and 719,...,71q4 € R such that » = sju; + >, r1;2;. Repeat this for r1; to
obtain that for some sy; € S, for some units ug; € k and some ry;; € R,
r1; = SoiU9; + Zj r1i52 ;. Substitute this expression in 7 to obtain r = syu; +
> i T1ij 523U T5 +Z¢j T15jT:2 ;. We continue this process: 7 =) g 7ns5+1n,
with ¢, € I", s an element of k[z1,..., 24|, and r,s —r,_1 s € I" for each
n,s. Thus {r,s} is a Cauchy sequence in k[z1, ..., x4], whence ry € lim, r,s €
k[[z1,...,24]] € Rand r = ) __o7ss. This proves that R is module-finite
over A. By Theorem 2.2.5 dim R = dim A, so that there cannot be any
algebraic relations among x1,...,z4. Thus A is a regular local ring.

Theorem 4.3.4 The integral closure of a complete local Noetherian do-
main R is module-finite over R. More generally, if L is a finite field exten-

siton of the field of fractions K of R, then the integral closure S of R in L 1is
module-finite over R. Furthermore, S is a complete Noetherian local domain.

Proof: Let m be the maximal ideal and k a coefficient ring of R. If R contains
a field, let x1,..., x4 be a system of parameters in R. If R does not contain a
field, then k is a complete local discrete valuation domain with maximal ideal
(zp). In this case we choose a system of parameters zg, x1,...,24. By the
Cohen Structure Theorem 4.3.3, A = k[[x1, ..., z4]] is a regular local subring
of R and R is module-finite over it. Then L is a finite algebraic extension of
the field of fractions of A and the integral closure of A in L equals S. Thus
by replacing R by A we may assume that R is a regular local ring.

As R is regular, it is integrally closed. If the characteristic of K is zero,
K C L is separable, and then the theorem holds by Theorem 3.1.3.

Thus it remains to consider the case when the characteristic of K is a
positive prime integer p. In this case, k is a field of characteristic p. Then
there exists a finite extension L’ of L and an intermediate field K’ between
K and L’ such that K C K’ is purely inseparable and K’ C L’ is separable.
Suppose that the integral closure R’ of R in K’ is module-finite over R. As
the integral closure of R’ in L’ is the same as the integral closure of R in L/,
by Theorem 3.1.3, the integral closure of R in L’ is module-finite over R. But
S is contained in the integral closure of R in L’, so that by the Noetherian
assumption S is also module-finite over R. Thus it suffices to prove that the
integral closure R’ of R in K’ is module-finite over R.

By switching notation we may assume that K’ = L is a purely inseparable
extension of K. Let ¢ = [L : K|. If r € S, then r? € KNS = R, so
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that » € RY9 = kl/q[[xi/q, . ..,xcli/q]]. Observe that R'/? is a regular local
ring. For every non-zero r € S we define its lowest form to be the non-zero
homogeneous component of r of smallest possible degree, when r is considered
as an element of R'/4.

Let a1,...,as € S and let f; be the lowest form of a;. If fi,..., fs are
linearly independent over R, so are aq,...,as. As L is finite-dimensional over
K, the cardinality of sets of such linearly independent lowest forms must be
finite. Let {fi1,..., fs} be a maximal linearly independent set of such lowest
forms. Let ¢1,...,c: € k'/7 be all the coefficients appearing in the f;. Note
that f; € k(c1,...,e)[[z)/% ...zl

For any a € S C R4, the lowest form f of a also lies in R'/%. Furthermore,
by the maximal linearly independent assumption, there exists a homogeneous
r € R\ {0} such that rf € k(cy, ..., c)[[zi/9, ..., acil/q]]. This implies that all
the coefficients of f lie in k(cy,...,¢), and hence that all the lowest forms
of elements of S lie in k(cq, . ..,ct)[[xi/q, : ..,a;'zl/q]]. Let T be the subring
of RY4 generated over R by the lowest forms of elements of S. Then T' C
k(ci,..., ct)[[xi/q, e ,:I:i/q]], and as the latter is module-finite over R, so is T'.
Let g1, ..., g; be the generators of T" over R. For each 7, let b; € S be such that
g; is the lowest form of b;. Set R’ = R[by,...,b;]. Then R’ is module-finite
over R, hence complete.

Clearly R’ C S, and we next prove that S C R’. Let a € S. For each
i € N we define a; € R’ such that the lowest form of a — a; has degree at
least 7. Start with ag = 0. Suppose that ag,aq,...,a, have been found
with this property. Let f be the lowest form of a — a,,. Then we can write
f=73_;h;g; for some homogeneous forms h; € R. Set a1 = an + >, h;b;.
Then a — apt1 = (a — an) — >_; hyb; has the lowest form of degree strictly
greater than the degree of the lowest form of a —a,,. This constructs a Cauchy
sequence {a,} in R’. As R’ is complete, this Cauchy sequence has a limit in
R’, but the limit equals a. This proves that S = R’, and so S is finitely
generated over R.

In particular, S is Noetherian, and complete in the m-adic topology. By
Proposition 4.3.2, then S is the direct product of the r rings .S;, where r is the
number of maximal ideals in S. But S is an integral domain, so that r =1,
and S has only one maximal ideal. O]

It is also true that if R is an integral domain that is finitely generated over
a complete Noetherian local ring, then R is module-finite over R. A proof is
worked out in Exercise 9.7.

4.4. Jacobian ideals

In this section we define Jacobian ideals and prove basic properties about
them. Jacobian ideals will be used in the subsequent section to prove a few
criteria for when a ring is locally an integrally closed integral domain. Further
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uses of Jacobian ideals be found in Chapters 7, 12, 13, 15.

Definition 4.4.1 Let A be a commutative ring and R a localization of
a finitely generated A-algebra. Write R as W YA[X]/(f1,..., fm), where
AX] = A[Xy,...,X,], X1,...,X,, are variables over A, f; € A[X], and
W is a multiplicatively closed subset of A[X]. A Jacobian matrix of R over

A is defined as the m x n matriz whose (i,j) entry is g)’?.. These partial
J
derivatives are symbolic:
(X X0n , _ _
P o X XX X

0X;
and extend A-linearly to all of A[X].

Assume furthermore that A is universally catenary, and that there exists a
non-negative integer h such that for each prime ideal P in A[X] that is mini-
mal over (fi, ..., fm) and such that PNW =0, A[X]p is equidimensional of
dimension h. Observe that this set of prime ideals is in one-to-one correspon-
dence with the minimal primes of R. Under these conditions, the Jacobian
ideal of R over A, denoted Jg,4, is the ideal in R generated by all the h X h
minors of the Jacobian matrixz of R over A.

Example 4.4.2 Let k be a field, X,Y variables, and R = k[X]/(X3) =
k[X,Y]/(XY,Y—X?). Both presentations of R allow us to define the Jacobian
ideal and both give Jg/, = 3X 2R. The second presentation gives the Jacobian

matrix
Y X
-2X 1|

Example 4.4.3 It can happen that Jr,4 = 0. For instance, let A = k be
a field of characteristic 2, and let R = k[X]/(X?). Then Jg/4 = 0. Even
when R contains Q, the Jacobian ideal can be zero. For example, let R =
Q[X,Y]/(X?,XY,Y?). The Jacobian ideal Jg/q is the image of (X?, XV, Y?)
in R, which is 0.

Clearly the Jacobian matrix depends on the choice of the f; and the X;.
However, the Jacobian ideal Jr, 4 is independent:

Proposition 4.4.4 The Jacobian ideal Jg, 4 is well-defined, i.c., if R and R’
are both localizations of finitely generated A-algebras and are A-isomorphic,
then the isomorphism takes one Jacobian ideal to the other.

Proof: The proof proceeds in several steps.

Let A[X1,...,X,] = A[X] and R = W LA[X]/(f1,.--, fm)- Set W’ to be
the saturation of W, i.e., W’ is the set of all polynomials in A[X] whose image
is invertible in R. Then R = (W')"YA[X]/(f1,..., fm) and the Jacobian ideal
computed either with W or with W’ is the same. Thus we may always make
the multiplicatively closed set W as large as possible.

Next, we prove that if we fix the images of X1,..., X, in R, then the Jaco-
bian ideal is independent of the presenting ideal and its generators. Namely,
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with set-up as above, let h be such that for each prime ideal P in A[X] dis-
joint from W and minimal over (fi,...,fm), A[X]p is equidimensional of
dimension h. Let x; be the image of X; in R.

Suppose that (g1,...,9s) is another ideal in A[X] such that via the A-
algebra map X; — x;, WY(A[X]/(g1,-..,9s)) is isomorphic to R, and such
that for each prime ideal P in A[X] that is minimal over (g1, ..., gs) and with
PNW =, A[X]p is equidimensional of dimension h. Then there exists
an element v € W such that for all i = 1,...,s, ug; € (f1,..., fm). Write
ugi = Y. Dir fi for some D;;, € A[X]. Then

0g; ou 8D'Lk: afk
v 91— D’L
Yox; T ax,? Z e

so that in R, ug ag@ => . Dik 8X . As u is a unit in R, Ij, (5% 09 ) C In(zx 0/ )R
Hence by symmetry, In(5% 99; )R = In(5% 0/ )R which proves that JRrya is mde—

pendent of the presentatlon ideal.

Thus we may assume that (fi,...,fm) = W(f1,..., fm) N AX]. We
need to check that this kernel satisfies the condltlon that A[X]p is equidi-
mensional of dimension h for every prime ideal P in A[X] that is minimal

over (fi,..., fm) and satisfies P N W = (). But such primes correspond ex-
actly to the minimal primes of R, and by our assumption they satisfy the
condition.

Let zp € R. Let Xy be a variable over A[X], and under the natural A-
algebra homomorphism taking X; — z;, let K be the kernel and U the set of
all elements in A[Xo,..., X ] that map to a unit in R. Observe that W C U.
As R=2WY(AX]/(f1,..., fm)), there exist u € W and f € A[X] such that
uXo—feK. Let m: W~ 1A[_] — R be the surjection as before with kernel
(fi,---, fm). Let ¢ be the natural homomorphism from U~1A[X,, ..., X,]
onto R extending m and sending Xy to xg. We claim that the kernel of ¢ is
generated by fi,..., fm,uXo — f. These elements are clearly in the kernel.
Suppose that ¢(g) = 0 for some g € UtA[Xq,...,X,]. Without loss of
generality we may even assume that g € A[Xy,...,X,]. If the degree of
g in Xy is e, then we can write u¢g — (uXog — f)g’ € A[X] for some ¢ €
A[Xo, ..., Xn], whence 7(u®g — (uXo — f)g') = ¢((ug — (uXo — f)g') =
0. Since the kernel of 7 is generated by f1,..., fin,, we obtain that u®g €

“Yfi, ..o, fm,uXo — f), and therefore g € U=Y(f1, ..., fm,uXo — f).

We have proved that U 1 A[Xo, ..., X,.]/(f1,- -, fm,uXo — f) = R. Let Q
be a prime ideal in A[Xy, ..., X,] that is minimal over (fi,..., fm,uXo — f)
and such that @ NU = (. We will prove that A[Xo,...,X,]o is equidi-
mensional of dimension h + 1, so that we can use this representation to
compute the Jacobian ideal. Let ¢ be an arbitrary minimal prime ideal in
A[Xo,..., Xn]o. We know that ¢ is naturally an extension of a minimal
prime ideal p in A. For any ideal I in A[X], let I¢ denote IA[Xy, ..., X,].
Let P be a prime ideal in A[X] that is contained in ) and is minimal over
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(f1y--+y fm). Since W C U, QNU = ) implies that PNW = (). We claim that
ht(Q/P¢) = 1. By Krull’s Height Theorem (Theorem B.2.1), ht(Q/P¢) < 1.
If the height is 0, then P°¢ = (@), and it follows that uXy — f € P¢, which
implies that v € P. But PNW = (), so we have a contradiction. Thus
ht(Q/P¢) = 1.

Since QNA = PNA, P contains p. By assumption A[X]p is equidimensional
of dimension h, hence ht(P/pA[X]) = h. The assumption that A is universally
catenary gives that

ht(Q/q) = ht(Q/pA[Xo, . .., X))
= ht(P°/pA[Xo,..., X,]) + ht(Q/P°) = h + 1.

The value of ht(Q/q) is independent of @ and ¢. It follows that the Jacobian

ideal R over A can also be defined using the algebra generators z, ..., x,.
We claim that this is the same as the Jacobian ideal defined using the algebra
generators z1,...,T,. The Jacobian matrix for R over A with respect to the
algebra generators xg, ..., x, and the relations fi,..., fo,uXg — f is
Ofi
C= lo (axj” :
U *
Clearly In1(C)R = uln($4)R = In(5%-) R.
Using a straightforward induction, it follows that whenever the Jacobian
ideal R over A is defined using the algebra generators xi,...,z,, then the

same Jacobian ideal is obtained after adding further elements of R to the
algebra generating list. Hence if R can also be written as a localization of
AlYy, ..., Y] /(g1,-..,9s) at a multiplicatively closed set U, and there is a
fixed integer [ such that for every minimal prime P over (gi,...,gs) with
PNU = (, we have that A[Y7,...,Y,]p is equidimensional of dimension [,
then if y; is the image in R of Y;, by above the Jacobian ideal defined via the
algebra generators x1,...,x, is the same as the Jacobian ideal defined via
the algebra generators x1,...,%,,Y1,...,Yr, which in turn is the same as the
Jacobian ideal defined via the algebra generators y1, ..., y,. ]

Corollary 4.4.5 Let A be a universally catenary Noetherian ring, and let R
be WLA[X]/(f1,..., fm) for some variables X1, ..., X, over A, some f; €
A[X], and some multiplicatively closed subset W of A[X]. Assume that there
exists a non-negative integer h such that for each prime ideal P in A[X] that is
minimal over (f1, ..., fm) and such that PNW = 0, A[X]p is equidimensional
of dimension h. Let U be an arbitrary multiplicatively closed subset of R. The
Jacobian ideal of U"'R over A is defined as well, and

U™ (Jrja) = Jwu-1R)/a-

Proof: The fact that the Jacobian ideal is defined follows at once from the
definition since the set of primes for which the equidimensionality condition
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needs to be checked can only get smaller after localizing at W. The equal-

ity follows since we may use the same elements fi,..., f,, to compute the
Jacobian ideal. ]

We defined Jacobian matrices in greater generality than Jacobian ideals.
We show on an example that without the height restrictions on (f1,..., fim)
the Jacobian ideal need not localize as expected (as in this corollary):

Example 4.4.6 Let k be a field of characteristic other than 2, let X,Y, Z
be variables over k and R = k[X,Y, Z]/(XY?, X Z?). The Jacobian matrix of

R over k is
Y2 2XY 0

72 0 2XZ |’

whose ideal of 1 x 1 minors is I; = (Y2,2XY, Z2,2X Z)R and whose ideal of
2 x 2 minors is Iy = 4X?Y ZR. The minimal prime ideals of R are P = XR
and Q = (Y, Z)R. Observe that Rp is a localization of k[X,Y, Z]/(X), hence
its Jacobian ideal is clearly Rp. If we want Corollary 4.4.5 to apply to this R,
since I, Rp # Rp, necessarily I is not the Jacobian ideal, so we would then
require a possible Jacobian ideal of R/k to be I;. But R is a localization
of k[X,Y,Z]/(Y? Z?), so its Jacobian ideal is 4Y ZR¢, which is not 1 Rg.
Thus we cannot define a Jacobian ideal for this non-equidimensional R and
still expect Corollary 4.4.5 to hold.

Discussion 4.4.7 Although we have chosen to give a “bare-hands” proof
of the fact that the Jacobian ideal is well-defined (under our assumptions),
a possibly better way of presenting this material is through the module of
Kahler differentials. We highlight relevant statements in this discussion. We
opted not to develop Jacobian ideals in this way simply because we did not
want to include a detailed discussion of Kahler differentials, but wanted this
book to be largely self-contained.

First, for simplicity, let A = k be a field, and let R = k[X]/(f1,..., fm) bea
finitely generated k-algebra. We let J be the Jacobian matrix of R over k. By
viewing J as a matrix with entries in R, J is actually a presentation matrix
for the module of k-linear Kahler differentials {2 /5. Thus the various ideals
generated by the minors of J (the Fitting ideals of {2g/;) are independent
of the chosen generators of I or the presentation of R; they depend only on
the k-isomorphism class of R. The formation of Fitting ideals commutes with
localization and base change, e.g., if W is a multiplicatively closed subset of
R, then Qu-1p/, = W™'R®p Qpy (cf. Corollary 4.4.5). The problem with
defining the Jacobian ideal with this approach is that {2g,; may not have a
rank, so that there is not a good unique choice of which Fitting ideal should be
the Jacobian ideal. In other words, after localizing at a minimal prime ideal
of R, Q)g/, may not be free, or even if it is free, the rank may vary depending
on which minimal prime is used. However, if R is an equidimensional finitely
generated k-algebra of dimension d and has no embedded primes, then the
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ideal of (n — d) x (n — d) minors of J reduced modulo I can be taken to be
the Jacobian ideal. Of course, when we replace k& by an arbitrary ring A,
one needs some additional equidimensionality assumptions, which accounts
for the version we give above.

An important lemma is the following:

Lemma 4.4.8 Let R C S C T be regular Noetherian rings with S and T
localizations of finitely generated rings over R. Assume that the total ring of
fractions of T is algebraic over the total ring of fractions of R. Then

Jr/r = Jr/5J5/R"

Proof: 'We proved above that Jacobian ideals localize. Thus the equality in
the lemma holds if and only if it holds after localizing at all the prime ideals
of T'. Thus we may assume that T is local, and by also inverting the elements
in R and S that are units in 7" we may assume in addition that R and S are
local. As these are regular rings, they are domains.

We may write S = (R[X7,...,X,]/Q)p for some variables X, ..., X, over
R, and some prime ideals @ C P in R[X1,...,X,]. Necessarily there exist
fi,.--, fi € R[Xq,...,X,] that after localization at P form part of a reg-
ular system of parameters and generate (Qp. By Prime Avoidance we may
assume that fi,..., f; generate an ideal of height [ in R[X;,..., X,,], so that
as R is regular, (f1,..., f;) has all minimal prime ideals of the same height
[. Note that S = (R[X1, ..., X,]/(f1,--., fi))p. By the algebraic dependence
assumption on the fields of fractions of S and R, [ > n. But letting K be the
field of fractions of R, QK[Xj,..., X,] is a prime ideal of height [. Necessarily
[ <n, hence n = 1.

Thus R[X4,...,X.]/(f1,..., fn) is equidimensional and S is its localiza-

tion. Similarly, for some variables Y7,...,Y,, over S and some polynomials
91y gm € S[Y1,...,Yy], T is a localization of the equidimensional ring
SIY1,...,Yml/(91,---,9m). Hence Jg/g is generated by the determinant of
the m x m matrix (88)123 ), Jr/s by the determinant of the n x n matrix (gig/z_ ),
and Jy/p by the determinant of the (n +m) x (n + m) matrix
Ofi
(2£) o
9gi 9gi ’
(#%) (%)
whence the lemma follows. ]

We prove in the next theorem that the Jacobian ideal determines the reg-
ularity and thus the normality of finitely generated algebras over a field. We
also prove a partial converse, namely that regularity of the ring supplies some
information on the Jacobian ideal, if in addition we assume a separable con-
dition on residue fields. (For separability, see Chapter 3.)

Theorem 4.4.9 (Jacobian criterion) Let k be a field and R an equidimen-
sional finitely generated k-algebra. Let J be the Jacobian ideal Jgy. Let P
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be a prime ideal in R. If J is not contained in P, then Rp is a reqular ring.
Conversely, if Rp is a reqular ring and k(P) is separable over k (say if k
is a perfect field, by Theorem 3.2.7 (4)), then J is not contained in P.

Proof: Let S = k[Xy,...,X,] and (f1,..., fm) an ideal in S such that R =
S/(fi,..., fm). As R is equidimensional and polynomial rings over a field are
catenary domains, all the prime ideals in S minimal over (fi,..., f;;) have
the same height h. Let () be the preimage of P in S.

Suppose that J is not contained in P. By possibly reindexing, we may
assume that the minor of the submatrix of the Jacobian matrix consisting of
the first A columns and the first A rows is not in Q.

Claim: f1,..., fn are elements of () whose images are linearly independent in
the vector space QSg/Q?Sq. Indeed, when ry,...,r, € S such that Y.rifi €

Q?Sg, then for some s € S\ Q, sy . rifi € @Q?. Then for all j, > i 8T g)ﬁ +

> aé?;)fi € Q. Hence in Rp, for all j, > .7 g){ij € P. This gives a linear
dependence relation on the columns of the fixed h x h submatrix after passing
to Rp/PRp. By our assumption on P, this is the trivial relation, so that all
r; are in P. This proves the claim.

But Sq is a regular local ring, so that by the claim, fi,..., f5 is part of a
regular system of parameters in Sg. Thus (fi,..., fn)S¢ is a prime ideal of
height h, and by equidimensionality (fi,..., fm)Sq = (f1,..., fn)Sg. Then
Rp = (S/(f1,---, fn))q is a regular local ring.

For the converse, suppose that k is a perfect field and that Rp is regular. By
Theorem 3.2.7 we may choose z; in k(P) such that k C k(xq,...,x) is tran-
scendental and k(z1,...,x¢) C k(P) is separable algebraic. By the Primitive
Element Theorem (Theorem 3.1.1), there exists g(Y) € k[xq,...,z¢[Y] that

is separable in Y such that x(P) = k(z1,...,2)[Y]/(g(Y)). Then J.(p

; ; 99 99 99 99 ;
is the ideal generated by the Bar) 1 Dar DY As ¢ is non-zero, J(p)/k is

non-zero.

Since Rp is regular, we may choose f1,..., fn € S such that (f1,..., fr) has
height A in S, such that fi,..., fs is part of a regular system of parameters
in Sg, and such that Rp as a localization of k[X1,..., X,]/(f1,..., fn) at
Q. As k(Q) = k(P) is a regular quotient of Rp, there exist k1,...,ks € S
such that (f1,..., fn,k1,...,ks) has height h + s = ht @, and such that after
localization at Q, S/(f1,..., fn,k1,...,ks) equals kK(Q). By computing the
Jacobian ideal of k(P) over k this way, we get that

Ofi
Ju(Py/k = Ih+s (Z)]:J) K(P) C I (0){') K(P) = Jr/ik(P).
(8X§-) J

As Jpy/k # 0, it follows that Jg/, € P. 1

Example 4.4.10 Let k be a field of positive characteristic p. Suppose that
a € k is not a pth power. Set R = k[T]/(T? — «). Obviously Jr/, = 0, but
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R is isomorphic to k:(ozl/ P) and is a field. This explains why in the converse
direction of the Jacobian criterion we need some condition on separability.

The assumption in Theorem 4.4.9 that k£ be a field cannot be relaxed to k
being a regular ring. Namely, if R C S are regular local rings with the same
field of fractions, the Jacobian ideal Jg,r need not be the unit ideal. For
example, let R = k[[X, Y]], where k is a field and X and Y variables over k.
Let S be a localization of R[¥] 2 %. Then both R and S are regular
and Jg/p = X5, but Jg, g is a unit ideal if and only if X is a unit in S.

If a ring is regular, it is normal, so the Jacobian criterion gives a sufficient
condition of normality. More conditions for normality are in the next section.

4.5. Serre’s conditions

Serre’s conditions (Ry) and (S)) are convenient conditions for normality, reg-
ularity, Cohen—Macaulayness and other properties of rings.

Definition 4.5.1 Let R be a Noetherian ring and k a non-negative integer.
R is said to satisfy Serre’s condition (Ryg) if for all prime ideals P in R of
height at most k, Rp is a regqular local ring.

The ring R is said to satisfy Serre’s condition (Sk) if for all prime ideals
P in R, the depth of Rp is at least min{k, ht P}.

In other words, R satisfies Serre’s condition (Ry) if and only if for all P €
Spec R, u(PRp) = ht P, and R satisfies Serre’s condition (Sj) if and only
if for all P € Spec R, PRp contains a regular sequence of length at least
min{k, ht P}.

It is clear that every zero-dimensional Noetherian ring satisfies all (Sk),
and more generally, that every Cohen—Macaulay ring satisfies all (Sy). Recall
that R is Cohen—Macaulay if and only if for all P € Spec R, PRp contains an
Rp-regular sequence of length ht P.

Theorem 4.5.2 A Noetherian ring is reduced if and only if it satisfies Serre’s
conditions (Ry) and (S1).

Proof: Every reduced Noetherian ring clearly satisfies (S7) and (Rp). Con-
versely, by the (S7) condition, the only associated primes of the zero ideal are
the minimal prime ideals. By the (Rp) condition, localization at each mini-
mal prime ideal is a regular local ring, thus a domain. Thus the only primary
components of the zero ideal are the minimal prime ideals, proving that R is
reduced. ]

Serre’s conditions characterize integrally closed rings:

Theorem 4.5.3 (Serre’s conditions) A Noetherian ring R is normal if and
only if it satisfies Serre’s conditions (Ry) and (S2).

Proof: First assume that R is normal. Let P be a prime ideal in R of
height one. Then Rp is a one-dimensional integrally closed domain. By
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Proposition 4.1.1, the maximal ideal of Rp is principal, so that Rp is a regular
local ring. Thus R satisfies (R;). Now let P be a prime ideal of height at
least 2. As Rp is an integrally closed domain of dimension at least 2, there
exists ¢ € P that is a non-zerodivisor in Rp. By Proposition 4.1.1, PRp is
not associated to zRp, so that there exists an element y € P such that x,y
is a regular sequence in Rp. Thus R satisfies (53).

Assume that R satisfies (R;) and (S2). By Theorem 4.5.2, R is reduced.
We need to show that for every prime ideal P in R, Rp is an integrally closed
domain. As R is reduced, so is Rp. We first show that Rp is integrally closed
in its total ring of fractions. Let z,y € Rp be non-zero elements such that
y is not in any minimal prime ideal of Rp and z/y is integral over Rp. Set
I = yRp :g, x, an ideal of Rp. By assumption (S2), all the associated primes
of I have height one. Let () be an associated prime ideal of I. As R¢ satisfies
(Ry), % € Rq, so that Iq = Rq, and that contradicts the hypothesis that
() was associated to I. Thus I has no associated primes, so that I = Rp.
This means that x is an Rp-multiple of y, so % € Rp, and so Rp is integrally
closed. Hence by Corollary 2.1.13, Rp is a domain. O

In geometric terms, this says in particular that a normal variety of di-
mension d has singular locus of dimension at most d — 2 (and it is a closed
subscheme, by Theorem 4.4.9).

Definition 4.5.4 Let R be a ring. The singular locus of R is the set of all
P € Spec R such that Rp is not regular.
Let (R,m) — (5, n) be a flat local homomorphism of Noetherian local rings.
We assume familiarity with the following facts:
(1) If S is regular (respectively Cohen—Macaulay), so is R;
(2) If R and S/mS are regular (respectively Cohen—Macaulay), then S is also
regular (respectively Cohen—Macaulay).

Theorem 4.5.5 Let (R,m) — (S,n) be a flat local map of Noetherian local

rings, and let k be in N.

(1) If S satisfies Serre’s condition (Ry ), respectively (Si), so does R.

(2) If R and all k(P) ®g S with P € Spec(R) satisfy Serre’s condition (Ry,),
respectively (Si), so does S.

Proof: Let P € Spec R be of height at most k. Let () € Spec.S be minimal
over PS. By Proposition B.2.3, ht @ = ht P < k. Thus Sg satisfies Serre’s
condition (Rj), respectively (Sk). In either case, Sg is Cohen-Macaulay.
Then by the remark above, since Rp — Sq is faithfully flat, Rp also satisfies
Serre’s condition (Ry), respectively (Sk).

Now let () € Spec S have height at most k. Let P = QN R. Since PS C (@,
by Proposition B.2.3, ht P < ht Q@ < k. By assumption Rp and k(P) ®g S
satisfy Serre’s condition (Ry), respectively (Sk). Again, the conclusion follows
from the remark above. O]
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Corollary 4.5.6 Let (R,m) — (S,n) be a local flat homomorphism of Noe-
therian local rings. Then S is normal if and only if R and all the fibers
k(P) ®g S are normal, as P varies over the prime ideals of R.

Proof: Apply the theorem above and Theorem 4.5.3. []

Checking Serre’s conditions on an arbitrary ring may be an impossible task,
as a property has to be checked for each of the possibly infinitely many prime
ideals. However, for localizations of finitely generated algebras over a field
the task is reduced to a finite task by using the Jacobian ideals:

Theorem 4.5.7 (Serre’s conditions) (Matsumoto [201, Proposition 2]) Let
R be a Noetherian ring and J an ideal in R such that V(J) is exactly the
singular (non-regular) locus of R. (For example, if k is a perfect field, R is
a localization of an equidimensional finitely generated k-algebra, and J the

Jacobian ideal of this extension.) Then for any integer r, J has grade at least
r if and only if R satisfies (Rr—1) and (S;).

Proof: Suppose that J has grade at least r. If P is a prime ideal of height
at most r — 1, then J € P, so that by assumption Rp is regular. Thus R
satisfies (R,_1). If a prime ideal P contains J, it has grade at least r, so
depth Rp > r. If a prime ideal P does not contain J, then Rp is regular, so
again depth Rp = ht P. Thus R satisfies (.S;).

Conversely, assume that R satisfies (R,_1) and (S,). By assumption that
V' (J) is the singular locus and that the condition (R,_1) holds, J has height
at least r. Hence by assumption (S,), J has grade at least r. O

An immediate corollary of this theorem and of Theorems 4.5.2 and 4.5.3 is
as follows:

Corollary 4.5.8 (Matsumoto [201, Corollary 3]) Let R be a Noetherian

ring, K its total ring of fractions, and J an ideal in R such that V(J) is the

singular locus of R. Then

(1) R is reduced if and only if the grade of J is at least one, and

(2) R is a direct product of normal domains if and only if J has grade at
least two, which holds if and only if 0 :rp J =0 and R :x J = R. ]

A consequence is about the normal locus of a ring, which we define next.

Definition 4.5.9 The set of all prime ideals P in a ring R for which Rp is
normal is called the normal locus of R.

Corollary 4.5.10 Let R be a Noetherian domain, and S a module-finite
extension domain of R. Assume that there exists a non-zero element f € R
such that Sy is normal. Then the subset of Spec R consisting of those prime
tdeals P for which Sp is normal is open in Spec R.

Proof: Let Q1, ..., Q. be the prime ideals in S minimal over f.S such that Sg,
does not satisfy (R1). Set P; = Q; N R. Then Sp, does not satisfy (R;). Let
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T1 be the closed subset of Spec R consisting of the prime ideals that contain
one of the P;. If P € Ty, as Sp, does not satisfy (R;), neither does Sp. If
instead P € Spec R such that Sp does not satisfy (R;), then for some prime
ideal @ in S of height one such that QN (R\ P) = 0, Sg does not satisfy (R1).
Thus Sg is not integrally closed, so necessarily f € @), and @ is minimal over
fS. Thus @) = Q; for some i, so () contains P;, and P; C P. This proves that
P €T if and only if Sp does not satisfy Serre’s condition (Ry).

Let T be the closed subset of Spec R consisting of those prime ideals that
contain one of the embedded prime ideals of the R-module S/ fS. By assump-
tion on normality of S¢, for any prime ideal P in R, P € T3 if and only if Sp
does not satisfy Serre’s condition (.53).

Thus T7 U T5 is a closed subset of Spec R consisting of those prime ideals
P for which Sp does not satisfy either (Ry) or (S2), i.e., for which Sp is not
normal. Thus Spec R\ (T U T5) is open. O

Corollary 4.5.11 Let R be a Noetherian domain whose normal locus is
non-empty and open. Then the integral closure of R is module-finite over R
if and only if for each maximal ideal m in R, the integral closure of Ry is
module-finite over Ry,.

Proof: By assumption there exists f € R such that R; is normal. For each
maximal ideal m in R let S(m) be a finitely generated R-module contained in R
such that S(m)m = Rm. As S(m); = Ry, by Corollary 4.5.10, the normal locus
of S(m) is open. Set Ty, = {P € Spec R|S(m)p is integrally closed}. Then
m € Ty, and by Corollary 4.5.10, Ty, is open in Spec R. Thus U7y is an open
subset of Spec R that contains every maximal ideal, whence Uy T = Spec R.
As Spec R is quasi-compact, there exist maximal ideals mq, ..., m, such that
Ul_1Twm, = Spec R.

Set S =>""_, S(m;). Then S is a module-finite extension of R contained
in R. Let P € Spec R. Then P € T,,, for some i, so that S(m;)p is normal.
Thus S(m;)p = Rp = Sp. It follows that S is the integral closure of R. [

4.6. Affine and Z-algebras

In this section we develop some criteria for module-finiteness via completion,
and prove that finitely generated algebras over fields and over Z that are
domains have module-finite integral closures.

Lemma 4.6.1 Let R be a semi-local Noetherian domain and let x be a
non-zero element contained in every maximal ideal of R. Assume that for
all P € Ass(R/xR), Rp is a one-dimensional integrally closed ring and the
completion of R/P with respect to its Jacobson radical is reduced. Then the
completion of R s reduced.

Proof: Let Pip,..., P, be the prime ideals associated to R/xR. By Proposi-



4.6. Affine and Z-algebras 7

tion 4.1.1, for each ¢ =1, ..., r, there exists y; € P; such that y;Rp, = P;Rp,.
Let Qll, ..., Qin, be the associated prime ideals of ﬁ/PﬁL By assumption,
R/PR is reduced, so the QZJ are minimal over P;R and P;R = ﬂ L1 Qi -
Thus Q; RQij = PZRQU = yZRQij, and y; is a non-zerodivisor in R. Thus the
maximal ideal in R¢,; is principal generated by a non-zerodivisor, so that by
Proposition 4.1.3, EQM is a one-dimensional integrally closed domain.
Clearly, these ();; are all the minimal prime ideals over zR. Let Q €
Ass(ﬁ/a:ﬁ). As R/zR — ]?Z/x]/:é is flat, non-zerodivisors on R/xR map to
non-zerodivisors on ﬁ/ xﬁ, so that Q N R is contained in some P;. As P; has

height 1, necessarily @ N R = P;. Then @ contains y;. Since the depth of
Rgq is one and y; is a non-zerodivisor in @) it follows that () is also associated

to yiﬁ. Set W to be the multiplicatively closed set R\ P;. Then W~1Q
is associated to y;W 1R = P,W LR, which is a radical ideal with minimal
primes (1, ..., Qin,. Thus @ is one of the minimal primes over xR, and
Ass(R/zR) = {Qij|i,7}. Write aR = Ngij, where ¢;; is Q;j-primary. Let
©;; be the natural map R— I?BQU. Then ker p;; C g5, so N; jker p;; C zR.
For any yo € Nij ker ¢;;, write yo = y1x for some y; € R. As z is a non-
zerodivisor in R necessarily y1 € N; j ker ¢;;. By repeating this argument,
Yo € Npx nR = 0. Thusﬂ”kergow =0. Ifr € R and r" = 0, then 0 =
i (r") = @i;(r)", and as RQ” is a domain, necessarily ¢;;(r) = 0. As this
holds for all 7, 5, »r = 0. Thus R is reduced. []

With this we can prove a criterion for module-finiteness:

Corollary 4.6.2 Let R be a Noetherian semi-local domain, with Jacobson
radical m. Let R be the m-adic completion of R.

(1) IfR is reduced, then R is a module-finite extension of R.

(2) If for every P € Spec R the integral closure of R/P in any finite field

extension of k(P) is a module-finite extension of R/ P, then R is reduced.

Proof: Assume that R is reduced. Let Min(R R) = {P1,---, Py} As in Corol-

lary 2.1.13, the integral closure Rof Ris R/P1 XX R/Pn. By Theorem 4.3.4
the integral closure of a complete semi-local domain is a module-finite ex-

tension, so that R is module finite over fi/ P x - x I/—:Z/ P,, and hence it
is module-finite over R. Let K be the total ring of fractions of R. Then
RC RCK. Since R is faithfully flat over R, R C R®p R C K®gr R. Every
non-zerodivisor on R is a non-zerodivisor on R so K ®pgr R is contained in
the total ring of fractions of R. Therefore the elements of R®gr R are in the
total ring of fractions of R and are integral over R so they are contained in

R, which implies that R® RR is a ﬁnltellf generated R-module. But R-module
if faithfully flat over R, so necessarily R is module-finite over R.
Now assume that for all P € Spec R, the integral closure of R/P in any
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finite field extension of k(P) is module finite over R. If the dimension of R is
zero, there is nothing to prove: R =R is a field. _So assume that dim R > 0.
By assumption R is module-finite over R, so RCR ®r R, which is the
completion of R in the topology defined by the Jacobson radical of R.

For every prime ideal Q in R, R/Q is module-finite over R/(QNR). Let L be
a finite field extension of x(Q). Then L is a finite field extension of K(Q N R),
so by assumption the integral closure of R/(Q N R) and thus of R/Q in L
is module-finite over R/(Q N R). Thus R satisfies the same hypotheses on
integral closures as does R.

Let = be a non-zero element contained in every maximal ideal of R. Let
P € Ass(R/xR). As R is integrally closed, by Proposition 4.1.1, P is minimal
over zR, so the height of P is one. Hence Rp is a one- dlmensmna,l integrally
closed local domain. As dim(R/P) < dim R, by induction on dimension the

completion of R/ P is reduced. By Lemma 4.6.1, R is reduced. As R C R it
follows that R is reduced. ]

An example for which the conclusion of (1) in Corollary 4.6.2 holds but the
hypothesis does not is in Exercise 4.11.

Theorem 4.6.3 Let R be a domain that is a finitely generated algebra over
a field. Let K be the field of fractions of R and L a finite field extension of K.
Then the integral closure of R in L is module-finite over R.

Proof: By Theorem 4.2.2 (Noether normalization), R is module-finite over a
polynomial subring A = k[x1,...,x,] in m variables over a subfield k. The
integral closure R of R in L is the integral closure of A in L, A is integrally
closed, and L is a finite extension over k(z1,...,Z,,). If the characteristic of
k is zero, by Theorem 3.1.3, R is module-finite over A and hence over R.
Now suppose that the characteristic of k is p > 0. By standard field theory
there exists a finite extension L’ of L such that the extension k(z1,...,2,,) C
L' can be factored with k(x1,...,2,,) C FF C L', where k(x1,...,2y,) C F is
purely inseparable, and F' C L' is separable algebraic. By pos/sibly enlar/ging F
p - pe]

g o e ey m

and L', we may assume that F is the field of fractions of k'[x] for
some non-negative integer e and some purely inseparable finite field extension
k' of k. If the integral closure of A in L’ is module-finite, so is the integral
closure of A in L. Thus it suffices to assume that L = L'. Tt also suffices
to prove that the integral closure of k'[z] L/p? , x,ln/p ] in L is module-finite.

But as L is a separable extension of F, th1s follows by Theorem 3.1.3. O
We will also prove the analogous result for finitely generated Z-algebras.

Theorem 4.6.4 Let A be a Noetherian integrally closed domain satisfying

the following properties:

(1) The field of fractions has characteristic 0.

(2) For every non-zero prime ideal p in A, and every finitely generated (A/p)-
algebra R that is a domain, the integral closure of R in a finite field
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extension L of the field of fractions of R is module-finite over R.
Let R be a domain that is finitely generated over A. Let K be the field of
fractions of R and L a finite field extension of K. Then the integral closure
of R in L is module-finite over R.

Proof: Let p be the kernel of the map A — R. If p is not zero, the conclusion
follows from assumption (2). Thus without loss of generality A C R. By
Theorem 4.2.4, there exist a finitely generated polynomial ring B over A
contained in R and an element f € B such that By C Ry (localization at
one element) is an integral extension. By Exercise 2.3, B is integrally closed.
Let C be the integral closure of B in L. Then L is the field of fractions of
C, and by the characteristic assumption L is a finite separable extension of
Q(R) = Q(Ry) 2 Q(By) = Q(B). By Theorem 3.1.3, C is module-finite
over B. Then R[C] is module-finite over R, and it suffices to prove that the
integral closure of R[C] is module-finite over R[C].

Thus we may rename R[C] to be R: this new R contains an integrally closed
finitely generated A-algebra C, R is finitely generated over C, Ry = C¥, and
the fields of fractions of R and C' coincide. Under these assumptions we need
to prove that the integral closure of R is module-finite over R. By induction
on the number of generators of R over C' without loss of generality R = C|[z].

As, Cy = Ry, by Corollary 4.5.10, the normal locus of R is open, and as R
is a domain, the normal locus of R is non-empty. Thus by Corollary 4.5.11
it suffices to prove that for every maximal ideal () in R, }_%Q is module-finite
over Rg. Choose a maximal ideal @) in R.

First assume that x € (). We claim that, with X being a variable over C,
the kernel J of the natural map C[X] — C[z] = R is generated by elements
of the form aX — b, where ax = b: any element of the kernel can be written
in the form a, X" + - -+ ag for some a; € C. Then a,z is integral over C, so
b= a,xr € C. By subtracting X" (a, X —b) from a, X" + -+ ag we get a
polynomial in the kernel of degree strictly smaller than n, and an induction
establishes our claim. Hence

R C[X] C[X] C

) Y

R~ XC[X|+J XCX|+1 1

where
I =2CNC ={be C|there exists a € C such that ax = b}.

Let P € Ass(R/zR), P C Q. Set p = PNC. As R/xR = C/I, then
p € Ass(C/I). If x = § for elements a,b € C, then as C-modules, zC'N C is
isomorphic to aC NbC', so that as C' is integrally closed, by Proposition 4.1.1,
all the associated primes of I = xCNC have height one. Thus p has height one,
and as C' is integrally closed, C), is a one-dimensional regular ring by Serre’s
conditions. As C, € Rp have the same field of fractions, necessarily C), = Rp.
By induction on dimension, R/P has the property that for every quotient
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that is a domain, its integral closure is a module-finite extension. Thus by
Corollary 4.6.2, the completion of (R/P)q is reduced. By Lemma 4.6.1, the
completion of Rg is reduced, and then by Corollary 4.6.2, the integral closure
of Rq is module-finite over Rg.

It remains to prove that }_%Q is module-finite over Rg whenever z € Q. As
@ is a maximal ideal in C[z], there exists ¢ € @ and a € C[z] such that
ar+q=1. Writea =>_,_, bz’ for some b; € C. Then ¢g=1-3"._ ba"t,
and necessarily at least one b; is not in @), so that that there exists a monic
polynomial f(X) € Conc[X] such that f(x) € QRgnc. Let L' be a finite
field extension of the field of fractions of R that contains all the roots of
f(X). Let C' be the integral closure of Conc in L’. By Theorem 3.1.3, C’ is
module-finite over Conc. Set R = C’[z] = R[C'], and let M be a maximal
ideal in R’ containing Q. As f(z) € QR C M, there exists a; € C’ such
that * —a; € M. Then R’ = C'[x — q4], the fields of fractions of R’ and
C" are identical, C’ is a localization of an integrally closed finitely generated
A-algebra, and C} = R}. Thus by the previous case, as © —a; € M, the
integral closure of R/, is module-finite over R’,. Thus by Corollaries 4.5.10
and 4.5.11, R/ is module-finite over Ry But R’ is module-finite over Ronc,

and R is a submodule of R’, so that }_BQ is module-finite over Rg. O

Corollary 4.6.5 Let R be a finitely generated Z-algebra that is an integral
domain. Let L be a finite field extension of the field of fractions of R. Then
the integral closure of R in L is module-finite over R.

Proof: By Theorem 4.6.3, the hypotheses of Theorem 4.6.4 are satisfied by
A = 7Z. Thus the conclusion of Theorem 4.6.4 holds. L]

For an alternate proof via Krull domains modify Exercise 9.7.

4.7. Absolute integral closure

There is the concept of the “largest” integral extension:

Definition 4.7.1 Let R be a reduced ring with finitely many minimal prime
ideals, let K = Kq X --- X Ky be the total ring of fractions of R, and for each
i=1,...,s, let K; be an algebraic closure of K;. We define the algebraic
closure of K to be K = K| x---x K, and we define the absolute integral
closure of R to be the integral closure Rt of R in K.

Clearly R* is the smallest ring contained in K that contains all the roots
in K of all the monic polynomials in one variable with coefficients in R. As K
is unique up to isomorphism, similarly, R is unique up to isomorphism. If S
is any integral extension of R that is contained in K, then S is a subring of
R*. If R is a domain, the field of fractions of Rt is K, hence algebraically
closed. The absolute integral closure is rarely Noetherian (see Exercise 4.2).

Discussion 4.7.2 Let R be an integrally closed domain with an alge-
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braically closed field of fractions. For example, R could be the integral closure
of a domain in an algebraic closure of its field of fractions. Let {P;};c; be
an arbitrary family of prime ideals of R. Then ) . P; is either a prime ideal
or it is equal to R. This remarkable property was first discovered by Michael
Artin in [15], and a simpler proof, that we give below, is from Hochster and
Huneke [127].

The proof reduces at once to a finite family of primes, and then by induction
to the case of two primes, P and P’. Suppose that xy € P+ P’. Let z = y—x,
so that 22 + zx = a + b with a € P and b € P’. The equation T? 4+ 2T = a
has a solution t € R, and since t(t + z) € P, either t € P or t + z € P. Now
2>+ 2z =t*+ 2t + b, and so (x —t)(x +t+2) = b € P, so that either
x—teP orx+t+z€P. Sincex=(xr—t)+t=(x+t+2)—(t+2) and
x+z=(x—t)+ (t+2)=(xr+t+z)—t, we see that in all four cases, either
x€P+ P ory=x+2z€ P+ P, as required. m

The absolute integral closure of a Noetherian local ring is contained in the
absolute integral closure of the completion (modulo nilradicals). Part of the
following is from Nagata [215, 33.10]:

Proposition 4.7.3 Let R be a semilocal reduced Noetherian ring, R its
completion with respect to the Jacobson radical, T = (R),eq, and T the integral
closure of T'. Let K be the total ring of fractions of R and L the total ring of
fractions of T'. Then K C L and

TNK =R.

Write L = Ly x --- x L, where each L; is a field. Set L = L; x --- x L,
where L; denotes an algebraic closure of L;. Let K be the algebraic closure
of K in L. Let TT denote the integral closure of T in L, and RT the integral
closure of R in K. Then

TtNK=R".
Proof: Let Min(ﬁ) ={Q1,...,Qs}. Then T C }/%/Ql X o X }A%/QS, and the
two rings have the same integral closure. As R is reduced, the composition
R — R —» T is an inclusion. Every non-zerodivisor x of R is a non-zerodivisor
in T, for otherwise z is contained in some ();, which contradicts the flatness
of the map R — R. Thus K is contained in L.

By possibly reindexing we have that L; is the field of fractions of the com-
plete Noetherian integral domain R/Q;. Let T; be the integral closure of R/Q;
in L;, and T;“ the integral closure of T; in L;. Clearly T = T x --- x T,
TH=Tfx---xTH, RCTNK,and Rt CTTNK.

If % € TN K, with z,y non-zero elements of R and y not in any minimal
prime ideal of R, then z € yT. Since z,y € R, by Proposition 1.6.1 the image
of z in T is in the integral closure of yT', whence by Proposition 1.1.5 the
image of x in R is in the integral closure of yR, and by Proposition 1.6.2,
x € yR, whence by Propositions 1.6.1 and 1.5.2, € yR. Thus % € R, which
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proves that R=TNK.

Now let a € Tt N K. Since K is the total ring of fractions of R, there
exist z,y € RT such that y is not in any minimal prime ideal of Rt and
such that a = % Let R’ be the subring of R™ generated over R by z and v.
Since R’ is a module-finite extension of R, it is Noetherian. By Lemma 2.1.7,
each maximal ideal m’ in R’ contracts to a maximal ideal in R, and by the
Incomparability Theorem (2.2.3), m’ is minimal over (m’ N R)R’. Since R’
is Noetherian, for every maximal ideal m of R, there are only finitely many
prime ideals in R’ minimal over mR’, which shows that R’ is semilocal. Let T’
be obtained from R’ in the same way that T is constructed from R. Since
R C R’ is module-finite, necessarily 7' C T" and T+ C (T")". Since y is not
in any minimal prime ideal of R, it is not in any minimal prime ideal of
R’, and so not in any minimal prime ideal of 77. Thus a € Q(7”) is integral
over T and hence over T”, so that o € T". Thus o € Q(R’) NT’, and by the
previous paragraph, a € R’. It follows that o € RT. ]

More on the absolute integral closure is in Section 16.7. See also Exer-
cises 4.3 and 4.4.

4.8. Finite Lying-Over and height

If R C S are rings and S is Noetherian, then certainly for every prime ideal P
in R there exist at most finitely many prime ideals ) in S that are minimal
over PS. In particular, if R C S is in addition an integral extension so that
the Incomparability property holds, then for every P, there exist only finitely
many prime ideals ) in S that contract to P. In this section we prove that
the finite Lying-Over property holds more generally, and that under some
conditions the heights are preserved.

First note that arbitrary integral extension do not have this finite Lying-
Over property: C[X] € S = C[XY"|n = 1,2,..] is an integral extension.
For each positive integer n, if uy,1, ..., u,, denote the nth roots of unity in C,
then each X'/ —wu,,; is a factor of X —1 in S. Thus (X" —u,;)SNC[X] =
(X — 1)C[X], and there exists a prime ideal @ in S that contains X /™ — u,,;
and contracts to (X — 1)C[X]. For each n, a proper ideal in S can contain at
most one such factor, for otherwise this proper ideal has to contain the non-
zero complex number Up; — Up; = (X1/m — Upj) — (XY™ —w,;). Thus S must
have at least n prime ideals contracting to (X —1)C[X]. But n was arbitrary,
so that S contains infinitely many prime ideals that lie over (X — 1)C[X].

Finite Lying-Over holds over a complete Noetherian local domain:

Lemma 4.8.1 If (R,m) is a complete Noetherian local domain, then R™
(the integral closure of R in an algebraic closure of the field of fractions of R)
has only one maximal ideal.

Proof: Write R™ = UR;, where each R; is module-finite over R. By the
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module-finite assumption, R; is complete in the m-adic topology and Noe-
therian. By Proposition 4.3.2 each R; is a direct product of rings correspond-
ing to the maximal ideals of R;. Since each R; is a domain, there can be only
a unique maximal ideal m; of R;. Clearly then R™ has a unique maximal ideal
that is the union of all the m;. O

For non-complete rings there is a weaker version of the finite Lying-Over:

Proposition 4.8.2 Let R be a reduced Noetherian ring, and K = Ky X -+ - X
K its total ring of fractions, with each K; a field. For each i =1,...,s, let
L; be a finite field extension of K;. Let S be contained in the integral closure
of Rin L =1Ly x---x Ls. Then for any prime ideal P of R, there are only
finitely many prime ideals in S that contract to P.

If R is an integral domain, the number of prime ideals in the integral closure
of R that contract to P is at most the number of minimal prime ideals in the
P-adic completion of Rp.

An integral domain R’ is said to be almost finite over a subdomain R if
R’ is integral over R and the field of fractions of R’ is finite algebraic over
the field of fractions of R. In [111, Theorem 2], Heinzer proves that if R is a
Noetherian domain and R’ is an almost finite extension domain of R, then R’
has a Noetherian spectrum, meaning in particular that for every ideal I in R/,
the set of prime ideals in R’ minimal over I is finite. This result of Heinzer’s
implies the first statement of the proposition above. The first statement also
follows if R is integrally closed by using Exercises 2.6 and 2.8. We give a
different proof below, which in addition gives the second statement.

Proof of Proposition 4.8.2: By the set-up, R has only finitely many minimal
prime ideals. We label them as Pi,..., P, with P, = ker(R — L;). By
Lying-Over, we may assume that S is the integral closure of R in L.

Let S; be the integral closure of R/P; in L;. By Corollary 2.1.13,

RC (R/P)x---x (R/P,)C Sy x-xS;=8

are all integral extensions. Clearly there are only finitely many prime ideals
in (R/Py) x --- x (R/Ps) that contract to P. If we can prove that for each
i=1,...,s, every prime ideal of R/P; is the contraction of only finitely many
prime ideals in S;, then by the structure of prime ideals in direct sums, every
prime ideal in R contracts from only finitely many prime ideals in S. Thus by
working with each R/P; instead of with R, without loss of generality we may
assume that R is a Noetherian domain, with field of fractions K, and that L
is a finite field extension of K.

Let s1,...,8, € S such that L = K(s1,...,8,). Set R' = R[s1,...,Sy].
Then R’ is module-finite over R, and the field of fractions of R’ is L. By
the Incomparability Theorem (Theorem 2.2.3), every prime ideal in R’ that
contracts to P in R has to be minimal over PR’, and as R’ is Noetherian,
there are only finitely many such prime ideals in R’. Thus it suffices to prove
that each prime ideal in R’ is contracted from only finitely many prime ideals
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in S. This reduces the proof to showing that whenever R is a Noetherian
domain with field of fractions K, if S is the integral closure of R, then a
prime ideal P in R is contracted from at most finitely many prime ideals in S.

We may in addition assume that R is local. As S\ p is the integral closure
of Rp in L, and as the set of prime ideals in S contracting to P is, after
localization at R\ P, the same as the set of prime ideals in Sg\ p contracting
to PRp, without loss of generality we may replace R by the localization of R
at P and assume that R is a Noetherian local domain with maximal ideal P.

Let Q1,...,Q, be the minimal prime ideals in the P-adic completion R of
R. Set T; = R/Q;, T =Ty x---xT,. Then T; is a complete local domain. By
Theorem 4.3.4, T; has only one maximal ideal, i.e., exactly one prime ideal
contracting to PTj. It follows that T has exactly r prime ideals contracting
to P in R.

We claim that there are at most r prime ideals in R that contract to P.
Suppose not. Let Py, ..., P, be distinct prime ideals in R that contract to
P. By the Incomparability Theorem (Theorem 2.2.3), there are no inclusion
relations among the P;. Thus for all 4,5 € {1,...,r + 1} with i # j, there
exists a;; € P; \ Pj;. Let B = Rla;;|,j]. Then B is a module-finite ring
extension of R contained in R C K. Set p; = P;N B. By the choice of the @ij,
all the p; are distinct, and they all contract to P in R. A prime ideal in B
contracts to P if and only if it is a maximal ideal, and this holds if and only
if it is minimal over PB. But B is Noetherian, so that there are only finitely
many prime ideals in B contracting to P. Let n be the number of these prime
ideals. We have proved that n > r + 1.

The completion B of B in the P-adic topology is the direct sum of n rings.
Also, RC B~ B®gr R C K ®p R. Observe that R/fCK®R (R/\/_)
as non-zero elements in R are non-zerodivisors on R. The image B’ of B in
K ®r (R/\0) is generated by the a;; over R/, so it is integral over R/+/0.

As K @5 (R/V/0) lies in the total ring of fractions of R/, it follows that B’
hes in T By Lying-Over for B’ C T, B’ has at most 7 maximal ideals. But
- B / \/6 so that B itself has at most » maximal ideals. O

Observe that the proof above shows even more:

Lemma 4.8.3 Let R be a Noetherian local domain with mazimal ideal P.
Let Q be a prime ideal in R that contracts to P. Let T be the integral closure
of R/\/0. Then Q is the contraction of a mazimal ideal in T.

Proof: We use notation as in the previous proof. Since B’ C T is an integral
extension, every maximal ideal in B’ is contracted from a maximal ideal in
T. The maximal ideals in B’ correspond to maximal ideals in B. By Propo-
sition 4.7.3, B C T, so that every maximal ideal in B is contracted from a
maximal ideal in T. By construction of B, there is a one-to-one correspon-
dence between maximal ideals in R and B (via contraction), so that as R C T,
every maximal ideal in R is contracted from a maximal ideal in 7. ]
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Lemma 4.8.4 Let R be a Noetherian domain and Q) a prime ideal in the
integral closure R of R. Then there exist a finitely generated R-algebra ex-
tension C C R and a prime ideal P in C such that Q is the only prime in R
contracting to P.

In particular, ht P = ht Q and I_%Q 1s the integral closure of Cp.

Proof: Let ¢ = @ N R. By Proposition 4.8.2 there are only finitely many
prime ideals in R that contract to ¢. Let Q = Q1,...,Q, be all such prime
ideals. Choose an element z € Q\(Q2U- - -UQ,). Set C = R[z] and P = CNQ.
Then R C C C R and by construction @ is the only prime ideal in R that
contracts to P. Thus Cp C RC\ p is a local module-finite extension, so that
ht P = dim(Cp) = dim(Rc\p) = ht Q. Also, as R is integrally closed, so is
EC’\P, hence }_%Q is the integral closure of Cp. (]

The following is adapted from Nagata [215, 33.10]:

Proposition 4.8.5 Let R be a reduced Noetherian ring, K its total ring of
fractions, and K the algebraic closure of K. Let L be a module-finite extension
of K contained in K and S a subring of the integral closure of R in L. For
any prime ideal P of R and any prime ideal Q in S lying over P, k(P) C k(Q)
1 a finite field extension.

Proof: By the structure theorem of integral closures of reduced rings (Corol-
lary 2.1.13), it is easy to reduce to the case where R is an integral domain, L
is a field, and S is the integral closure of R in L. By localizing at R\ P, we
may assume that R is local with maximal ideal P.

As L is finitely generated over the field of fractions of R, it is even generated
by finitely many elements of S. Let R’ be the subring of S generated over R
as an algebra by these finitely many generators. Then R’ is Noetherian, with
the same field of fractions as S, and module-finite over R, so that R/P =
K(P)Ck(QNR')=R/(QNR) is a finite field extension. Thus it suffices to
prove that K(Q N R’) C k(Q) is a finite field extension, and so we may replace
R by R’ and assume that S is the integral closure of R. Again, by localizing,
we may assume that R is local with maximal ideal P.

By Lemma 4.8.3, if T is the integral closure of R/+/0, @ is the contraction
of a prime ideal M in T. Then k(PR) = x(P) C x(Q) C (M), so that
it suffices to prove that x(PR) C x(9M) is a finite field extension. But this
is clear as }A%/ v0 — T is a module-finite extension by Corollary 2.1.13 and
Theorem 4.3.4. ]

We saw in Example 2.2.6 that even if R C S is a module-finite extension
of Noetherian rings, it can happen that for a prime ideal @) in S, ht ) #
ht(Q N R). The following proposition gives a condition for equality:

Proposition 4.8.6 Let R be a Noetherian integral domain that satisfies the
dimension formula. Let S be an integral extension of R contained in a finite
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field extension of the field of fractions of R. Then for any prime ideal @ in S,
ht(Q) = ht(Q N R).

Proof: Set P = QN R. By the Incomparability Theorem, ht(P) > ht(Q). By
Proposition 4.8.2, there exist only finitely many prime ideals Q1,...,Qs in S
minimal over PS. By the Incomparability Theorem, there are no inclusion
relations among the @; and after renumbering, ) = Q1. For each ¢ #£ j, let
ri; € Qi \ Qj. Let R" = R[r;;]. Then R’ is module-finite over R and Q) =
Qi N R’ are incomparable prime ideals in R’, all contracting to P in R. As R
satisfies the dimension formula and R’ is module-finite over R, ht(P) = ht(Q})
for all 7. Thus it suffices to prove that ht(Q}) = ht(Q1). Let W = R'\ Q.
Then W is a multiplicatively closed subset of R', W—'R' C W~1S is an
integral extension of rings, W 'R’ is Noetherian local of dimension ht(P),
and all the maximal ideals of W18 contract to QW 'R’ in R’ and thus to
P in R. As W contains an element r € Q5N ---N Q% \ Q}, necessarily W15
has only one maximal ideal, namely QW ~1S. Thus ht(Q) = ht(QW~1S) =
dim W18 =dimWIR' = ht(Q{W1R’) = ht(Q}) = ht(P). m

See Example 2.2.6 showing that the locally formally equidimensional as-
sumption above is necessary.

4.9. Dimension one

The previous sections showed that many Noetherian domains have module-
finite integral closures. However, not every Noetherian domain has this prop-
erty. Already in dimension one the integral closure of a Noetherian integral
domain need not be a module-finite extension, see Example 4.9.1 below. Nev-
ertheless, the integral closure of a one-dimensional Noetherian domain and
even of a two-dimensional Noetherian domain is always Noetherian. This was
proved by Krull and Akizuki for dimension one and by Nagata for dimension
two. In this section we prove the case of dimension one: the result is stronger
for dimension one and the proof is more accessible. We postpone proving the
case of dimension two until introducing Krull domains, and all this is done in
Section 4.10.

We first give an example of a non-local one-dimensional Noetherian ring for
which the integral closure is not a module-finite extension. A local example,
due to Nagata, is in Exercise 4.8.

Example 4.9.1 Let k be a field and X, Xo,... variables over k. Let
A be the subring k[X? X"+t |n = 1,2,..] of the polynomial ring S =
k[ X1, X5,...]. The rings A and S are certainly not Noetherian. Let W be the
subset of A consisting of all polynomials that, as elements of S, do not have
any variable as a factor. Then W is a multiplicatively closed subset of A. Set
R = W~LA. Tt is straightforward to verify that the only prime ideals in R are
0 and P, = (X7, X"*1)R as n varies over positive integers. All of these prime
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ideals are finitely generated, so that R is Noetherian and of dimension one. It
is clear that the integral closure of R is W~!S. This is not module-finite over
R as for each n, after localizing at P,, (W~15) R\P, is minimally generated
by n elements over Rp,. We leave verification to the reader.

Thus the integral closure of a one-dimensional Noetherian domain need
not be a module-finite extension. However, the integral closure of a one-
dimensional Noetherian domain is still Noetherian. This follows from the
more general result of Krull and Akizuki:

Theorem 4.9.2 (Krull-Akizuki) Let R be a one-dimensional Noetherian
reduced ring with total ring of fractions K. If S is any ring between R and
K, with S # K, then S is one-dimensional and Noetherian. In particular,
the integral closure of R is one-dimensional and Noetherian.

Proof: Let Py, ..., P. be the minimal prime ideals of R. Foreach:=1,...,r,
let K; be the field of fractions of R/P;. We know that K = K7 x---x K,.. Let
J; be the kernel of the composition map S — K — K;, so that R/P; C S/J; C
K;. If the theorem holds for integral domains, then S/.J; is Noetherian for all
i. Furthermore, the dimension of S/J; is 1 if S/J; # K; and is 0 otherwise.
As inJon---NJ. =0, it follows that S is Noetherian. Clearly S has
dimension at most 1 and has dimension 0 exactly when each S/J; = K;.
Thus by assumption S has dimension 1.

Hence it suffices to prove the theorem under the assumption that R is an
integral domain. We first prove that any non-zero ideal [ in S is finitely
generated. As I is a non-zero ideal, there exists a non-zero element a € I N R.
The images of the set of ideals {a"S N R + aR},, form a descending chain of
ideals in the Artinian ring R/aR, so that there exists an integer [ such that
for all n > 1, (a"SNR) +aR = (a""'SNR) + aR.

Claim: a'S € a'*1S + R.

Note that it suffices to prove the claim after localization at each maximal
ideal m of R, so that without loss of generality we may assume that R is a
local ring with maximal ideal m. If a is a unit, there is nothing to show, so

we may assume that ¢ € m. Let = be a non-zero element in S. Write z = &

C
for some non-zero b,c € R. Then there exists an integer n > [ such that
m"t! C ¢R C %R. In particular, a"™'z € R. Thus a"t'2z € a"T1SN R C
a""2SN R+ aR, so that a"z € a®™1S + R. Now let n be the smallest integer

greater than or equal to [ such that a™z € a®*'S + R. If n > [, then

a"r € (a"MS+R)Na"S =a""tS+a"SNR
Ca"™MS+a""'SNR+aR=a""15 +aR,

so that a" 'z € ™S + R, contradicting the minimality of n. This proves that
n = [. Thus
S _ a's a 'S+ R _ R

aS ~ atlS = gtl§ T gHlSAR’
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so that S/aS has finite length as an R-module. In particular, the image of I in
S/aS is finitely generated, hence I is finitely generated. This proves that S is
Noetherian. Furthermore, the display above shows that S/a.S has dimension
zero, so S has dimension one. O

The Krull-Akizuki Theorem fails in dimension 2 or higher. For exam-
ple, let k be a field, X and Y variables over k, and R = k[X,Y]. Then

S = k[X, %, };—i, };—i, . XE/T:, ...] is a ring between R and Q(R) that is not
Noetherian (the maximal ideal (X, X%n,l | n) is not finitely generated).

Nevertheless, the integral closure of a two-dimensional Noetherian domain
is still Noetherian. We give a proof of this fact that uses Krull domains, so
we only present it in the section on Krull domains. See Theorem 4.10.7.

Here is a strengthening of the Krull-Akizuki Theorem:

Proposition 4.9.3 Let R be a reduced Noetherian ring, S its integral clo-
sure, and Q a prime ideal in S such that S/Q has dimension 1. Then S/Q is
Noetherian.

Proof: Let P = QN R. Then R/P C S/Q is an integral extension, so
that dim(R/P) = dim(S/Q) = 1. By Proposition 4.8.5, k(P) C k(Q) is a
finite field extension. Thus there exist finitely many elements sq,..., s, €
S such that x(Q) is generated over x(P) by the images of these s;. Let
R’ = R[s1,...,Sm]. Then R is Noetherian and S is its integral closure. Set
P'=@QnNR'. Then R'/P' C 5/Q is an integral extension and k(P’) = k(Q).
Thus by the Krull-Akizuki Theorem, S/Q is Noetherian. []

Lemma 4.9.4 Let R be a Noetherian domain, K its field of fractions, and
Q a prime ideal of height one in the integral closure R of R. Then Rq is a
one-dimensional integrally closed Noetherian local domain. Moreover, there
exist a finitely generated R-algebra extension C C R and a prime ideal P of
height one in C such that Rg is the integral closure of Cp.

Proof: By Lemma 4.8.4 there exist a finitely generated R-algebra extension
C CRand a prime ideal P in C such that RQ is the integral closure of Cp.
Then ht P = dim Cp = dim(Rg) = ht Q = 1. The rest is the Krull-Akizuki
Theorem (Theorem 4.9.2). O

Lemma 4.9.5 Let R be a Noetherian domain and let R be the integral closure
of R. If Q is a height one prime ideal of R and ¢ = QN R, then depth R, = 1.

Proof: By localization we may assume that ¢ is the unique maximal ideal of
R. By Lemma 4.9.4 there exists a module-finite R-subalgebra C C R such
that if P = Q N C, then @ is the unique prime lying over P and furthermore
the height of P is 1. Since C' is module-finite over R, J = R :g C' # 0.
Choose a non-zero element x € J. If J € P, then Cp = R(= R,;) and so R
has dimension one, whence depth R, = 1. Now assume that J C P. Suppose
for contradiction that depth R > 1. Choose y € g that is a non-zerodivisor on
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R/xR. Let P = Py, ..., P; be the primes in C that are minimal over zC'. Since
Vil = Py N---N Py, we can choose b € PoN---N Py \ Py such that by™ € zC
for some n. Since xC C R, we find that (zbC)y"™ = x(by"C) C z(zC) C zR.
Because y is a non-zerodivisor on R/xR, it follows that xbC C xR and thus
bC C R. Then b is in J, a contradiction as b ¢ P. O

4.10. Krull domains

Integral closures of Noetherian domains need not be Noetherian, see Nagata’s
examples in the exercises. Nevertheless, integral closure of Noetherian do-
mains has some good Noetherian-like properties, as will be proved below. In
particular, in such rings there is a primary decomposition of principal ideals.

Definition 4.10.1 An integral domain R is o Krull domain if

(1) for every prime ideal P of R of height one, Rp is a Noetherian integrally
closed domain,

(2) R = ﬂht(p)lep, and

(8) every non-zero x € R lies in at most finitely many prime ideals of R of
height one.

Krull domains need not be Noetherian. They are always integrally closed
because for each prime ideal P of height one in R, Rp is integrally closed,
hence their intersection R is integrally closed.

Proposition 4.10.2 Let R be a Krull domain. If « is in the field of fractions
of R, and I is an ideal in R of height at least two such that ol C R, then
ac R.

Proof: For any prime ideal P in R of height 1, « C alRp C Rp. Thus by
assumptions, « € NpRp = R. ]

Primary decomposition in non-Noetherian rings is not easy to come by, but
principal ideals in Krull domains have a simple primary decomposition:

Proposition 4.10.3 Let R be a Krull domain and x a non-zero element
of R. Let Py,..., Ps be all the prime ideals in R of height one containing x.
Then xR = N;(xRp, N R) is a minimal primary decomposition of zR. In
particular, principal ideals in Krull domains have no embedded primes.

Proof: Let I = Nj(xRp, NR) and y € I. Then £ € Rp, for alli =1,...,s.
Furthermore, if P is any other prime ideal in R of height one, then £ € Rp.
Thus by the second property of Krull domains, £ € R, so that y € zR.
This proves that I = xR. Furthermore, as each P; has height one, Rp, is
Noetherian and zRp, is primary, so that xR = N;(zRp, N R) is a minimal
primary decomposition of zR. ]

A partial converse holds:
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Proposition 4.10.4 An integrally closed Noetherian domain is Krull.

Proof: Let R be an integrally closed Noetherian domain. Properties (1) and
(3) of Krull domains are clear.

The inclusion B C Nyypy=1 Rp is straightforward To prove the other
inclusion let a € Nyypy—1 Rp. Write a = T for some x,y € R, with y # 0.
Consider the ideal J = yR :g x. For every prime ideal P of R of height 1,
% € Rp, so that JRp = Rp. Thus J is not contained in any height one
prime ideal of R. The associated prime ideals of J are contained in the set
of associated primes of yR and by Proposition 4.1.1, all of these prime ideals
are of height 1. This forces J to have no associated primes, i.e., J is forced

to be the unit ideal. Thus x € yR, so a € R. ]

A much stronger result is the following result of Mori and Nagata proving
that the integral closure of a Noetherian domain is a Krull domain.

Theorem 4.10.5 (Mori-Nagata) The integral closure R of a reduced Noe-
therian ring R wn its total ring of fractions is a direct product of r Krull
domains, where r is the number of minimal prime ideals of R.

Proof: Let Py,..., P, be the minimal prime ideals of R. Then the total ring
of fractions of R is K X - - - X K., where Kj is the field of fractions of R/P;. By
Corollary 2.1.13, the integral closure of R is the direct product of the integral
closures of the R/P; in K;. Thus it suffices to prove that each integral closure
of R/P; is a Krull domain. This reduces the proof to the case where R is a
Noetherian domain.

By Lemma 4.9.4, R satisfies the first property of Krull domains.

For an arbitrary non-zero € R, there exists a non-zero y € R such that
yr € R. Lemma 4.9.5 proves that the contractions of height-one primes
minimal over zyR are among the associated primes of zyR. There are only
finitely many such contracted ideals. By Proposition 4.8.2 there are then only
finitely many prime ideals in R that lie over these contractions, so that zy
and hence x are contained in only finitely many prime ideals of R of height
one. This proves that R satisfies the third property.

It remains to prove that R satisfies the second property of Krull domains.
Suppose that the second property holds for R if R is a local domain. Then
R = ()p(Rm)p, where P varies over all the height-one prime ideals in Ry
Since Ry, is a localization of R, each such (Ry)p is a localization of R at a
unique corresponding prime ideal @ in R of height one. Also, every prime
ideal @ in R of height one contracts to a prime ideal in R contained in some
maximal ideal m of R, whence EQ is a localization of Ry at a height-one prime
ideal. Thus (), Rm = ﬂQ Rg, where Q varies over all the height-one prime

ideals in E, and m varies over all the maﬂmal ideals in R. Cl_early RC R
for each maximal ideal m. If @ € [, Rm, then the ideal (R :g «) is not
contained in any maximal ideal of R, hence it must contain 1, whence a € R.
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This proves that R = ﬂmR—m as m varies over all the maximal ideals of R,
whence by what we already proved, R = ﬂQ Rq, where @) varies over all the

height-one prime ideals in R. Thus it remains to prove the second property
of Krull domains for R under the assumption that R is a local domain.

Let R be the completion of R in the topology determined by the maximal
ideal. Let Q1,...,Qs be all the minimal prime ideals in R. Set T, = R/QZ
By Proposition 4.7.3, R embeds canonically in T" = T} x --- x T, the field
of fractions K of R is contained in the total ring of fractions L of T, and
R =TnNK. Certainly R C NgTq as @ varies over all the height-one prime
ideals in T. Now let a € ﬂQTQ N K. By the form of prime ideals in direct
sums, for each i = 1,...,s, a € Ng(T;)g, where @ varies over all the height-
one prime ideals in T;. By Theorem 4.3.4 and by Proposition 4.10.4, T} is a
Krull domain, so that o € T for all i. By Proposition 2.1.16, o € T' (the role
of R in that proposition is played by T here, and the role of S is played by

L). Hence « € TN K = R. This proves that R = ﬂQ(TQ N K), where Q

varies over height-one prime ideals in 7.

We next prove that for any non-zero element b in R and any prime ideal P
in R containing b there exists a height-one prime ideal in R contained in P
and containing b. Let Sy consist of the height-one prime ideals in T that
contain b. Then Sy is a finite set, and bR = (0T NR) = Npeg, (W ToNR).
Each bTq is primary, hence so is each 0T'g N R, and by possibly merging and
omitting we get an irredundant primary decomposition bR = ¢; N --- N gs,
with each ,/q; contracted from at least one prime ideal in T. By Lemma 4.8.4
there exists a Noetherian ring A between R and R such that with p = PN A,
Rp is the integral closure of A,. Note that A[b] is Noetherian and that the
integral closure of A[b]pnapy is Rp, so by possibly changing notation we may

assume that b € A. By Propositions 1.6.1 and 1.5.2, bA, = bRp N A,
bRpNA,, which is the intersection of all the ¢;RpNA,. Slnce Ais Noetherlan
bA, has height one, whence some ¢;Rp N A, has helght one. It follows by
Theorem B.2.5 (Dlmensmn Inequality) that ht ¢iRp <1, and so ¢; C P and
ht ¢; < 1. Since b € g;, necessarily ¢; and the prime ideal \/q_z have height one.
We next prove that for any non-zero b in R, all primary components of
bR have height 1. We use notation as in the previous paragraph. Suppose
for contradiction that the height of p; = /g1 is not 1. By Exercise 4.30,
Rp1 = ﬂ(T QN K), where @) varies over those height-one prime ideals of T for
which @ N R C p;. First suppose that each such @ contains b. Then ( pl)b =
N((Tg)sNK) = K, so that b is contained in every non-zero prime ideal of R,,, .
By the established third property of Krull domains, this means that }_ipl
has only finitely many height-one prime ideals. By the Prime Avoidance
Theorem (A.1.1), there is x € p; not contained in any of these height-one
prime ideals, contradicting the previous paragraph. Thus necessarily there is
a height-one prime ideal Qg in T such that Qo N R C p; and b € Qp. Set
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P = Qo N R. Since the given primary decomposition of bR is contracted
from a primary decomposition in a Noetherian ring, p{ C ¢; for some positive
integer ¢. By irredundancy there is a possibly smaller positive integer ¢ such
that p!t NgeN---Ngs C bR a,ndp’i_]L NgaN---Ngs € bR. Let ¢ Epﬁ_lﬂ
g2N---N¢gs\bR. Then cP C cp; C bR. As b is a unit in TQO, it follows
that ;P C RN Qy = P. We will get a contradiction when we prove that
; € R, thus establishing that all primary components of bR have height one.
Namely, for any d € P and any positive integer n, (§)"d € P C R. By
Proposition 4.1.3, for each height-one prime @ in T, there is y € T such that
yTQ = QTQ, and we can write d = uy® and ;= vy’ for some integers i, j and
some units u,v in Tg. Since (£)"d = w"y"t € Tq, necessarily i +nj > 0
for all n, whence j > 0, which says that € T'g. Since this holds for all @,
we get that § € R, which is the needed contradiction.

It follows that bR = NpbRp N R, as P varies over height-one primes con-
taining b, or even as P varies over all the height-one prime ideals in R.

It £ €n pRp, where P varies over the height-one prime ideals in R, then
a € NpbRp N R =DbR, so % € R. This finishes the proof of the theorem. [

We prove two strong consequences of the Mori-Nagata Theorem.

Theorem 4.10.6 (Nagata) The integral closure of a two-dimensional Noe-
therian domain is Noetherian.

Proof: Let R be a two-dimensional Noetherian domain. By Theorem 4.10.5,
R is a Krull domain. By Proposition 4.9.3, for every non-zero prime ideal P
of R, R/P is Noetherian. The theorem follows by applying the next theorem
of Mori and Nishimura, Theorem 4.10.7. L]

Theorem 4.10.7 (Mori-Nishimura Theorem) Let R be a Krull domain such
that R/P is Noetherian for all prime ideals P of height one. Then R is
Noetherian.

Proof: Let P be a prime ideal of height one. Choose a € P\ RN P?Rp.
As R is a Krull domain, a is contained in only finitely many prime ideals
of height one, say in P, Py,...,P,. Foreach i =1,...,m, let b; € P;\ P
such that b;Rp, = aRp,. Then x = a/(by---b,,) € Rp has the property that
r € PRp\ P?Rp, and that z is not in any QRg as @ varies over other prime
ideals of height one.

Let n be a positive integer. As (z"R[z]NR)p = P"Rp, then 2" R[z]NR C
P"RpNR. Let y € PP RpN R = 2"Rp N R. Choose s € R\ P such that
sy € x"R. Write sy = ra™ for some r € R. Then for any height-one prime
ideal ) # P, ra2™ = sy € sRoNR implies that r € sRgNR. Asr € Rp = sRp
and as R is a Krull domain, then r € sR. Hence y € 2" RN R C 2" R[z| N R,
which proves that 2" R[x] "R = P"Rp N R.

Thus P""'RpN R is the kernel of the composition P"Rp N R < 2" R[z] —
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(z"R[z])/(z" T R[x]). Tt follows that (P"Rp N R)/(P"™Rp N R) is an R-
submodule of (z"R[z])/(z" ™ R[z]) = R[z]/xR[z] = R/P, whence it is a
Noetherian R-module. Then the short exact sequences

. P"RpnNR X R \ R
"PrtiRpNR  PHRpNR P"RpNR

\

0

together with induction on n prove that each R/(P™"Rp N R) is Noetherian.

Let a be an arbitrary non-zero element of R. As R is a Krull domain, by
Proposition 4.10.3, aR has a primary decomposition N;(aRp, N R) for some
finitely many prime ideals P; of height one. As Rp, is a Dedekind domain,
a;Rp, = P]"Rp, for some positive integer n;. By above, each R/(P/"Rp, N
R) is Noetherian, so that R/(a) is Noetherian. As a was arbitrary, R is
Noetherian. O

Thus the integral closure of Noetherian domains of dimension at most two is
a Noetherian ring (but not a necessarily module-finite extension). However,
the integral closure of a three-dimensional Noetherian domain need not be
Noetherian; see Nagata’s example in Exercise 4.9.

4.11. Exercises

4.1 Let R be a Noetherian domain, S an integral extension contained in
a finite field extension of the field of fractions of R, and @} a prime
ideal in S. Prove that there exists a module-finite extension R’ of R
contained in S such that R/QQR’ - SR’\(QDR’) = SQ.

4.2 Let R be an integral domain that is not a field whose field of fractions
is algebraically closed. Prove that R is not Noetherian.

4.3 Let R be an integrally closed domain with algebraically closed field of
fractions. Suppose that ¢; is primary to a prime P; in R for every 1.
Suppose that P = ). P; is a proper ideal (necessarily a prime ideal,
by Discussion 4.7.2). Prove that ). ¢; is primary to P.

4.4 Let R be a domain. Prove that for any multiplicatively closed subset
W of R, (W™IR)T = W~1(RT), and that for any prime ideal P
in R, RY/P=(R/(PNR))".

4.5 (Generalized Jacobian criterion) Let A be a regular ring and R a
quotient of a polynomial ring over A by a radical ideal L all of whose
minimal prime ideals have the same height such that A is a subring
of R. Let J be the Jacobian ideal of R over A. Prove that V(J)
contains the singular locus of R. (See for example [202, Theorem
30.4].)

4.6 (Abhyankar and Moh [8]) Let K C L be fields of characteristic zero,
X a variable over L, and ) .~ a,X" € L[[X]] integral over K[[X]].
Prove that [K(a;|i > 0): K] < 0.

4.7 (Nagata [215, page 206]) Let k be a field of positive prime character-
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4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4. Noetherian rings

istic p. Let Xy,..., X, be variables over k. Set R to be the subring
of k[[X1,..., X,]] generated by kP[[X1,..., X,]][k]. Prove that R is a
regular local ring whose completion equals k[[ X1, ..., X,]].
(Nagata) Let k be a field of positive prime characteristic p that is an
infinite-dimensional vector space over the subfield kP = {zP |z € k}.
Let by, bs, ... be a countable subset of k of elements that are linearly
independent over kP. Let X be a variable over k and ¢ = ) b, X".
Set R to be the subring of k[[X]] generated by kP[[X]][c] and k.
(i) Prove that R is a one-dimensional Noetherian local domain.
(ii) Prove that R is not finitely generated over R.
(iii) Prove that Q(R) is a finitely generated R-algebra.
([215, Example 5, page 209]) Let k& be a field of characteristic 2
that is an infinite-dimensional vector space over the subfield k? =
{z%|x € k}. Let by, bs,... be a countable subset of k such that for
all n, [k%(by,...,b,) : k*] = 2". Let X,Y, Z be variables over k and
d=YY b X" +Z% -gbany1X™. Set R to be the subring of
k[[X,Y, Z]] generated by k%[[X,Y, Z]][k][d].
(i) Prove that R is a three-dimensional Noetherian local domain.
(ii) Prove that the integral closure of R is not Noetherian.
Let R and X be as in the previous exercise. Prove that the integral
closure of R in R[] is not Noetherian.
([215, Appendix]| or [214]) Let ko be a perfect field of characteristic 2,
X, Y, Xl, Yi, XQ, YQ, ... variables over /{30, k= ko(Xl, Yl, XQ, Yg, .. .),
set A =k?[[X,Y]][k], f =22, (X; X"+ Y;Y"), and R = A[f].
(i) Prove that R is a normal Noetherian local ring whose completion
contains non-zero nilpotent elements. (Cf. Corollary 4.6.2 (1).)
(ii) Prove that R is a module-finite extension of A.
(iii) Prove that k2?[[X,Y, Z]][k] has module-finite integral closure, but
that some quotient of it does not.
Let R be a Noetherian domain, with field of fractions K and integral
closure R. Prove that {P € Spec R| P = (R :g z) for some x € K}
equals {Q N R|Q € Spec R, ht Q = 1}.
Prove that a Krull domain is a Dedekind domain if and only if after
localization at each maximal prime ideal it is a principal ideal domain.
Prove that a one-dimensional Noetherian domain is a Krull domain
if and only if it is a Dedekind domain.
Let R be a Krull domain. Prove that the integral closure of R in a
finite field extension of the field of fractions of R is a Krull domain.
Let R be a Krull domain. Prove that the polynomial ring (resp.,
power series ring) in finitely many variables over R is a Krull domain.
Let R be a reduced Noetherian ring and R its integral closure. Let I
be an ideal in R of height at least 2 and « in the total ring of fractions
of R such that Ia« C R. Prove that « € R.
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4.18 Let (R, m) be a one-dimensional reduced Noetherian local ring. Prove

that R is module-finite over R if and only R is reduced.
4.19 Prove that any unique factorization domain is a Krull domain.
4.20  The purpose of this exercise: to construct a Noetherian domain R that
is essentially of finite type over C, with maximal ideal m of positive
height d, a prime ideal P strictly contained in m such that the m-
adic completion R has two minimal primes py,ps with dim(R/p;) =
dlm(R/pz) = d and PR + p; is mR-primary.
Let S = C[X;,...,X4] be a polynomial ring over C, let m;, my be
distinct maximal ideals in S, and J = m; Nmy. Set R =C + J.
(i) Prove that R is a Noetherian domain, finitely generated over C,
and that m = J is a maximal ideal of R.
(ii) Prove that S is the integral closure of R and that m; and m,
are the only prime ideals in S lying over m.
(iii) Prove that the integral closure of R equals Sm1 X Sm2 Let p; be

the kernel of the natural map R — Smi. Prove that R has two
minimal primes, p; and ps, both of dimension d.

(iv) Prove that R has an isolated singularity at m, i.e., that for any
prime ideal p strictly contained in m, R, is regular.

(v) Assume that d > 2. Show that there exists a prime ideal Q) in S
such that dim(S/Q) =1and @ Cmy, Q@ L my. Set P =Q N R.
Prove that P is a prime ideal strictly contained in m and that
PR + p; is mR-primary.

4.21 Let R be a Noetherian domain satisfying Serre’s condition (Ry).

(i) Let M be a finitely generated R-module that satisfies the condi-
tion that for each prime ideal P in R, the PRp-grade on Mp is
at least min{2, ht P}. Prove that Homg(Hompg(M, R), R) (M’s
R-double dual) is isomorphic to M.

(ii) Assume that S is a module-finite extension domain. Prove that
Homp(Homg(S, R), R) is a subring of S containing R.

(iii) (Vasconcelos [306]) Let S be a module-finite extension of R that
is a domain and that satisfies Serre’s condition (Ry). Prove that
HOHlR(HOHlR(S, R), R) is g

4.22 Let R be a finitely generated algebra over a perfect field k. If R is a
domain that satisfies (Sz), prove that Hompg(J ™1, J~1) satisfies (S2),
where J is the Jacobian ideal of R over k.

4.23 Let R be a Noetherian domain and R the integral closure of R in its
field of fractions. Let I be a non-zero ideal in R.

(i) Prove that if I is a radical ideal contained in an associated prime
of R/R, then Hompg (I, I) properly contains R.

(ii) Prove that if I is an ideal not contained in any associated prime
of R/R, then Homg(I,I) = R.

4.24* (Ulrich [45]) (Ulrich’s proof uses canonical modules) Let (R, m) be a
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4.25

4.26*

4.27*

4.28%

4.29*

4.30

4.31
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Cohen—Macaulay local ring, I an m-primary ideal and J an ideal in 1
that is a complete intersection. Prove that J : (J: I) C I.

(Tate) Let R be a Noetherian integrally closed domain and x a non-
zero element of R. Assume that xR is a prime ideal, that R is complete
and separated in the topology determined by x R, and that the integral
closure of R/xR in any finite field extension of k(xR) is module-finite
over R/zR. Prove that the integral closure of R in any finite field
extension of Q(R) is module-finite over R.

(Zariski’s Main Theorem) Let R be a ring, S a finitely generated R-
algebra, R the integral closure of R in S. Let @ be a prime ideal in
S, P=QNR,and P=QNR. Assume that Sg/PSg is a finitely
generated module over k(P).

(i) Suppose that S = R[z]. Prove that z is integral over R3.
(ii) Prove that R5 = SppF = Sq- (Hint: Use induction on the
number of algebra generators of S over R.)

(iii) Prove that there exists f € R\ @ such that S; = Ry.
(Zariski’s Main Theorem, version by Evans [75]) Let R be a ring, S
a finitely generated R-algebra and 7' an integral extension of S such
that R is integrally closed in T'. Let @) € SpecT’ such that the image
of Q in K(Q N R) ®r T is a minimal and maximal prime ideal. Prove
that there exists s € R\ (Q N R) such that Ts = R,.

(Zariski’s Main Theorem, version in [215, Theorem (37.4)]) Let (R, m)
be a Noetherian normal local domain whose m-adic completion R is
a domain. Let (R, m’) be a Noetherian local ring in Q(R) containing
R such that

(i) M N R =m,
(ii) R'/m'R is finite over R/m,
(iii) dim R’ = dim R.
Prove that R = R'.
(Abhyankar [7]) Let d be a positive integer, k a field, and (R, m) a
d-dimensional domain that is essentially of finite type over k. Let K
be the field of fractions of R and L a finite algebraic extension. Let
2 be a set of d-dimensional normal local domains (S, n) with field of
fractions L such that n N R = m, S/n is finite algebraic over R/m,
and mS is n-primary. (€2 could be the set of all localizations of the
integral closure of R in L. Why?) Then || < [L : K].
Let R be a domain contained in a field L. Assume that R = (,,.¢V,
where S is a collection of one-dimensional integrally closed Noetherian
domains contained in L such that every non-zero element of R is a
non-unit in at most finitely many elements of S. Prove that for any
multiplicatively closed subset W of R, W™'R = Nye s, Vs where So
consists of those elements V' of S in which all elements of W are units.
Prove that a localization of a Krull domain is a Krull domain.
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4.32 Let R be a Krull domain (not necessarily Noetherian). Prove that
every principal ideal in R has primary decomposition, all of whose
associated primes have height one.






5
Rees algebras

5.1. Rees algebra constructions

Definition 5.1.1 Let R be a ring, I an ideal and t a variable over R. The
Rees algebra of I is the subring of R[t] defined as

R[It] = {Zaitﬂn €N;a; € Il} = @ I"t",

>
i—0 n>0

and the extended Rees algebra of I is the subring of R[t,t™] defined as

—1 7 C 7 o nyn
R[It,t7 Y] = {i_z:nalt In€Nja; €1 } = n%l ¢,
where, by convention, for any non-positive integer n, I"™ = R.
For every ideal J of R,
JCJR[It)NRC JR[It,t 7 '|NRC JR[t,t ' NR =,

so that equality holds throughout. Thus every ideal of R is contracted from
an ideal of R[It] and R[It,t71]. Also,

R R[It] - R[It,t™1] c R[t,t71]

J ~ JR[t,t7 N R[It] — JR[t,t" ] NR[It,t~] — JR[t,t71]’
where the two rings in the middle are isomorphic to the Rees algebra, respec-
tively the extended Rees algebra, of the image of I in R/J. In particular, if P
is a minimal prime ideal of R, then PR[t,t " |NR[It] and PR[t,t | NR[It,t7!]
are minimal prime ideals in their respective rings. Any nilpotent element of
R[It] or R[It,t™1] is also nilpotent in R[t,t71], so it lies in NpPR[t,t71], as
P varies over the minimal prime ideals of R. Thus all the minimal prime
ideals of the two Rees algebras are contracted from the minimal prime ideals

of R[t,t71], each of which is of the form PR[t,t~}], for some minimal prime
ideal P of R. Thus

dim R[It] = max{dim (g # t]) ‘ P e MinR}, (5.1.2)
I+ P
dim R[It,t7'] = max{dim (% % t,t_ll) ‘ P e MinR}. (5.1.3)

Theorem 5.1.4 Let R be a Noetherian ring and I an ideal of R. Then
dim R is finite if and only if the dimension of either Rees algebra is finite. If
dim R is finite, then
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dimR+1, if I £ P for some prime ideal P
(1) dim R[It] = with dim(R/P) = dim R,
dim R, otherwise.
(2) dim R[It,t Y] = dim R + 1.
(3) If m is the unique mazimal ideal in R, and if I C m, then mR[It,t~!] +
ItR[It,t7Y] + t " R[It,t71] is a mazimal ideal in R[It,t71] of height
dim R + 1.

Proof: First we compute dim(R[[t]). By Equation (5.1.2), it suffices to prove
that for an integral domain R, dim R[[t] = dim R if I is the zero ideal and is
dim R 4+ 1 otherwise. Thus we may assume that R is a domain. Dimension
Inequality, Theorem B.2.5, implies that for every prime ideal @ in R[[t],
ht Q <ht(QNR)+ 1 < dim R+ 1, which proves that dim R[/t] < dim R + 1.
Clearly dim R[It] = dim R if I is the zero ideal. So assume that I is non-zero.
Let Py = ItR[It]. Then PyN R = (0), It C Py, ht Py > 0, and R[It]/Py = R,
proving that P, is prime, and that dim R[/t] > dim R 4+ 1. This proves (1).

Similarly, by Equation (5.1.3), to verify the equality for dim R[It,t71], it
suffices to assume that R is a domain. By the Dimension Inequality (Theo-
rem B.2.5), dim R[[t,¢7!] < dim R+ 1, and the other inequality follows from
dim R[It,t7] > dim R[It,t7];-» = dim R[t,t7'] = dim R + 1.

Let Py C P, € --- C P, = m be a saturated chain of prime ideals in R,
with A = htm. Set Q; = PiR[t,t_l] N R[It, t_l]. As Q;, "R = P;, Qg C
@1 C --- C Qp is a chain of distinct prime ideals in R. The biggest one is
Qn = mR[t,t7 Y N R[It,t7Y) = mR[It, t~1] + ItR[It,t™'], which is properly
contained in the maximal ideal Qp, + t~*R[It,t~!]. This proves (3). O

There are two other closely related rings:

Definition 5.1.5 The associated graded ring of I is
gr;(R) = @,>o(I"/I™Y) = R[It)/IR[It] = R[It,t ]/t ' R[It, t™1].
If R 1s Noetherian local with maximal ideal m, the fiber cone of I is the ring

R[It] _ R 1 I? I3

wR(I] mwl Cme Y wr
We also denote it as Fr. The Krull dimension of Iy is also called the analytic
spread of I and is denoted ¢(I).

Clearly I = gr;(R)/mgr;(R).

Fr1(R) =

Proposition 5.1.6 For any ideal I in (R, m),
() =dim F; < dim(gr;(R)) = dim R.
Furthermore, if M is the maximal ideal in gr;(R) consisting of all elements

of positive degree and of m/I, then dim(gr;(R)) = ht M.

Proof: As J7 is a quotient of gr;(R), dimJ; < dimgr;(R). As t™!is a
non-zerodivisor in R[It,t~!] and gr;(R) = R[It,t~ ']/t "' R[It,t™ ], by Theo-
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rem 5.1.4 (2) we conclude that dimgr;(R) < dim R. Let Q = mR[[t,t™!]
ItR[It, t7 Y + t "I R[It,t!]. By Theorem 5.1.4 (3), Certainly dimgr,(R)
dim(gr;(R))g, and by Theorem 5.1.4 (3), dim(gr;(R))g is tQ —1 = h
dim R.

OV -+

Just as the integral closure of ideals reduces to the integral closure of ideals
modulo the minimal prime ideals, the same goes for the analytic spread:

Proposition 5.1.7 Let (R,m) be a Noetherian local ring and I an ideal in
R. Then ¢(I) = max{¢(I(R/P))| P € Min(R)}.

Proof: By the one-to-one correspondence between minimal prime ideals in R
and minimal prime ideals in R[I],

dim F; = dim R[It]/mR[It]
= max{dim(R/P)[((I + P)/P)t]/m(R/P)[((I + P)/P)t]| P € Min R}
= max{dim Fyp,/py | P € Min R}. O

The associated graded ring can be thought of as the special fiber of the
extended Rees algebra, i.e., the ring one gets by setting t=! = 0. (Setting ¢!
in R[It,t™!] equal to a unit of R is isomorphic to R.) This has an important
effect: for most ring-theoretic properties, if gr;(R) has the property, so does
R. For example, let I be an ideal in a Noetherian ring R such that N, I"™ = 0.
If gr;(R) is either a reduced ring, an integral domain, or an integrally closed
domain, then R has the corresponding property. We leave the proofs to the
exercises. See Exercise 5.9.

5.2. Integral closure of Rees algebras

We proved in Theorem 2.3.2 that if A C B is an extension of N-graded rings,
then the integral closure of A in B is also N-graded. Thus in particular, the
integral closure of R[It] in R[t] is

LhohtoLt?eLtd---,

for some R-submodules I; of R. These ideals I; are integrally closed ideals:

Proposition 5.2.1 Let R be a ring and t a variable over R. For any ideal
I in R, the integral closure of R[It] in RI[t] equals the graded ring

RoltoPPoBtdo---.
Similarly, the integral closure of R[It,t7'] in R[t,t™] equals the graded ring
- @Rt?eRt'eRete P e Pt e ..
Proof: Let S be the integral closure of R[It] in R[t]. By Theorem 2.3.2, S is

an N-graded submodule of R[t]. Denote the graded piece of S of degree k € N
by Sk
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Let s € Si, k € N. Write s = s;,t* for some s; € R. As s is integral over
R[It], there exist a positive integer n and a; € R[It], i =1,...,n, such that

SZtk" + alsz_ltk(”_l) + agsz_2tk("_2) + ot ap_1spt” +a, = 0.

Expand each a; = Z?;O a; jt7, with a; ; € I’. The homogeneous part of
degree kn in the equation above is exactly

k —1 —2
t n(SZ + al,ksz + ag,gksz +- o+ ap_1,(n-1)kSk T an,nk) =0.

As a; i, € I** this equation says that s; is integral over the ideal I*. Thus
S, C I¥t*. The other inclusion is easy to prove. O

With this, as the integral closure of the ring in an overring is integrally
closed in that overring, it follows easily that for every ideal I in R, I is an
ideal and I = I. (Compare with Corollary 1.3.1.)

An extension of rings is integral if and only if it is generated by elements
that are integrally dependent on the subring (see Proposition 2.1.10). Similar
result holds for ideals:

Corollary 5.2.2 For any ideals I C J in R, every element of J is integral
over I if and only if each element in some generating set of J over I is integral
over I. U

It follows that the integral closure of a homogeneous ideal is homogeneous:

Corollary 5.2.3 Let I be a homogeneous ideal in a G-graded ring R, where
G is Z% x N°. Then I is also G-graded.

Proof: When R is G-graded, then R[It] is G ® N-graded. By Theorem 2.3.2,
the integral closure of R[I] in R[t] is G ® N-graded, so that by the structure
of this integral closure, each I" is G-graded. O

In particular, as already proved in Proposition 1.4.2, the integral closure of
a monomial ideal in a polynomial ring is again a monomial ideal.
One can also compute the absolute integral closure of Rees algebras:

Proposition 5.2.4 Let R be a ring and R the integral closure of R in its
total ring of fractions. The integral closure of R[It] in its total ring of fractions
equals

RelIRte PR BRE - --,
and the integral closure of R[It,t™] in its total ring of fractions equals

O Rt'OROIRt® 2RO BREB® - - -

Proof:  Observe that for all n, I"R = I"R. The integral closure of R[It]
clearly contains R[ﬁ%t]. By Proposition 5.2.1, the integral closure of the latter

ring in R[t] is R® IRt ® PR G PBREG--- . But R|[t] is integrally closed (see
Exercise 2.3), so that integral closure of R|[[t] is as displayed above.
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The proof of the second part is similar. ]

Observe that the integral closure of R[It| equals the integral closure of
R[IRt] in R[t], and that the integral closure of R[It,t!] equals the integral
closure of R[IRt,t~1] in R[t,t~1].

The following is a criterion for when the integral closure of a Rees algebra
is Noetherian:

Proposition 5.2.5 Let R be a Noetherian ring and I an ideal in R. Let S
be the Rees algebra R[It] of I, and T be an N-graded ring containing S. Then
T is module-finite over S if and only if there exists an integer k such that for
aln>k, T, =I1""*T,.

In particular, if T is the integral closure of S in R[t], then T is module-

finite over S if and only if there exists an integer k such that for all n >k,
I = [n—kJk,

Proof: First assume that T' is module-finite over S. As T' is N-graded, there
exist homogeneous generators of T" over S of degrees at most k. Then for all
n > k‘, Tn — Sn—ka:

Conversely, assume that there exists an integer k£ such that for all n > k,
T, = Sn_rTx. Then T = STy + STy + --- + STy, so that T is a finitely
generated module over S.

By Proposition 5.2.1, if T is the integral closure of S, then T is N-graded
and T,, = I"™. The rest follows easily. ]

5.3. Integral closure of powers of an ideal

Extended Rees algebras help analyze powers of an ideal: since
t"R[It,t YN R=1",

many properties of I™ descend from the corresponding properties of the powers
of the principal ideal t~* R[It,t~!] generated by a non-zerodivisor. Principal
ideals generated by a non-zerodivisor are in general easier to handle.

Similarly, the integral closure of the Rees algebra is used to capture some
properties of the integral closures of powers of an ideal. We present the general
method of descent in this section, and apply it in Section 5.4 to study the
associated primes of the integral closures of powers of an ideal. A lot of the
work on the sets of associated primes of powers and of integral closures of
powers of an ideal was done by Ratliff [229]; Brodmann [27]; McAdam and
Eakin [206]; Katz [158]; McAdam and Ratliff [207]. Katz [158] characterized
the sets for integral closures with asymptotic sequences, which in turn were
first defined by Rees in [236]. A good overview of this area is [205]. Also see
Exercises 5.18-5.20.

Proposition 5.3.1 Let I be an ideal in a ring R, S = R[It,t7] and S the
integral closure of S in R[t,t~1]. We grade S by giving t degree 1 (therefore
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S is also graded by Theorem 2.3.2).

(1) The ideal t=™S is Z-graded, and the degree m component of t—"S equals
(It Im)em.

(2) Also, t—"8S is Z-graded in S, and its degree m component equals Imtngm,

Proof: The ideal t—"S is Z-graded by Corollary 5.2.3. Every element of
degree m in S is of the form rt™ for some r € I". If rt™ € t—5, then there
is an equation of integral dependence (rt™)* + ay(rt™)k¥=1 + ... + a5 = 0,
with a; € t7™S5. Write a; = b;t~™, for some b; € S. By looking at terms
of t-degree mk in the equation, without loss of generality b; = ¢;t(™T™) for
some ¢; € 1™ Thus r is integral over I™", and rt™ € S implies that
r€ (Im+n ™),

Conversely, if r € Im+n write vk 4+ cyrF=1 4+ ... 4+ ¢ = 0 for some ¢; €
T+ TIf further, 7 is in 1™, then (rt™)F 4 e t™(rt™)F=1 4o 4 cpt™F = 0,
and for each i, ¢;t"™* € t~™S. Thus rt™ € t—"S. This proves the first part.

By Corollary 5.2.3, t—"S is Z-graded. Let 7t™ be a homogeneous element
of S that is integral over t=™5. Write

(rt™)F 4 byt~ (™) 4 bot T2 ()2 4 gtk — )

for some b; € S. By looking at the terms of degree nk, without loss of
generality b; = ¢;t"™*") € § of t-degree i(m + n). By Proposition 5.2.1,
¢; € I'tm+n)  Multiply the equation above through by ¢t~*. We see that
r is integral over I"™+7, so that by Corollary 1.3.1, r € I™*n. Now for any
r e Imtn let rf+crF~1 4. .. 4¢, = 0 be an equation of integral dependence
of r over I™*+™. Multiply this equation through by t™* to get an equation of
integral dependence of rt™ € S,, over t~"S. 0

We have already seen that each ideal of R contracts from an ideal in a Rees
algebra. But some ideals in R contract from principal ideals in the extended
Rees algebra:

Proposition 5.3.2 Let I be an ideal in a ring R and t a variable over R.
Let S be the extended Rees algebra R[It,t™Y) of I. Then for any n € N,

tT"SNR=1I" and t"SNR=1I"
If R is reduced and S the integral closure of S, then also t ™S NS =t—"nS.

Proof: Clearly I" C t"SN R and I" C t—"SNR. If r € t7™S N R, then
r=1t""(rt"), with rt" € S, so that necessarily r € I"™, which proves the first
equality. The second equality follows from Proposition 5.3.1.

If R is reduced, so is S. As t~"S is integrally closed by Proposition 1.5.2,
it follows that t—"5 C t="S N S. The opposite inclusion holds by Proposi-
tion 1.6.1. (]

Here are some immediate applications to the associated primes of integral
closures of powers of ideals.
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Proposition 5.3.3 Let I be an ideal in a ring R, and let S = R[It,t71].

(1) Let P be a prime ideal associated to some I™. There exists Q € Spec S
such that Q N R =P and Q) is associated to t—"S.

(2) For any integer n and Q € Ass(S/t—"8) there exists an integer m > n
such that Q N R € Ass(R/T™).

(3) Let S denote the integral closure of S in R[t,t~']. For every integer n

and Q € Ass(S/t="S) there exists an integer m > n such that QN R €
Ass(R/I™).

Proof: By Proposition 5.3.2, I contracts from t—"S, and so an irredundant
primary decomposition of t="S§ contracts to a possibly redundant primary
decomposition of I". This proves (1).

To prove the rest of the proposition, by localizing at () N R without loss
of generality we may assume that R is a ring with only one maximal ideal,
that ideal being P = Q N R. First let Q = t—"5 : zt” for some = € I". By
Proposition 5.3.1, the degree r component of t—"S is (I"+t" N I")t", so that
P=(I*nNI"): 2 =1I+n: 2. This proves (2).

If instead Q € Ass(S/t—"8), by Proposition 5.2.1, Q = ¢t="5 : xt" for some
x € I". Thus by Proposition 5.3.1, P = I"*" : , so that P € Ass(R/I"7).
This proves (3). O

For many of the rings analyzed in this section, the integral closure of Rees
algebras behaves well:

Proposition 5.3.4 Let a domain R be one of the following:

(1) (R,m) is complete local Noetherian,

(2) R is finitely generated over a field or over Z,

(8) or, more generally, R is finitely generated over a Noetherian integrally
closed domain A satisfying the property that every finitely generated A-
algebra has a module-finite integral closure.

Let I be an ideal in R, and S either the Rees algebra of I or the extended Rees

algebra of I. Then the integral closure of S is a module-finite extension of S,

and there exists an integer k such that for alln >k, I = ["~F [k,

Proof: By the forms of the integral closures given in Proposition 5.2.4, it
suffices to prove that the integral closure of the Rees algebra S = R[] is
module-finite over S.

Rings of form (2) are rings of form (3), by Theorem 4.6.3 and by Corol-
lary 4.6.5. Thus if R is of the form (2) or (3), the integral closure S of S is
module-finite over S, and the last statement follows by Proposition 5.2.5.

Now assume that R is of form (1), i.e., that (R,m) is a complete local
domain. Let I = (aq,...,a,), and t a variable over R. Let T be the subring
of the ring of formal power series R|[[t]] generated over R by power series in
ait,...,a,t. This is a Noetherian ring, and since it is a subring of R|[[t]], it is
a domain.
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Let O be the ideal in T generated by all power series whose constant term
is in m. It is easy to see that 7'/9t = R/m and that the elements of T not in
2N are units in 7. Thus 7' is a Noetherian local ring with maximal ideal 9.

Claim: T is complete in the 9-adic topology.

Proof of claim: An element ), c;t' in T, with ¢; in R, lies in 9" if for all
i, ¢; € m" T, Let {z;}; be a Cauchy sequence in T, with z; = >, ¢;;t",
cji € Ryand z; — 2511 € MY for all j. Hence for all 4, ¢ ; — ¢jy14 € mI 17
It follows that for each i, ¢14,¢24,¢3,,... is a Cauchy sequence in R, with
limit ¢; an element of 1. Hence the limit >, ¢;t* of {z;}, is an element of T'.
This proves the claim.

It follows by Theorem 4.3.4 that the integral closure T of T is a module-
finite extension. Clearly T C R[[t]]. As in Proposition 5.2.4, T =[] -, I"t".

But finite generation of T over T implies that there exists an integer k such
that for all n > k, I = I"FIk which is by Proposition 5.2.5 equivalent to
saying that S is module-finite over S. ]

5.4. Powers and formal equidimensionality

In this section we prove Ratliff’s Theorem that was stated in Chapter 1, and
we also prove its converse. We then expand on the associated primes of powers

of an ideal and on the associated primes of integral closures of powers of an
ideal.

Theorem 5.4.1  (Ratliff [230]) Let R be a locally formally equidimensional

Noetherian ring, and let (z1,...,z,) be a parameter ideal, i.e., the height of
(x1,...,2y) is at least n. For allm > 1,
(1, .oy Tpe1)™ Xy = (X1, ooy Tp1)™.

Proof: Set J = (x1,...,2,_1). We fix an element r € J™ : z,,. If r ¢ Jm,
choose a prime ideal minimal over J™ : r. We can localize at this prime
ideal without changing the assumptions; note that localization commutes with
integral closure. Thus without loss of generality R is a local ring with maximal
ideal m, and some power of m multiplies 7 into J™.

Next, pass to the completion to assume that R is a complete Noetherian
local ring. Note that parameters are preserved under passage to completion,

and Proposition 1.6.2 implies that r ¢ J mR. Henceforth we assume that R
is complete. We claim that the images of x1,...,x, stay parameters after
reducing R modulo an arbitrary minimal prime of R. Let P be a minimal
prime of R, and let @) be a prime ideal that is minimal over P + (z1,...,T,).
Since () contains (z1,...,2,), the height of @ is at least n, so there is some
minimal prime P’ C @ such that ht(Q/P’) > n. By Lemma B.4.2, dim R =
dim(R/Q) + ht(Q/P) and dim R = dim(R/Q) + ht(Q/P’). Thus ht(Q/P) =
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ht(Q/P’) > n, so that modulo each minimal prime ideal, x4, ..., z, is still a
system of parameters. If r is in the integral closure of the image of J™ modulo
each minimal prime ideal of R, then by Proposition 1.1.5, » € J™. Hence we
may assume that R is a complete Noetherian local domain. Let R be the
integral closure of R. By Theorem 4.3.4, R is a Noetherian local domain,
module-finite over R. By Corollary B.3.7, R satisfies the dimension formula,
so parameters of R stay parameters in R. If r is in the integral closure of
J™R, then by Proposition 1.6.1, r € J™.

Thus by changing notation we may assume that (R, m) is a complete Noe-
therian local integrally closed domain, r € J™ : z,,, and that m!r C J™ for
some [. It remains to prove that r € Jm. If n = 1, this is trivial, so we may
assume that n > 1.

Set S = R[Jt]. Let S denote the integral closure of S inside its field of
fractions. By Proposition 5.3.4, S is module-finite over S. By Corollary B.3.7,
R is universally catenary, so by Theorem 5.1.4, ht(mS) = dim S — dim(S/m.5)
as mS is contained in the maximal ideal of S of maximal height. Since S/mS
is the homomorphic image of a polynomial ring over a field in n — 1 variables,
it follows that dim S/mS < n — 1. Hence ht(mS) > 2. By Corollary B.3.7
and by Lemma B.3.4, S satisfies the dimension formula, so that ht(mS) > 2.
As S satisfies Serre’s condition (Ss), it follows that m'S contains a regular
sequence of length two. The element rt™ is in the field of fractions of S (and
not necessarily in S), and by Proposition 5.2.4, (m!S)(rt™) = (m!r)t™S is
contained in S. Thus by Exercise 4.17, rt™ € S, forcing r € (x1,...,Tp_1)™,
a contradiction. ]

Corollary 5.4.2 Let R be a locally formally equidimensional Noetherian
ring, and let (x1,...,x,) be a parameter ideal, i.e., an ideal with the property
that the height of (x1,...,xy) is n. Every associated prime of (x1,...,T,)™
has height n.

Proof: By localizing at an associated prime ideal of (z1,...,2,)™ we may
assume that (R, m) is local and that m is associated to (x1,...,x,)™. If the
dimension of R is n, there is nothing to prove. As xz1,...,x, are parameters,

the dimension of R is at least n. Henceforth we assume that dim R > n and
we will reach a contradiction.

Choose y,z,+1 € R such that m = (x1,...,2,)™ : y and such that
X1y...y T, Tpy1 are parameters. We have that y € (x1,...,2,)™ @ Tpi1.
By Theorem 5.4.1, we obtain that y € (z1,...,2,)™, a contradiction. O

The converse of Ratliff’s Theorem holds as well, and we prove it later in
this section (Theorem 5.4.5).

Corollary 5.4.3 (Ratliff and Rush [231]) Let R be a locally formally equidi-
mensional Noetherian ring, and I = (x1,...,x,) a parameter ideal of height
n that contains a non-zerodivisor. For any integer m, define I'™) to be the
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intersection of the minimal primary components of I". Then for all m,1,
J(m+i) . 7(@) cIm,

Proof: 1t is enough to check the inclusion after localizing at each associated
prime ideal of I"™. So let P be an associated prime of I™. By Theorem 5.4.1,
P is minimal over I. Hence (I(™*9) . [())p = [™*'Rp . ['Rp, which by
Corollary 1.1.8 is contained in I™Rp = I Rp. L]

We now return to the associated primes of powers and of integral closures
of powers of arbitrary ideals, with the goal of proving the converse of Ratliff’s
theorem. We start with a lemma from Katz’s thesis [157].

Lemma 5.4.4 Let R be a Noetherian ring and I an ideal.

(1) Let P € Ass(R/I). Then there exists a minimal prime ideal p C P such
that P/p is associated to the integral closure of I(R/p).

(2) Let p be a minimal prime ideal, and P a prime ideal minimal over I + p.
Then for all sufficiently large integers n, for any ideal J such that 1™ C
J C I", P is associated to J.

Proof: Without loss of generality P is the unique maximal ideal of R.

(1) Write P = I : r for some » € R. So r ¢ I, and by Proposition 1.1.5
there exists a minimal prime ideal p C P such that r is not in the integral
closure of the image of I in R/p. Hence P/p C I(R/p) : r # R/p, so that P/p
is associated to the integral closure of I(R/p).

(2) Choose k such that P* C I +p and p* is contained in the p-primary
component of 0. Let € R\ p annihilate p*. By Exercise 5.15 by possibly
increasing k, « & I*. Choose n > k. Then P2 C (I4p)2" C I"+p" C J+p™.
Asz & I*, x & J. But also xP?"* C J, so that P is associated to J. O

The converse of Ratliff’s Theorem 5.4.1 also holds:

Theorem 5.4.5 (Ratliff [230]) Let R be a Noetherian ring with the property
that for every parameter ideal I and every integer m, I™ has no embedded
prime ideals. Then R is locally formally equidimensional.

Proof: Without loss of generality R is a Noetherian local ring with maximal
ideal m. Suppose that R is not formally equidimensional. Then there exists
g € Min R such that j= dlm(R/ q) < dim R. Necessarily j > 1. By the Prime
Avoidance lemma, we may inductively choose elements 1, ..., x; such that for
each k € {1. .,j} the height of (z1,...,2x)R is k and such that the images
of z1,...,x, in R/q also generate an 1deal of height k. Set I = (21, .. LCJ)
Then mR is minimal over [ R—I—q By Lemma 5.4.4, mR is associated to In ”R for

all sufficiently large n, as this ideal lies between [ "R and I"R. Since R — R
is faithfully flat, then m is associated to I"™. But then by assumption, m must
be minimal over I, whence ht(m) = j < dim R, which is a contradiction. [
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Thus a Noetherian local ring is formally equidimensional if and only if for
every parameter ideal I, the associated primes of all I™ are all minimal over I.

Theorem 5.4.6 (McAdam [204]) Let (R,m) be a formally equidimensional
Noetherian local ring and I an ideal in R. Then m € Ass(R/I™) for some n
if and only if (1) = dim R.

Proof: Assume that m € Ass(R/I™) for some n. By Lemma 5.4.4, there exists
a minimal prime ideal p in R such that if R’ = R/p, then mR’ is associated to
the integral closure of I"R’. Let S = R'[IR't,t~']. By Proposition 5.3.3 (1),
there exists @) € Spec S such that @ N R' = mR’ and @ is associated to
t—nS. As R is formally equidimensional, by Lemma B.4.2, R’ is formally
equidimensional, so by Theorem B.5.2, R’ satisfies the dimension formula and
S is locally formally equidimensional. Thus by Theorem 5.4.1, () has height
1. By the Dimension Formula (Theorem B.5.1), ht(Q) + tr.deg, impx(Q)
= ht(mR') + tr.degp S, so that tr.deg,mpyr(Q) = ht(mR') = dim R. But
k(@) is a localization of a homomorphic image of F;(R), so that dim R =
tr.deg, mp)r(Q) < dimFr(R) < dim R. Thus {(I) = dim F;(R) = dim R.
Conversely, assume that ¢(I) = ht(m). Let S = R[It,t~!] and Q € Spec S
such that the image of @ in F;(R) is minimal and dim(S/Q) = dim(F;(R)).
As ((I) = dim(F(R)), it follows that dim(S/Q) = ht(m). By construction,
QNR =mand Q contains t~!. As S has dimension 1 more than R, necessarily
@ has height 1. Thus @ is minimal over ¢t ~1S and thus associated to t—"S for
all n. Hence by Proposition 5.3.3 (2), m is associated to I™ for all large n. [J

The proof of one direction, in the last paragraph, did not require formal
equidimensionality, which immediately proves the following:

Proposition 5.4.7 (Burch [35]) Let (R,m) be a Noetherian local ring and
I an ideal in R. If {(I) = dim R, then m € Ass(R/I"™) for all large n. O

When (R, m) is a Noetherian formally equidimensional local ring, much
more can be said about the minimal primes of gr;(R), by taking advantage of
the fact that the associated graded ring is the extended Rees algebras modulo
a principal ideal.

Proposition 5.4.8 Let (R,m) be a Noetherian formally equidimensional

local ring, and let I be an ideal of R. For every minimal prime ideal P of
gr;(R), dim(gr;(R)/P) = dim R.

Proof: We use the isomorphism gr;(R) = R[It,t~ 1]/t R[It,t™!]. Since ev-
ery minimal prime ideal of R[It,t71] comes from a minimal prime ideal of R
as in the introduction to this chapter, we can assume that R is a domain. As
R is formally equidimensional, it is universally catenary by Theorem B.5.1.
Hence R[It,t71] is catenary, and therefore ht P + dim(R[[t,t!]/P) equals
dim R[It,t"!'] = dim R + 1 (observe that P is contained in the maximal
ideal of R[It,t7!] generated by t~!,m, and It, which has height equal to
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the dimension of R[It,t™!]). By Krull’s Height Theorem, ht P = 1, showing
dim(R[It,t71]/P) = dim R. O

5.5. Defining equations of Rees algebras

In this section we prove some basic theorems, used several times in this book,
concerning the equations defining the Rees algebra of an ideal. In particular,
the results apply in the case the ideal is generated by a regular sequence. For
more on Rees algebras and their defining equations, see [307] and [309].

We begin with some discussion. Let I = (x1,...,x,) be an ideal. The Rees
algebra R[It] = R[xit,...,x,t] can be written as a homomorphic image of
the polynomial ring R[T7, ..., T,] by the map 7 sending T; to x;t. The kernel
is an ideal A C R[T1,...,T,].

Our goal in this section is to give cases where we can describe the generators
of A, which we refer to as the defining equations of the Rees algebra. We
also will describe how the equations defining the extended Rees algebra or
affine pieces of the blowup of I relate to the defining ideal of the Rees algebra;
see Propositions 5.5.7 and 5.5.8.

The map 7 is graded of degree 0, so that the kernel A is generated by
homogeneous polynomials F(T1y,...,T,) € R[11,...,T,] with the property
that F'(z1t,...,z,t) = 0. Since F' is homogeneous, F(x1t,...,z,t) = 0 if and
only if F(z1,...,z,) = 0. Generators for the homogeneous polynomials of
degree one in A can always be obtained from a presentation of I. Namely,
let R™ — R™ — I — 0 be a presentation of I, where we represent the map
from R™ — R™ by an n x m matrix A. Let T denote the 1 x n matrix of
the variables 77, ...,T,, and let L be the ideal generated in R[T},...,T},] by
the entries of the matrix T'A; the entries are linear polynomials in the 7; that
vanish after the substitution 7; — x;. Hence L C A, and L is exactly the
subideal A; of A generated by all linear polynomials in A (Exercise 5.23).
The algebra R[T1,...,T,]/A; is isomorphic to the symmetric algebra of I as
an R-module, and the Rees algebra is particularly easy to analyze in the case
Ay = A. Valla introduced the following definition:

Definition 5.5.1 [ is said to be of linear type if A; = A.

Ideals of linear type are the simplest in terms of the defining equations of
their Rees algebras. We shall see that every regular sequence is of linear type.
More generally, every d-sequence is of linear type.

Definition 5.5.2 Let R be a commutative ring. Set g = 0. A sequence of

elements x1, . .., T, is said to be a d-sequence if one (and hence both) of the

following equivalent conditions hold:

(1) (xo,...,2;) : Tiz12; = (To,...,2;) 1 xj for all0 < i <n—1 and for all
j>i+1.

(2) (xoy. - xi) i Tiv1) N (X1, ..y xpn) = (X1, .., ;) for all0 <i<n-—1.
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The equivalence of these two conditions is left to the reader (Exercise 5.24).
The first condition was introduced in Huneke [137], and the second was intro-
duced in Fiorentini [80]. The second definition is often more useful in practice,
but the first definition is usually easier to check.

Example 5.5.3 Clearly any regular sequence is a d-sequence as well. A
single element x is a d-sequence if and only if 0 : 22 = 0 : 2. Let R =
klx,y,u,v]/(zu — yv) with k an infinite field. The elements x,y form a d-
sequence, but not a regular sequence. In the polynomial ring R = k[x,y, 2],
the ideal generated by xy,xz,yz is generated by a d-sequence, namely any
set of three general generators, but no rearrangement of the original three
generators form a d-sequence. See Exercise 5.25 for more examples.

The main theorem of this section states that if I is generated by a d-
sequence, then [ is of linear type. This theorem was proved independently
by Huneke [136] and Valla [303]. A more general statement, due to Ragha-
van [227], is given in Theorem 5.5.4.

Let F' € R[Th,...,T,]. We define the weight of F' to be i if F' € (T1,...,T;)
but F ¢ (T1,...,T;—1). We set the weight to be 0 if F' = 0.

Theorem 5.5.4 Let R be a ring, x1,...,x, a d-sequence in R, and [ =
(1,...,2,). Let A C S = R[T,...,T,] be the defining ideal of the Rees
algebra of I, and let A1 C A be the ideal in A generated by all homogeneous
polynomials in A having degree 1. If F(T1,...,Ty) is a form in S of degree d
such that F(x1,...,2,) € (z1,...,2;), then there exists a form G(1y,...,T,)
of degree d and weight at most j such that F — G € A;.

Proof: Use induction on d. Suppose that d = 1. Since F(x1,...,x,) €
(z1,...,2j), we may write F(x1,...,2,) = > 7_, riz;. Set G(Ty,...,T,) =

zzl r;T;. Clearly the weight of G is at most j. Since (F—G)(z1,...,2,) =0
and since the degree of F' is one, F' — G € A;.

Let d > 1, and assume the theorem is true for smaller values of d. Now use
induction on the weight of F'. If the weight of F' is at most j, set G = F. If
not, write F' = Ty Fy + F5, where the weight of F} is k and the weight of F5
is at most k — 1, and both F} and F» are homogeneous. Note that deg(F}y) =
d — 1. We have that F(x1,...,x,) = zpF1(x1,...,2n) + Fo(z1,...,2,) €
(1,...,2;), and Fy(x1,...,2y,) € (z1,...,25—1). Hence

Fi(zq,...,2n) € (1, .y xp—1) txi) N L = (21, ..., Tp—1).

Apply induction to F}; we obtain that there exists a homogeneous polynomial
G of degree d — 1 such that the weight of G; is at most k — 1 and such that
F, — Gy € A;.

Set G’ = TGy + F5. The weight of G’ is at most k& — 1. Moreover,
F -G = Ty(Fy — G1) € A;. We apply the induction to G’. Notice that
G'(x1,...,zn) = F(z1,...,2,) € (x1,...,2;) and G’ has weight at most
k — 1 and has degree d. By induction there exists a homogeneous polynomial
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G of degree d and weight at most j such that G — G’ € A;. It follows that
F—-G=(F-G)+ (G- G) € Ay, finishing the proof. ]

Corollary 5.5.5 Let R be a ring. If x1,...,x, is a d-sequence in R, then
the ideal I = (x1,...,x,) is of linear type.

Proof: Let A and A be as in the theorem above. If F(1y,...,T;,) € A and

F is homogeneous of degree d, then since F(z1,...,z,) = 0 we can apply
Theorem 5.5.4 with 5 = 0 to conclude that F' € A;. ]
Corollary 5.5.6 Let R be a ring and x1,...,x, be a reqular sequence. The

defining ideal of the Rees algebra of (x1,...,xz,) is generated by the 2 x 2

minors of the matrix
xl 272 .. ‘/Il'/'n
™ T, - T,)°

Proof: Since a regular sequence is a d-sequence, by Corollary 5.5.5 the defining
equations of the Rees algebra are linear, coming from a presentation matrix

of (z1,...,z,). But the relations on z; ..., x, are generated by the Koszul
relations, x;x; — xjx; = 0, which translate into the equations x;T; — x;T; in
R[Ty, ..., T,]; these are exactly the 2 x 2 minors of the given matrix. O

We can pass from the equations of the Rees algebra to not only the equations
defining the extended Rees algebra, but also the equations of the various affine
pieces of the blowup of the ideal I. The next two propositions detail this
process.

Proposition 5.5.7 Let R be a Noetherian ring, 1,...,x, € R, T1,..., T,y
variables over R. Set S = R[Th,...,T,], and write R[x1t, ..., x,t] = S/A,
where the isomorphism identifies T; with x;t. Consider the induced surjective
map ¢ : Sly] — Rlx1t,. .., x.t,t7 ] sending y to t=1 and T; to x;t. Then the
kernel of ¢ is equal to AS[y| + (yT; — x;).

Proof: We can make ¢ a graded map of degree 0 between Z-graded rings by
giving y degree —1 and T; degree 1 for all 1 < i <n. Let T = S[y]/(AS[y] +
(yT; — ;). T clearly surjects onto R[z1t,...,z,t,t!]. Notice that T/(y) =
S/A+ (x1,...,2,)8) = Rlz1t,...,z,t,t71/(t71), as these algebras are all
isomorphic to the associated graded algebra of I. Let K denote the kernel of
the homomorphism of T onto R[z1t,...,x,t,t~1]. Tensor the exact sequence

0K —T— Rlxit,...,zot,t7] =0

of T-modules with T//yT. Since the image of y in R[zit,...,x,t,t71] is a
regular element (namely ¢—1), it follows that the sequence

0 = K/yK — T/yT — Rlxit,...,xot, t /(71 =0

is exact. The right-hand terms are isomorphic, which proves that K = yK.
We claim that K = 0. It suffices to prove that Kj; = 0 for every maximal
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ideal M of T. If y € M, then Nakayama’s Lemma proves that K,; = 0. If
y ¢ M, it suffices to prove that Thy = R[z1t,...,x,t,t"1]3;. We prove the
stronger statement that T[y~!] & R[xit,...,x,t,t71,t] = R[t,t71] via the
map determined by . We first claim that AS[y,y~ ! C (yT; — x;)S[y, y~1].
This follows since if F'(Ty,...,T,) is homogeneous of degree d and F' € A, then
modulo the ideal (yT; —z;)S[y, vy~ ] = (T; —y~'x;)S[y,y~1], F is congruent to
Fly™‘zi,...,y7'2,) =y F(z1,...,2,) = 0. Thus T[y~1] = Sly, vy~ /(T;—
ylz;) 2 Rly,y | =2 R[t™!,¢]. Hence K = 0. ]

Proposition 5.5.8 Let R be a Noetherian ring, x1,...,x, € R, T1,...,T),
variables over R. Write R[x1t, ..., x,t] = R[T1,...,T,]/A, where the isomor-
phism sends T; to x;t. Then there is an isomorphism

Rlﬁ,...,x”}[m (1)Y= (R[Ty,. .., T,) /AT,

I I

which identifies R[22, ..., 2] as the component of Rlzit,. .., zut, (x1t)71] of
degree zero, where by R[”C1 . ﬁ’;] we denote the natural image of R together
with 2t inside R.,. Moreover, writing R[Yg, L Yal/J = R[22,

where the isomorphism sends the variable Y; to & o generators for J can bemée-
termined as follows: let Fy(Ty,...,Ty), ..., Fmn (Tl, ..., Ty,) be a homogeneous
generating set for A. Set d; = degF;, Yi = T,T7, and f;(Ya,...,Y,) =

Ty %E;. Then J = (f1,..., fm).
Proof: Note that (R[TY,...,T,]/A)T; ] = Rxit, ..., zut, (21t)"']. This

latter ring is equal to R[32,..., 2=][z1t, (21t)"']. The subring R[Z,..., %
is exactly the subring of elements of degree 0 in R[32,..., o Zullxqt, (:clt)_ ].

We first prove that f; € J. We need to prove that f;(2 R RRRE ml) 0. It
suffices to prove that a:ilifi(i—j, ) ,i—’;) = 0. However, a:ilifi(xl,...,ﬁ—?) =
Fi(il’,'l, ceey xn) = 0.

Now let f € J. Set d = deg f. Define F(Ty,...,T,) = f( . ’TT)
Then F(x1,...,x,) = 2 f(if e i—’;) =0, so that F'is a homogeneous poly-
nomial in A. By assumption there are homogeneous polynomials G1,...,G,,

in R[T},...,T,] such that F = Z:il G, F;. By counting degrees, we see that
deg G; = d — d;. Hence

fYa, Y =Ty F(Ty,. .. Ty) = Y TGy, ... To) fi(Ya, ..., V)
1=1

and then letting ¢;(Ys,...,Y,) = Tldi_dGi(Tl,...,Tn) we have that f =
>oit1 il O
Finally we apply these propositions to the case of a regular sequence:

Corollary 5.5.9 Let R be a Noetherian ring and let x1,...,x, be a reqular
sequence in R. There are isomorphisms

Rlzat, ... @t t71 2 R[TY, .., T, yl/ (yTs — ),
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which sends T; to z;t and y to t~, and
~ I Xz
Rlya, ..., yn]/(z1y; — x5) = R[—,...,—n},
I1 I

sending y; to z—J In particular, R[*2 Zn

22, ..., 22/ (z1) is isomorphic to the poly-
nomial ring (R}(azl, ce s ))|Y2s -y Yn] over R/(x1, ..., xy,). In addition, the
associated graded ring of J = (x1,...,x,) is a polynomial ring in n variables

over the ring R/ J.

Proof: The proof is immediate from Propositions 5.5.7 and 5.5.8 and from
Corollary 5.5.6. O

5.6. Blowing up

In this section we summarize some of the main results concerning blowing
up ideals. We refer to [121] for a fuller treatment. There is no doubt that
blowing up is one of the key operations in birational algebraic geometry. While
it often can be replaced by considerations involving Rees algebras, this can
lead to awkward and difficult issues. On the other hand, without knowledge
of resolution of singularities, blowing up loses much of its power. We have
chosen to keep this book largely self-contained, and will not use resolution of
singularities as a tool. But certainly deeper studies of integral closure often
rely both on blowing up and on resolution of singularities.

Definition 5.6.1 Let R = @;>0R; be a graded ring, and set Ry = ®;>oR;,
the so-called irrelevant ideal. We define
Proj(R) = {homogeneous primes P| Ry ¢ P}.

We give Proj(R) a topological structure by choosing a basis of open sets to
be D (f) = {P € Proj(R)|f ¢ P}, where f is a homogeneous element of
positive degree. We define a scheme structure on X = Proj(R) by letting
Ox(D+(f)) = [Rflo, the degree zero part of the localization of R at f, where
f is homogeneous of positive degree.

We refer the reader to standard books such as [110] or [68] for information
about schemes. Suffice it to say here that the scheme structure on Proj(R)
consists of a collection of rings that paste together in a natural way, e.g.,
if R is generated by R; over Ry and ay,...,a, generate Rj, then [R,,]o =
Ro[%, ..., %] and Proj(R) consists of these rings pasted along their natural
overlaps.

Definition 5.6.2 Let R be a ring and I an ideal. We give the natural grading
to the Rees algebra, R[It], by setting deg(t) = 1. The blowup of I is by
definition Proj(R[It]), which we denote as Bl;(R).

When I = (ay,...,a,), Bl;(R) is covered by Spec(R[L]), i =1,...,n, a
so-called affine covering of Bl;(R). Z
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We can use this covering to compute the Cech cohomology of Bl 1(R), which
in turn is the sheaf cohomology. Specifically, set X = BIl;(R). The ith
cohomology H*(X,Ox) is the ith cohomology of the complex

12 n

1
0— @ZR[—} — @i<jR[
a; CLZ'CLJ'

o]

ap---ay,
where the maps are induced from the natural maps coming from degree 0
parts of localizations at products of the elements a; with signs induced from
the Koszul cohomology. The first module EBiR[aii] is the Oth component in
the complex.

There is an important exact sequence, discovered by Sancho de Salas [259],
which relates various cohomologies of the blowup with local cohomology. This
sequence was developed further in [190], and used, for example, in [146]
and [145]. Let R = @;>0R; be a Noetherian graded ring, let I be an ideal
of Ry, and let M = &, _7M; be a graded R-module. Set X = Proj(R), £ =
X Xgpec(r) Opec(R/I), m = IR+ R, and let M,, denote the quasi-coherent
sheaf on X associated to the graded R-module M(n) (where M(n),, =
M, 4). The Sancho de Salas sequence is:

oo HL (M) — @REZH}(M,L) — @nEZH%‘E(X, M,) = HIFY (M) — - -

This sequence has been especially useful to study the Cohen—Macaulay prop-
erty of the Rees algebra of an ideal.

5.7. Exercises

5.1 Let I and J be ideals in a Noetherian ring R. Prove that JR[t,t~1]N
R[It, 7Y = ®ien(J NIt and JR[t, 7 N R[It] = ®ien(J N IHE.
5.2 Prove or disprove:
(i) For ideals I and J in a Noetherian ring R, the Rees algebra of
the image of I in R/J is R[It]/JR[It].
(ii) For ideals I and J in a Noetherian ring R, the extended Rees
algebra of the image of I in R/J is R[It,t~']/JR[It,t1].
5.3 Let R be a Noetherian ring and I, J ideals in R.
(i) Prove that JR[t,t71] N R[It,t7'] + ¢t R[It,t7'] is an ideal in
R[It,t™ ] of height at least ht .J + 1.
(ii) Prove that if R is local and equidimensional, then JR[t,t~1] N
R[It,t7 1]+t~ R[It,t~ '] is an ideal in R[It,t '] of height exactly
ht J + 1.
5.4 Let R be a Noetherian ring, I, J ideals in R. Prove that JR[t,t~1] N
R[It,t7 '] and JR[t,t~!] N R[It] are ideals of height at least ht.J.
Prove that if J is a prime ideal, then the two ideals have height ht J
if and only if I € J. Formulate a similar statement for heights of
JR[t,t71] N S, where S is either the integral closure of R[It] or of
R[It,t7 1] in R[t,t71].
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5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5. Rees algebras

Prove that for any ideal I in a Noetherian ring R, dimgr;(R) =
sup{ht P | P € Spec R such that I C P}.
Let I be an ideal such that the Rees algebra R|[[t] is integrally closed
in R[t]. Prove that for any n € N, R[I"t] is integrally closed in R][t].
Let I be an ideal in a Noetherian ring R such that gr;(R) is a reduced
ring. Prove that for all n, I™ is integrally closed. In other words, prove
that I is normal.
Let I be an ideal in a Noetherian ring R such that gr;(R) is a reduced
ring. Prove that R[It] is integrally closed in R[t] and that R[It, ¢!
is integrally closed in R[t,t™1].
Let I be an ideal in a Noetherian ring R satisfying N, I™ = 0 such
that gr;(R) is reduced, a domain, or respectively an integrally closed
domain. Prove that R has the corresponding property.
(The blowup of a blowup is a blowup) Let R be a Noetherian domain,
let I be an ideal in R and x a non-zero element in I. Let S = R[Z].
Let J be an ideal in S and y a non-zero element in J. Prove that
there exist an ideal K in R and a non-zero element z € K such that
RIX| = RIL|[Z).
Let R be a Noetherian ring and [ an ideal in R. Prove that there
exists an integer m such that for all n > m, Ass(R/I™) = Ass(R/I™).
In other words, for large n, the set of associated primes of the integral
closures of I stabilizes. For another proof, see Corollary 10.2.4.
Let I = (ay,...,a,) be an ideal in R, X;,..., X,, variables over R,
and ¢ : R[X1,...,X,] — R[[t] the R-algebra map with ¢(X;) = a;t
(as in Section 5.5). Clearly ¢ is graded and surjective. For n > 0, set
A, to be the ideal generated by {r € ker(y) | degr < n}, where the
degree is the (X1, ..., X, )-degree.
(i) Prove that Ag C Ay C As C -+, and that U,A,, = ker(p). The
relation type of I is the least integer n such that A,, = ker(yp).
(ii) The ideal I is said to be of quadratic type if As = ker(y). Let
I = (X%, XY,Y?) C k[X,Y] (polynomial ring in variables X
and Y over a field k). Prove that I is of quadratic type and not
of linear type. (In fact, if I is an ideal in a Noetherian local ring,
then for all large n, the relation type of I™ is two. See [319].)
Let R be a Noetherian domain and I a non-zero ideal in R. Prove
that the following are equivalent:
(i) The symmetric algebra of I is isomorphic to R[It], i.e., I is of
linear type.
(ii) The symmetric algebra of I is an integral domain.
(iii) The symmetric algebra of I has no R-torsion.
(Equation of integral dependence) Let R be a Noetherian ring, let [
be an ideal in R, and let = be an element of R. Prove that x € I if
and only if there exist an integer n and elements r; € I* such that
"+t 4 4, = 0.
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Let R be a Noetherian ring and I an ideal. Prove that N,I" =
NpP, where P varies over those minimal prime ideals of R for which

I+ P# R.
Let R be a Noetherian ring and [ an ideal in R containing a non-
zerodivisor such that I™ = I" for infinitely many n. Prove that

I" = In for all large n.
(Katz [159]; Schenzel [262]; Verma [310], [312]) Let R be a Noetherian
ring. For any ideal I and any positive integer n define I(™ to be
the intersection of the minimal components of I™. Prove that the
following are equivalent:
(i) R is locally formally equidimensional.
(ii) For every ideal I in R satisfying p(I) = ht(I), there exists an
integer k such that for all n € N, [(»+k) C J7.
(iii) For every ideal I in R satisfying that p(I) = ht([) and for every
n € Ny there exists k € Ny such that I(*®) C ™.
(iv) For any prime ideal P that is associated to all high powers of
an ideal I but is not minimal over I, and for any prime ideal
q € Ass Rp, (IRp/q) < dun(Rp/q)
(v) Let S be the set of prime ideals P containing I that satisfy the

property that for some prime ideal ¢ that is associated to Rr P,
the quotient I Rp /q is primary to PRp /q. (Such primes are
called essential divisors of I.) Then S is the set of minimal
prime ideals over I.
(See [205].) Let (R, m) be a Noetherian ring. A sequence x1,...,xs in
R is said to be an asymptotic sequence if (z1,...,25) # R and if
foralli =1,...,s, z; is not in any associated prime of (z1,...,z;)",
where n is very large.

(i) Prove that this definition does not depend on n.

(ii) Prove that every regular sequence is an asymptotic sequence.

(iii) Prove that xq,...,zs is an asymptotic sequence in R if and only
if it is an asymptotic sequence in the m-adic completion of R.

(iv) Prove that the asymptotic sequence x1,...,xs cannot be pro-
longed to a strictly longer asymptotic sequence if and only if
m € Ass(R/(z1,...,Ts)).

(v) Prove that x1,...,z, is an asymptotic sequence in R if and only
if for every minimal prime ideal p in R, x1 +p,...,xs + p is an
asymptotic sequence in R/p.

Let (R, m) be a complete local Noetherian domain, and z1,..., x5 €
m. Prove that x1,...,xs is an asymptotic sequence if and only if for
alli=1,...,s ht(zq,...,2;) = 0.

(Another characterization of formal equidimensionality.) Prove that a
Noetherian local ring is formally equidimensional if and only if every
system of parameters is an asymptotic sequence.
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5.21

5.22

5.23

5.24
5.25

5.26

5.27

5.28

5. Rees algebras

Let (R, m) be a Noetherian local domain of positive dimension. As-
sume that there exists an integer n such that whenever a non-zero
ideal I in R is contained in m™, then m is associated to I. Prove that
the integral closure of R contains a maximal ideal of height 1.

Let R be a Noetherian domain and I an ideal. Prove that if P €
Ass(R/I™) for some large n, then there exist a € I and a prime ideal
@ in S = R[%] such that @Q is associated to a™S for all large n and
such that Q N R = P.

Let R be a Noetherian ring, I = (z1,...,z,) an ideal, and T1,..., T,
variables over R. Define 7 : R[T7,...,T,] — R|[It] to be the R-algebra
homomorphism with 7 (7;) = x;t. Let A; be the ideal in R[T,...,T,,]
generated by all homogeneous elements of total (77, ...,T),)-degree 1

that are in the kernel of 7. Let R™ 3 R® T — 0 be a presentation
of I, i.e., an exact complex, where A is an n X m matrix. If T is the
1 xn matrix [Ty, ..., T,], let L be the ideal in R[TY,...,T,] generated
by the entries of the matrix TA. Prove that A; = L.

Prove that the two conditions of Definition 5.5.2 are equivalent.

Let R be a Noetherian ring, and let P be a prime in R of height g.
Assume that there is a regular sequence of length ¢ in P, that Rp is
regular, and that P has g + 1 generators. Prove that P is generated
by a d-sequence.

Let R be aring and x4, ..., x, a d-sequence. Prove that the elements
z1t,...,x,t in the Rees algebra R[z1t,. .., z,t] form a d-sequence.
Prove that the ideal generated by the 2 x 2 minors of a generic n X
m matrix over Z is a prime ideal by using Exercises 5.23, 5.26 and
Theorem 5.5.4 repeatedly.

(Huckaba and Huneke [130, Theorem 3.11]) Let & be a field of charac-
teristic not three, let R = k[z,y, 2], and let I = (2%, 2(y> +23), y(y> +
23), 2(y3+23))+(z,y, 2)°. Prove that I is a height three normal ideal,
that gry. (R) is not Cohen-Macaulay for any n > 1, and if X is the
blowup of I, that then X is normal but H?(X,Ox) # 0. (Hint: use
Exercise 1.17.)
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Valuations

6.1. Valuations

This chapter presents the theory of valuations, which besides being a major
topic in itself, is also an important tool in the study of the integral closure
of ideals. A classic reference for this material is Chapter VI of Zariski and
Samuel’s book [324]. We owe much to their presentation and make no pretense
of covering this material as thoroughly or as well in this book. Zariski’s inter-
est in valuation theory was motivated by resolution of singularities. In [323]
he gave a classification of valuations in a two-dimensional algebraic function
field. He used this to prove local uniformization for surface singularities. See
Cutkosky’s book [54] for a modern treatment. For much more on classical
valuations a reader may consult [74], [247] or [199]. For a history of valua-
tions from its beginning with the 1912 paper of Josef Kiirschék see [251]. For
valuation theory from a constructive point of view see for example [208].

In most of this book, the emphasis is on Noetherian rings, but we treat
more general rings in this chapter. A reader may want to read this chapter by
concentrating only on the Noetherian valuation rings, that is, on the valuation
rings with value group Z.

Definition 6.1.1 Let K be a field. A valuation on K (or a K-valuation)
is a group homomorphism v from the multiplicative group K* = K \ {0} to a
totally ordered abelian group G (written additively) such that for all x and y
m K,

o(z +y) > min{o(z), v(y)}.

It follows immediately from the properties of group homomorphisms that
v(1) =0, and that for all z € K \ {0}, v(z™!) = —v(x).

When R is a domain with field of fractions K and G is a totally ordered
abelian group, then a function v : R\ {0} — G satisfying the properties

v(zy) =v(x) +oly),  v@+y)=>min{o(z),v(y)}

for all z,y € R can be extended uniquely to a valuation v : K\ {0} — G
by setting v(§) = v(z) — v(y) for any non-zero x,y € R. It is easy to verify
that this is well-defined and yields a valuation on K. For this reason we also
sometimes call such a “partial” function v : R\ {0} — G a valuation.
Sometimes we write v : K — G U {oo} by assigning v(0) = oo, where
G U {oo} is totally ordered and extends the structure of G via the relations
c0+g=g+00=00+00=00,and g < oo forall geGaG.
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Remark 6.1.2 Let K be a field, z1,...,z, € K, and v a K-valuation.
Then v(d"1 , x;) > min{v(z1),...,v(zy,)}. If v(x;) are all distinct, then
o(X0 2;) = minfu(z;)}.

The first statement follows from the definition by an easy induction. The
second statement we prove by induction on n. It suffices to prove the equality
in the case n = 2. In this case we relabel x = x1,y = x2. Without loss of
generality we may assume that v(z) > v(y). Suppose that v(z +vy) > v(y) as
well. Then v(y) = v(—y) = v(z — (z +y)) > min{v(z),v(z + y)}, which is a
contradiction.

Remark 6.1.3 (This is an example of a Gauss extension.) Let K be a
field and X a variable over K. Any K-valuation v can be extended to K (X)
as follows: whenever ag,...,a, € K, define w'(ag + a1 X + -+ + a, X") =
min{v(agp),...,v(a,)}. This gives a function w’ on K[X] that satisfies the
properties w'(fg) = w'(f) + w'(g) and w'(f 4+ g) > min{w’(f),w'(g)}. Hence
w’ extends to a valuation w on K(X). In case R is a domain with field of
fractions K such that v is non-negative on R, then w is non-negative on R[X].

The simplest valuations to define and work with are the so-called monomial
valuations:

Definition 6.1.4 A wvaluation v on the field of fractions of the polynomial
ring k[X1,...,Xq4] over a field k is said to be monomial with respect to
X1,...,Xq if for any polynomial f, v(f) equals the minimum of all v(X*) as
X* varies over all the monomials appearing in f with a non-zero coefficient.
A function v : k[X4,...,X4] \ {0} — G for which v(X3),...,v(X4) are
known, and for which whenever r, is a finite collection of elements of k,
v(dor, X*) = min{}_, v;u(X;)|r, # 0}, is well-defined, by uniqueness of the
representation of polynomials. It is left to the reader to show that v is a
valuation and that it extends uniquely to a valuation on k(X7y, ..., Xy). Note
that a monomial valuation v is determined uniquely by v(X1),...,v(Xyg).
Some particular examples of such valuations are :

Example 6.1.5 Let k be a field, X and Y variables over k, and K =
k(X,Y). Let v be a monomial valuation on K defined by v(X) =1, v(Y) =
1/2. Observe that every element of the subfield k(%) has value 0.

Example 6.1.6 Let k be a field, X and Y variables over k, and K =
k(X,Y). Let v be a monomial valuation on K defined by v(X) = v/2, v(Y) =
1. Note that a monomial X*Y7 i,j € Z has value at least n if and only if
ivV2 4 j > n. The elements of value 0 are exactly the non-zero elements of k.

Non-monomial valuations exist:

Example 6.1.7 Let R = k[X, Y], where k is a field and X, Y variables over
k. Let e(X) be an element of Xk[[X]]| that is transcendental over k[ X]. (Note
by Exercise 3.13, k[[X]] has infinite transcendence degree over k[X].) Write
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e =35 €X' Define v: R\ {0} — Z by
f(X,)Y) = max{n| f(X,e(X)) € X"k[[X]]}.

Then v is a valuation on R, so that its extension to the field of fractions of R
(also denoted v) is a valuation. However, v is not a monomial valuation with
respect to X, Y. To prove this, let n be the smallest positive integer such that
en #0. Then v(Y) =n, v(e, X™) =n, and v(Y — e, X™) > n. Thus this v is
not a monomial valuation.

More generally, without the restriction that v be a monomial valuation,
there may be infinitely many valuations on the function field k(X;,..., X,)
with given values for the variables (see Exercise 6.12).

There is a natural way to identify some valuations:

Definition 6.1.8 Let K be a field. We say that valuations v : K* — G, and
w: K* — G, are equivalent if there exists an order-preserving isomorphism
@ @ image(v) — image(w) such that for all « € K*, p(v(a)) = w(a).

Observe that a given valuation v : K* — G is trivially equivalent to the
natural valuation v : K* — image(v). Also, any valuation v : K* — Z is
equivalent to 2v : K* — Z.

6.2. Value groups and valuation rings

Going hand-in-hand with valuations are valuation rings and value groups:

Definition 6.2.1 Let K be a field and v a K-valuation. Then the image
'y = v(K*) of v is a totally ordered abelian group, called the value group

of v.

Definition 6.2.2 Let K be a field. A K-valuation ring, or simply a val-
uation ring or a valuation domain, is an integral domain V whose field
of fractions is K that satisfies the property that for every non-zero element
x €K, eitherx eV orz=teV.

The set of ideals in a valuation domain V' is totally ordered by inclusion.
Namely, if I and J are ideals in V and « € I'\ J, then for each non-zero y € J,
either xy=' € Voryz=' € V. If zy~! € V then = (zy~ ')y € J, which is
a contradiction. Thus for all y € J, yx~! € V, so that y = (yz~!)z € I and
hence J C I.

It follows that a valuation ring V has a unique maximal ideal, which is the
ideal of all non-units: {z € V |z = 0or 27! ¢ V}. The maximal ideal is
usually denoted as my .

One can construct a valuation domain from a valuation: given a valuation

v: K* — G, define
R, ={re K*|v(r) > 0} U{0}.

It is easy to see that R, is a subring of K with a unique maximal ideal
m, = {r € K*|v(r) > 0} and is a valuation domain. We call R, the valuation
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ring corresponding to the valuation v. We denote the residue field of R, by
k(v) or by k(V) with V = R,,.
If v and w are equivalent valuations, then clearly R, = R,,.

Proposition 6.2.3 Let V' be a valuation domain with field of fractions K.
Let Ty = K*/V*, where V* C K* are the multiplicative groups of units, and
let v : K* — I'y be the natural group homomorphism. By convention the
operation on I'y s written as +. Then I'y is a totally ordered abelian group,
v is a K-valuation, and I'y is the value group of v.

Proof: As K™ is abelian under multiplication, so is I'yy. We order I'y as
follows. Let z,y € K such that the image of x in I'y is «, and the image of
y in I'y is B. Then define a < B if yz=! € V. We leave it to the reader to
prove that this order makes I'y, a totally ordered abelian group whose group
structure is compatible with the order.

Now we prove that v is a K-valuation. Certainly v(xy) equals the image
of x times the image of y, which in additive notation of I'y is written as
v(z) 4+ v(y). To prove the second property of valuations, observe that either
xy~t € Vor x7ty € V. Assume that zy~! isin V. Then (x +y)/y € V so
that v(z +y) > v(y) > min{v(z),v(y)}. The case where z~ 'y € V is handled
similarly.

As v is surjective, the value group of v is exactly 'y . []

In particular, tracing the argument above shows that if K is a field and v
is a K-valuation, the valuation obtained as in the proposition above from the
valuation ring R, of v is equivalent to v. Furthermore, if V is a K-valuation
ring and v is the valuation obtained from V as in the proposition above, then
the valuation ring of v is exactly V.

Thus K-valuation rings and equivalence classes of K-valuations are in nat-
ural one-to-one correspondence. In the sequel, if the valuation v corresponds
to a valuation ring V, then the value group of V is also called the value
group of v, and is denoted I'y or by I',.

Of special interest are the real-valued valuations. These are characterized
by having the Archimedean property.

Definition 6.2.4 Let I' be a totally ordered abelian group. We say that T is
Archimedean if for any elements g,h € I' such that g > 0, there exists a
positive integer n such that ng > h.

Theorem 6.2.5 (Holder) Let T' be a totally ordered abelian group that is
Archimedean. Then T' is isomorphic to a subgroup of R.

Proof: Forr = € Q with n,m € Z and m > 0, we write ra < b if na < mb.
This does not depend on the representation of r as a quotient of integers.
Let a be a fixed positive element in I' (i.e., a > 0). For b € T" positive, set
Sy = {r € Q|ra < b}. Since there is n € Nyg with b < na, n is an upper
bound for S,. Define ¢ : I' = R by ¢(0) = 0, for b > 0, ¢(b) = sup(Ss), and
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©(—b) = —(b). To show that ¢ is a homomorphism, it is enough to prove
that ¢(b+ ¢) = ¢(b) + ¢(c) for b,c > 0. Set = = (b) and y = p(c), and
z=@(b+c). Then z +y < z, since if r,s € Q with » < z and s < y, then
ra < band sa < ¢, so (r+ s)a < b+c, yielding r + s < z. Next, suppose that
x + 1y < z. Then there exist rational numbers r» and s such that x <r, y < s
and r + s < z. From these inequalities we see that (r + s)a < b+ ¢ but that
ra > b and sa > c. This is impossible. Therefore, x + y = z, proving that ¢
is a homomorphism.

We next show that ¢ preserves inequalities, and so it is one-to-one. It is
enough to prove that if b > 0, then ¢(b) > 0. If b > 0, there is m € N5y with
a < mb, so % € Sp. Therefore, 0 < % < (b), as desired.

It is worth remarking that in this embedding, ¢(a) = 1. The element a can
be chosen to be an arbitrary positive element of T'. ]

A special subset of the real-valued valuations are the integer-valued valua-
tions, and they play a major role in the theory of integral closure of ideals in
Noetherian rings (see subsequent sections, especially 6.8, and Chapter 10).

6.3. More properties of valuation rings

In this section we prove some basic properties of valuation rings and passages
between various valuation rings. For example, we prove in Proposition 6.3.1
that valuation domains are integrally closed. We show that intersecting a
valuation ring with a subfield of its field of fractions gives a valuation ring
(Proposition 6.3.7).

Proposition 6.3.1 A valuation domain V is integrally closed.

Proof: Let = be in the field of fractions of V such that " +rz" 4+ 47, =
0forsomer; inV. Ifx € V,thenz~! € V,sothat 1+rz 4+ - +r,a™" =0,
whence 1 is in the ideal z7!V. Hence z~! is a unit in V, contradicting the
assumption that z ¢ V. O]

From the definition it follows that every ring between a K-valuation domain
and K is also a valuation domain. Thus overrings of valuation domains are
special. But also ideals are special:

Lemma 6.3.2 LetV be a valuation domain.

(1) Let I be an ideal of V and let G be a finite generating set of I. Then
there exists z € G such that 2V = 1. In other words, if v is the valuation
corresponding to V', then {v(i)|i € I \ 0} achieves a minimum on G.

(2) If for some z,y in'V, (x,y)V # yV, then for allr € V, (x —ry)V =
(z,y)V.

Proof: Proof of (1): By induction it suffices to prove that every two-generated

ideal is principal. So let =,y € V be non-zero elements. Then either zy~! or

yx~!is in V, which says that either z € yV or y € V.
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We already proved (2) for valuations in Remark 6.1.2, and (2) is a restate-
ment for valuation rings. O

Thus every finitely generated ideal of a valuation ring is principal.

Lemma 6.3.3 Let R be a ring, I an ideal of R, and V1,...,V, valuation

domains that are R-algebras. Assume that for each j = 1,...,n, IV} is a

principal ideal. (This holds, for example, if I is a finitely generated ideal in R

or if all the V; are Noetherian.)

(1) There exist m € Nsg and x € I"™ such that for all i, xV; = I™V;.

(2) For i = 1,...,n, let m; be the mazximal ideal of V;. Assume that R
contains units uy,...,un,—1 with the property that modulo each m; N R,

all w; are distinct. Then there exists an element x € I such that for all
1=1,...,n, 2V; =1V,.

Proof: The case n =1 is Lemma 6.3.2. So assume that n > 1.

Proof of (1): for all ¢ = 1,...,n, by induction on n there exist a positive
integer m; and an element x; € I"™¢ such that for all j # ¢, x;V; = IV, If
for some i, x;V; = I"™V;, we are done, so assume the contrary. Set m = [[m,,
ri =m/mi,x =73 ;' a:;J .-.2™. Then z € I~V and by Lemma 6.3.2,
zV; = ™=V for all i.

Proof of (2): By induction we may assume that there exist z,y € I such
that for all « < n and all 7 > 1, 2V; = 1V;, yV; =1V;. If 2V,, = IV,,, we
are done, so without loss of generality xV,, # I'V,,. Similarly, yV; # IV;. By
Lemma 6.3.2, for any unit v in R, (z —uy)Vh = IV; and (x — uy)V,, = IV,,.

It remains to find a unit w such that for all: =2,...,.n—1, (x —uy)V; =
IV;. If (z —uy)V; # IV;, then © — uy € myI. So now using our units, if
r — ujy,r — upy € m;l, then (u; — up)y € m;l. By assumption, if j # k,
u; — ug is a unit in V;, so that y € m;I. But IV; = yV;, so that for some
r € m;, y = ry, contradicting that V; is a domain. Thus for each i, there
is at most one u; in R for which x — u;y € m;I. As there are n — 1 of the
u; and only n — 2 valuations Va,...,V,,_1 to consider, for at least one wu;,
(x —u;y)V; =1V, fori=2,...,n—1, and hence also for alli =1,...,n. O

It follows that a Noetherian valuation domain is a local principal ideal
domain. Here are some further equivalent formulations:

Proposition 6.3.4 Let (R,m) be a local domain, K its field of fractions,
and R # K. Then the following are equivalent:

(1) R is a Noetherian valuation domain.

(2) R is a principal ideal domain.

(8) R is Noetherian and the maximal ideal m is principal.

(4) R is Noetherian, and there is no ring properly between R and K.

(5) R is Noetherian, one-dimensional, and integrally closed.

(6) Nym™ =0 and m is principal.

(7) R is a valuation domain with value group isomorphic to Z.
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Proof: (1) implies (2) by Lemma 6.3.2, and the other equivalences of (1)
through (4) are easy. (1) implies (5) has been established in this section. The
implication (5) implies (6) follows by Proposition 4.1.1 and Krull’s Intersection
Theorem. Assume (6). Let z € R such that m = zR. Let I be an arbitrary
non-zero proper ideal in R and let y be a non-zero element in I. By properness
of I there exists r; € R such that y = riz. From r; we construct by induction
finitely many r,, € R satisfying y = r,2™ as follows. If r,,_1 € m, there exists
rn € R such that y = r,2". As N;m’ = 0 and y is non-zero, necessarily for
some n the corresponding 7, is not in m. Thus yR = 2™ R. Let y be an element
in I for which such n is least possible. Then I = 2™ R = yR is principal, so
(6) implies (2). (2) clearly implies (7). Now assume (7), namely that R is a
valuation domain with value group isomorphic to Z. Let v be the composition
of the maps K* — K*/R* = Z. Then there exists x € K such that its image
in Z under v is 1, and so z € R is not a unit. Let I be an arbitrary non-zero
ideal in R. There exists y € I such that v(y) = min{v(i)|i € I} =n € N.
Then v(yz~™") = 0 and v(zx~"™) > 0 for all z € I. Thus yz~" is a unit in R
and I = 2" R = yR, so R is a principal ideal domain, and (2) holds. O

One can immediately deduce the following:

Corollary 6.3.5 A wvaluation domain V' is Noetherian if and only if T'y is
Z or Q.

There exist one-dimensional valuation domains that are not Noetherian
and thus their value groups are not Z. However, their valuations are still
real-valued:

Lemma 6.3.6 The value group of a one-dimensional valuation ring V is
isomorphic to a subgroup of R.

Proof: Let I' be the value group of V. We will prove that I' is Archimedean,
and then apply Theorem 6.2.5. Suppose that I' contains g, h such that g > 0
and such that for all positive integers n, ng < h. Let x € V' have value g and
y € V have value h. Then yV is a non-zero ideal in V' whose radical does not
contain z. Hence there exists a prime ideal P containing y but not x, which
contradicts the one-dimensionality of V. ]

A method of generating valuations, and Noetherian valuations as well, is
via intersections with a subfield of its field of fractions:

Proposition 6.3.7 Let V be a K-valuation domain and F a subfield of K.
(1) The intersection V N F is an F-valuation domain.

(2) If V is Noetherian, then so is VN F.

(8) If F C K is an algebraic extension, then I'y ®;, Q = I'var ®7 Q.

Proof: Let x € F*. Then v € K* so that either z € V or x=! € V. Thus
eitherz € VN Foraz~' € VNF, so that VN F is an F-valuation domain.
Certainly I'ynp C Ty .
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If V' is Noetherian, then by Corollary 6.3.5 I'y, is a subgroup of Z, hence
I'vAr is a subgroup of Z, whence V N F' is Noetherian by the same corollary.
Assume that K/ F is algebraic, and let z € K. Let " +a " 4 +a, =0
be an equation of algebraic dependence of x over F. Set ag = 1. Then for
some 4,7 with 0 < i < j < n, v(a;z""%) = v(a;z"7). Hence (i — j)v(z) =
v(a;) —v(a;) € Tvap. 0

6.4. Existence of valuation rings

In this section we prove the existence of many valuation rings. In particular,
we prove that every prime ideal in an integral domain is a contraction of the
maximal ideal of some valuation overring. When the domain is Noetherian,
the valuation overring may be taken to be Noetherian as well.

The following lemma first appeared in Cohen and Seidenberg [43].

Lemma 6.4.1 Let R be a domain with field of fractions K. Let m be a
prime ideal of R. For all x € K*, either mR[z] # R[z] or mR[x~!] # R[z™1].

Proof: The hypotheses and conclusion are not affected if we first localize
at the multiplicatively closed set R\ m. Thus we may assume that m is
the unique maximal ideal of R. Suppose that mR[z™!] = R[z~!]. Then
l=ap+az ' +as272+ -+ a,z~™ for some a; € m, hence (1 — ag)z™ =
a1z '+ ax™ 2+ 4a, Asayg €m, 1 —agis a unit in R, so that z is

integral over R. Thus R[z] is an integral extension of R, and by Lying-Over

(Theorem 2.2.2), mR[x]| # R[x]. O

In the proof above, one could avoid the usage of the Lying-Over Theorem
by instead assuming for contradiction that mR[x] = R[z|. Then for some
CoyeryCm € MR, 1 = cppx™ + 1™ L + -+ 4+ ¢g. We may assume that

both m and n are chosen to be minimal, and that by possibly switching x and
x~ 1, n < m. But then substituting 2™ = (1—ag) " !(a12" '+ -+a,) into this
equation produces a strictly smaller m, which gives the desired contradiction.

Theorem 6.4.2 (Existence of valuation domains) Let R be an integral do-
main, not necessarily Noetherian, and let P be a non-zero prime ideal in R.
Then there exists a valuation domain V' between R and the field of fractions K
of R such that my N R = P.

Proof: By localizing we may assume that R is local with maximal ideal m = P.

Let 3 be the collection of all local rings (S, mg) such that R C S, mS C mg,
and S C K. The set ¥ is not empty as it contains (R, m). We put a partial
order < on 3: (S,mg) < (5, mg/) if S C S" and mgS’ C mg/. It is easy to
prove that every ascending chain in ¥ has an upper bound, so that by Zorn’s
lemma, ¥ has a maximal element (V, my).

By construction, my N R = m. We claim that V is a valuation domain. Let
r € K. By Lemma 6.4.1, my stays a proper ideal either in V[z] or in V]z™1].
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Say my V[z] # V[z]. Let M be a maximal ideal in V[z| containing my V[x].
Set S = V[x]p and mg = M S. Then (S, mg) is an element of ¥, containing
V', so by the choice of V' it has to equal V. Hence x € S = V. This proves
that V is a valuation domain whose maximal ideal contracts to m in R. [

Moreover, when the starting ring is Noetherian, the valuation may be chosen
to be Noetherian:

Theorem 6.4.3 (Existence of Noetherian valuation domains) Let R be a
Noetherian integral domain and let P be a mon-zero prime ideal in R. Then
there exists a Noetherian valuation domain V' between R and the field of frac-
tions K of R such that if my is the mazximal ideal of V', then my N R = P.

Proof: By localization we may assume that P is the unique maximal ideal
of R. Let G = grp(R). If every element of P/P? C G is nilpotent, then
clearly the dimension of GG is zero. Hence by Proposition 5.1.6, dim R = 0.
As R is a domain, this implies that R is a field, contradicting the assumption
that R has a non-zero prime ideal. Thus not every element of P/P? C G is
nilpotent. Let x € P\ P? be such that its image in P/P? is not nilpotent
in G.

Set S = R[Z]. Since S is a finitely generated R-algebra and R is Noetherian,
S is Noetherian. If S = S, write

for some a; € P!, a € P". Then z"~! € P", contradicting the choice of z.
Thus S = PS is a proper ideal in S.

Let @ be a prime ideal in S minimal over xS. By Krull’s Height Theorem
(Theorem B.2.1), dim S = 1. Let T be the integral closure of Sg. By Lying-
Over (Theorem 2.2.2), there exists a maximal ideal M in T' containing QT
By the Krull-Akizuki Theorem (Theorem 4.9.2), T' is one-dimensional, Noe-
therian, and integrally closed, hence by Proposition 6.3.4, T is a Noetherian
valuation domain. Set V' = T); so that my = MT),. It follows that QQ C my,,
so PS = xS C my and finally P C my, hence my N R = P. L]

Observe that the proof of the existence of valuation overrings over arbitrary
domains and the proof of the existence of Noetherian valuation overrings over
Noetherian domains are quite different.

6.5. Valuation rings and completion

Proposition 6.5.1 Let V be a valuation ring with mazximal ideal m and W
the m-adic completion of V.. Then W is a valuation ring.

Proof: Let {an}n>0 and {b,}n>0 be two Cauchy sequences (in the m-adic
topology) of elements in V' whose product {a,by, }n>0 is zero in W. Then for
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all positive N there exists a real number M such that for all integers n > M,
anb, € m?Y. Thus there exists a finitely generated ideal I,, in m such that
anb, € I2N. As every finitely generated ideal is principal, there exists ¢, € I,,
such that a,b, € C%N V. Then necessarily for each n, either a, € cﬁ[ V or
by, € V. As {an}n>0 and {b,},>0 are Cauchy sequences, there exists M’
such that for all integers n > M’, a, — apy1 € mY and b, — b,y € m¥
Hence if for some ng > M, M’ a,, € CTZYOV C m%, it follows that for all
n > ng, a, € mY. It follows that {a,}n>0 is zero in W. Similarly, if for some
ng > M,M’, b,, € CT]X)V C m%, then {b,},>0 is zero in W. Thus W is a
domain.

Let = be in the field of fractions of W. Write = = {ay }n>0/{bn }n>0, Where
{an}n>0 and {b,},>0 are two Cauchy sequences in V. For each n, either
v(an) > v(by) or v(a,) < v(b,). Thus after choosing subsequences, either
for all n, v(a,) > v(b,), or for all n, v(a,) < v(b,). Thus either x € W or
1/z e W. O

In our applications, we will be considering valuation domains V' containing
a (Noetherian) domain R with the same field of fractions. In that case, we
call the prime ideal my N R of R the center of V on R.

The following result of Abhyankar (Abhyankar [5, pages 513-514]), here
slightly generalized, enables the passage between a Noetherian local domain
and its completion while preserving some basic properties of valuation over-
rings (a weaker version of this already appeared in Abhyankar and Zariski [9]):

Proposition 6.5.2 Let (R,m) be a Noetherian local domain with field of
Jractions K. Let R be the m-adic completion of R, and @ a minimal prime
ideal in R (so that Q N R = 0). Let L be the field of fractions of R/Q. For
any real-valued L-valuation centered on m(f{/Q) the contraction to K gives
a K-valuation centered on m that preserves the value group and the residue
field. No two such L-valuations contract to the same K-valuation. Thus the
contraction of real-valued L-valuations centered on m(R/Q) to K-valuations
18 a one-to-one map.

Proof: Let w be a real-valued L-valuation, and v its contraction to K*. Let
V' be the K-valuation ring corresponding to v and W the L-valuation ring
correspondmg to w. By abuse of notation we write the image of an element
x of R in R/Q also as z. Let z be any element of R\ Q. Set ¢t = w(x)
and s = w(m(R/Q)). For any integer u > ¢/s there exists 2/ € R such that
2 — 2’ € m*R. Then w(z) = w(z’ + (z — #')) = w(a’) = v(z’). Thus w and v
have the same value groups.

Now let z,y € R\Q with z/y € W. As above, there exist non-zero 2/, y’ € R

suiihthatw(x ') > w(x) =w(') =v(x), (y y') > w(y) =w(y )—v(y)

T r—x — x
i ._+y y T
Y x y Yy !

€ Myy.

< |8
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Since z'/y’ € V, this proves that the residue fields of V' and W are the same.
Clearly v is uniquely obtained from w, and if a real-valued L-valuation w’
contracts to v, then w’ = w. (]

With notation as in the proposition, it is not true that every real-valued
K-valuation centered on m extends to a real-valued L-valuation:

Example 6.5.3 Consider Example 6.1.7, this time with R = k[X,Y](x y)
(localization). Let w be an extension of v to k[[X,Y]]. Then for all positive
integers n,

w(Y — Z e; X") > min{w(Y — ZeiXi + Z e; X", w(— ZeiXi)}

i>1 i>1 i>n i>n
> min{w(Y — ) e X"), w(X™)}
<n
= min{v(Y — ZeiXi),v(X”)} >n,
<n

so that w(Y — >, €;X") cannot be a real number.

However, for Noetherian local rings whose completions are domains, every
valuation centered on the maximal ideal does extend to some valuation on its
completion, it just need not be real-valued:

Proposition 6.5.4 Let R be a Noetherian domain and S a faithfully flat
extension that is a domain. Let K be the field of fractions of R and L the field
of fractions of S. Then any K-valuation that is non-negative on R extends
to an L-valuation that is non-negative on S. In particular, if R is local with
completion a domain (i.e., R is analytically irreducible), then for any valua-

t/zion domain V between R and K there exists a valuation domain W between
R and L such that W contracts to V.

Proof: Let V be a K-valuation ring with center on a prime ideal m. Let T
be the smallest subring of L containing V and S. Suppose that myT = T.
Then we can write 1 = 2?21 a;s; for some a; € my and s; € S. Write
a; = b;/cfor some by,...,by,,c€ R. Thenc=>"_ b;s; € (by,...,b,)SNR =
(b1,...,b,)R, the latter equality by the faithful flatness of S over R. Then
1€ (ay,...,a,)V Cmy, which is a contradiction. Thus necessarily my T is a
proper ideal in T'. By Theorem 6.4.2, there exists a valuation ring W between
T and L such that myW # W. Hence WNK CV,andas V CT C W, then
also WNK =1V. []

Discussion 6.5.5 Let (R, m) be an analytically irreducible local ring with
field of fractions K and completion R. Let V be a valuation domain such
that R C V C K. The question of when there exists a unique extension of
V to the field of fractions of R is interesting and delicate. In [117], Heinzer
and Sally studied this problem when R is assumed to be integrally closed.
Among their results is the statement that if W is a valuation ring containing
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R and contained in the field of fractions of R such that every non-zero prime
of W lies over either mR or a height one prime of R, then W is the unique
extension of V.= W N K to a valuation domain birationally dominating R.
In [55], Cutkosky and Ghezzi study when there is an immediate extension of
V to a valuation ring W birationally dominating R in the sense that the value
groups and residue fields of V' and W are the same. For more on valuations
on an analytically irreducible ring (R, m) and on its m-adic completion, see
Proposition 9.3.5.

The following shows that some extensions of valuations to completions can
be obtained without the assumption that the completion of R be an integral
domain. We leave the straightforward proof to the reader.

Lemma 6.5.6 Let V be a valuation ring and v the corresponding valuation.

Assume that v is real-valued.

(1) Let W be the set of all sequences {an}n>0 of elements of V' satisfying the
property that for each positive number C' there exists a positive integer
M such that for allm > M, v(any1 — an) > C. We define addition and
multiplication on W to be componentwise. Then W is a commutative
ring with 1.

(2) Define two elements {an}n and {by}n of W to be equivalent if for all
positive numbers C' there exists a positive integer M such that for all
n > M, v(a, —b,) > C. Then the set of all equivalence classes V is a
valuation domain containing V' whose value group contains I, and is a
subgroup of R.

(8) Let (R,m) be a Noetherian local domain with field of fractions K such
that R CV and my N R =m. Then there is a natural map R— f/, and
the maximal ideal of V contracts to the maximal ideal of R.

6.6. Some invariants

There are several invariants one can define for a valuation that give insight
into the structure of the valuation.

Definition 6.6.1 Let V = R, be a valuation domain corresponding to the
valuation v. The rank of v is defined to be the Krull dimension of V.

The rational rank of v, denoted rat.rkv, is the rank of the value group T',
of V over Q, i.e., rat.rkv = dimg(T', ®, Q).

Suppose that k is a subfield of the residue field k(v). We define the tran-
scendence degree of v over k, tr.deg,(v), to be the transcendence degree
of k(v) over k.

The valuation and the valuation ring are said to be (generalized) dis-
crete if the value group is isomorphic to Z" with the lexicographic ordering.
Recall that this ordering declares (a,...,a,) € Z" greater than or equal to
(b1,...,by) € Z" if and only if the first non-zero entry of (a1 —by,...,a,—by)
18 positive.
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Proposition 6.6.2 A wvaluation domain that is not a field is Noetherian if
and only if it is a rank one discrete valuation domain.

Proof: This is rephrasing of Proposition 6.3.4 by using the new notation. [J

In the literature Noetherian valuation domains are often called DVRs, or
discrete valuation rings, or classical discrete valuation rings. We allow
discrete valuation rings that are not Noetherian.

The rank of the valuation is defined above as the Krull dimension of V.
But the rank of the valuation can also be determined from its value group.
First we need a definition:

Definition 6.6.3 Let I' be a totally ordered abelian group. A non-empty
subset S of T" is called a segment if for any s € S, theset {g € '| —s < g < s}
s contained in S.

A saturated filtration of segments of the value group of v is the same as the
rank of v:

Proposition 6.6.4 Let I be the value group of a valuation v, and let V' be

the corresponding valuation ring. Then the following hold:

(1) For any subgroup G of " that is a segment (i.e., an isolated, or convex
subgroup), P = {r € V| for all g € G,v(r) > g} is a prime ideal in V.

(2) For any prime ideal P in V., Gp = {£v(s)|s € V' \ P} is a subgroup of
I' that is a segment.

(3) For any prime ideal P in 'V, P,y = P, and for any subgroup G of I'
that is a segment, G(p,) = G.

(4) The set of all subgroups of I that are segments is totally ordered by in-
clusion.

(5) dimV (=rkw) is the supremum of all integers n for which I' hasn distinct
subgroups that are segments.

(6) If a subgroup G of I is a segment, then I'/G is a totally ordered abelian
group that is isomorphic to the value group of the valuation ring Vp,.

Proof: Let z,y € V'\ Pg. Choose g,h € G with v(z) < g and v(y) < h. Then
v(zy) < g + h, so that xy € Pg. This proves (1).

Let g € T such that for some s € V' \ P, —v(s) < g < v(s). By possibly
replacing g by —g, without loss of generality g > 0. Let x be in the field of
fractions of V such that g = v(x). Then v(x),v(sz~!) > 0, so that x,sz~! €
V. Hence s € 2V, whence x € V' \ P. This proves (2).

Observe that P,y = {r € V|v(r) > v(s) for all s € V'\ P}. Thus if
r € Pg,), then v(x) > v(s) for all s € V' \ P, whence z is not in V \ P,
which means that x € P. Conversely, should z € P such that v(z) < v(s)
for some s € V \ P, then s € £V C P, which is a contradiction. Thus
P C Pg,). Similarly, Gp,) = (v(s)|s € V \ Pg) = (v(s)|s € V,v(s) <
g for some g € G), so clearly G C G(p,). If g € G(p,), then without loss of
generality g = v(s) for some s € V and v(s) < h for some h € G. As G is
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a segment, g = v(s) € G. This proves (3). Since the ideals in a valuation
domain are totally ordered, so are the isolated segments of its value group, so
(4) and (5) follow as well.

To prove (6), we first prove that I'/G inherits a total order from I'. Let
h,h' € T represent distinct cosets in I'/G, and suppose that h < h'. We
claim that for all ¢ € G, h +¢g < h/. If not, there exists ¢ € G such that
h+g¢g > h'. Hence g > b/ — h > —g. Since G is a segment, it follows
that ' — h € G, a contradiction. Thus I'/G inherits a total order from T.
Observe that the localization Vp, is a valuation ring with the same field of
fractions, K, as V. We can identify I' = K*/V*. Under this identification,
we claim that I'/G = K*/(Vp,)*, which will finish the proof of (6). Clearly
I' =2 K*/V* surjects onto K*/(Vp,)*, so it suffices to prove that the kernel
of this surjection is exactly G. Let a € (Vp,)*, and write a = =, where
r,s € V' \ Pg. Then v(s) is a non-negative element of I" and there exists an
element g € G such that v(s) < g. Hence v(s) € G since G is a segment.
Similarly, v(y) € G, and since G is a group, v(a) € G. Hence the inverse
image is contained in GG. Conversely, let x € K* such that v(z) € G. Since
’U(%) € G as well, without loss of generality we may assume that x € V. Then
the definition of Pg shows that ¢ Pg, which means that % € Vp,. Therefore
T € (VPG)*. U]

The following is now immediate:

Proposition 6.6.5 A totally ordered non-trivial Archimedean abelian group
has rank one.

Now that both the rank and the rational rank of a valuation are expressed
in terms of its value group, we can also compare them:

Proposition 6.6.6 For any valuation v, rkv < rat.rkv.

Proof: We prove more generally that if I' is a totally ordered abelian group,
then its rank, defined as the length of a saturated chain of subgroups that
are segments, is at most its rational rank, defined as dimg(I' ®, Q). By
Proposition 6.6.4, this finishes the proof by setting I' =T',,.

Let n =1rkI', and let 0 = Go € G; € --- € G, =TI be a saturated chain of
subgroups of I' that are segments. If n is 0 or 1, then clearly rat.rkI" > n.
If n > 1, by induction, the rank n — 1 of G,—1 is at most dimg(G,,—1 ®7 Q).
The group G, /G, _1 is a totally ordered abelian group that is not zero, so its
rational rank is at least one. Thus rat.okI’ = rat.ok(Gp—1 ® (G, /Gr-1)) >
n—1+1=n=rkI. ]

In this book we use primarily rank one Noetherian valuations, however, the
study of arbitrary valuations is intricate and beautiful. We present a noted
result of Abhyankar on (rational) ranks of valuations:

Theorem 6.6.7 (Abhyankar [6]) Let (R, m) be a Noetherian local integral
domain with field of fractions K and residue field k. Let V be a K -valuation
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domain such that R C V, my N R = m, and let v be the corresponding

valuation. Set n = dim(R). Then

(1) rat.rkov + tr.degiv < n.

(2) If rat.rkv + tr.deg,v = n, then I'y, = Z", where r = rat.rkv, and k(v) is
finitely generated over k.

(3) If rk(v) + tr.deg,v = n, then I, is discrete.

First we prove a lemma:

Lemma 6.6.8 (Abhyankar [6]) Let F' C K be an inclusion of fields, let w
be a K -valuation, and let v be the restriction of w to F'. Then

rat.rtkw < rat.rkv + tr.degp K.

Proof: There is nothing to show if the transcendence degree of K over F' is
infinite. So assume that tr.degpK < oo. We use induction on tr.degp K. If
tr.degp K = 0, then by Proposition 6.3.7 (3), rat.rkw = rat.rkv. Now assume
that tr.degp K > 0. If for all elements x € K that are transcendental over F',
w(x) is up to a positive integer multiple in I';,, then rat.rkw = rat.rkv, and
we are done. So we may assume that for some x € K that is transcendental
over F', no positive integer multiple of w(z) is in I',. If the lemma holds for
the restrictions of w to the field extensions F' C F(z) and F(z) C K, then

rat.rtkw < rat.rk(w|p(y)) + tr.degp(,) K
<rat.tkv + tr.degp F'(z) + tr.degp,) K
=rat.rkv + tr.degp K,

which proves the lemma. Thus by induction it suffices to prove the case
K = F(x). As w(z) is not rationally dependent on I'y, for every f = ag +
arx + -+ apz™ with a; € F, w(f) = min{v(a;) + iw(x)|i = 0,...,n} by
Remark 6.1.2. It follows that I'), ®; Q is generated by w(x) and I',, so that
rat.rkw = rat.rkv + 1 = rat.rkv 4 tr.degp K. O

With this, we can prove Theorem 6.6.7:

Proof of 6.6.7: We use induction on the dimension n of R. If n = 0, then V'
is trivial, and (1) follows easily.

If n = 1, then by the Krull-Akizuki Theorem 4.9.2, the integral closure R
of R is Noetherian. As R C V, if M = my N R, then Rgy C V. But Rop
is a Noetherian one-dimensional integrally closed domain, hence a principal
ideal domain, so that by Proposition 6.3.4, V = Rgy or V = K. The latter
case implies that m = my N R = 0, so that R = K, which is impossible. So
necessarily V = Rgy, hence I', = Z, so that rat.rkv = 1, tr.deg,v = 0, so
again (1) follows.

Now let dim R = n > 1. First assume that tr.deg,v > 1. Let x € V such
that its image in V/my is transcendental over k. Set S = R[x|m, nr[z]- Then
S is Noetherian local with maximal ideal mg, tr.deg, m v = tr.deg,v — 1,
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and by the Dimension Inequality Theorem B.2.5, dim S < dim R — 1. Thus it
suffices to prove (1) with S in place of R, and hence it suffices to prove (1) in
case tr.deg,v = 0. More generally, it suffices to prove that rat.rtkv < n.
Suppose that v is real-valued. By Lemma 6.5.6, there exists a valuation v
whose value group contains I', and is contained in R, and furthermore v is
non-negative on R, and is positive on the maximal ideal of R. Let P be the set

of elements in R on which 9 is infinite. If we can show that rat.rk(t7|Q(§/P)) <

dim(R/P), then it follows that rat.rkv < dim(R/P) < dim R, which would
prove (1). Thus it suffices to prove (1) when v is real-valued, in the case
that R is a complete local domain. By the Cohen Structure Theorem, there
exists a subring S of R that is a power series ring in finitely many variables
over a field or over a complete local principal ideal domain and for which
S C R is module-finite. The rational ranks of V and of V N Q(S) are the
same by Proposition 6.3.7, and as dim .S = dim R, without loss of generality
by replacing R with S we may assume that R is a complete regular local ring.
By Proposition 6.5.2, we may replace R by A[X1, ..., X,](x,,x,,....x,), Where
A is either a field or a local principal ideal domain, X1,..., X,, are variables
over A, and X, generates the maximal ideal of A. If A is a principal ideal
domain, we assume that X,, = 0 (recall that the dimension of R is n). Let
F be the field of fractions of A. By Lemma 6.6.8, rat.rkv < rat.rk(v|r) + d,
where d is the transcendence degree of the field of fractions of R over F'. Since
dim A + d = dim R, and rat.rk(v|r) < dim A as dim A < 1, we have proved
(1) in the case v is real-valued.

Now we prove (1) in full generality. By the reductions above, without loss of
generality tr.deg, v = 0, dim R > 1, and v is not real-valued. By Lemma 6.3.6,
v is not Archimedean. In other words, there exist non-zero x,y € m such that
for all positive integers n, nv(z) < v(y). No power of z can be in yV, so that
there exists a prime ideal @) in V' containing y but not x. Thus 0 # Q C my .
Let P=Q N R. Asxz ¢ @, P C m, and as R C V have the same field of
fractions, P # 0. Observe that Rp C Vg and that Vg is a valuation domain.
Let vg be the corresponding valuation. Since dim Rp < dim R, induction
gives that rat.rk(vg) + tr.deg, pyx(Q) < dim Rp. Also, we have inclusion
R/P C V/Q, and V/@ is a valuation ring. Let v* be its valuation. By
Lemma 6.6.8,

rat.rk(v*) < rat.rk(v*|g(r/p)) + tr.deg, pyk(Q),
and by induction on dimension, rat.rk(v*|g(r/py) < dim(R/P). Thus
rat.rk(vg) + rat.rk(v*) < dim Rp + rat.rk(v*|gr/p))
< dim Rp 4+ dim(R/P) < dim R.
As in Proposition 6.6.4, Q) corresponds to the subgroup Gg of I',, and Gg is
the value group of the valuation ring V. The quotient group I', /G is the

value group of the valuation ring V/Q. Thus rat.rkv = rat.rk(vg)+rat.rk(v*),
which finishes the proof of (1).
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Now assume that rat.rkv + tr.deg,v = dim R = n (respectively, that
rkv + tr.deg,v = dim R = n). We want to show that x(v) is finitely gen-
erated over k, and that I', = Z™ (respectively, that I', is discrete). The same
reduction as for (1) shows that without loss of generality we may assume
that tr.deg,v = 0. In case v is real-valued, we may similarly assume that
R = A[Xy,..., Xd](x,,....x,), where A is a field or a discrete valuation ring of
rank one, Xy generates the maximal ideal of A, and X;,..., X are variables
over A. With F' the field of fractions of A, then as before, rat.rk(v|r) = dim A
and rat.rkv = dim A + d. Thus for some y1,...,yq € k[X1,..., X4}, Ty @, Q
is generated by the images of v(y1),...,v(yq), and also by v(Xy) if A is not a
field. Without loss of generality y1,...,yq € (X)\ (X0, X)? and thus without
loss of generality y1 = X1,...,yq = X4. As I', is generated by the values
of the polynomials in Xg,..., Xy, and as all these values are rationally in-
dependent, T',, is generated by v(Xjy),...,v(Xy) and T', = Z™. In this case,
k, = k. This proves (2) when v is real-valued. If also rkv = dim R, then
necessarily after possibly reordering the X;, for all ¢ = 0,...,d — 1 and all
positive integers m, mwv(X;) > v(X;41). This proves that V is discrete so that
(3) holds for real-valued valuations.

Now assume the hypothesis of (2) for arbitrary v. With reductions and no-
tation as in the last paragraph of the proof of (1), rat.rk(vg) + tr.deg,pyx(Q)
= dim Rp, rat.rk(v*) = dim(R/P) + tr.deg,, p)x(Q), and tr.deg,v = 0. By

induction, the value group I'g of vg is isomorphic to ZPF and its residue

field x(Q) is finitely generated over x(P). Thus there exist z1,...,zs €
my /@ that are transcendental over x(P) and such that x(Q) is algebraic
over k(P)(x1,...,z5). Let R be the ring (R/P)[x1,...,zs] localized at
the contraction of my /@Q. Then R’ is a Noetherian local ring of dimen-
sion dim(R/P) + s such that x(Q) is finite over Q(R’). There exist finitely
many elements yq,...,y, € k(Q) that are integral over R’ and such that
k(Q) = Q(R)(y1,-..,yr). Let R” be the localization of R'[y1,...,y,] at the
contraction of my /Q. Then R” is a Noetherian local domain of dimension
at most dim R' = dim(R/P) + s’ whose field of fractions is x(Q). By (1),
rat.tk(v*) < dim(R”) < dim(R/P) + s = dim(R/P) + tr.deg, pyk(Q) =
rat.rk(v*), so that equality holds throughout. Thus by induction on dimen-
sion, the value group of v* is isomorphic to Zdim(R”), and the residue field of
v* is finitely generated over the residue field of R”. As the latter is finitely
generated over k, then the residue field of v* is finitely generated over k. But
the residue field of v* is k,. Thus, I, = I'y, ® I'y+, which is isomorphic to
the direct sum of ht P + dim(R2/P) + tr.deg,, p)x(Q) copies of Z. But the
rational rank of v is dim R (under the assumption tr.deg,v = 0), so that I',
is isomorphic to a direct sum of dim R copies of Z. This proves (2). A similar
argument proves that rkv 4 tr.deg, v = dim R implies that I', is discrete. [
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6.7. Examples of valuations

We analyze basic examples of valuations in light of the definitions from the
previous section.

Example 6.7.1 (Cf. Example 6.1.5.) Let k be a field, X and Y variables
over k, and K = k(X,Y). Let v be a monomial valuation on K defined by
v(X) =1, v(Y) = 1/2. The valuation ring R, is the localization of k[Y, 2]
at the prime ideal generated by Y. The residue field of the valuation ring of
v is the field k(%), hence tr.deg,v = 1. The maximal ideal of the valuation
ring is generated by Y. For each positive integer n, the set of all elements r
of R = k[X,Y] satisfying v(r) > n is the ideal (v) = (X,Y?)". This example
is a discrete rank one valuation, with a Noetherian valuation ring. Of course,
the value group is isomorphic to Z, but is literally Z - (1/2).

Notice that we could alter this valuation by letting v(X) =2, v(Y) = 1. In
this case the valuation ring does not change, nor does any essential property of
the valuation, although the value group is now Z. In fact, the two valuations
(the original and the scaled one) are equivalent (see Definition 6.1.8).

Example 6.7.2 (Cf. Example 6.1.6.) Let k be a field, let X and Y be
variables over k, and let K = k(X,Y). Let v be the monomial valuation
on K defined by v(X) = v/2, v(Y) = 1. In this case the value group is
I' = {a+bv2|a,b € Z}, so that the rational rank of v is 2. However, the
associated valuation ring is not discrete. Namely, the value group, though
isomorphic to the abelian group 72, is not isomorphic to the totally ordered
abelian group Z? under the lexicographic ordering. By Proposition 6.6.5, the
rank of I' is one. Thus by Proposition 6.6.4, the maximal ideal is the only
non-zero prime ideal in the valuation ring V' of v. Here is also an easy direct
proof: let P be a non-zero prime ideal in V. Let z be an arbitrary non-
unit in V. Write v(z) = ag + bpv/2 for some non-zero (ag,bo) € Z*. Let
r € P\ {0}. Write v(r) = a + bv/2 for some non-zero (a,b) € Z*. Let n be
a sufficiently large integer such that nv(z) — v(r) > 0. Let s € V such that
v(s) = nv(z) —v(r) > 0. Then rs has value nv(z) = v(2"), which forces rs to
be a unit multiple of 2. As P is a prime ideal and rs € P, then z € P. This
proves that there is only one non-zero prime ideal in V. Thus V' has rank one.
The ideal of all elements r of R = k[X, Y] satisfying v(r) > n is generated by
all monomials X'Y7, 4, j € Z such that iv/2 + j > n.

Example 6.7.3 (Cf. Example 6.1.7.) Let R = k[X, Y], where k is a field and
X, Y variables over k. Let e be an element of Xk[[X]]| that is transcendental
over k[X] (it exists by Exercise 3.13). Write e(X) = > .., e;X". Define
v:R\{0} = Z by f(X,Y) = max{n]| f(X,e(X)) € X"k[[X]]}. In other
words, we embed k[X,Y] in k[[X]], which is a valuation ring, and v is the
restriction of the valuation of k[[X]] to R. Thus v is a valuation. The value

group of this valuation is Z, so that its associated valuation ring is Noetherian.
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As the value group is Z, clearly the rational rank of the valuation is 1, and by
Proposition 6.3.4, the rank is 1. From k = x((X,Y)R) C k(v) C k(XEk[[X]]) =
k we deduce that tr.deg,(v) = 0.

Example 6.7.4 Let R = k[X,Y,Z], where k is a field and X,Y, Z are
variables over k. Let e(X) be an element of Xk[[X]] that is transcendental
over k[X] (it exists by Exercise 3.13). Every non-zero g € R can be written
as g = Z"f(X,Y,Z) for some f(X,Y,0) # 0. We define v : R — Z* by
v(g) = (r,sup{n| f(X,e(X),0) € X"k[[X]]}). Under the lexicographic order
on Z?, this extends to a valuation on k(X,Y,Z). The value group is 7?2, and
v is not a monomial valuation.

Example 6.7.5 Let k be a field and ¢ a variable over k. Let V' be the set
of all generalized power series of the form Y  ant®", where all a,, are in k
and where {e,}, is a strictly increasing sequence of rational numbers such
that lime,, = co. The elements of V' can be added and multiplied in a natural
way, which makes V' into a commutative domain with identity. By using the
identity ﬁ = Y ,a™ it is easy to prove that an element of V is a unit if
and only if it is of the form Y 7 a,t with ag # 0. Every element of V can
then be written uniquely as some rational power of ¢ times a unit, which gives
that V is a valuation domain, with valuation v reading off the exponent of ¢.

Example 6.7.6 Let £k = R, X and Y variables over R, V and v as in
the previous example, and the map k[X,Y] — V sends X to t and Y to
S g ten, with e, = 1+ 4 + -+ 1. For any subset S of Q and for any
ne€N letnS ={s;+--+s,:8 €85} Set S; =T1 = {e, : n > 2},
and for n > 2, set T, = nS,_1 and S, = T,, \ {min{7,,}}. The elements
of S, and T, are (some) sums of n! elements in S;. By induction on n
and k = 2,...,n, T, excludes exactly those n!-sums for which (i — 1)((7 +
1)(i + 2) ---n) summands are e; for i = 2,...,k — 1 and for which strictly
more than (kK — 1)((k + 1)(k + 2)---n) summands are e;. The minimum
element of T,, is 22;21(143 —D((E+ 1) (k+2)---n)ex + ne,, and min(S,,) =

Z;Ql(k —D)((k+1)(k+2)---n)ex+ (n—1)e, +ent1, which equals an integer
¢n plus n%rl Now set fo = X, f1i =Y. If f,_1 € k[ X, Y] has the image in V
a power series in t with positive coefficients and with exponents exactly the
elements of S, _1, then v(f_;) is the integer nc,—1 + 1, and for some ¢ € k,

fn=fr;—cXmr-1F1l € K[X| Y] maps to a power series in t whose exponents

are exactly the elements of S,,. Thus v(f,) = minS, = ¢, + n%rl Hence for
all n € N, f,,/X° has v-value n%rl, whence the value group of v contains Q,
and thus equals Q. (See also [324], Chapter VI, Section 15, Example 3.)

Valuations also arise from the order function whose special cases were al-
ready used in this chapter, say in Examples 6.1.7 and 6.5.3:

Definition 6.7.7 Let I be an ideal in a ring R. The function ord; : R —
Z>o U {oco} defined by ords(r) = sup{m|r € I"™} is called the order of I.
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We next prove that under some conditions on I, ord; is a valuation. It is
then called the /-adic valuation.

Theorem 6.7.8 Let R be a Noetherian ring with an ideal I such that
Nn>0l™ = 0. Then the associated graded ring gr;(R) is an integral domain if
and only if the order function ord; yields a discrete valuation of rank one.

Proof: First assume that gr;(R) is an integral domain. Then R is an integral
domain, see Exercise 5.9. It suffices to prove that ord; satisfies the properties
ord;(zy) = ords(x) + ord;(y) and ord;(x +y) > min{ord;(z),ord;(y)} for all
x,y € R. Let ord;(z) = m and ord;(y) =n. Then x € I"™ and y € I, so that
z +y € [™ir{mn}t which proves the second property. Certainly xzy € I™+™.
The associated element z* of z in gr;(R) lies in the component of degree m
(namely is the element = + I™*! € [™/I™%1) and the associated element
y* of y in gr;(R) lies in the component of degree n. As gr;(R) is an integral
domain, x*y* = py+ 1™+ ¢ [ /[mntlig 4 non-zero element in gr;(R)
of degree m + n. Thus zy is not in I™*"*+! This proves the first property.
Now assume that ord; is a discrete valuation of rank one. To prove that
gr;(R) is an integral domain it is enough to prove that the product of non-zero
homogeneous elements is non-zero. Let z € I™ \ I y € I\ I"*1. Then
ord;(zy) = ord;(z) + ord;(y) = m + n, so that zy € I™*T™ \ [™+"+1 This
proves that gr;(R) is an integral domain. O

Theorem 6.7.9 Let R be a reqular ring and m a maximal ideal. Assume
that m is not zero. Then the order function relative to m is a discrete valuation
of rank one and the residue field of the corresponding valuation ring is purely
transcendental over R/m of transcendence degree dim R — 1. FEuxplicitly, the
m-adic valuation ring equals (R[™]) ) for any € m\ m?.

Proof: We may localize at m to assume that R is local with maximal ideal m.
The associated graded ring of a maximal ideal in a regular ring, being a
polynomial ring, is an integrally closed Noetherian domain. By Theorem 6.7.8
the order function induces a rank one discrete valuation. Let d = dim R
and m = (x1,...,24). Set § = R[;‘;—; i = 2,...,d]. By Corollary 5.5.9,
S R[Ys,...,Yy|/(x1Yo — xa,...,21Yy — xq). After inverting zq, S is clearly
regular, and if a prime ideal P in S contains xz1, then Sp is regular. Thus
S is a regular ring, whence integrally closed. The ideal () = xS is a prime
ideal, and gives a valuation ring V' = Sg. Let the corresponding valuation
be v. For any f € R, let r = ordm(f). Then f € m" C m"S = z{5, so that
o(f) >r. Ifo(f) >r+1,then f €2 SogNR=27""SNR=m"*'SNR.
It is straightforward to compute that this intersection is m"*!, which is a
contradiction. Thus v agrees with the order valuation of m. The residue field
of v is k(Ys,...,Yy), proving the rest of the claims. O

The theorem above provides a rich source of valuations. For example, let R
be a Noetherian integral domain with field of fractions K. For every regular
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local ring S such that R C S C K, the order valuation associated to S is a
discrete rank one valuation that is non-negative on R. The set of all such S
is plentiful; we can take any finitely generated R-subalgebra of K, take its
integral closure, and take the associated localizations at height one primes of
the integral closure. We explore this topic in more detail in later chapters.

It is worth noting that whenever the order function of a localization Rp
gives a valuation v, then the set of all elements in the ring whose v-value is
at least n equals P(™), the nth symbolic power of P. This observation allows
one to study the growth of symbolic powers in the context of valuations. This
has been done for example by Spivakovsky [277]; Cutkosky [52]; and Ein,
Lazarsfeld and Smith [66].

6.8. Valuations and the integral closure of ideals

We prove in this section that valuations determine the integral closures of
ideals and integral domains. We also prove that the integral closure of ideals
in Noetherian rings is determined by the Noetherian valuation domains.

We need some preliminary results, such as that every ideal in a valuation
domain is integrally closed. If the ideal is principal, this follows easily from
Propositions 1.5.2 and 6.3.1, but here is a more general result:

Proposition 6.8.1 Let R be an integral domain with field of fractions K.
Let I be an ideal in R and let V' be a valuation ring between R and K. Then
IV =1V =1V.

Proof: As I C I, it follows that IV C IV, and by persistence of integral
closure, IV C IV. Now let r € IV. Let r" +a1r" ' +---4+ay_1r+a, = 0 be
an equation of integral dependence of r over IV, with each a; € I'V. There
is a finitely generated ideal J contained in I such that a; € J'V,i=1,...,n.
Thus by Lemma 6.3.2 there exists j € J such that JV = jV, and so r satisfies
an equation of integral dependence of degree n over jV. By Proposition 1.5.2,
r € jV = JV C IV, which proves that IV C IV. N

Furthermore, valuations determine the integral closure of ideals:

Proposition 6.8.2 Let R be an integral domain, not necessarily Noetherian,
and let I be an ideal in R. Then

I=()IVAR,
14

where V' wvaries over all valuation domains of the field of fractions K of R
that contain R. When R is Noetherian, V may be taken to vary only over all
discrete valuation domains of rank one.

Proof: By Proposition 6.8.1, 1 C (,, IVNR =, IVNR. To prove the other
inclusion, let r be a non-zero element of (};, IV N R. Let S be the ring R[],

x

i.e., the ring generated over R by the elements -, x € I. Note that R and S
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have the same field of fractions. Thus by the choice of r, for all valuation
rings V between S and K, r € I'V. Hence for each such V', the ideal %S of S
extends to the unit ideal in V. By Theorems 6.4.2 and 6.4.3, it follows that
%S = S. Thus we can write 1 = """ | = for some a; in 1 ¢, Multiplying this
equation through by r™ yields an equation of integral dependence of r over I
of degree n, so that r is integral over I. ]

Combining the result above and Proposition 1.1.5 yields:

Theorem 6.8.3 (Valuative criterion) Let R be a ring, I be an ideal in R,
and r € R. The following are equivalent:
(1) rel,
(2) for all P € Min(R) and for all valuation rings V between R/P and its
field of fractions k(P), r € IV .
In case R is Noetherian, the conditions above are equivalent to:
(8) for all P € Min(R) and for all rank one discrete valuation rings V' between
R/P and k(P), r € IV.
In the Noetherian case one can be even more selective with the discrete
valuations that determine the integral closures of ideals:

Proposition 6.8.4 Let R be a Noetherian domain and I an ideal in R.
Then the integral closure I of I equals Ny IV N R, where V waries over those
discrete valuation rings of rank one between R and its field of fractions for
which the maximal ideal of V' contracts to a mazximal ideal of R.

Proof: By Proposition 1.1.4, for all maximal ideals m of R, IRm = I Rm. As
I = NmIRm N R, where m varies over the maximal ideals of R, it suffices to
prove that the proposition holds for the ideal I Ry, in Ry. Thus without loss
of generality R is a Noetherian local ring with maximal ideal m.

Let r be a non-zero element of the intersection Ny IV N R. Set S = R[%]
IfQ = mS + %S is a proper ideal in S, by Theorem 6.4.3 there exists a
discrete valuation ring V' of rank one between S and the field of fractions K
whose maximal ideal my contains ). Thus my N R = m, so by assumption,
r € IV. But also IS C rS, so that rV = IV and %V =V, contradicting
the properness of ). Necessarily mS + %S = S. We can write 1 = Y ", =,
with ag € m, and for i = 1,...,n, a; € I*. Hence r™ = >  a;r" ", and thus
(1 —ag) =Yy a;r" " As 1—ap is a unit, this equation can be rewritten
as an equation of integral dependence of r over I, so that r € I. ]

Valuations enable easy proofs of some ideal inclusions. We give three ex-
amples below.

Corollary 6.8.5 Let (R, m) be a Noetherian local ring and I an ideal in R.
Then I =N, I +mn.

Proof: Clearly I C N,I +m". By Theorem 6.8.3 we may assume that R is
an integral domain. By Proposition 6.8.4, I = Ny IV N R, where V varies
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over all discrete valuations V' of rank one between R and its field of fractions
whose maximal ideals contain m. Let r € R\ I. There exists a valuation V as
above such that r is not in IV. As m is contained in the maximal ideal of V,
there exists an integer n such that r & (I +m™)V since IV =N, (I + m™)V.
Thus by Proposition 6.8.4, r ¢ I + m™. O

Corollary 6.8.6 For any ideals I and J in a ring, I-J C I.J.

Proof: A proof appears in Remark 1.3.2 (4). Here is a proof using valuations:
Letr € I,s € J. For any P € Min R and any (P) valuation ring V containing
R/P, by Theorem 6.8.3, r € IV and s € JV. Hence rs € IJV, whence since
P and V were arbitrary, by Theorem 6.8.3 again, rs € I.J. ]

Corollary 6.8.7 Let R be an integral domain, and I and J ideals in R with
I =(a1,...,aq) #0. Then for anyn € N, JI" : I" =n;(JI™ : al)) = J.

Proof: Certainly JI™ : I"™ C N;(JI™ : a?). Let r € N;(JI™ : a?). Let V be a
discrete valuation ring of rank one between R and its field of fractions. There
exists i such that IV = a;V. By the assumption on r, a?rV C JI"V, so that
arV C JI"V = JaV, whence r € JV. By Proposition 6.8.2, » € J. The
other inclusion is by Corollary 6.8.6. O

A consequence of this corollary is the following important proposition.

Proposition 6.8.8 Let I be an ideal in a Noetherian ring R. Then for all
n>1, Ass(R/I™) C Ass(R/I"+1).

Proof: Let P € Ass(R/I™). To prove that P € Ass(R/I"*1) we may localize
at P and thus assume that P is the unique maximal ideal of R. If the height
of P is zero, the conclusion follows at once, so we may assume that the height
of P is positive. Write P = I™ : z for some z € R. Then P C I"*+1 : Jz.
If Iz is not contained in I™+1, then P is associated to I™+1. Assume that
Ix C I™*1. We will reach a contradiction by proving that z € I™. Using
Proposition 1.1.5 it suffices to prove that for every minimal prime ideal ) of
R, ' € (I')*, where by I’ and 2’ we denote the images of I and x in R/Q.
Fix a minimal prime ideal Q. If I C @), then since P has positive height and
Px C I™, it follows that € Q as well, proving that 2’ € (I')" = 0. If [ is
not contained in @, then after reducing modulo @) and using Corollary 6.8.7,

o € (I . ' C (T O

Expressions about the integral closure of ideals involving valuation rings
can also be translated into expressions involving valuations.

Definition 6.8.9 Let R be a domain, and v a valuation on its field of frac-
tions. By the usual convention, v(0) = oo. For every non-empty subset S
of R, whenever the set {v(x)|xz € S} has a minimum, we define v(S) to be
that minimum. In particular, if S = I is a non-zero ideal in R,

v(I) = min{v(x) |z € I}.
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In particular, when I is an ideal of R, v(I) is defined whenever I is finitely
generated, or when every subset of I' consisting of elements greater than 0 has
a minimum element. In particular, v([) is defined if v is a discrete valuation
of rank one.

It is straightforward to prove that whenever v(I) is defined, so is v(I™) for
every positive integer n, and furthermore v(I™) = nv(I).

The following is a valuation analog of Proposition 6.8.1.

Proposition 6.8.10 Let R be an integral domain with field of fractions K,
v a valuation on K that is non-negative on R, and I an ideal in R such that
v([) is defined (see definition above). Then v(I) = v(I).

Proof: AsI C I,v(I)>v(I). Foranyr € I, r"+a1r" '+ -4a,_17+a, =0
for some integer n and some a; € I*. Then

no(r) = v(r™) > min{v(a;r" ") |i=1,...,n}

> min{iv(l) + (n —i)v(r)|i=1,...,n}.
By cancelling, for some ¢ > 0, iv(r) > v(I). Hence v(r) > v(I), and thus
v(I) is defined and v(I) > v(I). O
Corollary 6.8.11 Assume that R is Noetherian, I an ideal in R andr € R.

Then r € I if and only if there exists an integer n such that for all integers
m>n,r"melm™",

Proof: Suppose that r € I. Then I C I + (r) is a reduction, so that for
some integer n, I(I + (r))" = (I + (r))"*!. Thus for all m > n, (I + (r))™ =
Im="(I+ (r))™ C I"™™ ", whence r™ € I"™™".

Now assume that there exists n such that for all m > n, r™ € I"~". Then
forall P € Min R, ™ € I"™~"(R/P). Let v be any x(P)-valuation that is non-
negative on R/P, and is discrete and Noetherian. Then v(r™) > v(I™~™), or
v(r) > ™="u(I) for all m > n. As v is Z-valued, it follows that v(r) > v([).
As P and v were arbitrary, by Theorem 6.8.3, r € I. ]

Compare the following corollary with Exercise 1.5. The next corollary is
inspired by the definition of tight closure and is quite important. Recall that
R is the set of elements in R that are not in any minimal prime of R.

Corollary 6.8.12 Let R be a Noetherian ring and I an ideal in R. An
element r is in I if and only if there is an element ¢ € R° such that for
infinitely many integers m > 0, er™ € I'™. When this occurs, there exists an
element ¢’ € R° such that 'r™ € I"™ for all large n.

Proof: First assume that » € I. By the previous corollary, » € I if and
only if there exists an integer n such that for all m > n, »™ € I™™". Let
P, ..., P, be the minimal primes of R. By relabeling them if necessary we may
assume that I C PyN---N P, and I is not in P; for kK +1 < ¢ < [. Choose
deI"\ (P11 U---UP), and choose e € Npr1<i<i P with e ¢ Ui<i<i P
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such that for some fixed N, e(Py N ---N P,)N = 0. (If k = [, take e = 1.)
Set ¢ = d + e. We claim that for all m > N +n, ¢/r™ € I'™. Since d € I",
dr™ e I" ™" C ™. Moreover, er™ € eI~ C eIN C e(PiN-- -ﬂPk)N =0.
This proves our claim. Finally note that ¢’ € R° by the choice of d and e.
Conversely, assume that ¢r™ € I™ for infinitely many m > 0. Let P be an
arbitrary minimal prime of R, and let V be a Noetherian valuation domain of
rank one lying between R/P and its field of fractions. For infinitely many m,
cr’™ € I™V and ¢V # 0. Letting v be the corresponding valuation, this says
that v(c) > m(v(I) — v(r)) for infinitely many m, so necessarily v(I) < v(r).
In other words, r € I'V. As this holds for all such V', by Theorem 6.8.3 it
follows that r € I. O

With I = (x1,...,2,), it need not be the case that for every i, I : 27" =

Im"=m™_ However, if the x; form a system of parameters in a locally formally
equidimensional ring, this does hold:

Corollary 6.8.13 Let R be a locally formally equidimensional Noetherian
ring, and let (z1,...,z,) be a parameter ideal. For allm > 1 andi=1,...,n,

(1'1,. . .,a:i)m LI = (xl,. . .,J}i)m_l.

Proof: Certainly (z1,...,2;,)™ * C (x1,...,2;)™ : x;. We proved on page 7
that (z1,...,z;)™ : x; is integrally closed, so it also contains (x1,...,x;)™ L.
This proves one inclusion. Now let r € (z1,...,z;)™ : z;. By Corollary 6.8.12,
there exists an element ¢ € R° such that for all large k,

c(rz)® € (z1,...,2)™" Cal(zy, .. 2)™ %+ (x1,...,21)"F R

Let u € (zq,...,2)™" % and v € (21,...,2,_1)"" % such that c(rz;)¥ =
x¥u +v. In this case, ¥ (er® —u) = v, so that er® —wu € (zy,..., 2, 1)™F %
xf’ C (z1,...,7;_1)™k=k by Theorem 5.4.1. It follows that for all large k,
cr® € (xy1,...,2;)™k =% An application of Corollary 6.8.12 then gives that
re(ry,...,x;)m L O

Just as the integral closure of an ideal is determined by passage to valua-
tion domains, so is the integral closure of an integral domain determined by
intersecting valuation domains:

Proposition 6.8.14 Let R be an integral domain. Then the integral closure
of the ring R equals NyV, where V wvaries over all the valuation domains
between R and its field of fractions. If R is Noetherian, all the V may be
taken to be Noetherian.

Proof: Certainly the integral closure of R is contained in each V. Now let x
be a non-zero element in NyV. Write x = a/b for some a,b € R. If a is
not integral over (b), then by the Proposition 6.8.4, there exists a valuation

domain (Noetherian if R is Noetherian) such that a ¢ bV. Hencex = a/b ¢ V,
contradicting the assumption. So a € (b). Thus there exists an equation of
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integral dependence a™ + r1ba™ ! + - - - 4+ r,,b™ = 0 for some 7; € R. Division
through by b™ produces an equation of integral dependence of z = a/b over R.
So Ny V equals the integral closure of the ring R. ]

6.9. The asymptotic Samuel function

Another numerical characterization of integral dependence is via the order
function, using the valuative criterion:

Corollary 6.9.1 Let R be a Noetherian ring, I an ideal in R, r € R\ {0},
c € N. Then r € I¢ if and only if limsup,, ., %(r) > c.

Proof: Without loss of generality ¢ > 0. First assume that r € I¢. By Re-
mark 1.2.3 there exists an integer n such that for all m > n, r™ € (I¢)m—"+1,

Thus ord;(r™) > ¢(m —n+ 1) and
ord;(r™) c(m—n+1)

m

lim sup > lim sup
Conversely, assume that lim sup %(Tm) > c. For arbitrary positive k, this
means that for infinitely many m, ord;(r™) > em — 7*. Let P be a minimal
prime ideal in R and let V' be any rank one discrete valuatlon ring between
R/P and k(P). Let v be its corresponding valuation. Then for infinitely
many m, r™ € I~ %) whence mu(r) > [em— 2 ]v(I) > (em— 2 —1)v(I),
so that v(r) > (¢ — 1+ — L)v(I). Since this holds for infinitely many positive
integers m for each positive k, it follows that v(r) > cv(I) for all v. By the
Valuative criterion (Theorem 6.8.3), r € I¢. O

In the corollary above, limsup can be replaced by lim, by the following:

Lemma 6.9.2 (Rees [233]) Let I be an ideal in a Noetherian ring R. For
any x € R,

. ordy(z"
iy Ordz(z")
n—00 n
exists.
ordI(a: )

Proof: Let u = limsup,,_, (possibly oo). Let N be an arbitrary

number strictly smaller than w. Choose ng € N5 such that % > N.
Let n be an arbitrary positive integer. Write n = gng + r for some ¢,r € N
with r < ng. Since clearly for all 4, j € N+q, ord;(2'™7) > ord;(z%) +ord;(27),
it follows that

ords(z™)  ordy(z?m™o*T) S ordy(z™0) N ordy(z")

n - qno +r _qqng—l—r qno +r
no
> gno ordr(z™) > mo_ N > qno
qno + 1 no qno +r no(q+1)

Thus liminf ord;(z™)/n > N. Since this holds for all N, the limit exists. [
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Definition 6.9.3 For an ideal I in a ring R, the function 5 : R — R>o U

{0} defined by vr(x) = limy, o0

ordy(z™)

, 15 called the asymptotic Samuel

function.

We prove with Rees valuations in Chapter 10 that the range of vy is a
subset of Qg U {o0}.

6.10. Exercises

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

Prove that for a field £ and a totally ordered abelian group I', the
function k[I'l \ {0} — I' defined as 3 kgg — min{g : k, # 0} is
a (partial) valuation whose value group is I' and whose residue field
is k.

Suppose that the value group I' of a valuation v is finitely gener-
ated. Prove that rkv = rat.rkov if and only if the value group of v is
isomorphic to Z™" ordered lexicographically.

Prove that any ring between a valuation domain V and its field of
fractions is a localization of V.

Prove that the radical of a proper ideal in a valuation domain is a
prime ideal.

Let (R, m) be a local domain that is not a field. Prove that R is a
Noetherian valuation domain if and only if R is a discrete valuation
domain of rank 1.

Let K be a field, V a K-valuation ring, and S the set of all K-valuation
rings that contain V. Prove that S is totally ordered (by inclusion).
Is the set of all K-valuation rings totally ordered?

Let R be an integral domain and v a valuation on the field of fractions
of R. Let I' be the value group of v, and « € I', and assume that for
all r € R\ {0}, v(r) > 0. Let I, = {r € R|v(r) > ~v}. Prove that I,
is integrally closed in R.

Let R be a local integral domain with field of fractions K and infinite
residue field. Let vy, ..., v, be discrete K-valuations of rank one such
that v;(r) > 0 for all € R\ {0}. Let I be an ideal in R. Prove that
there exists € I such that for all i = 1,...,n, v;(z) = v;(1).

Let R be a regular ring. Prove that for any non-minimal prime ideal P
in R there exists a natural discrete valuation vp of rank one satisfying
the property that for any x € R, vp(x) = n if and only if = €
P"Rp\ P""'Rp.

Let T' be a subgroup of Q and let R be a polynomial ring in two
variables over a field. Prove that I' is the value group of a valuation
on R that is non-negative on R.

Let k be a field, X1, ..., X4 variables over k, and R = k[[ X1, ..., X4]]-
Prove that the valuation ring of the (X3, ..., Xg)-adic valuation on R
is k(22 X0)[[X,]].



146

6.12

6.13

6.14

6.15

6.16

6.17

6.18

6.19

6. Valuations

Let R = k[X,Y, Z], polynomial ring in variables X, Y, and Z over a
field k. Thering V = k(2L £)[X] x) is a discrete valuation domain
between R and its field of fractions. Let v be the corresponding
valuation. Prove that v(X) =v(Y) =v(Z) =1 and v(X +Y) = n.
(Hint: cf. Example 6.7.6.)
Let k be a field, X;,..., X4 variables over k£ and R the polynomial
ring k[X1, ..., X4]. Assume that d > 3. Let n be a positive integer.
Prove that there exists a discrete valuation v of rank one on the field
of fractions of R that is non-negative on R and such that v(X;) =
o=v(Xy) =1and v(X; + Xo) =v(Xo + X3) =n.
Let R be a Noetherian ring and I an ideal in R.

(i) Prove that I has a primary decomposition all of whose primary

components are integrally closed.
(ii) Find anideal I such that I = N, ¢; is a primary decomposition,
but I # N, .

Let V be a valuation domain containing a field, and ¢ a variable
over V. Prove that V[[t]] is integrally closed if and only if V' is of
rank one. (Cf. Exercise 2.23.)
Let R be a principal ideal domain and K its field of fractions. Prove
that the only valuation rings in K containing R are the rings of the
form R(,), where p is a prime element in R.
Let R be an integral domain with field of fractions K. Prove that the
following are equivalent:

(i) R is integrally closed.

(ii) R is an intersection of K-valuation domains.

(iii) R is an intersection of K-valuation domains V' such that my N R
is a maximal ideal in R and such that V/my is algebraic over
R/(my N R).

Let (R, m) be a local integrally closed domain with field of fractions
K, v € K* such that 7! is not in R. Assume that x satisfies a
polynomial with coefficients in R and that one of these coefficients is
a unit. Prove that z € R.
(Nagata [215, (11.10), (11.11)]) Let K be a field and let V3,...,V,, be
K-valuation rings such that for all i # j, V; € V;. Set R to be the
ring N;V;.
(i) Prove that for any x € K there exists an integer m such that
A+z+22+---+2™)tand z(1+ 2+ 22+ - +2™)~! both

belong to R.

(ii) Prove that for each i = 1,...,n, the localization of R at my,
equals V;.

(iii) Prove that {my, NR,...,my, N R} is the set of all the maximal
ideals of R.

(iv) If Vq,...,V, are all Noetherian, prove that R is a principal ideal
domain.
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6.20 Let K be a field. Two K-valuation domains V and W are said to be
independent if the smallest subring of K containing V and W is K.

(i)
(i)

(iii)

Prove that distinct discrete K-valuation rings are independent.
(Approximation of valuations) Let vq,...,v, be K-valuations
with respective value groups I'y,...,I',,. Assume that the valu-
ation domains of the v; are pairwise independent. Let ~v; € T
and z; € K,1=1,...,n. Then there exists x € K such that for

alli=1,...,n, v;(x —x;) = .
Let vy, ..., v, distinct discrete valuations of rank one defined on
K. Let kq, ..., k, be arbitrary integers and x4, ..., x, arbitrary

non-zero elements of K. Prove that there exists x € K such
that for all i =1,...,n, v;(z; — x) = k;.

6.21 (Nagata [215, (11.4)]) Let K be a field, V' a K-valuation domain, and
W a (V/my)-valuation domain. Prove that U = {x € V |z +my €
W} is a K-valuation domain such that Uy, = V and U/my = W.
Moreover, prove that if U is a discrete valuation ring of rank n and W
is a discrete valuation ring of rank m, then V is a discrete valuation
ring of rank m + n.

The construction in the previous exercise is related to the “D + M” con-
struction in Gilmer [92, Appendix 2], in which it is assumed that V/my is a
contained in V. More on this construction is in the exercise below.

6.22  (Gilmer [92, Appendix 2, page 560]) Let V' be a valuation ring with
field of fractions K, V # K. Suppose that V is of the form L 4+ M,

where L is a field and M is the maximal ideal of V. Let D be a proper
subring of L, and let R =D + M.

(i)
(i)
(iii)
(iv)

(v)

(vi)

(vii)

(viii)

Prove that if X is a variable over L, then L[[X]] and L[X]x)
are valuation domains of the form L + M.

Prove that M is the conductor of R in V.

Prove that V is the complete integral closure of R.

Prove that if D is the integral closure of D in L, then D + M is
the integral closure of R in K.

Prove that every ideal in R containing M is of the form I + M,
where I is an ideal of D. Prove that I is maximal/prime/primary
if and only if I + M is maximal/prime/primary. A generating
set of I in D is also a generating set of I + M in R.

Prove that dim R = dim D +dim V.

Prove that R is a valuation ring if and only if D is a valuation
ring.

Prove that R is Noetherian if and only if V' is Noetherian, D is
a field, and [L : D] < co.

6.23 (Nagata [215, (11.9)]) Let R be an integral domain with field of frac-
tions K. Let Py C P, C --- C P, be a chain of prime ideals in R.
Prove that there exists a K-valuation domain V' with prime ideals
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6.24

6.25

6.26

6.27
6.28

6.29

6. Valuations

Qo C Q1 C--- C Q, such that foreach i =1,...,n, Q; N R = P;.

(Hint: Use Theorem 6.4.2, induction, and Exercise 6.21.)

([324, Corollary of Theorem 10 on p. 21]) Let K be a field and

(R1,my) C (Rg,my) C --- a sequence of integrally closed domains

with field of fractions K, such that for alln=2,3,..., m, N R,,_1 =
m,,_1. Set R = Uan.

(i) Prove that R is an integrally closed domain with field of fractions
K, maximal ideal m = U, m,, and residue field U,, (R, /m,,).

(ii) Assume that R is not a valuation ring. Prove that there are
infinitely many K-valuations v such that for each n, v has center
m, on R,, and that there is at least one such valuation for
which the residue field has positive transcendence degree over
each R, /m,. (Hint: use Exercise 6.18.)

Let (R,m) be a Noetherian regular local ring and I an integrally
closed m-primary ideal. Prove that there exists an integrally closed
m-primary ideal J contained in I such that I/J = R/m. (This was
first proved by Lipman [193] and Noh [216] in dimension two. Wata-
nabe [321] proved that if (R, m) is an excellent normal ring with R/m
algebraically closed, then every integrally closed m-primary ideal [
has an adjacent integrally closed ideal J as above. A monomial ideal
version is proved in Crispin Quifionez [49].)

Let k£ be a field, X;; fori =1,...,m and j = 1,...,n variables over
k. Set R = k[X;; |1, j]. Let M be the m x n matrix whose entry (4, j)
is X;;. For any » < min{m, n} let I,,(M) be the ideal in R generated
by the r x r minors of M. It is well known that I,.(M) is a prime
ideal.

(i) Let v, be the valuation on the field of fractions of R associated
to the prime ideal I,.(M) as in Exercise 6.9. Let = be any s X s
minor of M. Prove that v,.(z) = max{s —r +1,0}.

(ii) Let uy,...,u and vy,...,v; be two non-increasing sequences of
positive integers, with all u;,v; < min{m,n}. For any integer u
let w denote an arbitrary u X u minor of M. Prove that for all
r, vp(uy - ug) < vp(01---1;) if and only if for all 4 = 1,...,r,
23:1 uj < 2321 Uj-

(iii) Prove that every I,.(M) is a contraction of an ideal in a valuation
overring. Show by example that not every power of I,.(M) is a
contraction of an ideal in a valuation overring.

Construct a non-Noetherian valuation domain.

Let R be a Cohen—Macaulay integral domain, x,y € R such that
ht(x,y) = 2. Prove that there exists a discrete valuation domain V' of
rank one between R and its field of fractions such that zV = yV # V.
Let (V,m) be a valuation domain. Prove that either m is principal or

that m = m?2.



7
Derivations

7.1. Analytic approach

Let Y be a subset of C", typically open and connected. Recall that a function
f Y — C is called analytic, (complex-)differentiable, or holomorphic
(any and all of the three names) if f is complex-differentiable at every point
of Y.

The set of all holomorphic functions on Y forms a commutative associative
ring O with identity under pointwise addition and multiplication.

First we consider the case Y = C". Let O(Cn be the ring of holomorphic
functions on C". Every holomorphic function on C" can be written locally as
a convergent power series in n variables Xy, ..., X,, with coefficients in C.

What maximal ideals does O¢» have? For any point (au,...,a,) € C",
(X1 —ag,..., X, — an)OCn is the ideal in O of all holomorphic functions
vanishing at (ai,...,ay). Clearly it is a maximal ideal in O¢». However,
Ocn contains also other maximal ideals that are not of this form, and O¢» is
not Noetherian. For example, with n = 1 and X = X1, the ideal I generated
by all cos(27"X), n = 1,2,..., is not finitely generated. Furthermore, I is
not contained in any prime ideal of the form X —«, with @ a complex number.

At localizations at maximal ideals corresponding to points, O¢» is Noe-
therian:

Lemma 7.1.1 Locally at each mazximal ideal of holomorphic functions van-
ishing at a point, O is Noetherian.

Proof: Let R be the ring of holomorphic functions on C". Every element of R
can be written locally as a convergent power series in n variables Xq,..., X,
with coefficients in C. It suffices to prove that the Rj; is Noetherian, where
M= (X1,...,Xp).

Let I be a non-zero ideal in Ry;. We will prove that I is finitely gener-
ated. It suffices to prove that [ is finitely generated after applying a ring
automorphism. Clearly after a homogeneous linear change of variables I con-
tains a power series f such that the lowest degree term appearing in f has
degree m and that X' appears in f with a non-zero complex coeflicient.
By the Weierstrass Preparation Theorem, I contains an element of the form
f=Xm4 fi XM= ... f,, with fi,..., f, holomorphic functions in vari-
ables X1,...,X,,_1. Hence an argument similar to the proof of the Hilbert’s
Basis Theorem shows that [ is finitely generated. Namely, any element ¢ in
I N R can be written as g = rf + h, where r € R and h is a polynomial in X,
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of degree at most m — 1 and with coefficients being holomorphic functions in
X1,...,X,_1. Let S be the set of elements in I N R of X,,-degree at most
k, and let J; be the ideal generated by the coefficients of X* in elements of
Sk. By induction on n, for each kK = 1,...,m, Jj is finitely generated in the
localized Opn-1. Let I = (hk1,- -, hi, )R, where hy; € Sk, such that Jy
is generated by the coefficients of X,,’f in hgi,...,hg, R. The claim is that
I = (f, hi;|k,j)Rua. Certainly I contains f and all the hy;. For the other in-
clusion it suffices to prove that INR C (f, hy; |k, j)Ra- Let g € INR. Write
g=rf + h as above. If h = 0, we are done. Otherwise let k = degy (h), so
that h € Sk \ Sk_1. Then the leading coefficient of & is in the ideal Ji, so after
subtracting an appropriate linear combination of the hy;, h is either 0 or an

element of Sx_1. By repeating this, we see that g is a linear combination of
f and the hy;. O]

This ring structure makes the pair (C", O¢») into a locally ringed space.
A subset D of C" is closed if and only if D is the common zero set of a subset
J of all holomorphic functions on O¢-.

Similarly, if U C C" is the polydisc {|z;| < 1|i = 1,...,n}, then the ring
Oy of all holomorphic functions on U is a locally ringed space.

The following is a more general result:

Definition 7.1.2 ([110, page 438]) A complex analytic space is a topolog-
ical space ' together with a sheaf of rings Oy, that can be covered by open sets
U;, such that for each i, there exist an integer n and holomorphic functions
fi,.. o, fqgonU={|lz| <1l|li=1,...,n} CC", such that Oy, is isomorphic,
as a locally ringed space, to the sheaf Ou/(f1,..., fq)-

When the underlying space Y is the unit disc in C, the structure sheaf
is locally a convergent power series ring in one variable, which is a discrete
valuation ring of rank one. Furthermore, every discrete valuation ring that
arises as a localization of a complex analytic variety (the set of common
solutions of several equations involving analytic functions) is isomorphic to
a ringed space of the unit disc. The general valuative criterion of integrality
as in Theorem 6.8.3 or Proposition 6.8.4 has an analog for complex analytic
spaces (see also Lejeune-Jalabert and Teissier [184]):

Theorem 7.1.3 (Valuative criterion for complex analytic spaces) Let J be a
coherent sheaf of ideals on a complex space d, and h € I'(Y,O0y). Let D be the
unit disc in C. Then h € T'(Y,7) if and only if for every morphism ¢ : D — Y,
hoype(D,p 17).

A consequence of this analytic criterion is the following:

Corollary 7.1.4 Let R be the convergent power series C{X1,..., X,,} inn
variables X1, ..., X, over C, and f € R such that f(0) =0. Then

of of
fe (ch’)—Xl""’X”é?Xn)'
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In Lemma 7.1.1 we proved that C{X1, ..., X,,} is a local ring with maximal
ideal (X1, ...,X,). It is clearly of dimension n, and thus a regular local ring.

Proof: Let D be the unit disc in C. Let ¢ : D — C" be a morphism (of
locally ringed spaces). Assume that the origin 0 in C" is ¢(d) for some d € D.
There is a corresponding map of rings ¢* : Oc» — Op, with the induced
map of local rings (Ocn)o = R — (Op)q. But (Op)g = C{t}, a convergent
power series ring in one variable ¢ over C. Thus by the valuative criterion it
suffices to prove that for any local map ¥ : R — C{t},

D) € (X g Xl ) U,

d :
Note that for any element g € R with g(0) = 0, (g)C{t} =t 12559)@{25}. This
clearly holds if g = 0, so we assume that g is non-zero. Then (g) = t™u for
some unit u € C{t}. By assumption that g(0) = 0, m > 0. Then

Y(g)C{t} =t -t"1C{t} =t-t™! (mu + td—u) Cc{t}

d
d( w) ()

=t 8 Yo = ¢ ey,

By the chain rule,

v et ey = ( ;’j; (), p () X )><C{t}

dt
S (4 o)
ol - Er(nd

=1
which proves the corollary. []

) C{t},

An analogous result with essentially the same proof holds for power series
rings as well, but for this we have to use some results from future sections
and chapters. We state and prove it here for completeness.

Theorem 7.1.5 Let k be a field of characteristic zero, X1, ..., X,, variables
over k, and R = k[[X1,...,X,]], the power semes ring. Let f € R be a

non-unit (its constant coefficient is zero). With 53 bemg defined formally,
of of
Xi—,..., X, .
fe ( ) CRANE BXn)

Proof: We use the valuative criterion from Proposition 6.8.4. It suffices to
prove that for any Noetherian valuation ring V' containing R and with the
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same field of fractions, f € (Xlaa—){l, X i)V. By Proposition 1.6.2, it

y Angx,
suffices to show that f € (Xlaa—)é, cee Xn%)v, where V' is the completion

of V' in the topology defined by the maximal ideal. By Cohen’s Structure
Theorem, V' = L[[t]] for some field L of characteristic zero and some indeter-
minate ¢t over L. Under the inclusion map ¢ : R — ‘7, X1,...,X,, map to
non-units. In other words, for each i =1, ..., n, there exist a positive integer
n; and a unit u; in V such that ¢(X;) = u;t™. By the chain rule,

D - 5o 35)- (452).

=1

dp(f)
dt

). But up to multiplication by a unit in ‘7, ©(f) equals t

As V is a valuation domain, there exists ¢ such that
of )- (dSO(Xi)
X, dt

so that ¢(f) is a V-multiple of ¢ - 88;(:) : (d‘pgi) ), whence a V-multiple of

%)SD(XZ'). This proves the theorem. 0

is a multiple of
do(f)
dt

Y

Note that Corollary 7.1.4 and Theorem 7.1.5 prove that in a convergent
power series ring over C and in a power series ring over an arbitrary field of
characteristic zero,

of of
e (Xy,..., Xn) | =—=,..., :
J e ) (axl 8Xn)
However, it is an open question whether
of of
e(Xy,...,. Xp)l =, — |.
feth )<8X1 8Xn>
A special case is when f is homogeneous in Xq,..., X, of degree d. It is
easy to verify in this case that
d-f= Xi——. 7.1.6
f ; 3%, (7.1.6)
This is called Euler’s formula. In particular, f € (aanl, ceey aan) whenever

f is homogeneous.

A similar formula holds if f is quasi-homogeneous, that is, if it is possi-
ble to assign degrees to the variables to make f homogeneous. Remarkably,
Saito ([9255] proved that whenever (0, ...,0) is an isolated critical point of f,
fe (a—){l, ce fon) if and only if after a biholomorphic change of coordinates,
f is quasi-homogeneous.

We quote another criterion for integral dependence for complex analytic

spaces (see Lejeune-Jalabert and Teissier [184] or Lipman and Teissier [195]):

Theorem 7.1.7 Assume that the subspace of X defined by J is nowhere dense
in a neighborhood of some point x € X. Set R = Oy and [ =7, C R. Let
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(fizs---s fm.z) be generators for I, where the f; generate I'(U,J) for some
open neighborhood U of . Then given h € T'(U,Ox), hy € I if and only if
there exists a neighborhood U" C U of x and a real constant C > 0 such that
for every y € U’,

|h(y)] < C-sup{|fi(y)| |i=1,...,m}.

7.2. Derivations and differentials

In this section we prove a result due to Hiibl [133] that shows the close con-
nection between the module of differentials and the integral closure of ideals.

Definition 7.2.1 Let k be a commutative ring and let R be a k-algebra and
M an R-module. A k-derivation D : R — M is a k-linear map from R to M
satisfying D(ab) = aD(b)+bD(a) for all a,b € R. The set of all k-derivations
from R to M is denoted Dery (R, M).

The fact that D is k-linear forces D(a) = 0 if a € R is the image of an
element of k.

Definition 7.2.2 Let k be a commutative ring and let R be a k-algebra. A
universally finite module of differentials with a universally finite

—_—

derivation is a finite R-module Q}%/k and a k-derivation d = dg, : R —

—

QR/k with the following universal property: iof M is a finite R-module and
D : R — M is a k-derivation, then there exists a unique R-homomorphism

f:Q}%/k — M such that D = f od.
See [180] for a detailed treatment of this definition and for the following
remarks.
Many rings do not have a universally finite derivation. But the following
rings do:
(1) R is essentially of finite type over k.
(2) k is a field with a valuation and R is an analytic k-algebra, i.e., R is
module-finite over a ring of convergent power series over k.
(3) kisafield, R is complete, and the residue field of R is a finitely generated
field extension of k.
Assume that (R, m) is a local domain with a universally finite derivation.

Let K be the field of fractions of R. By (Q}%/k)* we denote Q}g/

torsion submodule, and by d* the composite map obtained by composing dg

—_—

% modulo its

with the natural surjection of Q7, /5 Onto (Q}% /k)*. The following proposition
is proved in [133]:

Proposition 7.2.3 Let (R,m) be a local domain with a universally finite
derivation. Let K be the field of fractions of R. Then (Q}%/k)* 1s an m-adically

separated and torsion-free R-module and d* is a k-derivation. Furthermore, if
M is an m-adically separated and torsion-free R-module and D : R — M 1is a
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k-derivation, then there exists a unique R-homomorphism f : (Q}%/k)* — M
such that D is the composite of f and d*. There is a canonical isomorphism

Hompg((Q/,,)*, M) — Dery(R, M)
taking f to fod*.

Theorem 7.2.4 Let k be a field of characteristic 0 and let (R, m) be a local
domain that is a k-algebra such that the derivation d* : R — (Q}-‘c/k)* exists.
Let I and J be two proper ideals of R. Assume that

d*(I) C Rd*(J) + I(Q}z/k)*.
Then I C J.

Proof: By Proposition 6.8.4 it suffices to prove that if K is the quotient
field of R and V is a rank one discrete valuation ring of K containing R
such that the maximal ideal of V' contracts to the maximal ideal of R, then
IV C JV. It suffices to prove this containment after completing V. By the
Cohen Structure Theorem, the completion of V' is isomorphic to L][¢]] for some
field L containing k. We define a derivation § : R — L[[t]] by first taking the
injection of R into V' and V into L[[t]], then taking partial derivatives with
respect to t. As L[[t]] is m-adically separated and a torsion-free R-module,
there exists an R-homomorphism f : (Q}%/k)* — LI[t]] such that § = f o d*.
Hence

0(1) = f(d*(1)) € F(RA"(J) + I(Qp,,)") S S()L[]] + TL[[t]]-

Since IL[[t]] is a proper ideal, we have that §(I)L[[t]] is not contained in
IL[[t]]. Hence we must have that 6(1)L[[t]] C 6(J)L[[t]], which implies that
IL[[t]] € JLI[[t]] as needed. O

Corollary 7.2.5 Let k be a field of characteristic 0 and let (R, m) be a local
domain that is a k-algebra such that the derivation defined above, d* : R —
(Q}%/k)*, exists. Let r € m such that d*(r) € J(Q}%/k)*. Thenr € J.

Proof: Apply the above theorem to the ideal I = (J,r). We have that
d*(I) =d*(J + Rr) C Rd*(J) + Rd*(r) + T(Q}%/k)* C Rd*(J) + I(Q}Q/k)*. ]

The next corollary is one of the most important and non-trivial ways in
which integral closure arises.

Corollary 7.2.6 Letk be a field of characteristic 0, and let R = k[[t1, ..., t,]]
be a formal power series over k. If f € R is not a unit, then f is integral over
the ideal generated by its partial derivatives (partial derivatives are defined
formally).

Proof: Under the conditions of this corollary, the universally finite module of
differentials is a free R-module on generators dtq,...,dt,, and this is torsion

free. The universally finite derivation d = d* : R — Q, k= Q3 / )" is given
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by d*(f) = >, g—tfidti. The corollary above applies directly with J the ideal
generated by the partial derivatives of f. O

In positive characteristic this corollary does not hold. For example, in
characteristic p, let f = xP. The partial derivative of f with respect to x is
0, and f is not integral over 0.

7.3. Exercises

7.1 Set R = C[Xy,...,X,], and let f € R such that f(0) = 0. Let

I=(5L, ... 535)R. Recall from Corollary 7.1.4, that f is contained

in the integral closure of IC[[X1,...,X,]]. Is f € TR? Try f =
Xt — X?2X3 - X2X5+ X3,

7.2 Let R = k[[z1,...,,]] be a power series ring over a field k. Let P be
a prime ideal, and let f € P(™). Prove that for all 4, 2L € p(m—1),

» 00X
7.3 Let R = k[[z1,...,x,]] be a power series ring over a field & of char-
acteristic 0. Assume that for each f € m = (z1,...,2,), fisinm
of

times the integral closure of the Jacobian ideal ( . Prove

TR m)
that for every prime ideal P in R, P(®*) C mP. (Without the assump-
tion on the Jacobian ideals the conclusion of this exercise is an open
problem, first raised by Eisenbud and Mazur in [71]. For other work,

see [132].)






8
Reductions

The study of reductions started with the influential paper [217] of Northcott
and Rees, published in 1954. Northcott and Rees defined minimal reductions,
analytic spread, analytically independent elements, proved existence theorem,
and connected these ideas with multiplicity.

Recall from Definition 1.2.1 that for an ideal I, a subideal J of I is said
to be a reduction of I if there exists a non-negative integer n such that
JI™ = It Reductions always exist as every ideal is its own reduction. A
connection between reductions and the integral closure of ideals was proved
in Proposition 1.2.5: if I is finitely generated, then J is a reduction of I if and
only if I C J. In this chapter we explore further the theory of reductions.

Of particular interest are minimal reductions, that is, reductions that are
minimal with respect to inclusion. Their existence and properties are proved
in Section 8.3. When the residue field is infinite, the existence of minimal
reductions of an ideal I is intricately connected to graded Noether normal-
izations of the fiber cone of I, which we discuss in Sections 8.2 and 8.3. In
Section 8.4 we explain the standard procedure of reducing to the case of infi-
nite residue field and show some applications. In Section 8.5 we develop the
theory of superficial elements, which can be used to prove the existence of
(minimal) reductions. Most of the results of this chapter are over Noetherian
local rings, but in Section 8.7 we present some results for non-local rings as
well. Section 8.8 presents a theorem of J. Sally regarding the behavior of
analytic spread under certain maps between regular local rings.

8.1. Basic properties and examples

Proposition 8.1.1 Let R be a ring, J C I ideals. Consider the conditions:

(1) J is a reduction of 1.

(2) W=YJ is a reduction of W1 for every multiplicatively closed subset W
of R.

(8) Jp is a reduction of Ip for every prime ideal P of R.

(4) Jur is a reduction of Ipy for every mazimal ideal M of R.

Then (1) = (2) = (3) = (4). If R is Noetherian, in addition (4) implies (1).

Proof: (1) implies (2) because the condition JI™ = I™*! localizes. (2) triv-
ially implies (3) and (3) trivially implies (4). Now assume (4) and that R is
Noetherian. Observe that (J : 1) C (JI:I?) C (JI?:13) C (JI3: 1% C .-
As R is Noetherian, this chain stabilizes, i.e., there exists an integer [ such
that for all n > 1, JI™ : "t = JI' : ['T*1. Equality is preserved after local-
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ization at every maximal ideal. By assumption (4), for each maximal ideal
M, for all large n, JI™ : I™*! is not contained in M, so that JI' : I't1 is
not contained in M. Hence JI': I't! = R, so that JI' = I'*! and J is a
reduction of I. O

Without the Noetherian assumption (4) need not imply (1):

Example 8.1.2 Let k£ be a field, X1,Y7, Z1, X5, Y5, Z5, ... variables over k,
and S = ]{}[Xl, Yl, Zl,XQ, YQ, ZQ, .. ] Set

J=(X1- X,V X1 X, Z0 i > 1)8,

I=J4 (X1 - XuY:Z7 i > 1)8,
and for i > 1, set M; = (Y1,...,Y;_1,Z1,...,Z;_1,X;)S. Let W be the mul-
tiplicatively closed subset of S consisting of elements that are not in any M,;.
It is straightforward to see that a prime ideal P containing J either con-
tains some variable X;, in which case it contains some M, or it contains

M = (Y, Z). If P is in addition disjoint from W, then necessarily P equals
some M; or M. Set

K = ZXl e ‘Xi+2(Yz’i - Yiijllv Zf - Ziij—_llﬂ Yi+12ii+1 - Yzl—tll)
=1

Then K C M, K C M; for all i, and
Ju, = (X, Y0, Y3 Y T 20, 23 2
Ky, = (Xi, Y1 = Y2 Y2 - Y3 Y2 Y2
7\~ 73,725 —73,..., 773 - 7173,
Vi —Y1,YoZy — Y&, Y323 — Y3, .Y 9 Z 0 — Y )

With R = W=Y(S/K), JRux, = (Y1, 24, Y}, Z ) R,
IRy, = (Y1, 20, Y, Z/71,Yi 1 Z1 ) R,

and JIlRMl = IH_IRMi with [ > 1—2. Similarly, JRM = IRM = (Yl, Zl)RM
Thus JR C IR is locally a reduction. However, J C [ is not a reduction, for
otherwise if JI' = I'*! for some [, the same still holds after localization
at M3, which is false. (Compare with Exercise 1.8.)

Reductions remain reductions under ring homomorphisms:

Lemma 8.1.3 Let R — S be a ring homomorphism and J C I ideals in R.
(1) If J is a reduction of I, then JS is a reduction of I1S.

(2) If S is faithfully flat over R and JS is a reduction of IS, then J is a
reduction of I.

Proof: The first part is clear. If JS is a reduction of IS, then there exists
an integer n such that (JS)(I"S) = I"*1S. By faithful flatness, I"*t! =
I"'SNR=JI"SN R = JI", which proves the second part. ]
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In particular, reductions are preserved under localization, as already proved
in Proposition 8.1.1. Also, reductions are preserved under passage to quotient
rings, with the following partial converse which follows easily from Proposi-
tion 1.1.5:

Lemma 8.1.4 Let R be a Noetherian ring, J C I ideals in R. Then J C I
is a reduction if and only if for every minimal prime ideal P of R, J(R/P) C
I(R/P) is a reduction.

The Noetherian assumption above is non-trivial: if k£ is a field, X, Xo, ...
are variables over k and R = k[X]/(X1, X3, X3,...), then 0 C (X) is not a
reduction even though it is a reduction modulo the one minimal prime ideal.

Proposition 8.1.5 Let J = (a1,...,ar) C I be ideals in a ring R.

(1) If J is a reduction of I, then for any positive integer m, (a*,...,a}")
and J™ are reductions of I™.
(2) If for some positive integer m, (ai*,...,ap") or J™ is a reduction of I,

then J is a reduction of I.

Proof: (1) Choose n such that JI™ = I"*!. Then for all m > 1, J*I" =
It and multiplying the last equation through by I"™"~™ gives J™(I"™)" =
(I™)"*+1, Thus J™ is a reduction of I™.

We claim that for every positive integer m,

(@™, ... af) (ay,. .. ap)F DY = (g, ap) MR (8.1.6)
It suffices to prove J(m=DE+L C (a7, ... a)(a1,. . ., ar) P~ D=1 Observe
that J(m~1k+1 is generated by elements of the form a}* - - -a}’*, with each n;
a non-negative integer and > n; = (m — 1)k + 1. If n; < m for all 4, then
(m—1)k+1=> n; <(m— 1)k, which is a contradiction. Thus necessarily
n; > m for at least one 7, which proves the claim.

The claim implies that (a}®,...,a}") is a reduction of J™. By transitivity
(Proposition 1.2.4) then also (a},...,a}") is a reduction of I"™.

(2) If either (af*,...,a}") or J™ is a reduction of I"™, then by Proposi-
tion 1.2.4, J™ is a reduction of I™. Thus there exists an integer n such that
Jm(Im™)n = (I™)"*1. Hence I™ntm C Jjmntm=1 C Jmntm and equality
holds throughout. Thus J is a reduction of I. []

Examples of reductions can also be built via sums and products of ideals:

Proposition 8.1.7 Let R be a ring, J1, Jo, [1, I5 tdeals in R, such that Jy is
a reduction of Iy and Jy is a reduction of Is. Then
(1) Ji+ Js is a reduction of Iy + I, and
(2) Ji-J2 is a reduction of I - I5.
Proof: 'We may choose n such that JiI7 = I and JoIy = I3+, Then
(I + L)*" T C PPN (L + )" + I (I + )"
= I (L + )" + Jo I3 (1 + )"
C (J1+ J2)(I1 + I)*™ C (I + Ip)*"H,
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so that equality holds throughout and J; + J is a reduction of I; + I5. Part
(2) follows even more easily: by assumption (I112)" Tt = JyJo I IR, which
immediately implies that J;Js is a reduction of I 1. O

There are more ways to generate reductions via the Jacobson radical:

Lemma 8.1.8 Let R be a Noetherian ring, m be its Jacobson radical (i.e.,
the intersection of all the mazximal ideals), J,J" C I ideals, and L any ideal
contained in wmI. If J+ L = J' + L, then J is a reduction of I if and only if
J’ is a reduction of I.

Proof: Suppose that J is a reduction of I. Then there exists an integer n
such that JI™ = "™l Thus ["*! = JI™* C (J + L)I™ C (J' +mI)I", so
that by Nakayama’s Lemma I"*! C J'I™, whence I"t! = J'I", and J' is a
reduction of I. The rest is easy. O

The integral closure of a homogeneous ideal is homogeneous, but not every
reduction of a homogeneous ideal is homogeneous:

Example 8.1.9 Consider the ideal I = (X3, XY,Y?) in the polynomial
ring k[X,Y]. Then (XY, X3+ Y*) is easily seen to be a reduction of I and
is not homogeneous under the usual grading. Furthermore, no 2-generated
reduction of I is homogeneous: in any reduction J, if JI™ = I"*!, by degree
considerations XY appears as a term in one of the generators of J. If J
is to be homogeneous, necessarily XY is one of the two generators of J up
to scalar multiple. Without loss of generality the other generator is a linear
combination of X3 and Y* with coefficients in the ring. Again by degree count,
X3 appears with a unit coefficient in the generator, so that by homogeneity
the second generator should be X? (up to scalar multiple). But (XY, X3) is
not a reduction of I as for all n > 0, (Y"1 ¢ (XY, X3)I™.

The set of minimal prime ideals of a reduction ideal is independent of the
reduction:

Lemma 8.1.10 Let J C I be a reduction. Then /J = /I, Min(R/I) =
Min(R/J), and ht J =ht I.

Proof: This follows easily from J C I and JI™ = I"*! for some n. O

However, Ass(R/I) need not equal Ass(R/J), see Exercises 1.21, 1.22, or
the following;:

Example 8.1.11 Let R be the polynomial ring k[X,Y, Z] in three variables
X,Y and Z over a field k. Let J = (X3,Y3 XY?2Z) C I = (X3 Y3 XY?,
X2Y(Z —1)). Then both JI? and I® equal

(X2, X%Y(Z -1),X"Y?, X3, X5Y* X4V° X3Y6 X%y7, XY®, YY),
so that J is a reduction of I. Note that Ass(R/J) = {(X,Y),(X,Y,Z)} and

Ass(R/I) ={(X,Y),(X,Y,Z—1)}, so that no inclusion relations hold among
the two sets.
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8.2. Connections with Rees algebras

Theorem 8.2.1 Let J C I be ideals in a Noetherian ring R. Then J is a
reduction of I if and only if R[It] is module-finite over R[Jt].

Proof: Assume that J is a reduction of I. There exists an integer n such that
JI" = "t and for all k > 1, J*I™ = "tk Tt follows that (R[It])kin =
I"t"(R[Jt])k. For i = 0,...,n, let s;1,..., s, be the generators of the R-
module I*. Then R[It] = Y s;;t'R[Jt], so that R[It] is a finitely generated
module over R[Jt].

Conversely, assume that R[It] is a module-finite over R[Jt]. Both of these
rings are N-graded, so there exist finitely many homogeneous elements that
generate R[[t] as an R[Jt]-module. Let n be the largest degree of one of
these generators. Then "%+ = (R[It]),1 = o0, (Jith)(I7H1-ignt1=i)
= JI™t" ! so that I™t! = JI™, and J is a reduction of I. O

The proof above shows the following;:

Corollary 8.2.2 The minimum integer n such that JI" = It is the
largest degree of an element in a minimal homogeneous generating set of the
ring R[It] over the subring R[Jt].

Definition 8.2.3 Let J be a reduction of I. The reduction number of
I with respect to J is the minimum integer n such that JI™ = I"T1. It is
denoted by rj(I). The (absolute) reduction number of I equals

min{r;(I)|J a minimal reduction of I}.

The reason that J C I from Example 8.1.9 is not globally a reduction even
if it is a reduction locally is that there is no bound on the local reduction
numbers.

We show next that over a Noetherian local ring (R, m), the reduction num-

ber of I can also be determined via the fiber cone
R[It] R 1 I? I3
F(R) = N N S N N

1(R) mR[It] m@mf@m12®mf3@
Proposition 8.2.4 Let n be a positive integer, (R, m) a Noetherian local
ring, J, I ideals in R, J C I, and B the subalgebra of Fn(R) generated over
R/m by (J+mI™)/mI™. Then J C I" is a reduction if and only if B C F1(R)
is module-finite. (Yes, Fr(R), not Fn(R).)

If either condition holds, the reduction number of I™ with respect to J is
the largest degree of an element in a homogeneous minimal generating set of
Frn over B.

Proof: The last part follows from Corollary 8.2.2 by using Nakayama’s Lemma.
It is easy to show that F; is module-finite over F;». Thus it suffices to
prove the case n = 1.
First assume that J C I is a reduction. By Theorem 8.2.1, R[Jt] C R[It] is
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a module-finite extension. Hence R[Jt]/(mR[It]NR[Jt]) C F(R) is a module-
finite extension. But R[Jt]/(mR[It] N R[Jt]) is canonically isomorphic to B,
which proves that B C F; is module-finite.

Now assume that B C & is module-finite. Let the homogeneous generators
of F; as a B-module be in degrees d or smaller. Then I9+! /mI4+t! C ((J +
ml)/ml)(I%/mI?). Thus I¢t1 C JI?4+mI9! so that by Nakayama’s Lemma
J is a reduction of I. ]

As the analytic spread ¢(I) of I is the dimension of F;, this proves:

Corollary 8.2.5 Let R be a Noetherian local ring and J C I a reduction.
Then the minimal number p(J) of generators of J is at least £(I).

If R is a Noetherian local ring and I an ideal, the graded ring gr;(R)
contains the information on the (minimal) reductions of I, their reduction
number, and on the analytic spread of I. Ooishi in [222] generalized this
to other graded rings and ideals to obtain a theory of reductions of graded
rings. He also used this theory to study the properties of graded modules, in
particular pseudo-flat modules.

8.3. Minimal reductions

In Noetherian rings, in general there is no descending chain condition and
thus there may not be a reduction of an ideal that is minimal with respect
to inclusion (cf. Exercise 8.10). However, in Noetherian local rings, minimal
reductions do exist, see Theorem 8.3.5 and Proposition 8.3.7.

Definition 8.3.1 A reduction J of I is called minimal if no ideal strictly
contained in J is a reduction of I. An ideal that has no reduction other than
itself is called basic.

Here is an illustrative example:

Example 8.3.2 Let R =Z/2Z[[X,Y]]/(XY (X +Y)), where X,Y are vari-
ables over Z/27. Let I = m = (X,Y)R. We claim that I is basic. Suppose
that this is not the case. Then there exists a reduction J properly con-
tained in I. By Lemma 8.1.8, there exists an ideal J’ generated by linear
forms such that J 4+ I? = J' + I?. As J is properly contained in I, so is
J', so that necessarily J’ is generated by at most one linear form. This
ring has only three linear forms: X, Y, and X + Y. By change of variables
(and symmetry) we may assume that J' = (X)R. However, XR is not a
reduction of I as Y™™ ¢ XI" for all n (in other words, at least if n > 3,
yntl g (Xl Xy Yyntl XY(X+Y))(Z/27)[[X,Y]]). Thus I cannot have
any proper reductions, so it is basic.

If in the example above we enlarge Z/27Z to a field k containing a unit u
other than 1, then J = (X + uY’) is a minimal reduction of I:

JI? = (X +uY)(X, V)2 + (XY(X +Y))
= (X3 +uX?Y, XY +uXY? XY? +uY?) + (XY (X +Y))
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= (X3 4+ * XY XY2(1 +u), XY? +uY?) + (XY(X +Y))
= (X3, XY YH + (XY(X +Y)) =12

In particular, when k£ has many units u, the ideal I has many minimal (1-
generated) reductions.

Proposition 8.3.3 Let (R, m) be a Noetherian local ring and J a minimal

reduction of I. Then the following hold.

(1) JNnml =mJ.

(2) For any ideal K such that J C K C I, every minimal generating set of
J can be extended to a minimal generating set of K.

Proof: Set L = JNml. Let t be an integer such that J/L = (R/m)’,
so that J = (z1,...,2¢) + L for some x1,...,2¢ € J. By Lemma 8.1.8,
(1,...,2¢) is also a reduction of I, which by the minimality of J implies that
J = (x1,...,x¢). Thus t is the minimal number of generators of J, implying
that L C m.J, which proves (1).

In particular, J " mK = mJ. Thus {z1,...,2;} form part of a minimal
generating set of K, which proves (2). O

The assumption about minimality in the last proposition is necessary, as can
be seen by Example 8.1.11 after passing to the localization k[X,Y, Z](x v, z),
or by the following:

Example 8.3.4 Let k be a field, X a variable, and R = k[X?2, X3]/(X°®, X9).
Set [ =m= (X2, X3)Rand J = (X3, X*)R. Then J C I and J is a reduction
of I as JI? = I3 = 0. However, ml = (X* X°)R = X*R, JNmI = X*R,
and mJ = 0.

In general there is no unique minimal reduction of an ideal (see second part
of Example 8.3.2), but minimal reductions exist in Noetherian local rings:

Theorem 8.3.5 Let (R, m) be a Noetherian local ring. If J is a reduction
of I, then there exists at least one ideal K in J such that K is a minimal
reduction of I.

Proof: Let X be the set of all reductions K of I contained in J. Since J € ¥, &
is not empty. Since R is Noetherian, - is a finite dimensional (R/m)-vector
space, so there exists K € X such that % is smallest under inclusion.
Let the vector space dimension of this be n, and let k1,...,k, € K be the

preimages of a basis of % in K. Set Ko = (k1,...,k,). By Lemma 8.1.8,

Ky is a reduction of I. By possibly renaming, without loss of generality
K = K.
Both £ and £i™L are n-dimensional (R/m)-vector spaces, so that the

mK mIK P % !
. . . ~ +m
canonical surjection = — A—r = 7

that K Nml = mK.
We claim that K is a minimal reduction of I contained in J. It remains to
prove minimality. If L C K is a reduction of I, then by the minimality of K

is an isomorphism. This implies
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in¥, K+ml =L+ml. Thus K C(L+ml)NK =L+ (mlNK), which
by the previous paragraph means that K C L + mK. Hence by Nakayama’s
Lemma, K = L. Thus K is a minimal reduction of I. (]

The theorem gives that whenever K1 O Ky O K3 - - - are all reductions of I,
then (), K, is also a reduction of I. However, without the local assumption
this property may fail, see Exercise 8.10.

By Corollary 8.2.5, every reduction of I, and so every minimal reduction
of I, has at least ¢(I) generators. There are minimal reductions with strictly
more generators, as in Example 8.3.2, but the reductions with exactly (1)
generators are all minimal with further good properties:

Corollary 8.3.6 Let (R, m) be a Noetherian local ring and J C I a reduction

such that p(J) = €(I). Then

(1) J is a minimal reduction of I.

(2) Fj is canonically isomorphic to the subalgebra of F1 generated over R/m
by (J+ml)/ml, and is isomorphic to a polynomial ring in €(I) variables
over R/m.

(3) For all positive integers k, J* NmI* = mJ*.

Proof: Let B be the subalgebra of F; generated over R/m by (J 4+ ml)/ml.
By Proposition 8.2.4, F; is module-finite over B so that dim B = dimJ; =
¢(I). As J is generated by ¢(I) elements, necessarily B is isomorphic to a
polynomial ring over R/m. There is a natural surjective graded map F; — B.
As F; is generated over R/m by ¢(J) elements, this surjective map onto a
polynomial ring has to be an isomorphism. In particular for each k, the kernel
of J*¥/mJ* — (J*¥ +mI¥)/mI* is zero, or in other words, J* NmI* = mJ*.
If K C J and K is a minimal reduction of I (it exists by Theorem 8.3.5),
then by Proposition 8.3.3, a minimal generating set of K can be extended to
a minimal generating set of J. But by Corollary 8.2.5, u(K) > £(I) = u(J),
so that K = J, whence J is a minimal reduction of I. (]

Example 8.3.2 shows that the number of generators of a minimal reduction
depends on the cardinality of the residue field. That example also indicates
that when the cardinality of the set of units is large enough, ideals generally
have more reductions. In fact, when the residue field is infinite, there exist
minimal reductions whose minimal generating sets have cardinality equal to
the analytic spread of the ideal:

Proposition 8.3.7 Let (R, m) be a Noetherian local ring with infinite residue
field, I an ideal, and | = ¢(I), the analytic spread of I. Then every minimal
reduction of I is minimally generated by exactly | elements. In particular,
every reduction of I contains a reduction generated by | elements.

Proof: By assumption, [ = dim(J7). Let J be a reduction of I (possibly
J =1I). Let B be the subalgebra of F; generated over R/m by (J 4+ mI)/ml.
Proposition 8.2.4, B C J; is a module-finite extension. By the Noether
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Normalization Theorem (Theorem 4.2.3), there exist ay,...,a, € By = (J +
ml)/ml such that A = k[aq, ..., ] is a polynomial subring of B and such that
B is a module-finite extension of A. Hence F; is module-finite over A. Let a; €
J be such that its image in (J +mI)/m/ is @;. Set K = (ay,...,a;)R. Then
K C J. By Proposition 8.2.4, K is a reduction of I, and by Corollary 8.3.6,
K is a minimal reduction of I. Thus every minimal reduction is generated by
exactly [ elements. ]

This shows that the fiber cone of I and its dimension are useful for finding
(minimal) reductions of I. But even without the assumption on the infinite
cardinality of the residue field, the number ¢(I) plays a role in reductions:

Proposition 8.3.8 Let (R,m) be a Noetherian local ring and I an ideal.
Then there exists an integer n such that I™ has a minimal reduction generated
by £(I) elements.

Proof: By the graded version of the Noether Normalization Theorem (see
Theorem 4.2.3), there exist an integer n and elements ay,...,a; € (F), =
I /mI™ such that A = k[ay,...,a] is a polynomial subring of F; and such
that Jr is a module-finite extension of A. Let a; € I™ be such that its image in
I"/mI™ is ;. Set J = (aq,...,a;)R. Using Proposition 8.2.4, J is a reduction
of I"™ and by Corollary 8.3.6, J is a minimal reduction of I™. ]

We revisit Example 8.3.2, with R = k[[X,Y]]/(XY (X +Y)), I = (X,Y)R.
The fiber cone of I is k[X,Y]/(XY (X +Y)), which has Krull dimension 1.
Under the assumption that k£ has more than one unit, we found a 1-generated
minimal reduction of I, and under the assumption that k£ has exactly one unit,
we proved that I has no 1-generated minimal reductions. By the proposition
above, some power of I has a one-generated reduction. In fact, one can easily
verify that X2 + XY + Y2 generates a minimal reduction of 2.

Corollary 8.3.9 Let (R,m) be a Noetherian local ring and I an ideal. Then
dim R > ¢(I) > ht [.

Proof: The first inequality holds by Proposition 5.1.6. By Proposition 8.3.8
there exists a positive integer n such that I"™ has a minimal reduction J
generated by ¢(I) elements. Then ht J < ¢(I). But by Lemma 8.1.10, ht [ =
ht I™ = ht J. m

Even though monomial ideals need not have minimal monomial reductions
(see Example 8.1.9), still, the geometry of monomial ideals carries some in-
formation. For example, Bivia-Ausina [17] proved that the analytic spread
of a monomial ideal (over the complex numbers, and of more general New-
ton non-degenerate ideals) can be computed from its Newton polyhedron.
Explicitly, the minimal number of generators of a minimal reduction of a
monomial ideal is one more than the maximum dimension of a compact face
of its Newton polytope. Crispin Quinonez [49, Corollary 6.2.9] proved that a
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monomial ideal in a power series ring in two variables over a field has a min-
imal reduction with the following pattern: arrange the monomial generators
in the order of increasing exponents in one of the variables (and decreasing
in the other), let a be the sum of every other monomial in this arrangement,
and let b be the sum of the remaining monomials. Then (a,b) is a minimal
reduction of the ideal.

8.4. Reducing to infinite residue fields

In the previous section we proved stronger existence results for reductions
under the extra condition that the residue field of the ambient Noetherian
local ring is infinite. Many good properties of reductions still hold without the
infinite residue field assumption, but often proofs reduce to the infinite residue
case. We give some examples of the passage to infinite residue fields in this
section. Further examples are in Proposition 10.4.9 regarding Rees valuations,
in Chapter 11 on multiplicities, in Lemma 14.4.7 regarding simplicity, in the
proof of Theorem 18.5.2 regarding adjoints, etc.

Here is a general construction for this purpose: for a Noetherian local ring
(R,m), let X be a variable over R. Set S = R[X|mpx]. Then R C S is a
faithfully flat extension of Noetherian local rings of the same Krull dimension.
The residue field S/mS of S contains the residue field R/m of R. In fact,

S o (nﬁcﬁ] )mR[X], which is the field of fractions of (R/m)[X]| and thus an

2

infinite field.

Definition 8.4.1 Let R(X) denote R[X]mR[X], where X is a variable over R.
As R(X) is faithfully flat over R, the following are easy to prove:

Lemma 8.4.2 Let J, I be ideals in a Noetherian local ring (R, m). Then

(1) J C I if and only if JR(X) C IR(X).

(2) ht(I) = W(IR(X)). In particular, dimR = dim R(X), and I is m-
primary if and only if IR(X) is mR(X)-primary.

(8) J C I is a reduction if and only if JR(X) C IR(X) is a reduction.

(4) u(D) = W(IR(X)), (1) = (IR(X)).

(5) R is reqular (resp. Cohen—Macaulay) if and only if R(X) is reqular (resp.
Cohen—Macaulay).

(6) If I is m-primary, A(R/I) = AN(R(X)/IR(X)). (Thus the Hilbert-Samuel
functions of I and IR(X) are the same; see Chapter 11.)

(7) I is generated by a reqular sequence if and only if IR(X) is generated by
a regular sequence.

(8) If I = quN---Ngqg is a (minimal) primary decomposition, then IR(X)
=qR(X)N---NgR(X) is a (minimal) primary decomposition.

(9) IR[X] = IR[X] and thus IR(X) = IR(X). In particular, I is integrally
closed if and only if IR[X] is integrally closed, which holds if and only if
IR(X) is integrally closed.
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Proof: We only prove (9). By faithful flatness, I = IR[X]| N R, so I is
integrally closed if I R[X] is. Similarly, I R[X] is integrally closed if IR(X) is.
To prove the rest we can replace I by I, and assume that I is integrally closed.
It suffices to prove that I R[X] is integrally closed. Let s € IR[X]. Under the
N-grading deg(X) = 1 and deg(R) = 0, I R[X] is a homogeneous ideal, so by
Corollary 5.2.3, I R[X] is also homogeneous. Thus each graded component of s
is in I R[X]. Thus it suffices to prove that if r € R, m € N and r X" € I R[X],
then rX™ € IR[X]. Write (r X™)" + a;(r X™)"" ! + ... + a,, = 0 for some
a; € I'R[X]. Let b;X"™ be the part of a; of degree im. Then b; € I and
(rX™)" b, X™(rX™) "4 45, XM = 0 yields 7+ by - 4+b, = 0,
whence r € I = I, and rX™ € IR[X]. m

We reprove Corollary 8.3.9 by using R(X):

Corollary 8.4.3 Let (R,m) be a Noetherian local ring. Then for every ideal
I of R, ht(I) < ¢(I) < dim(R). Also, £(I) is bounded above by u(I), the

minimal cardinality of a generating set of I.

Proof: The invariants ht , £, dim , and p remain unchanged under passage from
R to R(X) and I to IR(X), so without loss of generality we may assume that
the residue field of R is infinite. By Proposition 5.1.6, ¢(I) < dim(R). As F;
is generated over the field R/m by I/ml, it follows that the dimension ¢(I)
of F; is at most the number u(I) of generators of I/ml. It remains to prove
that ht(/) < ¢(I). By Proposition 8.3.7 there exists a minimal reduction J of
I generated by exactly ¢(I) elements. Hence ht(I) = ht(J) < u(J) =£(I). O

Proposition 8.4.4 Let (R, m) be a Noetherian local ring, and I and J ideals
in R. If ((I)+ £(J) > 0, then £(1J) < £(I)+ £(J).

Proof: Without loss of generality we may pass to a Noetherian local ring
with infinite residue field. We may also replace I and J by their respective
minimal reductions. Thus we may assume that I and J are basic ideals. Now
the proposition follows immediately from Corollary 1.7.6. O

8.5. Superficial elements

Definition 8.5.1 Let R be a ring, I an ideal, and M an R-module. We say
that x € I is a superficial element of I with respect to M if there exists
c € N such that for allm > ¢, (I" "M :pp 2)NI°M = I"M. If x is superficial
with respect to R, we simply say that x is a superficial element of I.

For any z € I and n > ¢, I"M is contained in (I"*1M :p; )N I°M. Tt is
the other inclusion that makes superficial elements special.

Remark 8.5.2 Let R be a ring, I an ideal, x € I, and M an R-module.
Assume that z is a superficial element of I with respect to M. Then for all
m > 1, 2™ is a superficial element of I"™ with respect to M.
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Proof: There exists an integer ¢ such that for alln > ¢, (I"™*M :p; 2)NI°M =
I"M. We claim that for all n > ¢, (I™"tVM 1y 2™) N I"M = I™" M,
proving the remark. Let r € (I DM 3 2™) NI M. A straightforward
induction on m —i proves that for all 0 < i < m, rat € I™(+TD=m+iNf When
1 = 0, we have established the claim. ]

Clearly the superficial property of an element is preserved under localiza-
tion. Superficial elements that are non-zerodivisors behave better:

Lemma 8.5.3 A element x € I that is a non-zerodivisor on M 1is a super-
ficial element of I with respect to M if and only if for all sufficiently large
integers n, I"M :py x =171 M.

Proof: The condition I"M :j; x = I" 1M for all sufficiently large n clearly
implies that x is superficial, say by taking ¢ = 0. Now assume that x is
superficial. By the Artin—Rees Lemma there exists an integer k such that for
alln >k, "M NzM = I"*(I*M NnaM) C 21" *M. As I"M NzM =
x(I™M :p; ) and as x is a non-zerodivisor on M, it follows that I"M :p; x C
I""*M. Let n >k +c. Then I"M :py v = (I"M :pp ) NI°M = I""'M by
the assumption on superficiality, which proves the lemma. (]

The following is a partial converse:

Lemma 8.5.4 Let R be a Noetherian ring, I an ideal in R, and M a finitely
generated R-module. Assume that N, (I"M) = 0 and that I contains an
element that is a non-zerodivisor on M. Then every superficial element of I
with respect to M 1is a non-zerodivisor on M.

Proof: Let x be a superficial element of I. Let ¢ be an integer such that for
all integers n > ¢, (I""IM :py x) N I°M = I"M. Then (0 :p; 2)I¢ C I"M
for all n. Thus (0 :p; x)I¢ = 0, so that as I contains a non-zerodivisor on M,
0 ‘M T = 0. O

Lemma 8.5.5 Let R be a Noetherian ring, M a finitely generated R-module,
I an ideal in R, and x € R. Assume that either x is a non-zerodivisor on M
or that for some ideal J, I C/J, Ny J"M =0, and that x € R is a superficial
element for J with respect to M. Then there exists e € N such that for all
n>e,

I"M :ppx C(0:pp )+ 1" °M, and (0:p 2)NI°M =0.

If x is superficial for I, then for all sufficiently large n, I"M :p x = (0 :pr
)+ I""tM.

Proof: By the Artin—Rees Lemma, there exists £ > 0 such that for all n > k,
I"M NxM C xI" %M. In particular, I"M :p; x C (0 :p7 ) + I"F M.

In case z is a non-zerodivisor on M, (0 :p; x) = 0, which shows that
I"M :p x C I™ %M, thus proving the displayed inclusions in case z is a
non-zerodivisor on M.
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If instead x is superficial for J with respect to M and if I™ C J, let ¢ be such
that for all n > ¢, (J"M :pp ) N JM = J" M. Set e = ecm + k. From the
first paragraph we conclude that for alln > e, I"M :p;y © C (0 :py x)+1""¢M.
Also,

(0 2)NIM C(\(J"M 1y 2) N J°M C ()T M =0,

which finishes the proof of the displayed inclusions. If in addition I = J, i.e.,
if = is superficial for I, then for n > e + ¢,

I"M :ppx=(0:pp )+ I°M)N(I"M :py )
=0:px)+I°MNI"M :p z)
= (0:p7 ) + 1" M. O
Superficial elements do not always exist:

Example 8.5.6 (Cf. Example 8.3.2.) Let R = (Z/2Z)[[X,Y]]/(XY(X+Y)),
where X,Y are variables over Z/2Z. Let I = (X,Y)R. Then [ has no
superficial element. For otherwise let r» be a superficial element. As I is not
nilpotent, by Exercise 8.3, necessarily r € (X, Y)2R, so that the degree 1 part
of r is non-zero. By symmetry and a possible linear change of variables, we
may assume that the degree one part of r is X. We may write r = aX + bY?
for some a,b € Z/2Z[X,Y]. For all n > max{2,c}, Y" ?(X +Y)r € I"H1,
Y 2(X +Y) € I¢\ I", contradicting the superficiality assumption. Thus I
has no superficial element.

As is the case for reductions, stronger existence results hold when R is a
local ring with infinite residue field:

Proposition 8.5.7 Let R be a Noetherian ring, I an ideal, and M a finitely

generated R-module. Then

(1) There exists an integer m such that I™ has a superficial element x with
respect to M, and even better, there exists an integer ¢ such that for all
n>m+c, (I"M :ppx)NI°M =1"""M.

(2) If R has infinite residue fields, then m above can be taken to be 1.

(3) If (R, m) is a Noetherian local ring with infinite residue field, then every
tdeal I has a superficial element with respect to M. Furthermore in this
case, there exists a mon-empty Zariski-open subset U of I/mI such that
whenever r € I with image in I/mI in U, then r is superficial for I with
respect to M.

Proof: The module gr;(M) = (M/IM)&(IM/I?M)& (I?M/I°M)&- - - over
the Noetherian ring gr;(R) is finitely generated. Let 0 = Ny N --- N N, be a
primary decomposition of the zero submodule in gr;(M). Fori=1,...,r, set
P; to be the radical of (N; g, (r) gr7(M)). Each P; is a prime ideal. Without
loss of generality P, ..., Ps; contain all elements of gr;(R) of positive degree,

and Psyq,..., P, do not. There exists an integer ¢ such that Ny,..., N, all
contain I¢M /I¢T1M.
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By Prime Avoidance there exists a homogeneous element h of positive de-
gree in gr;(R) that is not contained in any P; for i > s. Say h = x +I™*! for
some z € ["™. If R has infinite residue fields, then by Theorem A.1.2, m may
be taken to be 1.

Since n > m + ¢, it follows that I" ™M C (I"M :p; ) N I°M. By way of
contradiction suppose that n > m +cand y € (I"M :pp x) N IM\ I M.
Let k be the largest integer such that y € I*M. Then ¢ < k < n—m. In
gr; (M), (x + I™H) . (y + I**M) = 0. Thus by the choice of x + I™*1,
y+I¥1M € N, 1N---NN,. By the choice of ¢, y + I**'M € Nyn---N N,
so that y + I**1M = 0, which contradicts the choice of k. This proves (1)
and (2).

Now assume that in addition R is a Noetherian local ring with maximal
ideal m and infinite residue field R/m. By Nakayama’s Lemma, the images of
Psi1,..., P, in I/mI are proper (R/m)-vector subspaces of I/mI. As R/m is
infinite, the Zariski-open subset of I/mI avoiding all these proper subspaces
is not empty. 0

An easy corollary is the following:

Lemma 8.5.8 Let I be an ideal in a Noetherian ring R such that the asso-
ciated graded ring gr;(R) has a non-zerodivisor of positive degree. Then for
all large integers m, I"T1 . T = I".

Proof: Let x and m be as in part (1) of Proposition 8.5.7. As in that proof,
we may further assume that h = x + I"™*! avoids all the associated primes
of gr;(R) and that ¢ = 0. Certainly I™ C I"*! : [ and if y € I"" : I, then
yr € yI™ = yII™~1 C "™ g0 that y € (I"T™ : z) = I™. O

Superficial elements of an ideal I exist even if we require further properties:

Corollary 8.5.9 Let (R, m) be a Noetherian local ring with infinite residue
field. Let I be an ideal of R and Py, ..., P, ideals in R not containing I. Then
for any finitely generated R-module M there exists a superficial element for I
with respect to M that is not contained in any P;.

In particular, iof I contains a non-zerodivisor on M, then there exists a
superficial element of I with respect to M that is a non-zerodivisor on M.

Proof: By Proposition 8.5.7, there exists a non-empty Zariski-open subset U
of I/mI such that whenever x € I and z +m/l € U, then x is superficial for I
with respect to M.

Let W; = (PN 1)+ mI)/mlI, a vector subspace of I/ml. By assumption
P; does not contain I, so that by Nakayama’s Lemma (P; N I) + mlI does not
contain I, whence W; is a proper vector subspace of I/ml.

Let U =UN(I/mI\(W1U---UW,)). Then U’ is a non-empty Zariski-open
subset of I/mI. As it is a subset of U, it follows that whenever x € I with
x +ml € U’, then x is superficial for I. Furthermore, by construction of U’,
whenever x +mI € U’, then z is not in P; for all 7.
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The last statement is immediate from Lemma 8.5.4. []
Definition 8.5.10 A sequence x1,...,xs € I is said to be a superficial
sequence for I with respect to M if for all i = 1,...,s, the image of x;
inI/(x1,...,2;_1) is a superficial element of I/(x1,...,x;—1) with respect to

M/(.Qi'l, e ,.’Ei_l)M.

We proved that every ideal in a Noetherian local ring with an infinite residue
field contains a superficial element. Thus every superficial sequence can be
continued to a longer superficial sequence.

Lemma 8.5.11 Let z1,...,x5 be a superficial sequence for I with respect
to M. Then for all n sufficiently large,

I"M N (z1,...,25)M = (21,...,2,)[" M.

Proof: We proceed by induction on s. First assume that s = 1. By assumption
there exists an integer ¢ such that for alln > ¢, (I"™*M :p; x1)NI°M = I"M.
By the Artin—Rees lemma there exists an integer [ such that for all n > I,
I"M Nax1M C o I"'M. Let n > ¢c+1, and y € I"M N x; M. Write
y = x1a = 21b for some a € I"M :j; x1 and some b € I"'M C I°M. Then
a—>b€ (0:p x1) C UM :pr 1), so that b = a — (a —b) € I"M :p z1.
This proves that I"M N x1M C z1((I"M :pr x1) N I°M), whence by the
superficiality of z1, I"M Nz M C 211" 'M. Thus I"M Nz M =z, 1" ' M.

Now assume that s > 1. By induction there exists an integer k such that
for all n > k,

I"M 0 (21,...,2s-1)M = (21,..., 25 1) """ M.
By the case s = 1, there exists an integer ¢ such that for all n > ¢,
(I"M + (x1,..., 251 ) M) (z1,...,2)M = (21,...,06_1) M + x, 1" M.
Hence for all n > k + ¢,
I"M N (21,...,2)M CI"M N (21, .., 2s21)M + 21" M)
=I"M N (x1,...,06_1)M +x, "' M
= (21,...,25) "' M. O

The power of superficial sequences lies in the power of non-empty Zariski-
open sets: the intersection of any two such sets is not empty and still Zariski-
open, which means that further conditions of Zariski-open nature can be im-
posed freely. Here is one such example:

Lemma 8.5.12 Let k be an infinite field and m,n € N. Let V be a non-
empty Zariski-open subset of k™, U a non-empty Zariski-open subset of k™™,
and a € k™ and b € k™ such that (b,a) € U. Then {u € V|(u,a) € U} is a
non-empty Zariski-open subset of k™.

Proof: Let I C k[Xy,...,X,,] be an ideal such that v € V if and only if
there exists F' € I such that F(v) # 0. Similarly, let J C k[X5,..., X;nin]
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be such that u € U if and only if there exists F' € J such that F'(u) # 0. Set
K= (F(X1,...,Xm,a)|F € J). As there exists F' € J such that F'(b,a) # 0,
it follows that K is a non-zero ideal in k[X1, ..., X,,|. But

{u eV |(u,a) € U} ={u € k™| there exists G € I K such that G(u) # 0}.

As I K is non-zero, this Zariski-open set is not empty. ]

8.6. Superficial sequences and reductions

We have seen that whenever J C [ is a reduction, then modulo any ideal K,
J(R/K) C I(R/K) is a reduction, but the converse fails in general. However,
if K C J is generated by a superficial sequence for I, the converse holds:

Proposition 8.6.1 Let R be a Noetherian ring, J C I ideals in R, and let
Z1,...,%s be a superficial sequence for I contained in J. Set K = (z1,...,Ts).

If J(R/K) C I(R/K) is a reduction, sois J C I.

Proof: Choose a positive integer n such that I"™(R/K) = JI"(R/K). Then
L C (JI+ Kynimt = jrm + (K N I1"™1), so by the lemma above, for
all n sufficiently large, JI™ + (K N 1" C JI™ + KI™ = JI™. Thus for all
n sufficiently large, I"*+! = JI™. O

Lemma 8.5.11 has a somewhat remarkable corollary when applied to the
associated graded module of I and M.

Corollary 8.6.2 Let R be a Noetherian ring, I an ideal, and M a finitely
generated R-module. Assume that x € I is superficial for I with respect to M.
Set gr; (M) = ®;>o(I"M/I'"TM). For all n sufficiently large,

lgri (M) /2" gri(M)]y = [grs(M)]n,
where I = I/(x), M = M/xM, and x* is the image of x in I/I? C gr;(R).

Proof: The degree n part of gr (M) /x*gr;(M) is I"M/(xI" 1M + It M),
which clearly surjects onto the degree n piece of ng(M), which is isomorphic
to I"M/(I" ™M + (xM N I"M)). The kernel of this surjection is isomorphic
in degree n to (I"™*M + (M NI"M))/(zI™ 1M + 1" M). For large n, this
kernel is 0 by Lemma 8.5.11. 0

This corollary is called a “miracle” in [22], the point being that for an
element r to be superficial the multiplication map by r* on gr;(M) needs to
be injective in high degrees, while the corollary says that this injectivity is
enough to give the “correct” cokernel in high degrees.

There is a natural upper bound on the length of the shortest superficial
sequence for I that generates a reduction of I:

Theorem 8.6.3 Let (R,m) be a Noetherian local ring with infinite residue
field and I an ideal of R. There exists a superficial sequence (x1,...,x;) for
I of length I = £(I) such that (x1,...,x;) is a minimal reduction of I.
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Proof: 1f ¢(I) = 0, then I is nilpotent, so the empty superficial sequence
generates the zero ideal, which is the minimal reduction of I.

Now assume that ¢(I) > 0. By Proposition 8.5.7 there exists a non-empty
Zariski-open subset U of I/ml such that whenever x € I with x +mI € U,
then x is superficial for I. As F; is generated over R/m by elements of I /mI,
and as F; has positive dimension, it follows that no minimal prime ideal of &y
contains all of I /mI. Thus as R/m is infinite, there exists an element x; +m/
in U that avoids all the minimal prime ideals of J7.

Set J =1/(x1) in R/(x1). Since F; is a homomorphic image of Fr /x5,
so that /(J) = dimF; < dim(F;/x1F,) = dimF; — 1 = (1) — 1. It follows
by induction that there exists a superficial sequence x5 + (x1),...,2; + (1)
of J with [ = ¢(J) that generates a reduction of J. For all n sufficiently large,
It C (x9,...,2)I" + 21 R, so that I"™t C o1 RN I + (29,...,2)I".
Hence by Lemma 8.5.11, for all n sufficiently large, I" ™! C (21, za, ..., 2;)I".
Thus (z1,...,2;) is a reduction of I and by construction [ < ¢(I), whence by
Proposition 8.3.7, | = ¢(I). ]

Discussion 8.6.4 The theorem above together with Lemma 8.5.11 have an
important consequence, used by J. Sally in [257]. We leave the proof of the
following theorem as an exercise (Exercise 8.25):

Theorem 8.6.5 (Sally’s machine) Let (R, m) be a Noetherian local ring, and
let I be an ideal of R. Let (x1,...,2,) C I be a minimal reduction of I

generated by a superficial sequence of length n. Fixz r < n, and set J =
(x1,...,2,). Then

depth(gr;(R)) > r + 1 if and only if depth(gr;,,(R/J)) > 1.

This “machine” has been used with great effectiveness to study Hilbert co-
efficients and the depth of Rees algebras by a number of researchers, especially
by the Genova school. See [103], [73], [131], [151], [154], [252], [253], [254],
[318], and their references.

Theorem 8.6.3, together with Proposition 8.5.7, shows that one can succes-
sively find sufficiently generic elements z1, ...,z in I, that is, elements in
some Zariski-open subsets of I/ml, such that (x1,...,z)) is a reduction of
I. But one can also find such sufficiently general elements all at once:

Theorem 8.6.6 (Northcott and Rees [217], Trung [300]) Let (R, m) be a
Noetherian local ring with infinite residue field and I an ideal of analytic
spread at most . There exists a non-empty Zariski-open subset U of (I /mI)!
such that whenever x1,...,x; € I with (xr1 +ml,...,z; + ml) € U, then
(x1,...,27) is a reduction of I.

Furthermore, if there exists a reduction of I with reduction number n, then
there exists a non-empty Zariski-open subset U of (I /mI)! such that whenever
X1y 2 € T with (x1+ml, ... z;+ml) € U, then (x1,...,x;) is a reduction
of I with reduction number at most n.
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Proof: Let I = (a1,...,am). Let Xi,...,X,, be variables over R/m let
A = (R/m)[X1,...,X,,], and let ¢ : A — F; be the ring homomorphism
sending X; to a; + m/l. Then ¢ is a graded homomorphism and its kernel is
a homogeneous ideal.

For any (u;;) € R™, set z; = Z;n:l wijaj, J = (x1,...,2)R, and set Jx
to be the ideal (ZTZI U1 Xy ooy 2 oie U Xj)A, where w;; is the image of u;;

j
in R/m. Let J, be the image of Jx in J7.

Claim: J is a reduction of I if and only if (X1,..., X,,)A = ker(¢) + Jx.
Namely, if J is a reduction of I, then for a large integer N, IN*t! = JIV so

that in F7, (F7)+ = v/Ja. The preimages in A show that (X1,...,X,,)A =
Vker(p) + Jx. Now assume that (Xi,...,X;n)A = yker(p)+ Jx. Let
N € N such that (Xi,...,X,,)V*! C ker(p) + Jx. Then by homogeneity,
(X1, .., X))V Cker(@)+Jx (X1, ..., Xm)Y. By passing to the homomor-
phic image of this inclusion under ¢, and then by lifting to R, we get that
INTL C JIN + mIN+! 5o that by Nakayama’s Lemma, J is a reduction of I.
This proves the claim.

For each n > 1, let V;, be the (R/m)-vector space in A whose basis consists
of all monomials of degree n and let B,, be the vector subspace generated by
(ker(p)+Jx)NA,. Let v,, = dim V,,, b,, = dim B,,. Fix a generating set of B,,
of b,, elements. Write each of the generators of B,, as a linear combination in
the monomials. The coefficients are polynomials in the %;; of degree at most
one. Let K,, be the ideal in A generated by all the v,, X v,, minors of the b,, X v,,
matrix obtained from the coefficients. If b,, < v,,, then K, is automatically
zero. However, by the existence of minimal reductions in local rings over an
infinite residue field there exists (u;;) such that the corresponding ideal J
is a reduction of I. This means that for some n, K, is not a trivially zero
ideal. Set U = {(u;;) € Vi | Kn(w;j) # 0}. Then U is a Zariski-open subset
of (I/mI)! and by construction for every (u;;) € U, the corresponding J is a
reduction of I with reduction number at most n. []

This proves that any ¢(I) “sufficiently generic” elements of I form a minimal
reduction of I.
The proof above shows even more:

Corollary 8.6.7 Let (R,m) be a Noetherian local ring. Then for every
tdeal I in R there exists an integer N such that the reduction number of any
reduction of I is at most N.

Proof: By the methods as in Section 8.4, without loss of generality we may
assume that R has an infinite residue field. Let J be an arbitrary reduc-
tion of I. Let K C J be a minimal reduction of I. Then u(K) = ¢(I) by
Proposition 8.3.7. Clearly the reduction number of K is an upper bound
on the reduction number of J, so it suffices to prove that there is an up-
per bound on the reduction numbers of minimal reductions. Let n = rx (I).
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The proof of Theorem 8.6.6 shows that there exists a non-empty Zariski-
open subset U, of (I/mI)! such that whenever (z1,...,2;) € I' such that
(ry +ml,...,z; +ml) € U,, then (z1,...,x;) is a reduction of I with re-
duction number at most n. Then (J, U; gives an open cover of the subset of
(I/mI)! that yields all the reductions of I. But (I/ml)! is a finite-dimensional
vector space, so there exists N € N such that Uy contains all the U;. Hence
N is an upper bound on all the reduction numbers. []

An upper bound on ¢(I) and also on reduction numbers can be obtained
via the following;:

Theorem 8.6.8 (Eakin and Sathaye [65]) Let (R, m) be a Noetherian local
ring with infinite residue field, and let I be an ideal in R. Suppose that there
exist integers n and r such that I™ can be generated by strictly fewer than (”jr)
elements. Then there exist y1,...,y, € I such that (y1,...,y.) "1 =1". In
particular, (y1,...,yr) is a reduction of I. In fact, any “sufficiently generic”

Yi,---,Yr € I form a reduction of I.

Proof: The last statement follows from Theorem 8.6.6.

The interpretation for » = 0 is trivial: by assumption then I™ = 0, so
indeed I has a reduction generated by zero elements. The result for n =1 is
immediate. Thus we may assume that » > 0 and that n > 1. If there exists a
counterexample to the theorem, we may choose a counterexample in which r
is minimal and n is minimal for this . Thus any generating set of 1"~ ! has
at least (n_i”) elements.

Suppose that there exists y € I\ mI such that (yI"~! + mI")/mI" is an
(R/m)-vector space of rank at least ("_71,+T). If r = 1, then by assumption I™
is generated by at most n elements, so that by Nakayama’s Lemma, yI"~! =

I™, and we are done. Thus in this case we may assume that r > 1. Now
pass to R = R/(y["' +mI"). Then as (""[") + (") = ("1"), it

1 r T
follows that I™ R’ is generated by strictly fewer than ("jﬁ;l
induction on r, there exist 4, . .., ¥y, € I such that (ya, ...,y )[" 'R = I"R'.
Hence I™ C (ya, ...,y )"t +yI" "1 +mI", which after applying Nakayama’s
Lemma finishes the proof of this case.

Now assume that for all y € I'\mI, (yI"~t+mI")/mI" is an (R/m)-vector

space of rank less than ("~!™"). Set R’ = R/(mI™ : y). Then I" 'R’ is
n—1+r

) elements. By

generated by fewer than ( ) elements. By induction on n there exist
Y1,...,yr € I such that (yyi,...,y.)I" 2R’ = I""'R’. By Theorem 8.6.6,
there exists a non-empty Zariski-open subset U of (I /mI)" such that whenever
(y1 + mI,...,y. + mIl) € U, then (y1,...,y,)R is a reduction of R’ with
reduction number at most n — 2. Let I = (z1,...,x5), with each z; € I\
m/. Then by construction for each x; there exists a non-empty Zariski-open
subset U; of (I/mI)" such that whenever (y; + ml,...,y,. + ml) € U;, then
the ideal (y1,...,y,)(R/(mI™ : x;)) is a reduction of I(R/(mI™ : x;)) with
reduction number at most n — 2. Let U = N;U;. Choose y1,...,y € I
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such that (y; +ml,...,y, + ml) € U. Then for all i = 1,...,s, [""! C
(Y1, yr) 12 + (mI™ : 2;), so that ;1" ' C (y1,...,y-)I" " +mI™. Tt
follows that I™ C (y1,...,y,) " ' +mlI™, which by Nakayama’s Lemma proves
the theorem. O

Caviglia [37] gave an alternate proof that is perhaps more natural, but
requires different background. Namely, Caviglia’s proof is based on Green’s
hyperplane restriction theorem, which we state here without proof:

Theorem 8.6.9 (Green’s hyperplane restriction theorem [99]) Let R be a
standard graded algebra over an infinite field K and let L be a generic linear
form in R. Set S = R/(L). Then for all positive integers d,
dimKSd S (dlm Rd)(d)-

(This is the Macaulay representation of numbers, Definition A.5.2.)

Using Green’s hyperplane restriction theorem, an alternate proof of Theo-
rem 8.6.8 is as follows:
Alternate proof of Theorem 8.6.8: (Caviglia [37]) The fiber cone F; is a stan-
dard graded (R/m)-algebra such that dimpgm(F7), < ("1") —1= (" +

n

(n+r—2) 44 (’1") Let hi,..., h, be generic elements in (F;);. By Green’s

n—1
hyperplane restriction theorem (Theorem 8.6.9) and by induction,

dimR/m(J—{,M)n < (n;l) + <Z:i) +oeet (?) —0.

Hence I™ C (hy,...,h,)I"" ! 4+ mI™, so that by Nakayama’s Lemma, I" C
(hi,...,h.) I L O

8.7. Non-local rings

In the previous sections we mainly used reductions in local rings. But there
are also nice results in non-local rings. Lyubeznik [198] proved that every ideal
in a polynomial ring in n variables over an infinite field has an n-generated
reduction. This result is stronger than saying that every ideal in a polynomial
ring in n variables is up to radical generated by at most n elements. Over
Noetherian local rings, the result is known by Proposition 8.3.8 and Corol-
lary 8.3.9. The method of proof is very different for polynomial rings, how-
ever. Katz generalized Lyubeznik’s existence results and we present Katz’s
version. For both Lyubeznik’s and Katz’s result one needs a result of Mohan
Kumar [178], which we use without proof.
First we need a proposition:

Proposition 8.7.1 Let R be a d-dimensional Noetherian ring and I an ideal
contained in the Jacobson radical m of R. Then

(1) Some power of I has a d-generated reduction.

(2) If R has infinite residue fields, then I has a d-generated reduction.
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Proof: 1f d = 0, then [ is nilpotent, so 0 is a reduction of I (and of any power
of I'). Now assume that d > 0. If I consists of zerodivisors, let L = U, (0 : I™).
Say L = 0 : I'. Then I(R/L) contains non-zerodivisors. If the proposition
holds for I(R/L), then for some positive integer m, there exists a d-generated
ideal J in R contained in I™ such that J(R/L) C I"™(R/L) is a reduction.
Thus for some integer n, I™"*+1) C JI™" 4+ L, so that [m(n+D+ C jrmntl
Hence we may assume that I contains non-zerodivisors. As I is contained in
the Jacobson radical of R, necessarily N, I™ = 0. Thus by Lemma 8.5.4, every
superficial element of I is a non-zerodivisor.

By Proposition 8.5.7, some power I™ of I contains a superficial element
x, and if R has infinite residue fields, then m can be taken to be 1. By
induction on d, some power of I"™(R/(x)) has a (d — 1) generated reduction,
say I™ R/(z) has a (d—1) generated reduction, with ml = 1 if the residue field
is infinite. It follows that I"™ R/(x') also has a (d — 1) generated reduction.
By Remark 8.5.2, 2! is superficial for I"™ since z is superficial for I"™. By
Proposition 8.6.1, I™ has a d-generated reduction. If the residue field is
infinite, ml = 1. ]

Here are some facts that we will use below. Part (3) is a difficult result due
to Mohan Kumar, and we provide no proof here.

Lemma 8.7.2 Let R be a Noetherian ring R. Let I be an ideal, and W the

multiplicatively closed set {1 —i|i € I}. Then

(1) p(W=LI) = u(1/1?) > p(I) — 1. In fact, if I = (x1,...,2q) + I?, then
there exists x € I such that for alln, I = (x1,...,z4,2").

(2) If u(I/1?) = d > dim R, then p(I) = d.

(8) (Mohan Kumar [178, proof of Theorem 2]; we provide no proof) If R =
A[X] is a reduced polynomial ring of dimension d, I an ideal in R of
positive height such that I/I? is generated by at most d elements, then I
1s generated by the same number of elements.

Proof: The first equality in (1) follows by the Nakayama’s Lemma: W11 is in
the Jacobson radical of W'R. Let d = u(I/I?). Let w1, ..., x4 € I such that
W= =W=Yxq,...,24). Let x € I such that (1 —x)I C (x1,...,24). Then

I = (z1,...,24,2), so that I has at most d + 1 generators. Furthermore,
as (1 — 2" Y € (x1,...,14), it follows that z € (x1,...,24,2"), whence
I =(z1,...,24,2"). This proves (1).

If in addition d > dim R, then by prime avoidance x1, ..., x4 may be chosen
such that the radical of (z1,...,z4) equals V1. Thus for some large n, z" €
(x1,...,24), whence by (1), [ = (z1,...,2q). O

Katz generalized Lyubeznik’s result as follows:

Theorem 8.7.3 (Katz [163]) Let R be a Noetherian ring and I an ideal
in R. Let d be the maximum of the heights of maximal ideals containing 1
and suppose that d < co. Then
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(1) Some power of I has a (d + 1)-generated reduction.

(2) If R has infinite residue fields, then I has a (d + 1)-generated reduction.

(8) If R = A[X] is a polynomial ring and d = dim R, then d may be taken in
place of d+1 in (1) and (2).

Proof: Without loss of generality I is a proper ideal. Let W = {1 —i|i € I}.
Then W is a multiplicatively closed subset of R that does not contain zero,
W~IR is a d-dimensional Noetherian ring, and W =!I is in the Jacobson
radical of W~!R. By Proposition 8.7.1 there exists a d-generated ideal .J
contained in a power I"™ of I (m = 1 if R has infinite residue fields) such
that W~1J is a reduction of W=1I™. Let K = W~'J N R. For some i € I,
(1 —-49)K C J C I™. It follows that (1 — ™)K C I™, so that K C I™.
Let n be such that W11+ = w—1jrmn» = W—1K™" Then for some
s =1—4i e W, sI™»t) C K™ C K, so that I™("*t1) C K. Since
(1—4")I™"+1) C K™, we obtain that for all N, (1—(i")NV)I™(»+1) C K™,
so that I™(*1) C K™ 4+ [N for all N. Since IV C KI™ for N > 0, we
see that K is a reduction of I"™. As VK = VI, then W—'R = T~ R, where
T ={1—k|k € K}. The number of generators of T~ K is at most d, and by
Lemma 8.7.2, K has at most d + 1 generators. This proves (1) and (2).

Now let R = A[X] be a polynomial ring of dimension d. By Lemma 8.7.2,
the assumption p(T 1K) < d implies that u(K/K?) < d. If u(K/K?) < d,
then again by Lemma 8.7.2, u(K) < d. So we may assume that u(K/K?) = d.
If K is nilpotent, so is I, and every power of I has a 0-generated reduction.

It remains to prove (3) in the case u(K/K?) = d and K is not nilpotent. Let
L be the intersection of the height zero prime ideals that do not contain K.
Clearly u((K 4+ L)/(K?+ L)) < d. If u((K + L)/(K? 4+ L)) < d, then by
Lemma 8.7.2 (1), u((K + L)/L) < d, and if u((K + L)/(K? + L)) = d,
then by Lemma 8.7.2 (2) and (3), u((K + L)/L) < d. Thus in any case,
uw((K 4+ L)/L) < d. It follows that there exists a d-generated ideal K’ C K
such that K'+ L = K+ L. Thus K = K’ + LN K. But L N K is nilpotent,
so that K’ is a reduction of K, which is a reduction of I™. (]

8.8. Sally’s theorem on extensions

In Chapter 14 on two-dimensional regular local rings we prove that blowups
along a divisorial valuation (a “good” Noetherian valuation) eventually pro-
duce a two-dimensional regular local ring whose order valuation is the original
valuation.

A related statement (in arbitrary dimension) proved by Judith Sally in [256]
is the topic of this section.

Theorem 8.8.1 Let (R, m)C (S,n) be an extension of d-dimensional reqular
local Tings with the same field of fractions. Then the analytic spread {(mS) of
mS is strictly smaller than d.
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As in Theorem 6.7.9, to a regular local ring (R, m) we associate its order
valuation. We need a general lemma for the proof.

Lemma 8.8.2 Let (R,m) C (S,n) be d-dimensional local rings with the
same field of fractions K. Assume that (R, m) is reqular and ¢(mS) = d. Let
(V,my) be the valuation ring of the order valuation of R. Then:

(1) (57 n) - (V7 mV);

(2) S/n=R/m, and

(3) " NR=m" for all k.

Proof: We begin by proving that (1) implies (2). By the Dimension Inequality
Theorem B.2.5 (note: S need not be finitely generated over R), dim R +
tr.degg K > dim S + tr.degp/m(S/n). Hence S/n is algebraic over R/m.
Then R/m C S/n C V/my = k(V), and by Theorem 6.7.9, x(V') is purely
transcendental over R/m, proving that R/m = S/n.

Next observe that (1) implies (3), as m* C n* N R C mf N R = m”, the
latter equality holding since V is the order valuation of R.

It remains to prove (1). Write m = (z1,...,x4). By definition, the analytic

Slz1it,...,xqt]
n-Sz1t,...,zqt] "
this dimension is d, forcing this quotient ring to be isomorphic to a polynomial

ring over S/n in d variables. In particular, nS[mt] is prime ideal. Since
ht(nS[mt]) + dim(oarii=2ah) < dim S[mt] = d + 1, it follows that nS[mt] is

nS[a:lt xqt
prime ideal of height 1.
Recall that by Theorem 6.7.9 (V,my) = R[},). As R[T] C S[7],
and as nS[mt] is a height one prime ideal, we obtain that nS mt],,+ is a

height one prime ideal. Then nS[J?] is also a height one prime ideal, and

spread of mS' is the dimension of the fiber ring By assumption

V = R[> ]mR 1 € Slitnsy m), 1mp1ymg that V is this latter ring. Clearly

then n is contracted from the maximal ideal of V', which proves (1). O

Proof of Theorem 8.8.1: For contradiction assume that ¢(mS) = d. Write
m = (z1,...,2q). We claim that mS = n. It suffices to prove that dimg/,((m-+
n?)/n?) = d. Suppose that dimg/n(m +n?)/n®> < d. Then there is a relation,
2?21 A\iz; € n?, where )\; are either units in S or are zero. By Lemma 8.8.2,
R/m = S/n, so we can write \; = «; + s; where «; are units (or zero) in R,
and s; € n. Then Z 04T € RN n? = m?, using Lemma 8.8.2, which is a

contradiction. Thus mS = n. R
Next we prove that S C R. Let s € S with s € n®\ n®*l. Write s =

f(x1,...,xq) for some homogeneous polynomial f(771,...,Ty) in S[T1,...,Ty]
of degree e with at least one coefficient a unit in S. Write f = > s,z", where
v=(v1,...,Vq) is a multi-index with vy +- - -+v4 = e and all v; > 0. Define a

polynomial g(7T1,...,Ty) € R[T1,...,T,] as follows: g(T1,...,Tq) =), rax",
where r, = 0 if s, € n and r, is a unit in R congruent to s, modulo nif s, ¢ n.
Set ro = g(v1,...,24). Then s —r, € n°*1. We replace s by s — r. and
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continue. This gives a Cauchy sequence of elements of R converging to s and
gives the embedding of S into R. Then S € RNQ(R) = R (see Exercise 8.1),
which proves the theorem. (]

8.9. Exercises

8.1
8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

Let R be a local Noetherian domain. Prove that R N Q(R) = R.
Let (R,m) be a Noetherian local ring, I an ideal and X an inde-
terminate over R. Prove that the reduction number of I equals the
reduction number of I R[X|mp[x]-
Assume that an ideal I has all of its powers distinct. (For example,
assume that I is a non-nilpotent ideal in a Noetherian local ring.)
Prove that if 7 is superficial for I, then r & I2.
Prove that any element of a nilpotent ideal I is superficial for I.
Let r be a superficial element for I. Prove that for any integer [, the
image of r in R/(0 : I') is superficial for the image of I in R/(0: I').
Give an example of a Noetherian local ring (R, m), an ideal I and an
element r € I such that r is superficial for I and r € m/.
Let (R, m) be a Noetherian local ring with infinite residue field and
I an ideal in R. Prove that there exist a non-empty Zariski-open
subset U of I/ml and an integer [ such that whenever r € I with
image in I/ml in U, and i > 1, then r? is superficial for I* with
(I":r)yNIt=I"""for all n > i +1.
Let R be a Noetherian ring and I an ideal. Prove that there exists
an integer [ such that for all n > [, I™ has a superficial element.
Let R be an N-graded integral domain and J C I homogeneous ideals.
If J is a reduction of I, then the smallest n € N such that I contains
a non-zero element of degree n equals the smallest n € N such that J
contains a non-zero element of degree n.
Let X,Y, Z be variables over a field k and let R = k[X,Y, Z]. Let I
be the ideal (X°Z,Y?(Z — 1), X3Y?Z,X?Y3(Z — 1)) in R. For each
1 € Nug,set J; = (X°Z - Y?(Z - 1), X3Y2%Z!, X?Y3(Z — 1)!). Prove
that each J; is a reduction of I, but that M;J; is not a reduction of I.
Let (R, m) be a Noetherian local ring and I an m-primary ideal.

(i) Prove that there exists an integer n such that I™ has a reduction

generated by a system of parameters.
(ii) Prove that if R/m is infinite, then I has a reduction generated
by a system of parameters.

Give an example of ideals I and J in a Noetherian ring R showing
that v/J = v/IT and J C I do not imply that J is a reduction of I.
Prove that if I is a nilpotent ideal, then any ideal contained in I is
its reduction.
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8.16

8.17

8.18

8.19

8.20

8.21

8.22

8.23
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Let R be a Noetherian local ring and I an ideal with ht I = u([l).
Prove that I is basic.

Let Jy,Js, 17 and I3 be ideals in a Noetherian ring R. Prove or dis-
prove: if Jj is a reduction of I1 and Js is a reduction of Iy, then J1NJs
is a reduction of I N Is.

Prove that if J C I is a reduction in a Noetherian local ring, then
0(J) =L(I).

Give examples of ideals J C I in a Noetherian local ring R such that

(i) £(J) > £(I),

(i1) £(J) < £(I).

Let (R,m) be a Noetherian local domain and I a non-zero ideal. Let
P be a prime ideal of R. Prove that ¢(I) > {(IRp).

Let (R, m) be a Noetherian local domain with infinite residue field
and I a non-zero ideal. Let R be the integral closure of R. Prove that
¢(I) = 1 if and only if IR is principal.

(Cf. Lemma 8.5.4.) Let R = k[X,Y]/(X — X?Y?), where k is a field
and X and Y variables over k. (Or replace R by its localization at the
complement of the union of the prime ideals (X,Y) and (1 — XY?).)
Let I = (Y).

(i) Prove that X € I" for all n, so that N, I™ is non-zero.

(ii) Let r = (1—XY?)Y. Prove that r € I is a zerodivisor in R that
is superficial for I.

Let R= (Z/27)([X,Y, Z]]/(Z°,Z*+ XY (X +Y)), where X,Y, Z are
variables over Z/2Z. Let J = (X,Y)R, I =m = (X,Y, Z)R.

(i) Prove that J is a minimal reduction of I.

(ii) Prove that u(J) # ¢(1).

(iii) Prove that J3 NmI3 # mJ3. (Cf. Corollary 8.3.6 (3).)

Let k£ be a field, and X1, ..., X,, variables over k. Set R to be either
k([ X1, ..., X,]] or E[X1,...,X0](x,,...x,,)- Then R is a Noetherian
local ring with maximal ideal m = (Xy,...,X,,). Let a1,...,as be
homogeneous elements in k[X7, ..., X,,] all of the same degree, and I
the ideal in R generated by aq,...,as.

(i) Prove that F;(R) = @®;(I'/mI") is isomorphic to ka1, ..., as),
the subring of k[X7,..., X,] generated by ay,...,as.

(ii) Assume that aq,...,as are monomials of degree d, Write a; =
X7 - X for some non-negative integers c¢;;. Prove that ¢(1)
equals the rank of the matrix (¢;;).

See [17] for more on the analytic spread of monomial ideals.
Suppose that R is a Noetherian ring and I is an ideal of linear type.
Prove for all prime ideals P containing I, the analytic spread of Ip is
equal to the minimal number of generators of Ip, i.e., that Ip is its
own minimal reduction.

Let k£ be a field, m,n positive integers, and X;;, ¢ = 1,...,m, j =
1,...,n, variables over k. Set R = k[Xij](x,,)- Let t < min{m,n}



182

8.24

8.25

8.26

8.27

8.28

8.29

8.30%*
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and I the ideal of all ¢ X ¢ minors of the m x n matrix (X;;). Prove
that ¢(1) = mn.
Let k be a field, t,m,n € N, 2 <t < min{m,n}, and X;; variables
over k, where i =1,...,m, j=1,...,n. Set R = K[X,;], and P the
prime ideal generated by the ¢ x ¢ minors of (X;;). Prove that grp(R)
is not an integral domain. (Hint: use Exercise 8.23.)
Let (R,m) be a Noetherian local ring and let I be an ideal in R.
Let (x1,...,2,) € I be a minimal reduction of I generated by a
superficial sequence of length n. Set J = (z1,...,2,). Prove that
depth(gr;(R)) > r + 1 if and only if depth(gr;,;(R/J)) > 1.
Let (R,m) be a Noetherian local ring and I an ideal in R. Elements
ai,...,a; are said to be analytically independent in [ if for any
polynomial F' in variables Xi,...,X; over R that is homogeneous
of degree d, the condition F(ay,...,a;) € mI? implies that all the
coefficients of F' are in m. Assume that aq,...,q; are analytically
independent in 1.
(i) Prove that if J = (aq,...,q;), then F;(R) is isomorphic to a
polynomial ring in [ variables over R/m.
(ii) Prove that aq,...,a; minimally generate (a1, ..., a;).
(iii) Assume that (by,...,b;) = (a1,...,a;). Prove that by,...,b; are
analytically independent.
Let (R, m) be a Noetherian local ring and I an ideal in R.
(i) Prove that if aq,...,q; are analytically independent in I, then
[ </(I).
(ii) Prove that if R/m is infinite, there exist (1) analytically inde-
pendent elements in I that generate a reduction of I.
(iii) Prove that if R/m is infinite, every minimal reduction of I is
generated by analytically independent elements.
Let R be alocal Noetherian ring with a fixed prime ideal ¢q. Prove that
there exists a local homomorphism R — T', with kernel ¢, such that
T is a one-dimensional Noetherian local domain with field of fractions
k(q), essentially of finite type over R whose residue field L is a purely
transcendental extension of the residue field & of R. (Hint: Choose
elements y1,...,yq in R/q that form a system of parameters. Set T' =
(R/q)[Z—f, . Z—f](m/q). Since y1,...,yq are a system of parameters,
they are analytically independent and m/q generates a prime ideal.)
(Swanson [283]) Let (R, m) be a Noetherian local ring with infinite
residue field and let I be an ideal. Define S(I) to be the set of
all s € N for which there exists a non-empty Zariski-open subset
U C (I/mlI)?® such that whenever z1,...,zs € [ and (T1,...,Ts) € U,
then I C /(z1,...,2s). Prove that ¢(I) = min(S(1)).
Let (R, m) be a Noetherian local ring and I an ideal. Is the number of
generators of minimal reductions of I independent of the reduction?
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The answer is yes if R/m is infinite (Proposition 8.3.7), but not known
in general.
(Compare with the proof of Theorem 8.6.6.) Let (R, m) be a Noe-
therian local ring with infinite residue field and I an ideal of analytic
spread at most [. For each n > 1, define U,, to be the set of all
(W) € (I/mI)! such that (37", uijay,..., > 1" wija;) is a reduc-
tion of I of reduction number at most n.
(i) Prove that min{n |U,, # 0} is the (absolute) reduction number
of I.
(ii) Prove that “almost all” minimal reductions of I have the same
reduction number. In precise terms, if s = dim(//mI), prove
that there exists a Zariski-open subset U of (R/m)! = (I /mI)’
such that whenever (u;;) € R with image (u;;) € (I/mI)

being in U, then (Z;n:l u1aj, ..., Z;nzl uy;ja;) is a reduction of
I with minimal possible reduction number.
Let (R,m) be a Noetherian local ring. Let aq,...,aq be a system of
parameters. Set S = R[Z—f, . Z—‘f], and @ = mS.

(i) Prove that dim S = d.

(ii) Prove that @ is a prime ideal of height one and that Q = v/a1 5.

(iii) Prove that the elements o2,..., 24 are algebraically independent
over R/m.

(iv) Prove that AssS = {pR[a;']NS|p € AssR,a; & p}.

(Burch [35]) Let (R, m) be a Noetherian local ring and I a basic ideal.

(i) Let f1,...,fr € m, and C;,C5,Cs, ... ideals of R such that
for each n, "™t C C,,y1 € C,, € I™ and (f1,..., fr)(R/C,) is
generated by a regular sequence. Prove that £(I+(f1,..., fr)R)
— 0(1) + (fr, -, J)R).

(ii) Let Cy,C5,Cs3,... ideals of R such that for each n, I"*!
Cni1 € C, C I™ and depth(R/C,) > k. Prove that £(I)
dim R — k.

([35]) Let (R, m) be a Noetherian local ring, I an ideal in R. Prove

(i) £(I) < dim R — min{depth(R/I")|n € N}.

(ii) ¢(I) < dim R — min{depth(R/I™)|n € N}.

Let k be a field, X,Y variables over k, R = k[[X? X3 Y]], [ =
(X2, X3Y)R. Prove that the bound for () in Exercise 8.34 (ii) is
sharper than the bound for ¢(7) in Exercise 8.34 (i).

C
<






9
Analytically unramified rings

It is not surprising that the behavior of integral closure of ideals under exten-
sion of rings should relate to the behavior of nilpotents under extensions, since
the nilradical is always inside the integral closure of every ideal. It is also not
surprising that the behavior of the integral closure of ideals under extension
rings should directly relate to the module-finite property of the integral clo-
sures of finitely generated extension rings of a given ring, since the integral
closures of Rees algebras and affine pieces of the blowup of an ideal relate
directly to the integral closure of the ideal. In this chapter we study these
problems and show that they all relate to a basic idea that the completions of
the localizations of a ring R should not have “new” nilpotents. We formalize
this in the following definition:

Definition 9.0.1 A local Noetherian ring (R, m) is analytically unrami-
fied if its m-adic completion is reduced.
If (R, m) is analytically unramified, then R must itself be reduced as R
embeds in its completion. However, not every reduced Noetherian ring is
analytically unramified (see Exercises 4.9 and 4.11).
The main results of this chapter, Theorems 9.1.2 and 9.2.2, are two clas-
sic theorems of David Rees characterizing the locally analytically unramified
rings. The first theorem characterizes analytically unramified rings in terms
of integral closures of powers of ideals, and the second theorem has to do with
module-finiteness of integral closures of analytically unramified rings.
In the last section, we use the work on analytically unramified rings to study
an important set of rank one discrete valuations, called divisorial valuations.
We give here an incomplete list of locally analytically unramified rings.
(1) Every reduced ring that is a localization of finitely generated algebra over
a field; Theorems 4.6.3, 9.2.2.

(2) Every reduced ring that is a localization of finitely generated algebra over
Z; Corollary 4.6.5 and Theorem 9.2.2.

(3) Every complete local domain (by definition).

(4) Every pseudo-geometric Noetherian reduced ring; see Exercise 9.6.

(5) Every reduced ring that is finitely generated over a complete local ring;
see Exercise 9.7.

(6) The ring of convergent power series in n variables over Q, R, or C (com-
pletion is the power series ring, which is a domain).

(7) Every excellent reduced ring. (We do not define excellent rings in this
book; the analytically unramified property follows quickly from the defi-
nition.)
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9.1. Rees’s characterization

The main result of this section is Rees’s characterization of analytically un-
ramified local rings in terms of integral closures of powers of ideals. We also
discuss constructions of analytically unramified rings.

We first prove a lemma: even though a necessary condition that integral
closure commute with passage to completion for all ideals is that the ring
be analytically unramified, there is a class of ideals for which the integrally
closed property is preserved for all Noetherian local rings:

Lemma 9.1.1 Let (R m) be a Noetherian local ring, and let I be an m-
primary ideal. Then IR = IR.

Proof: Obviously T RC IR. Let s € IR and consider an integral equation
s"+as" 4+ +a, =0,

where a; € I R. Choose ¢ such that m’ C I. Choose s' € R and a/ € I' such
that s — s, a; — a, € m™R. Then

(V" +ad) ()" P+ 4d, emRNR=m".
By the choice of £, m™* C I™, so that we can modify this equation to give an

integral equation for s" over I Since s — ' € m"'R cI nR -yl R it follows
that s € IR. L

With this we can prove that the analytically unramified property is closely
related to the integral closures of powers of ideals:

Theorem 9.1.2 (Rees [235]) Let (R, m) be a Noetherian local ring. The
following are equivalent:
(1) R is analytically unramified.

(2) For all I C R there is an integer k such that for all n >0, Intk C ™.

(3) There exist an m-primary ideal J and an integer k such that Jotk C J"
for all n > 0.

(4) There exist an m-primary ideal J and a function f : N — N such that
lim,, o0 f(n) = 0o and such that J* C JI™) for all n.

Proof: Obviously (2) implies (3) and (3) implies (4).

We assume (4) and prove (1): let N denote the nilradical of R. Then
N C ﬂnzlJ”}/%, so that by Lemma 9.1.1, N C ﬂnzlJ_"ﬁ. By assumption this
intersection is contained in N, J¥™ R = 0. Hence R is analytically unramified.

Finally we assume (1) and prove (2). Fix any I C R. It is enough to prove
that for any ideal I C R there exists an integer k such that for all n > 0

IntkR C 'R,

since contracting to R gives (2) in this case. Thus we may assume that R is
complete and reduced.
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We next reduce to the case in which R is a domain. Let the minimal primes
of R be {Py,---,P}. By (_); we denote images in R/P;. Suppose that there
exist integers k; such that

for all n > 0 and for 1 <1 < t. Choosecy;EPlﬁ---ﬂﬁiﬂ---ﬂPt\Pi. Set

¢ =c1+ -+ ¢, so that in particular ¢ ¢ U§:1 P;. Let k be the maximum
of the k;. Since I"T*R; C I"™* C I, we obtain that I"t* C I™ + P; for all

1 < <t. Multiply by ¢; to obtain that
CiIn+k - " + CiPi =J"

for all 1 < ¢ < t. Hence cI?* C ™ for all n > 0 and so cI™*tktt C
It (c) C elI™ for some £ and for all n > 0, the latter containment following
by the Artin—Rees Lemma. As R is reduced, c is a non-zerodivisor, and hence

Inth+e C n,

Thus we have reduced the implication (1) = (2) to the case in which R is a
complete local domain. Now the theorem follows from Proposition 5.3.4. [

Theorem 13.4.8 in Chapter 13 shows that under some extra conditions, k
can be taken to be independent of I.

This enables us to build further analytically unramified rings from the
known ones.

Proposition 9.1.3 Let (R,m) be a Noetherian local ring R. If R is ana-
lytically unramified, then for every minimal prime ideal P in R, R/P is also
analytically unramified.

If R/P is analytically unramified for all P € Min(R) and if R is reduced,
then R is analytically unramified.

Proof: First assume that R is analytically unramified. To prove that R/P is
analytically unramified, we use Theorem 9.1.2. It suffices to prove that for all
ideals I C R there exists an integer k such that I"+*(R/P) C I"(R/P) for
all n > 0. Fix 1.

By Theorem 9.1.2 there exists an integer k; such that for all n > 0, ["+tk C
I™. Next, choose ¢ € R such that P = (0: ¢). By the Artin—Rees Lemma, we
may choose ko such that

()N Itk C . I™ for all n > 0.

We claim that I"+ki+kz(R/P) C I"(R/P) for n > 0. Let u € R such that
u+ P € Intkitkz(R/P). Then there exists an equation:

u' dau o a €P, aj € JI(ntkithkz)

Multiply by ¢
(cu)t + arclcu) ™ + -+ aict =0,
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which implies that cu € Intkitkz C [7FF2 > 0. Hence cu € I"T*2 N (c) C
cI™, which implies that there exists v € I"™ such that u —v € (0 : ¢) = P.
Then u+ P =v+ P € I"(R/P).

Now assume that R/ P is analytically unramified for all minimal prime ideals
P of R, and that R is reduced. Then Npepin(r) P = 0, and so Np(PR) = 0.

By assumption, each PR is a radical ideal in ]?Z, so that R is reduced. Thus
R is analytically unramified. O

Here is another example of construction of analytically unramified rings:

Proposition 9.1.4 An analytically unramified Noetherian local ring is lo-
cally analytically unramified.

Proof: Let @) € Spec(R). For an arbitrary ideal J in Rq, let I be an ideal
in R such that IRg = J. As R is analytically unramified, there exists an

integer k such that for all n > k, Itk C [™. Thus J»tk C J*. As J was an
arbitrary ideal in Rg, Rq is analytically unramified by Theorem 9.1.2. 0

It is not true that module-finite extensions of analytically unramified rings
are also analytically unramified, or that an arbitrary quotient domain of an
analytically unramified ring is analytically unramified; see Exercise 4.11.

9.2. Module-finite integral closures

Chapter 4 is partly about Noetherian rings whose integral closures are module-
finite extensions. With the newly introduced analytically unramified rings, we
can now determine even more such cases. See also Chapter 19.

Corollary 9.2.1 Let (R,m) be an analytically unramified Noetherian local

ring and I an ideal in R.

(1) Lett be a variable over R, and set S = R|[It], the Rees algebra of I. Then
the integral closure of S in R[t] is module-finite over S.

(2) There exists an integer £ such that for alln > 1,

I+ =T gnd (I9)" = I,

Proof: By Proposition 5.2.1, the integral closure of S in R[t] is Br>ol™t".
By Theoremgl.Q there exists an integer k sich that I C "% for all n > k.
Hence @,,>,1"t" C R[It]t* and then @,>0I"t" is a finitely generated R[It]-
module. Therefore by Proposition 5.2.5, there exists an integer ¢ such that
I =1"¢.J¢ for all n > ¢. Hence

(19" C 1P = 14 16 C (T9)™,
which implies that (I£)" = I® for all n > 1. O

The following theorem due to Rees proves that whenever R is an analytically
unramified domain and S is a finitely generated R-algebra with the same field
of fractions as R, then S is also analytically unramified:
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Theorem 9.2.2 (Rees [235]) Let R be a Noetherian local domain. The

following are equivalent:

(1) R is analytically unramified.

(2) For every finitely generated R-algebra S such that S is between R and its
field of fractions, the integral closure of S is a finitely generated S-module.

Proof: We begin by proving that (1) implies (2). By using Corollary 4.6.2,
the integral closure R of R is a finitely generated R-module. Let 7 be a
non-zero element of R such that rR C R. Write S = R[2L,..., Z=] and set
I = (z,z1,...,2,). Choose an integer k as in Theorem 9.1.2 such that for

all n > 0, I"t% C ™. Note that S = R[£] = U;>oL;. Let S be the integral
closure of S and let z € S. There is an equation z +51zn Ly qs, =0 for
some s; € S. Write s; = 7, where we may increase [ if necessary to assume
that [ > k and where a; € I' C R, 1 < i < n. Multiply by z™:

(2'2)" +ay(a'2)" a2 T @) 4 an (e T =0
Note that all coefficients a;(z!)’~! € R. This proves that x'z is integral over

R and hence rz'z € R. As aj(2)/=! € I ralz E I'RNR =TI Hence

ratz € I'"F. Then rz*z € ikCSandsozes . Therefore S C §- L.
so that it is a finitely generated S-module.

Assume condition (2). To prove (1), it suffices by Theorem 9.1.2 to prove
that there exist an m-primary ideal J and an integer k such that J» C J»—F
for all n > k. By Proposition 8.5.7 there exists an integer [ such that J = m'
has a non-zero superficial element z. By Lemma 8.5.3 this means that there
exists an integer ¢ such that for allm > ¢, J" : o = J* ! Set S = R [ﬂ
The integral closure S of S is finite over S, and hence S N Rm is a finitely
generated S-module, so there exists p such that S NR,CS:-—. Let u e J n
and assume that n >p+q. Then 5 € S and % € Ry, so that L es§-
Now, S = Um>0 o, 80 there exist am € N and s € J™ such that = x,,‘f+p.
Hence uzx™*? = sz™ € J™t" and so u € J™" : 2™P We can cancel one
x and one exponent of J at a time provided that the power of J never goes
below ¢. The final cancellation gives u € J(+TM=(m+p) — Jn=p for n—p > ¢,
i.e., u € J" 7P whenever n > p + ¢. Hence J» C J"P~9 for all n > p + q.
Setting k = p + ¢ proves (1). O

Here is a special case of this:

Theorem 9.2.3 Let R be a regular domain, K its field of fractions and L
a finite separable field extension of K. Let S be a finitely generated R-algebra
contained in L. Then the integral closure S of S is module-finite over S.

Proof: Let R’ be the integral closure of R in L. By Theorem 3.1.3, R’ is
module-finite over R. The integral closure S of S contains R’. Let T be the
algebra generated over R by the generators of R" and S. Then T is finitely
generated over R, module-finite over S, the field of fractions of T" is L, and
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the integral closure of T equals S. Thus it suffices to prove that the integral
closure of T is module-finite over T. By changing notation we may thus
assume that L is the field of fractions of S, and that S contains the integral
closure R’ of R in L.

By Theorem 4.2.4, there exists a non-zero r € R such that S, is integral
over R,.. Thus S, = R/ is integrally closed. By Corollary 4.5.10, the normal
locus of S is open. It is certainly not empty as S is a domain. Corollary 4.5.11
shows that to prove the theorem it suffices to prove that for each maximal
ideal m in S, Sy is module-finite over Sy. Let m be a prime ideal in S, and
set P = m N R. We may now change notation: we replace R by the regular
local ring Rp and S by the finitely generated domain extension Sp\ p (S need
not be local). The integral closure R’ of R in L is still contained in S.

As R is local and R’ is module-finite over it, R’ is Noetherian and semi-
local. Let R be the m-adic completion of R. As R is a regular local ring, Ris
a domain. Let K be the field of fractions of k. Then

R’®RR§L®RR§(L®KK)®RR%L®K(K®R.FA{)§L®KI/€~

By Proposition 3.2.4 (2), L ®x K is reduced, so that R’ ® R is reduced. But
R' ® R is a finite direct product of completions of (R')g, where ) varies
over the maximal ideals of R’, so that for each (), the completion of (R)q is
reduced, so that each (R')q is analytically unramified. Set @ = m N R'. As
QNR=mNR =P, Q is a maximal ideal in R’. Thus (R')q is analytically
unramified, so that by Theorem 9.2.2, S r\@ 18 module-finite over Sg: g,
whence Sy, is module-finite over Sp. ]

In Chapter 19 we prove that under some quite general conditions on (R, m),
for any ideal I in R, IR is integrally closed and equals the integral closure of
IR. In Section 19. 2, we prove the easier special case in which R is analyti-
cally unramified. The reader may proceed to that section right now (via the
introductory section Section 19.1 on normal maps).

9.3. Divisorial valuations

Let R be a Noetherian integral domain and let S be a domain containing R.
Let @ be a prime ideal in S and P = Q N R. By the Dimension Inequality
(Theorem B.2.5),

ht @ + tr.deg,, pyr(Q) < ht P + tr.degg.S.

If S happens to be a Noetherian valuation ring V' properly contained in the
field of fractions K of R, then with () = my, the formula above says that
tr.deg, pyr(v) < ht P — 1. The same inequality also follows from Theo-
rem 6.6.7 (1). This motivates the following definition:

Definition 9.3.1 Let R be a Noetherian integral domain with field of frac-
tions K, and let (V,my) be a valuation ring of K such that R C V. Let
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P =myNR. Iftr.deg,pyr(v) =ht P —1 then the corresponding valuation v
of V is said to be a divisorial valuation with respect to R, and V is said to
be a divisorial valuation ring of K.

The set of all divisorial valuation rings of K that are non-negative on R s
denoted D(R).

The Noetherian property is not part of the definition of divisorial valuations,
but in fact this property is forced. See Theorem 9.3.2 below.

An example of a non-divisorial valuation is in Example 6.7.3. Divisorial
valuations are classically called prime divisors. Prime divisors are further
divided into the first and second kinds. V' is of the first kind if the center of
V on R is a height one prime ideal. This forces V' to be the localization at a
height one prime of the integral closure of R. All the others are said to be of
the second kind (with respect to R).

Our use of the word “divisorial” is not completely standard. Some authors
refer to a divisorial valuation of R to mean only prime divisors of the first
kind.

Divisorial valuations are critically important in the theory of the integral
closure of ideals. Namely, as we prove in Chapter 10, the integral closures of
the powers of a given ideal in a Noetherian domain are determined by finitely
many discrete divisorial valuations. These special valuations are called the
Rees valuations of the ideal. Also, in Chapter 18 the divisorial valuations are
used to define the adjoints of ideals (multiplier ideals).

Divisorial valuations tend to be essentially of finite type:

Theorem 9.3.2 Let R be a Noetherian integral domain. FEvery divisorial
valuation domain V' with respect to R is Noetherian. If moreover R is locally
analytically unramified, then every divisorial valuation domain V with respect
to R is essentially of finite type over R.

Proof: Assume that V is a divisorial valuation domain with respect to R with
associated valuation v. Necessarily R has positive dimension. Let my be the
maximal ideal of V', and P = my N R. The hypotheses and the conclusion do
not change if we pass to the localization at P, so that we may assume that
P is the unique maximal ideal of R. Let d be the height of P. Note that
tr.deg, pyk(v) =d — 1.

Let z,x2,...,2q be elements in P such that £2,..., %4 are units in V' and
such that their images in k(v) are algebraically independent over x(P). Let I
be the ideal (z, za,...,z4) in R. If R is assumed to be analytically unramified,
Theorem 9.2.2 shows that the integral closure S of R[£] is a finitely generated
R-algebra contained in V. Let Q@ = my NS. Then Q@ N R = P. By the
Dimension Inequality (Theorem B.2.5):

ht @ + tr.deg,,pyr(Q) < ht P + tr.deggpS = d,

so that ht ) < d — tr.deg,,pyx(Q). Any algebraic relation among the Z* in
k(Q) with coefficients in x(P) remains an algebraic relation in x(v), so that
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tr.degﬁ(p)/ﬁ(Q) =d — 1. Hence ht ) < 1. But @) contracts to the non-zero
prime ideal P, so that ht ) = 1. Thus as S is a Krull domain, Sg is a
Noetherian valuation domain, so it necessarily equals V. If R is analytically
unramified, then since ' is a finitely generated R-algebra, V is essentially of
finite type over R. L

Small modifications of the proof above show relations between D(R) and
D(S) for various extensions S of R. These facts will be needed in Chapter 18:

Lemma 9.3.3 Let R be a Noetherian locally analytically unramified integral
domain with field of fractions K. Let V be a discrete valuation domain of
rank one between R and K. Let S be a finitely generated R-algebra between R
and V. If V.€ D(R) then V € D(S). If the dimension formula holds between
R C S, then V € D(R) if and only if V € D(S), i.e., the valuation domain
V' is diwvisorial over R if and only if it is divisorial over S.

Proof: Let Q = my NS and P = my N R. By the Dimension Inequality for
RCS,

ht P — 1 — tr.deg, pyk(v) = ht P — 1 — tr.deg,,pyr(Q) — tr.deg, K (v)
> ht Q — 1 — tr.deg,, gk (v).

Equality holds above if R C S satisfies the dimension formula. Suppose that
V' is divisorial over R. By the definition, ht P —1—tr.deg,pyr(v) = 0, and by
Theorem 9.3.2, V is essentially of finite type over R and hence over S. Thus
0>ht@Q —1-— tr.degK(Q)/@(v) > 0, so that V' is divisorial over S. If equality
holds in the display above, then the implication also goes the other way. [

Here is another relation of D(R) and divisorial valuations on an extension
of R:

Lemma 9.3.4 Let R be a Noetherian locally analytically unramified univer-
sally catenary integral domain with field of fractions K. Let t be a variable
over K. Let V be a discrete valuation domain of rank one between R|[t]; (in-

vertingt) and K (t). If V € D(R][t]¢) then either VNK = K or VNK € D(R).

Proof: We may assume that V N K # K. By Proposition 6.3.7, V N K is a
valuation domain containing R with field of fractions K, it is Noetherian and
thus a discrete valuation domain of rank one. Let n be the maximal ideal of
VN K. By Exercise 9.5 and Theorem 9.3.2, V is essentially of finite type over
R[t] and thus also essentially of finite type over R, and therefore it is essentially
of finite type over V' N K. By the Dimension Inequality tr.deg, mx(V) < 1.
But as ¢ is a unit in V, tr.deg,mys(V) > 1, so that tr.deg, mx(V) = 1.

Let Q@ = my N R[t]; and P = my N R. By the additivity of transcendence
degrees and by the Dimension Formula (Theorem B.3.2),

ht P — 1 — tr.deg,pyk(n) = ht P — 1 — tr.deg,,pys(V) + tr.deg, mx(V)
= ht P — 1 — tr.deg,, p)x(Q) — tr.deg, g)x(V) + 1
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= ht Q — tr.degg R[t]; — tr.deg, )x(V)
= ht Q —1- tr.degH(Q)/{(V),
which is zero as V € D(R[t];). Thus VN K € D(R). O

Proposition 9.3.5 Let (R,m) be a Noetherian local domain whose m-adic
completion R is an integral domain (R is analytically irreducible). Let K be
the field of fractions of R and L the field of fractions of R. There is_a one-to-
one correspondence between elements w € D(R) with center on mR and ele-
ments of v € D(R) with center on m, given by restriction of the L-valuations
to K. This correspondence preserves value groups and residue fields.

Proof: By Proposition 6.5.2, real-valued L-valuations with center on m con-

tract to K-valuations with center on m that preserve value groups and residue
fields. Thus

tr.deg,,myx(v) = tr.degn(mﬁ)m(w),

and ht(mR) — 1 = ht(m) — 1. Thus W € D(R) if and only if V € D(R). It
remains to prove that for any V € D(R) there exists W € D(R) such that
W N K =YV, but this follows from Proposition 6.5.4. ]

9.4. Exercises

9.1 Let R be a local analytically unramified Noetherian domain. Prove
that the integral closure of R is also a locally analytically unramified
Noetherian domain.

9.2 Let R be an integrally closed domain that is locally analytically ir-
reducible. Let L be a finitely separable field extension of the field of
fractions of R and let S be a finitely generated R-algebra contained
in L. Prove that the integral closure of S is module-finite over S.

9.3 (Rees [235]) Let (R,m) be a Noetherian local ring. Prove that R is
analytically unramified if and only if for any ideal I in R there exists
a constant k£ € N such that for all non-zero x € R,

0 < 77(z) —ords(x) = lim ord, (")
n—oo n

(Cf. Theorem 13.4.8, where k can be taken to be independent of I.)

9.4 Let (R,m) be an analytically unramified Noetherian local domain.
Prove that for any x1,...,z, in the field of fractions of R and for all
P € Spec R[x1,...,x,], (R[z1,...,2,])p is analytically unramified.

9.5 Let (R,m) be an analytically unramified Noetherian local ring, and
X a variable over R. Prove that R[X] is locally analytically unram-
ified, i.e., that for arbitrary @@ € Spec(R[X]), R[X]q is analytically
unramified.

9.6 A ring R is said to be pseudo-geometric if for every prime ideal P
in R, the integral closure of R/P in any finite field extension of x(P)

—ords(z) < k.
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is module-finite over R/P. Pseudo-geometric is Nagata’s terminol-
ogy, Matsumura’s terminology is Nagata, and EGA’s is universally
Japanese.

(i) Prove that a pseudo-geometric Noetherian domain is locally an-
alytically unramified.

(ii) Prove that every finitely generated algebra over a field or Z is
pseudo-geometric.

(iii) Prove that if R is pseudo-geometric, then every finitely gener-
ated R-algebra is pseudo-geometric.

Let R be a finitely generated algebra over a complete local ring A.
Prove that R is pseudo-geometric.

(Abhyankar [6, Proposition 8]) Let d be a positive integer and (Rg, mg)
a d-dimensional regular local ring with field of fractions K. Let V be
a Noetherian K-valuation ring containing R and centered on m. Let
v be the corresponding valuation. For every integer n > 0, we build
(Rpy1,mpyq) if dim R,, > 1 as follows: let z,, € m, be such that
z,V =m,V, S,41 = R,[m,/z,], and R, the localization of S, 1
at my N Sn_|_1.

(i) Prove that R,41 is a regular local ring with field of fractions K
such that the center of V on R, 11 is my 4.

(ii) Let z € K such that v(x) > 0. For any n, write z = a,/b,
for some a,,b, € R,. Prove that if v(a,) > 0 and v(b,) > 0,
then we may choose a,,11 and b, 11 in R, 41 such that v(a,4+1) <
v(ay) and v(byy1) < v(bp).

(iii) Prove that U, R, = V.

With the set-up as in Exercise 9.8, assume in addition that v is a
divisorial valuation with respect to R.

(i) Prove that v is a divisorial valuation with respect to each R,.

(ii) Prove that for all sufficiently large n > 0, R,,/m,, C R,,41/Mp 41
is an algebraic extension.

(iii) Let N be the largest integer such that Ry/my € Ry11/my4q
is transcendental. Prove that U,R,, = Ryy+1 = V.

(iv) Prove that V/m is purely transcendental over Ry /my.

Let R be a Noetherian domain and let K be its field of fractions. Let v
be a K-valuation that is non-negative on R. Let P be its center in R.
Assume that tr.deg,pyr(v) > ht P — 1. Prove that v is a divisorial
valuation with respect to R.

(Chevalley’s Theorem) Let R be a complete semi-local ring, m the in-
tersection of the maximal ideals of R and {I,} a descending sequence
of ideals such that N,I, = (0). Prove that there exists a function
f :N — N that tends to infinity such that I,, C m/ ().
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Rees valuations

The valuative criterion for integral closure, Theorem 6.8.3, shows that the
integral closure of an arbitrary ideal I in a ring R is the intersection of con-
tractions of extensions of I to possibly infinitely many valuation rings. Thus
whenever R/I satisfies the descending chain condition, the integral closure of
I is the intersection of contractions of extensions of I to finitely many val-
uation rings. We prove in this chapter more generally that whenever R is
Noetherian, for an arbitrary ideal I there exist finitely many valuation rings
that determine not just the integral closure of I but also the integral closures
of all the powers of I.

10.1. Uniqueness of Rees valuations

Definition 10.1.1 Let R be a ring and I an ideal in R. Suppose that there

exist finitely many discrete valuation rings Vi,...,V, of rank one satisfying
the following properties:
(1) For eachi=1,...,r, there exists a minimal prime ideal P of R such that

R/P CV; Ck(P). Let p; : R — V; be the natural ring homomorphism.
(2) For allm € N, I = NI_,; * (0:(I™)V3).
(3) The set {Vi,...,V.} satisfying (2) is minimal possible.
Then Vi,...,V,. are called the Rees valuation rings of I, and the cor-
responding valuations vi,...,v,. are called the Rees valuations of I. If
v1,...,0. are Rees valuations of I as in the definition above, then the set
{v1,...,v,} is denoted as RV (I). We also sometimes by abuse of notation
write RV (I) = {V1,...,V..} to be the set of valuation rings themselves. It
should be clear from the context which set we mean.

Note that if I is the zero ideal in an integral domain, any valuation ring V'
between R and its field of fractions is by definition a Rees valuation ring of
I. Thus in this case the set of Rees valuations is not unique. But this is an
exceptional case. We will prove below that the set of Rees valuations RV (1)
of I is unique in non-exceptional cases.

Example 10.1.2 The simplest and in some ways the only example of Rees
valuations arises from the case in which R is an integrally closed Noetherian
domain, and I = (x) is a principal ideal. We claim that the rings {Rp| P €
Min(R/xR)} are Rees valuations rings of (x). To see this, we need to prove
first that (z") = (2") = (\pemin()(®"Bp N R). The first equality holds
since principal ideals in integrally closed domains are integrally closed by
Proposition 1.5.2. Since R is integrally closed, every associated prime of (z™)
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is minimal (Proposition 4.1.1), and then the desired formula follows at once
from the primary decomposition of the ideal (z™). By the uniqueness theorem
of primary decomposition, no Rp can be deleted in the formula

(") = (zn) = ﬂ (z"Rp N R).
PeMin(x)

Discussion 10.1.3 As the example above indicates, it is helpful to think of
what the existence of a set of Rees valuations means for the primary decom-
positions of the ideals I™. Suppose in general that R C S are Noetherian rings
and that () is a P-primary ideal in S, where P is a prime in S. Set ¢ = QN R
and p = PN R. Then p is a prime ideal in R, and ¢ is p-primary. This follows
immediately from the definition of a primary ideal. Further assume that R
is a domain, and that S = V is a Noetherian valuation domain. Let I be
a non-zero ideal in R. Automatically, IV is my-primary, and hence IV N R
is p-primary in R, where p is the center of the valuation ring V on R, i.e.,
p=my NR.

Suppose that {V1, ..., V,.} are the Rees valuations for I, where R is a domain
and I is a non-zero ideal of R. Condition (2) in the definition says that

In = h]"VmR.
=1

Since I™V; is primary in V;, then I™V; N R is primary in R, so that I" =

" ,(I"V; N R) is a primary decomposition of I™. In particular, the as-
sociated primes of I™ are among the centers of the Rees valuations, P, =
my, NR,..., P, =my NR.

Condition (3) means in particular that every one of Py, ..., P, is associated
to I™ for some n. To see this, let I be an ideal with a primary decomposition
I'=q¢ N---Ng;, and suppose that g; cannot be removed. Let p1 = /q1. We
prove that p; is associated to I. If I : (g2N---Ng,) is not contained in p;, then
choose an element s € I : (g2 N---Ngq,) with s & p;. Since s(gaN---Ngq,) C
I C g1 and s ¢ p; it would follow that g2 N --- N ¢q- C ¢, contradicting
the assumption that ¢; cannot be removed. Hence I : (g2 N---Ng,.) C ps.
This means that after localizing at pi1, (gi1)p, is still needed in the primary
decomposition of I, given by localizing the given primary decomposition
at p1. Hence we may assume that p; is the unique maximal ideal of R. If
p1 is not associated to I, we can choose an element z € ¢; that is not a
zerodivisor on R/I. Thus z(g2 N---Ng¢q.) € g1 N---Ngq. = I, which forces
I =g N---Ngq., a contradiction.

We conclude that the centers of the Rees valuations are exactly the as-
sociated primes of I as n varies. In particular, for any ideal I in a Noe-
therian ring R, U, Ass(R/I") is finite. We record this important fact in
Corollary 10.2.4, after proving the existence of Rees valuations.

Though the centers of the Rees valuations will be the associated primes of
the integral closures of large powers of an ideal, the correspondence is not
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one-to-one, i.e., it is possible that P; = P; for ¢ # j. For example, if (R, m) is
local and [ is m-primary then m is the center of every Rees valuation of I.

A valuation v corresponding to a valuation ring V' as in Definition 10.1.1
is only defined on the field of fractions of R/P for some minimal prime ideal
P in R. With abuse of notation (as in Chapter 6 on valuations), it will be
convenient in what follows to think of v to be also defined on all of R as

follows:
(r) = 00 ifreP,
= v((r+ P)/P)  otherwise.

We adopt the following natural order on R U {oo}:
00/00 = 00,00 + 00 = o0, u/o0 = 0,u + 0o = 0.

Remark 10.1.4 With the convention above, it is important to observe
that (2) of Definition 10.1.1 is equivalent to saying that » € I" if and only if
v(r) > nv(I) for every Rees valuation v. This equivalent condition is often
easier to work with and think about.

Lemma 10.1.5 Let I be an ideal contained in no minimal prime ideal of R.
Let w: R — Qs U {00} be a function such that for alln > 1, I" = {z €
R|w(zx) > n}, and such that w(z™) = nw(zx) for all x € R and n > 1. Let
RV (I) ={vy,...,v.} be a set of Rees valuations. Then

w(z) = min{v;(x) /v;(I) i =1,...,r}.
Proof: We define v’ : R — Qs U {oc} to be
w'(x) = min{v; () /v;(I) i =1,...,7}.

With this notation, for any n > 1, I = {x € R|w'(z) > n}. Furthermore,
for all z € R and all n > 1, w'(z"™) = nw'(z).

If w # w’, then there exists a non-zero element = in R, such that w'(z) #
w(x). Assume that w'(z) < w(z). For some large integer n, w'(z") <
w(xz™) — 1. In case w(x) = oo, set k to be an arbitrarily large integer, and
otherwise set k = |w(x™)], the largest integer less than or equal to w(z™). By
assumption " € I*, and 2" is not in I* by the definition of w’, which is a

contradiction. Thus necessarily w’(z) > w(x). A symmetric argument proves
that w(z) = w'(x). O

Thus by Corollary 6.9.1, assuming the existence of Rees valuations,

_ . ordy(z™) . (v(z)
v x:hmizmm{—veiRVI}.

We next prove that for an ideal I not contained in any minimal prime
ideal of R, a minimal set of valuations determining the function w is uniquely
determined from w. This then proves that the set of Rees valuations of I,
when it exists, is unique.
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Theorem 10.1.6 (Uniqueness of Rees valuations ) Let R be a ring and
let I be an ideal contained in no minimal prime ideal of R. Let vq,...,v,
be discrete valuations of rank 1 that are non-negative on R and each infinite
ezactly on one minimal prime ideal of R. Let w: R — Qs U {00} be defined
by

w(z) = min{v;(x)/v;(I) i =1,...,r}.

If no v; can be omitted in this expression then the v; are determined by the
function w up to equivalence of valuations.

Therefore the set of Rees valuations of I, when it exists, is uniquely deter-
mined, up to equivalence of valuations.

Proof: The last statement follows from the first statement by using the pre-
vious lemma. We therefore only need to prove the first statement.

The conclusion is clear if r = 1. So suppose that r > 1.

We call a subset & of R to be w-consistent if for any m € N and any
Tiy.eo oy T € 8, w(wy - Tm) = Y vy w(z;). Note that for any element
of R, the set {x™ | m € Z} is w-consistent. Thus the set of all non-empty w-
consistent sets is not empty. Under the natural partial ordering by inclusion,
each chain of w-consistent sets has its union as an upper bound. Thus by

Zorn’s lemma there exist maximal w-consistent sets.

For each i = 1,...,r, define S; = {z € R|w(x) = Zzg?;} This set is
w-consistent and non-empty as it contains 1. We claim that the maximal w-
consistent sets are exactly the sets S;. Since every S; is contained in some max-
imal w-consistent set, it is enough to prove that every maximal w-consistent
set S is equal to some S;. If not, then for some maximal w-consistent set S

and for each i = 1,...,r, there exists y; € S\ 5;. Asy; € S;, w(y;) < 0o. Set

Yy=1uy1--Yr. As S is w-consistent, for each j =1,...,r,
- ~ (i) _ ()
w(y) = ) w(yi) < . = :
; ; vil) ()
Hence w(y) < min{ Z; EZI@ |j =1,...,r}, which contradicts the definition of w.

This proves that every maximal w-consistent set S is equal to some S;, and
hence the S; are exactly the maximal w-consistent sets. Since the v; are
irredundant, the S; are all distinct. Notice that the the number of the v; is
uniquely determined by w as the number of maximal w-consistent sets.

We need to recover the valuation v; from the sets S;. Let ¢ be an element
of R such that v;(c) < co. By the irredundancy of the v; there exists z; €

Si \ U;j»;Sj. By the choice of z;, for all j # i, Ulfj((xf)) > Zfi((mf)), so that for all

sufficiently large positive integers d, whenever j # i,
(Uj(fci) 3 ’Uz’(fl?z')> g vile) vl

vi()  wi(l) u(l) o)

This means that U;gc(gjsd) > U;(Zc(ﬁg) Thus w(czd) = v;(lc(fg), so that czd € S;.
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Now let K be the set of all fractions ¢, with a,b elements of R, and b not
in any minimal prime ideal of R. For each ¢ = 1,...,r, define a function
u; : K — QU {oo} as follows. Let ¢ € K, with a,b € R, b not in any
minimal prime ideal of R. By the previous paragraph, for all sufficiently
large integers d, :c;-ib € S;. If for some large positive integer d, x?a € S; and
xéb € S;, define u;(a/b) = w(zla) — w(xdb). Clearly u; does not depend
on d. If instead for all positive integers d, z¢a & S;, then define u;(a/b) = oco.
Note that z¢a ¢ S; for all d means that w(a) < oo = v;(a). Now we show
that u; does not depend on a and b. So suppose that a/b = a’/b' in K*,
i.e., that there exists ¢ € R and not in any minimal prime ideal in R such
that c(ab’ — a’b) = 0. If we can show that wu;(a/b) = u;((ca’)/(ct')), then
similarly u;(a’/b") = u;((ca’)/(cb")). Thus without loss of generality we may
assume that ¢ = 1. First suppose that for all d, z%a € S;. Then v;(a) = oo,
so v;(a’) = oo, and u;(a’/b’) = 0o = w;(a/b). Equality also holds if for all e,
x$a’ ¢ S;. Thus we may suppose that for all sufficiently large d and e, we
have za, x¢a’ € S;. By the previous paragraph, for all sufficiently large e, d,

we have x¢b, x¢b’ € S;. Then

vi(zfa’)  vi(2db)  vi(2¢Tea’d)

e _/ d _ _
w(zia) +w(zid) = oi (D) + o) os(T)
_wa) wete) | wl) g
__ Ui(I) - Ui(I) + Ui(I) - ( 7 ) + ( 1b %

so that u;(a’/b') = u;(a/b), and u; depends only on w. Furthermore, it is
straightforward to verify that u; satisfies the two properties of valuations:

ui(eB) = ui(a) + ui(B), wila+ B) = min{u;(e), wi(8)}
Set P; to be the prime ideal {r € R|u;(r) = oo} in R. Note that u; is
naturally a x(P;)-valuation. Set

Vi = {s € k(P;)" | sis the image of some r € K such that u;(r) > 0}.
(%A
v; (1)
on S; and thus on all of k(F;)*, V; is the unique valuation ring of v;. Hence
u; is equivalent to v;, and since u; only depends upon w, this completes the

proof of the theorem. ]

As u; depends only on w, the same also holds for V;. As u; and agree

10.2. A construction of Rees valuations

In this section we construct Rees valuations. In the case of an ideal I in a
Noetherian domain our construction gives that all the localizations of all the
normalizations of all the affine pieces of the blowup of I at height one prime
ideals containing I are exactly the Rees valuations.

The following lemma will help prove irredundancy of the construction. It
also highlights the critical point in understanding which affine pieces of the
blowup of I contribute to the set of Rees valuations.
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Lemma 10.2.1 Let R be an integral domain, I a non-zero ideal in R, a,b
non-zero elements of I, and V a discrete valuation ring of rank one that is
the localization of the integral closure of R[%] at a prime ideal containing b.
Assume that aV = IV. Then V is the localization of the integral closure of
R[é] at a height one prime ideal containing a.

Proof: Note that bR[1] = IR[{], so that bV = IV = aV. Hence ¢ is a unit

in V, and V is the localization of the integral closure of R[%]% = R[L], at
a height one prime, so V is the localization of the integral closure of R[é]
Necessarily the localization is at a height one prime ideal of the integral closure
of R[1] containing a. O

Theorem 10.2.2 (Existence of Rees valuations, Rees [232])

(1) Every ideal in a Noetherian ring has a set of Rees valuations.

(2) RV(I) CURV (I(R/P)), as P varies over the minimal prime ideals of R.

(8) In case R is an integral domain, let I = (ai,...,aq), and for each i =
1,...,d, set S; = R[a%] and S; to be the integral closure of S;. Let T be
the set of all discrete valuation domains (gi)p, where p varies over the
prime ideals in S; minimal over a;S;, and i varies from 1 to d. Then T
is the set of Rees valuation rings of I. In particular, for all n,

d
=(I"SinR=(a'SinR= ()@ (5)p) N R).

=1 i=1 i=1 p

U
ISH

Proof: Proposition 1.1.5 proves (1) and (2) provided that Rees valuations
exist for I(R/P) as P varies over the minimal primes of R. Hence both
(1) and (2) reduce to proving Rees valuations exist for ideals in Noetherian
domains.

Thus we may assume that R is an integral domain. As any discrete valua-
tion ring of rank one between R and its field of fractions will do for the zero
ideal, we may assume that I is a non-zero ideal.

Clearly for all ¢t = 1,...,d, 15; = a;S;. Note that by Proposition 5.5.8, S;
equals the homogeneous part of degree zero of the ring R[It],,:, where t is a
variable of degree 1 over the zero-degree ring R, and that the integral closure
S; of S; equals the homogeneous part of degree zero of the ring R[It],,:. In

particular, S; = UmonTE. We claim that ™ = N;a?S; N R. Certainly I™

is contained in the intersection. Let r € M;a?S; N R. There exists an integer

m > n such that for each 7, r = b%nn for some b; € I™R. Thus for each i,
ral*~" € IR, whence r € I"R by Corollary 6.8.7. Hence r € I"RNR=1I"
(by Proposition 1.6.1). Thus for all n, I™ = N;al’S; N R. B

As S; is Noetherian, by the Mori-Nagata Theorem 4.10.5, S; is Krull do-
main, and so every prime ideals p in S; minimal over a; has height one and

(S;)p is an integrally closed domain. Thus by Proposition 6.3.4, (S;), is a
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discrete valuation ring of rank one. Let T; be the set of such valuation rings.
This is a finite set (as S; is a Krull domain). Hence by Proposition 4.10.3, for
alln € N,
Ingl = a?gz = ﬂ G?V N gz
VeT;

yields a minimal primary decomposition of a?S;. Thus I = (), er, 1"V N
R, and the set T' = U;T; satisfies the first two properties of Rees valuations.
It remains to prove the third condition, namely that none of the valuation
rings in 7' is redundant. For this let Vj be one of the valuation rings in 7.
Then Vi € T; for some i between 1 and d. By relabeling, say « = 1. By the
primary decomposition of a;Si, there exists r in Nvern\{v,ya1V N S, such

that rVy = Vy. Write 7 = s/a’* for some integer m and some s € I"™R. If V
is a valuation ring containing S;, then by Lemma 10.2.1, V € T}. If V # Vj,
then by the choice of 7, sV = ra"V € a*"'V. If instead V € T does not
contain S1, then a,V is properly contained in IV, so for all suficiently large n,
atV C IV, As T is a finite set, it follows that for all V € T'\ {V;}, and
all sufficiently large n,

3”‘/0 — rnaTn‘/O = ImnVO Z Imn+1‘/ba
SV = Y C Y, for all Ve T {Vol.

Thus s € R lies in Ny cp vy 77"V N R but not in Ny IV N R.

This proves that V{ is not redundant in the set 7" as a Rees valuation ring
of IR. Tt remains to prove that V; is not redundant in the set T as a Rees
valuation ring of I, which is done in the following proposition:

Proposition 10.2.3 Let R be a Noetherian integral domain with field of
fractions K. Let I be a non-zero ideal. Let T be a set of Noetherian K-
valuation rings satisfying:

(i) Foralln>1, I"R=NyerI"VNR,

(ii) If T' C T, there exists an integer n such that I"R # Ny e I™V N R.
Then T satisfies the same properties also in R, not just in R. Explicitly:

(1) For alln > 1, I" = NyerI™V N R.

(2) If T' C T, there exists an integer n such that I"™ # Ny e 1™V N R,

Proof: By Proposition 1.6.1, I = Ny I"V N R, so we only have to prove (2).

By the assumption on the irredundancy of T on R, for each V € T there
exist n > 1 and r € R such that r € ﬂv;évo I"VNRand r & I"Vy N R.
As R[r] is a module-finite extension of R in Q(R), there exists a non-zero
element ¢ € R such that cR[r] C R. Let vg be the integer-valued valuation
corresponding to V. Since ¢ = nwvg(l) — vo(r) is positive, there exists m
such that vg(c) < tm. Then vo(cr™) < mnvg(I), so that cr™ & I™"V;,. But
cr’™ e ﬂv?évo IV NR, so that I = ﬂ(/eT IV N R is properly contained
in Ny 4y, L™V N R. Hence Vj is not redundant. [l
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This also finishes the proof of Theorem 10.2.2.

Corollary 10.2.4 (Ratliff [229]) For an ideal I in a Noetherian ring R,
Ass(R/I) C Ass(R/I?) C Ass(R/I3) C --- .

Furthermore, U, Ass(R/I™) equals the set of centers of the Rees valuations
of I and is therefore a finite set.

Proof: Discussion 10.1.3 shows that U,, Ass(R/I™) is exactly the set of centers
of the Rees valuations of I, so that it is a finite set. The rest follows from
Proposition 6.8.8. L

It is not clear, but nonetheless is true, that U, Ass(R/I") is also finite and
independent for large n (see Brodmann [27]).

The given construction of Rees valuations shows that the Rees valuations
of an ideal I in R correspond to certain valuations on the affine pieces of
Proj(R[It]). But the finiteness of the set guarantees that one needs to consider
only one affine piece when there are sufficiently many units in the ring:

Proposition 10.2.5 Let R be a Noetherian integral domain. Assume that R
contains an infinite field, or more generally, assume that for any integer r and
any collection of r prime ideals in R there exist r—1 units in R that are distinct
modulo each of the given prime ideals. Let I be a non-zero proper ideal in R.
Then there exists an element a € I such that RV (I) is the set of all valuation
domains that are localizations of the integral closure S of S = R[é] at prime
ideals minimal over asS.

In fact, if Vi, ..., V. are the Rees valuation rings of I and there exists a € 1
such that for all i, aV; = IV;, then Vi,...,V, are all the valuation domains
that are the localizations of S at prime ideals minimal over aS.

Proof: By Lemma 6.3.3, there exists an element a € I such that for all
1=1,...,r,aV; =1V;. Set S = R[é] By the choice of a, S and its integral
closure S are both contained in each V.

We claim that for all n, a®S N R = I". Certainly I™ is contained in

a™S N R. For the other inclusion, if x € a®S N R, then for all i = 1,...,r,
xV; C a™V; C I™V;, so by the assumption on the Rees valuations, z € I™.
This proves the claim.

Thus RV (I) C RV (aS). But by Theorem 10.2.2, every valuation arising as
the localization of the integral closure of S = R[é] at a prime ideal minimal
over a is a Rees valuation of I. O]

Observe that the element a in the proposition is a “sufficiently general”
element of I. Existence of sufficiently general elements requires sufficiently
many units to exist in the appropriate rings. But even without this assumption
on the units, one can still find all Rees valuations of I to arise as localizations
of the normalization of one ring, see Exercise 10.3. However, a priori one does
not know which are these special rings without further work. Thus to find all



10.2. A construction of Rees valuations 203

the Rees valuations of I, it may be more efficient to consider more than one
affine piece of Proj R[It].

There are cases when the one needed affine piece is known in advance: A
key point in recognizing this is that if all elements of a given set of minimal
generators of I have minimal value when evaluated at each Rees valuation,
then all the Rees valuations come from any of the affine pieces determined by
those generators. This point is illustrated by the next two propositions.

Proposition 10.2.6 Let (R,m) be a Noetherian formally equidimensional

local ring of dimension d. Assume that I is an ideal generated by elements

x1,...,xq that are analytically independent after going modulo each minimal

prime of R. Let V' be a Rees valuation ring of I with center on m.

(1) For everyi=1,...,d, z;V =1V.

(2) Let P be the minimal prime ideal of R such that R/P C V. Write (_)'
to denote images in R/P. For everyi=1,...,d, V is the localization of
the integral closure S of S = R’[i—:] at a height one prime ideal minimal

over x.S.

Proof: To prove both (1) and (2) we may assume without loss of generality
that R is a domain and that P = 0. Henceforth we omit the (_)" notation.
There exists an integer j € {1,...,d} such that V is the localization of the
normalization of R[é] at a height one prime ideal minimal over z;. By Corol-

lary 8.3.6, J is a polynomial ring over R/m of dimension d, so that mR[It] is
a prime ideal in R[[t]. By formal equidimensionality, mR[It] has height 1. We
claim that z;t ¢ mR[It] for all 1 <4 < d. If not, then x; € ml, contradicting
the fact that I must be minimally generated by x1,...,74. Thus mR[It],
is a prime ideal of height 1, and z;/x; = z;t/z;t is a unit in R[It]mpry. As
in Proposition 5.5.8, the degree zero component of R[It],,; is R[xij], so that
mR[xij] is a prime ideal of height 1 and 7% is a unit in R[a;ij]mR[xL]' The
maximal ideal my of V contracts to m in R, so that Qf—; is a unit iqu V. In
particular, v(x;) = v(z;) = v(I), proving (1), and (2) follows by applying
Lemma 10.2.1. O

Corollary 10.2.7 (Sally [258, page 438]) Let (R, m) be a Noetherian for-
mally equidimensional local domain of dimension d > 0, and I an m-primary
ideal satisfying u(I) =d. Let I = (aq,...,aq). Then for every Rees valuation
ring V of I and every i1 =1,...,d, V is the localization of the normalization
of R[a%] at a height one prime ideal minimal over a;.

Proof: Observe that all Rees valuations of I have center on m. The proof is
immediate from the proposition above. []

There are other cases in which we can reach the same conclusion, even when
the ring is not equidimensional:
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Proposition 10.2.8 Let R be a Noetherian ring, x1,...,T, a reqular se-
quence in R, and [ = (z1,...,x,.). Then:
(1) for every Rees valuation v of I and everyi=1,...,r, v(x;) =v(I).

(2) Let V' be a Rees valuation ring of I, taking infinite value on a minimal
prime P of R. Write (_)" to denote images in R/P. For every i =
1,...,7, V is the localization of the integral closure S of S = R’[I—/] at a

x’
T

height one prime ideal minimal over %S

Proof: Let n be a positive integer. We first prove that I™ : z; = I"~1. Let
s € I" : x;. By Remark 1.2.3, there exists a positive integer k such that for all
I €N, (sx;)¥*! € I'". Hence s*+! € I'""~!=F for all positive integers [. Passing
to any valuation domain V that is an R-algebra, since k is fixed and [ varies
over all positive integers, necessarily sV C I"'V. Thus by Theorem 6.8.3,
s € In—1. This proves that I" : z; = I"—1 for all n.

Now let v be a Rees valuation of I. By definition, v(z;) > v(I). Suppose
that v(z;) > v(I). As the set of Rees valuations is irredundant, there exist

an integer n and an element y ¢ I™ such that for all Rees valuations w
different from v, w(y) > nw(I). Necessarily v(y) < nv(I). If RV (I) = {v},
nv(l)—v
v(él))—v((?)) :
v(zly) > v(I*™); and for all w as above, w(zly) = lw(x;) + w(y) > lw(I) +
nw(I), so that by the definition of Rees valuations, zly € I"*!. Thus by
the first paragraph, y € I", which contradicts the choice of y. So necessarily
v(z;) = v(I). This proves (1).

Let V be a Rees valuation as in (2). We may pass to R/P and assume
that R is a domain. We still denote the image of z; in R/P by z;. Note
that these elements need not form a regular sequence. We know that V' is the
localization of the normalization of some R[é] at a height one prime ideal
containing x;. As v(z;) = v(l) = v(z;) by (1), we have that z;V = IV.
We apply Lemma 10.2.1 to conclude that V is also the localization of the
normalization of R[x—lz] at a height one prime ideal containing z;. O

set y = 1, n = 1. Choose an integer [ > This choice gives that

Alternative constructions of Rees valuations are outlined in Exercises 10.5
and 10.6.

10.3. Examples

One of the main examples of Rees valuations comes from the order valuation
of a regular local ring:

Example 10.3.1 Let (R, m) be a regular local ring. Then the m-adic val-
uation (the valuation ordy) is a divisorial valuation that is the only Rees
valuation of m. The residue field of the corresponding valuation ring is purely
transcendental over R/m. Explicitly, the m-adic valuation ring equals R[%](x)
for any x € m\ m2.
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In Theorem 6.7.9 it was proved that the order function is a valuation, the
residue field is purely transcendental, and that this m-adic valuation ring
equals R[T ](x) for any z € m\m?. Since xR[2] is prime, Proposition 10.2.6
gives that R[ ](z) is the unique Rees valuation.

Furthermore this is a divisorial valuation: clearly the center of v is m, and
k(zR[®] ) is generated over x(m) by the images of £, § = 2,...,d, where
m = (z,x2,...,xq) with no relations among them, so that the transcendence
degree of k(zR[W],)) over k(m) is d — 1 =htm — 1.

Example 10.3.2 Let R be a one-dimensional Noetherian semi-local integral
domain. Then {Rp | P € Max R} = U;RV (I) is finite, as I varies over all the
ideals of R. Namely, by Theorem 4.9.2 (the Krull-Akizuki Theorem), R is
one-dimensional Noetherian. Thus for each maximal ideal m in R, there are
only finitely many prime ideals in R minimal over mR. But every maximal
ideal in R contracts to a maximal ideal in R (by Going-Up, Theorem 2.2.4),
and by Incomparability Theorem, Theorem 2.2.3, every maximal ideal in R
is minimal over the extension to R of some maximal prime ideal in R. Thus
R has only finitely many maximal ideals. For each maximal prime ideal P
of R, Rp is a discrete valuation ring of rank one. By the previous example,
Rp is a Rees valuation ring of any xR, where x € P N R\ {0}. Hence by
Proposition 10.2.3, Rp is a Rees valuation ring of zR. (It is also a Rees
valuation ring of P N R, see Exercise 10.8.) If V is a Rees valuation ring
of some non-zero ideal of R, as V is integrally closed, V contains R. Set
P=myNR. Then P € Max R, Rp C V, and as both Rp and V are discrete
valuation rings of rank one with the same field of fractions, Rp = V. This
proves the example.

Example 10.3.3 Let R = k[X, Y] be the polynomial ring in two variables X
and Y over a field k. Let I be the ideal I = (XY, X3, Y3)R. We calculate its

Rees valuations via the original construction.

For this let S; = R[<5], 52 = R[<5-], and S3 = R[%]. Then
L} kl XY Y?’l ~ k[ X,Y,Z W]
X3 T X3 X3 | (X2Z -Y, W — X3Z3)’
which is isomorphic to k[X, Z], and hence integrally closed. We find all the
minimal prime ideals over X3S;: if a prime ideal P mlnlmally contains X3,
it contains X, and hence also Y and W = };—i But (XY, X3) is a prime
ideal in S}, so that it equals P The localization (S71)p is a one-dimensional
mtegrally closed domain. As 3% is a unit of (S1)p, Y € X2(S1)p \ X3(S1)p.

AISO 3 = XS(Xg )3 € XS(Sl)p. Thus P(Sl)p = X(Sl)p Thus for the
correspondmg valuation vy, v1(X) = 1, v1(Y) = 2, and v; is monomial (see
Proposition 10.3.4 for a general result). In particular, vy (I) = 3.

By symmetry, Ss yields one monomial valuation ve(X) = 2, v2(Y) = 1.

It is straightforward to see that Sy = R[<%] = k[X, Y, ))S,, X;] is isomor-

phic to k[X,Y, Z, W]/(ZV — XY, X?-Y Z,Y? — XW), which is an integrally

5= r|
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closed ring by the Jacobian criterion (Theorem 4.4.9). A prime ideal in Sy
minimal over XY contains either X or Y. If it contains X, it also contains Y?

so that it contains Y. Similarly, a prime ideal minimal over Y also contains
3 3
X. Any prime ideal containing X and Y also contains XY = % . }f—y,

that we get two prime ideals minimal over XY Ss:

SO

X3 Y3
P=(X)Y,— |5, Ph=X,Y,— | 5.
1(37XY>232<77XY)2
It can be easily checked that these two prime ideals give the valuations v; and
vo that were also obtained on S; and S3. The geometric picture that goes
with this example is given below:

0 1 2 3

The three lattice points on the outside corners of the gray shaded area
correspond to the generators X3, XY, Y3. All the integral lattice points to
the right and up of the three points correspond to monomials in I. The two
bold lines connecting the three generator points bound the Newton polytope.
The equations of the two lines are

r+2y=3 and 2z+y=3.

From the equation for the first line we can read off the valuation vy (X2Y?) =
a+2b, v1(I) = 3, and from the second one the valuation vy (X?Y?) = 2a + b,
vo(I) = 3. Furthermore, the piece R[%] gives only the first valuation as only
the first line passes through the point corresponding to X2, and the piece
R[%] gives both valuations as both lines pass through the point correspond-
ing to XY.

Notice in this example that the Rees valuations are monomial, and can
be read off from the Newton polyhedron of I. We prove that this is true
in general for monomial ideals. First, we prove that all Rees valuations are
monomial.

Proposition 10.3.4 Let I be a monomial ideal in a polynomial ring. Then
the Rees valuations of I are monomial.
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Proof: By Theorem 10.1.6 it suffices to prove that we can construct a set of

Rees valuations that are all monomial. Let k[X1,..., X4| be the polynomial
ring.
Let a4, ..., a,, be the monomials generating I. Foreach 7 =1,...,m, R[ai]

is a Z%-graded algebra under the grading deg X; = 0,...,0,1,0,...,0), with 1
in the 7th entry and 0 everywhere else. By Theorem 2.3.2, the integral closure
S of R[a%] in k(X7 ..., X7 is a Z%graded algebra. As k[Xi,..., X7
is integrally closed, S is the integral closure of R[a%], and is Z%-graded. As
a; is homogeneous, all the minimal prime ideals over a;S are homogeneous.
Let P be such a minimal prime ideal. By Theorem 10.2.2, Sp is a Rees
valuation ring of I. By Lemma 6.3.2 there exist integers eq,...,eq € Z such
that » = X7 --- X$% is in S and such that PSp = rSp. Let e = (e, ..., eq).

It suffices to prove that the valuation v corresponding to the valuation ring
Sp is monomial. Forlet f =) a, X* be a polynomial, with a, € k. For each
v, let n, = v(X*) and set n = min{n, |a, # 0}. We need to show that v(f) =
n. By subtracting homogeneous summands of f, without loss of generality
we may assume that for all v with a, # 0, X* is not in the homogeneous
ideal P(™*1) (symbolic power). We may write f = >, anX* "¢, where
X*7"¢ are elements of Sp. Suppose that ) a,X* " € PSp. Then f €
P+ and there exists s € S\ P such that sf € P**'. Without loss of
generality no summand of s isin P. Both s and f are finite linear combinations
of monomials with integer exponents. Under the lexicographic ordering of
monomials, write s = sog + 8, f = fo + f’, where sg (respectively fy) is a
non-zero homogeneous summand of s (respectively f) of highest degree in the
ordering. Then sf = sqfo + lower terms, so that necessarily sqofy € Pt
As sg € P, necessarily fo € P™1 which contradicts the assumption. So
necessarily > a,X* "¢ ¢ PSp, so that v(f) = v(r™) = n. This proves that
v is a monomial valuation. O]

We now prove that the Rees valuations of an arbitrary monomial ideal I
can be read off from the Newton polyhedron of I. Namely, by Carathéodory’s
Theorem (Theorem A.2.1), the convex hull of the Newton polyhedron of a
monomial ideal in k[X7,..., X4] is defined by finitely many non-redundant
hyperplanes, and they are of the form a1 X; + - -+ + a4 X4 = a for some non-
negative integers a;, a. Furthermore, for an arbitrary positive integer n, the
hyperplanes bounding the Newton polyhedron of I™ are simply the (trans-
lated) hyperplanes of the form a;X; + -+ + agXq = na, where a1 X7 +
-+ 4+ aqXy = a is a hyperplane bounding the Newton polyhedron of I.
(The vector (my,...,mq) € Q% is in the Newton polyhedron of I™ if and
only if (mq1/n,...,mg/n) is in the Newton polyhedron of I.) From each
such hyperplane we can read off the monomial valuation v(Xi’ L. -Xsd) =
a1by + - - -+ agbg, v(I) = a. A monomial Xfl . -Xsd is in the integral closure
of I" if and only if (by,...,bs) is in the Newton polyhedron of I", and that
holds if and only if (by,...,by) lies on the correct side of every boundary hy-
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perplane of the Newton polyhedron of I™. In other words, X{’ Lo Xsd is in
the integral closure of I™ if and only if for all valuations v obtained from the
hyperplanes as above, v(X?" -+ X2) = ayby + - - -+ agbg > na = v(I"™). Thus
the corresponding monomial valuations v(Xi’1 . -Xsd) = a1by + - - - + agby,
v([) = a, determine the integral closures of all the powers of I. Thus by the
non-redundancies among the hyperplanes, we just proved:

Theorem 10.3.5 Let I be a monomial ideal in a polynomial ring R over a
field. Then the set of Rees valuations of I is the set of monomial valuations
obtained from the bounding hyperplanes of the Newton polyhedron of I.

In general, the set of Rees valuations of I may be strictly larger than a set
of valuations determining the integral closure of I. For example, the integrally
closed monomial ideal I = (X3, XY, Y?) has two Rees valuations, namely the
monomial valuations v1(X?Y?) = a+b and v2(X*Y?) = a+ 2b, which can be
read off from the Newton polytope. The integral closure of I is determined
by v alone: I = {r € k[X,Y]|va(r) > vo(I)} = I, but the integral closure of
I? needs both valuations.

0 1 2 3

We now present a false attempt at finding the Rees valuations of I. Note
that I = (X3,Y) N (X,Y?). The Newton polytopes of (X3,Y) and (X,Y?)
are bounded by x + 3y = 3 and 2z + y = 2, respectively (see figure above).
Do the two corresponding monomial valuations v/(X%Y?) = a + 3b and
v"(X*Y?) = 2a + b constitute the set of Rees valuations of I? The answer is
no. Here is the reason. Note that the Newton polytope of I is touching or
above the two lines x+3y = 3 and 2z+y = 2. The gap between the area below
the convex hull of the Newton polytope and the latter two lines contains the
point (1,2/3), which translates to the “monomial” XY?2/3. The third power
of this element, X3Y?2, is a legitimate monomial, and it is not in I3. However,
V'(X3Y?)=9>3.3=3-0'(), and v"(X3Y?)=8>3.2=3-v"(I). Thus
{v/,v"} could not be the set of Rees valuations of I.

This example in particular shows that the Rees valuations of monomial ide-
als correspond to the non-coordinate boundary hyperplanes (so-called faces)
and not to arbitrary hyperplanes bounding from below the integer lattice part
of the polytope.
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10.4. Properties of Rees valuations

Proposition 10.4.1 Let R be a Noetherian ring, I an ideal of R, and W is
any multiplicatively closed set in R. Then RV (W=1I)={V € RV (I) |my N
W =0} (where my is the unique mazimal ideal of V).

Proof: By definition, for all positive integers n, I" = NvervnI"V N R, so
that W-1In = W—1]n = Nvervny,mynw=¢{"V N R. By irredundancy of
elements of RV (I), the set {V € RV (I)|my N W = 0} is irredundant in
determining the integral closures of W =117, Il

Centers of Rees valuations can be determined without explicit construction:

Theorem 10.4.2 Let R be a Noetherian ring, I an ideal in R and P a prime
ideal in R. If ¢((IRp) = dim(Rp), then P is the center of a Rees valuation
of I. Conversely, if R is locally formally equidimensional and P is the center
of a Rees valuation of I, then {(IRp) = dim(Rp).

Proof: By Proposition 10.4.1, without loss of generality we may assume that
P is the unique maximal ideal of R. If P is not the center of any Rees
valuation of I, then by Discussion 10.1.3 P is not associated to any I”. But
by Proposition 5.4.7, £(I) = dim(R) implies that P is associated to I" for all
large n, which forces P to be the center of some Rees valuation of I.
Conversely, suppose that P is the center of a Rees valuation of I. We may
again assume that P is the unique maximal ideal of R. By Discussion 10.1.3
we know that P is associated to I™ for all large n. We can apply Theorem 5.4.6
to conclude that ¢/(IRp) = dim(Rp). O

Every Rees valuation on a restricted class of rings is a divisorial valuation:

Proposition 10.4.3 Let R be a Noetherian ring, I an ideal, and V' a Rees
valuation ring of I. Set P = my N R. There exist a minimal prime ideal
q in the P-adic completion R of Rp and a valuation ring W in the field of
fractions of R/q such that W is a Rees valuation of IR V' is a valuation ring
on the field of fractions of R/(qNR), and such that V' is the contraction of W.

For any such q,

tr.deg,,pyr(my) = dim(R/q) — 1.

In particular, if Rp is formally equidimensional, then tr.deg, pys(my) =
ht P — 1, implying that V' is a divisorial valuation ring (see Definition 9.5.1).

Proof: Without loss of generality R is local with maximal ideal P, and R is
an integral domain with field of fractions K. Let R be the P-adic completion
of R. Let {wi,...,w,} be a set of Rees valuations of IR. Let v; = wj k.
By Proposition 6.3.7, v; is a Noetherian K valuation. Proposition 1.6.2 says
that for all n, I"RN R = I”, so that I" = {r € R|w;(r) > nw;(I)} =
{r € R|v;(r) > nw;(I)}. By uniqueness of Rees valuations, V must equal
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the valuation ring corresponding to some v;. Let W be the valuation ring
corresponding to w;. Then V = W N K. Note that mp N R = P and
myy N R = PR. Let q be the minimal prime ideal in R such that W is a
valuation ring on x(q). As R/ q is analytically unramified, by the construc-
tion of Rees algebras and by Theorem 9.2.2, W is a localization of a finitely
generated R-algebra. As R/q is universally catenary, the Dimension Formula
(Theorem B.5.1) applies:

tr.degm(Pﬁ)m(mW) = dim(R/q) + tr.degﬁ/qW — ht myy.

As W is Noetherian, ht myy = 1, and by the definition of Rees valuations,
tr.degﬁ/qW = 0. By Proposition 6.5.2, k(my) = k(my ), so that

tr.deg,. pys(my) = dim(R/q) — 1 = dim(R/q) — 1.
The rest follows trivially. ]

Proposition 10.4.4 Let R be a Noetherian local integral domain. Let V be
a divisorial valuation ring between R and its field of fractions. There exists a
non-zero ideal I in R such that V' is one of its Rees valuations. Furthermore,
we may assume that I is primary to P = my N R, where my is the maximal
ideal of V.

We give essentially the same proof as for Theorem 9.3.2. Note that in
general V' will not be the only Rees valuation ring of I. In fact, there exists
a two-dimensional complete normal local domain in which every ideal has at
least two Rees valuations (see Cutkosky [52]).

Proof: By Proposition 10.4.1, without loss of generality we may localize at
P and thus assume that P is the unique maximal ideal of R. Let d = ht P.
By assumption on V, tr.deg, pyr(my) = d — 1. Thus there exist non-zero
elements x1,...,z4 € P such that “’f .,ﬁ—d are in V and their images in
V/imy = m(mv) form a transcendence basis of k(my ) over k(P).

Let n be a positive integer such that P"V C x,V. Let I be any ideal
between (x1, o, ...,zq) and (z1,x2,...,x4) + P™. Thus I can be taken to be
P-primary.

Set S = R[é], a finitely generated R-algebra. Let S be its integral closure.
By the choice of I, S C S C V. Set Q = my N S. The images of the i—l
in K(QNS) C k(Q) form a transcendence basis of k(Q N S) over k(P), so
that by the Dimension Inequality (Theorem B.2.5), ht(Q N S) < 1. Hence
ht Q@ = dim(S)g < dim Sgns < 1, so that as z1 € Q, ht Q@ =1, and Q) is a
prime ideal minimal over x;S. Thus by the construction of Rees valuations
S’Q is one of the Rees valuation rings of I. But SQ C V are both discrete
valuation rings of rank 1 with the same field of fractions, so that they must
be equal. Thus V is a Rees valuation ring of I. []

With the following proposition one can find some Rees valuations of prod-
ucts of ideals:
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Proposition 10.4.5 Let R be a Noetherian integral domain. Then for any
non-zero ideals I and J in R, RV (I) URV (J) C RV (1J).

Proof: We will prove that RV (I) C RV (IJ). Let V€ RV (I). By Theo-
rem 10.2.2 we may choose an element a € I such that if S is the integral
closure of S = R[], and P = my N S, then (S)p = V. Choose b € J such
that JV = bV. Then

s-nferaff [ -] v

Let T be the integral closure of T, and Q@ = my NT. Then V = (S)p

-
(T CV,sothat V = (T)g. Thus Ve RV (1J). O
In general, the other inclusion need not hold:

Example 10.4.6 Let R = k[X,Y, Z] be a polynomial ring over a field k.
Let I = (X,Y) and J = (X, Z). We claim that RV (I.J) # RV (I) URV (J).
We have that RV (I) = {v1}, where v; is the monomial valuation that takes
value 1 on X and Y and value 0 on Z. Similarly, RV (J) = {v2}, where
v9 is the monomial valuation taking value 1 on X and Z and value 0 on Y.
Suppose that RV (IJ) = {v1,v2}. Note that v1(1J) = 1 since v1(XZ) = 1,
and similarly vy(IJ) = 1 since v2(XY) = 1. However, v1(X) = v2(X) =1
as well. If RV (IJ) = {v1, v}, then this would imply that X € I.J, which is
clearly false.

This can also be seen from the equations of the Rees algebra of I.J. We
can map R[A, B,C, D] onto the Rees algebra of I.J by mapping 4 — X?2,
B— XY,C — XZ and D — Y Z. With this map,

k[X,Y,Z, A, B,C,D]/P= R[IJ{

where P = (XD - YC,YC — ZB,BC — AD,XC — ZA,XB — YA). The
Rees algebra is Gorenstein and integrally closed, and the height of P is 3, as
can be easily seen by using a computer algebra program or by hand. Since
the Rees algebra is integrally closed, Remark 10.1.4 shows that the Rees
valuations correspond to the minimal primes over [JR[IJt], and there are
exactly three minimal primes corresponding to the images of the prime ideals
P, = (X,Y, A, B) (which gives v1), P, = (X, Z,A,C) (which gives vy) and
a third prime P; = (X,Y,Z, BC — AD), which accounts for an additional
valuation vg in RV (I.J). The valuation ring of vs is (R[IJt]|p,), and v3 is the
order valuation of the maximal ideal (X,Y, 7).
Below we prove two cases where equality holds in Proposition 10.4.5.

Proposition 10.4.7 Let R be a Noetherian domain, I and J non-zero ideals
in R such that I is locally principal. Then RV (I)URV (J) =RV (1J).

Proof: By Proposition 10.4.5 it suffices to prove that RV (IJ) C RV (1)U
RV (J), and it suffices to prove this locally. So without loss of generality R is
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local, and I = (z) for some non-zero x € R. Let V be a Rees valuation ring
of IJ. Then there exists b € J such that T'= R [%} C V, and there exists
a prime ideal @ in the integral closure T of T such that @ is minimal over
zband (T)g =V. If b€ Q, thenas T = R [%}, it follows by construction
of Rees valuations that V' is a Rees valuation ring of J. Now suppose that
b ¢ Q. Then necessarily x € @, and as b is a unit in (T)g, V is a localization
of the integral closure of R at a prime ideal necessarily minimal over xR, so

that V is a Rees valuation ring of I. O]

Proposition 10.4.8 Let R be a Noetherian locally formally equidimensional
domain of dimension at most 2. Let I and J be non-zero ideals in R. Then

RV (I) URV (J) = RV (1]).

Proof: By Proposition 10.4.5 it suffices to prove that RV (IJ) C RV (1)U
RV (J). Let V be a Rees valuation of I.J. By the construction (proof of
Theorem 10.2.2) we know that there exist a € I and b € J such that S =
R [%} C V, and there exists a height one prime ideal @) in the integral closure

S of S containing ab such that (S)g = V.

If a ¢ @, then §Q is the same as the integral closure of R [%} localized at
(the image of) @, so that then clearly V € RV (J). So we may assume that
a € @, and similarly that b € Q.

Set p = Q(S)gN R =my NR. As R C V is contained in the field of
fractions of R, p is a non-zero prime ideal, so its height is either 1 or 2. By
Proposition 10.4.3, tr.deg,,x(my) = tr.deg,,(Q) =htp — 1.

If tr.deg,,)x(Q) is 0, then the height of p is 1, so that the height of I.J
is one, and p is minimal either over I or over J. Say p is minimal over I.
The normalization of R, is a one-dimensional semi-local Noetherian domain
contained in V', so for some maximal ideal p in }_%p, (l_%)ﬁ equals V. Then by
Example 10.3.2, V is a Rees valuation ring of I.

Now assume that tr.deg,,)#(Q) is 1. Then necessarily ht p = dim R = 2.

Let Sq = R[], S, = R[£], ¢ = Q(S)g NS4, and ¢, = Q(S)g N Sy. Both
S, and S, are subrings of S, and both S, /q, and Sy/q;, are subrings of S/Q.
There is a natural ring surjection

() (5) g
qa ab Q N SaSb .

The composition of this map with inclusion into S/Q is an injection, so that
(S“> (i) = SeSb_ Tet W be the multiplicatively closed set (S, \ g4 )(Sh \

a ) \a ) = Qns.ss
qp) in SuSp € S. The localization at W gives

et (Sa) (B Z g1 _Sadh (2
k(ga)r(qp) =W (qa)(qb>_W QﬂSaSbgW (Q)

The last inclusion is integral as S is the integral closure of S,S;. Hence the
transcendence degree of k(Q) over k(qq)k(qp) is 0. Thus the transcendence
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degree of r(qa)r(qy) over k(p) is 1, whence either tr.deg,,)x(q.) = 1 or
tr.deg,,, f(q) = 1. Suppose that tr.deg,%(¢.) = 1. By the Dimension
Inequality B.2.5, ht(g,) < 1, so that as ¢, is non-zero, necessarily ht(q,) = 1.
Hence by Proposition 6.3.4, (S,)4, is a discrete valuation domain of rank one
contained in V', and necessarily equal to V. Furthermore, by construction V'
is a Rees valuation ring of I. Similarly, if tr.degm(p)/{(qb) =1, it follows that
V' is a Rees valuation of J. O]

Proposition 10.4.9 Let R be a Noetherian domain and I an ideal in R with
RV (I) = {v1,...,v.}. Let X be a variable over R, and for eachi=1,...,r,
let w; be the Gauss extension of v; to Q(R)(X) as in Remark 6.1.3: w,; agrees
with v; on Q(R) and takes X to 0. Then RV (IR[X]) = {w1,...,w,}.

Proof: By definition, w; is a Gauss extension of v;. For n > 1, {u €
R[X]|wi(u) > w;(I™),i = 1,...,r} is the ideal in R[X] generated by el-

ements in v € R with v;(u) > v;(I"), for ¢« = 1,...,r. This means that
{u € R X]|wi(u) > w;,(IR[X]),s = 1,...,r} equals I"R[X], which is the
integral closure of I"R[X] by Lemma 8.4.2. Thus wy,...,w, are contained

in the set of Rees valuations of IR[X]. If one of them, say w;, is redundant,

then it is easy to show that v; would be redundant as well, proving that
RV (IR[X]) = {w1,...,w,}. ]

10.5. Rational powers of ideals

In this section we associate to an ideal its “rational powers”, in the following
sense:*

Definition 10.5.1 Let R be a Noetherian ring, and let I be an ideal. Fix a
rational number o = % withp,q € N, ¢ # 0. We define I, = {x € R| 2% € IP}.

The next proposition summarizes the basic properties of I, including the
fact it is a well-defined ideal and is integrally closed. It would be appropriate
to call this ideal the “ath” power of I except for the fact that the definition
brings in the integral closure of IP. If we simply took the set of elements z
such that x9 € IP, this set would not necessarily be an ideal. Taking all of
this into account, it is natural to think of I, as the integral closure of the
“ath” power of I.

Proposition 10.5.2 Let R be a Noetherian ring, I an ideal in R, and

a, B e Q.

(1) I, is well-defined, i.e., does not depend on the representation of a as a
quotient of two integers.

(2) If o < B, then Ig C I,.

(3) Ins C Loss.

*  We thank Mark Johnson for sharing notes on this topic. We also refer to [184] for more
information.
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(4) I, is an integrally closed ideal.

(5) ForneN, I, = I,

(6) x € 1, if and only if for all minimal primes P of R and for all rank one
discrete k(P)-valuations v that are non-negative on R/P, v(z) > a-v(1).

(7) An element x € I, if and only if v(x) > «-v(I) for all the Rees valuations
v of I.

Proof: First of all, I, is well-defined. Namely, if o = i—’: for some integer t,
certainly r” € I™ implies that " € I*™ and if 7/ € I*™, then an equation of
integral dependence of r'™ on I™" is also an equation of integral dependence of
r™ on I"™. Thus I, is well-defined. It is clear that if «, 8 are two non-negative
rational numbers, then 1,1z C I,43, and if a < 3, then Iz C I,.

Let 7 be integral over I,. Write a = % for some non-negative integers
m,n. As r" is integral over I} and I? is contained in I,,, it follows that r™ is
integral over I, whence r € I,. This proves that [, is integrally closed.

Part (5) is clear from the definition.

Suppose that = € I, and v is a rank one discrete x(P)-valuation (for some P
a minimal prime of R). Write a = % with p, ¢ € N. Apply v to the equation
29 € IP. One obtains that qu(z) > pv(I) or equivalently v(z) > o - v([).
Conversely, suppose that for all rank one discrete x(P)-valuations v (for P a
minimal prime of R) v(z) > o - v(I). Write a = £ with p,q € N. We obtain
that for all such valuations v, v(z?) = qu(x) > qa-v(I) = pv(I) = v(IP). The

valuative criterion for integral closure Theorem 6.8.3 gives that z? € IP.
Suppose that = € I, and v = v; is a Rees valuation of I. Write a = % with

p,q € N. Apply v to the equation 2¢ € IP. One obtains that quv(z) > pv(I) or
equivalently v(z) > a - v(I). Conversely, suppose that for all Rees valuations
v of I we know that v(z) = o - v(I). Write a = & with p,q € N. We obtain
that for all Rees valuations v of I, v(z?) = qu(z) > qa-v(I) = pv(I) = v(IP).
It follows that 9 € IP.

Definition 10.5.3 Let R be a Noetherian ring, I an ideal, and o € Q. Define
I., = U5>afg.

By Proposition 10.5.2, this union is actually an ascending union of ideals,
hence it is also an ideal. Moreover, as R is Noetherian, the chain {Iz} for
B > « of ideals stabilizes, and the stable value is therefore I~ .. In particular,
all of the ideals I, for small rational € are the same, namely I~.

Associated to the ideals I, is the graded ring G = ®QGQIQ/I>Q’ which is
a graded ring over the non-negative rational numbers by Proposition 10.5.2.

As we shall see, however, this graded ring is actually N-graded. Its degree
0 piece is exactly R/ VT by the calculation in the example below.

Example 10.5.4 .o =+/1. If z € /I, then 2" € I for all large n, so that
z € I for all large n. Thus VI C I~q. Conversely, if x € Isq, then for some

n, x € I1, which implies that 2 € I C /1, and = € V/1.
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Proposition 10.5.5 Let R be a Noetherian ring and I an ideal of R of
positive height. Let {vy,...,v,} be the Rees valuations of I. Set e to be the
least common multiple of vi(I), ..., vy (I). Every ideal I, with o € Q is equal
to I» for some n € N.

Proof: Set e; = v;(I) and write e = ¢e;d;. Given o € Q, set n = [ea].
We claim that [, = I%. Since 2 > «, we know that Ig C I,. To prove
the opposite containment, let x € I,. Write a = g. By Proposition 10.5.2,

vi(r) > ae; for all i = 1,...,m. Hence min{% i=1,...,m} > a.
By the choice of n it follows that n < min{v;(x)d;|i}, and therefore that
vi(z) > Ze; foralli =1,...,m. Hence v;(x¢) > v;(I") for all 4, which implies
that = € I=. O

The main information provided by these rational “powers” of I is provided
by the following theorem:

Theorem 10.5.6 Let R be a Noetherian ring, let I be an ideal of positive

height, and let u be a variable. Let {vy,...,v,} be the Rees valuations of I,

and e the least common multiple of v1(I),...,v,(I). Putt = u®. LetT be the

integral closure of the extended Rees algebra S = R[It,t™'] in Rlu,u™!].

(1) T is a Z-graded ring of the form éBiEZJZ-ui, where J; are ideals of R and
J; =R fori <0.

(2) FOT‘i>O, Ji:Ii'.

(3) T/u™'T = @QGQ;IQ/.&O‘ 15 an N-graded algebra with degree zero piece

equal to R/\/T
(4) u='T is radical, i.e., Vu=1T = u=1T.

Proof: By Theorem 2.3.2, T is a Z-graded ring, and clearly J; is an ideal in
R. Moreover, u~! is integral over S, which implies that J; = R for i < 0.
This proves (1).

Let i > 0, and let z € I:. Then 2¢ € I*. Then (zu?)¢ is integral over S.
Hence z € J;. Conversely,esuppose that z € J;. Consider z¢ € J.;. Then
(zu')® = 2°t" € T since it is integral over S and is inside R[t,¢"!]. Thus
2¢ € It, so by definition z € I;. This proves (2).

To prove (3), first observe that @ae@>0‘7a/[>a = ®;>0Ji/Ji+1. This follows

since I, = Is, if « is not of the form é for some non-negative integer i.
Moreover, if a = g, then Is, = Iit1 = J;41. The isomorphism @;>¢J;/Jiy1 =
T/u=1T is clear. The last statement follows from Example 10.5.4, which gives
that Isg = V1.

Let z be a nilpotent element in T//u~'T of degree a. Let | be a positive
integer such that z! = 0. Let r € I, be a preimage of z in R. Then r! € I+,
so that there exists a rational number f > la such that r' € T ¢. Then
r e I% C Isq, 5o that 2 = 0. Thus T/u~'T is reduced, which proves (4). [
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We remark that the eth Veronese subring of T, ®yeTke, is isomorphic to S,
as the above proof shows. This is useful for calculations of cohomology. For
more geometric understanding of the topic in this section, see [171] and [172].

10.6. Exercises

10.1

10.2

10.3

10.4

10.5

10.6

10.7

10.8

10.9

Let R be a Noetherian domain.

(i) Prove that for any ideal I and any positive integer n, RV (I") =

RV (I).
(ii) Let Iy, ..., Iy beideals of R. Prove that Uy, ., RV (I{"---I]'*)
is finite.

Let R be a Noetherian domain and I and J ideals in R. If for some
m,n € Nsg, I = Jn, then RV (I) = RV (J). Show that the converse
fails.
Let R be a Noetherian ring and I an ideal in R. Prove that there
exist m € Nyg and a € I"™ such that each Rees valuation of [ is a
localization of the integral closure of R[] at a prime ideal minimal
over a.
Let I be an ideal in a Noetherian ring R and let S be the integral
closure of R[It,t~!]. Let P be a prime ideal in S minimal over ¢t~1S.
Prove that for each n € N, t "SpNR =1"Sp NR.
(Alternative construction of Rees valuations) Let R be a Noetherian
integral domain with field of fractions K, I an ideal in R, and S the
integral closure of R[It,t71]. Prove that the set of Rees valuations
of I equals the set of all Sg N K, as () varies over prime ideals in S
that are minimal over t—1§.
(Alternative construction of Rees valuations) Let R be a Noetherian
integral domain with field of fractions K, I an ideal in R, and S the
integral closure of R[It]. Prove that the set of Rees valuations of I
equals the set of all Sg N K, as @) varies over prime ideals in .S that
are minimal over IS.
Let R be a Noetherian local ring with infinite residue field. Prove
that for any ideal I in R there exists « € I such that v(z) = v([) for
all v € RV (I).
Let R be a Noetherian local domain of dimension 1. Let S be the
integral closure of R and P a maximal ideal in S. Prove that Sp is a
Rees valuation of P N R.
Let k£ be a field, X1, ..., X4 variables over k, and I a monomial ideal
in R = k[Xy,...,Xq4]. Let m be a monomial generator of I, and let
U be the set of all valuations that are localizations of the integral
closure of R[%] at height one prime ideals containing m. Prove that
there is a natural one-to-one correspondence between U and the set
of valuations obtained from those hyperplanes bounding the Newton
polyhedron of I that pass through the point corresponding to m.
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10.10 Let R be a Noetherian domain and I an ideal. If P € Ass(R/I™)
for some large n, then there exists a € I and a prime ideal @ in
S = R[L] such that Q is associated to a™S for all large n and such
that QN R = P.

10.11 (J. Watanabe [320]) Let (R, m) be a Noetherian local ring with infinite
residue field. Let I be an integrally closed ideal in R. Prove that [ is

(inserted an ex- m-full, i.e., that there exists £ € m such that mI : x = I.

ercise) 10.12 ([320]) Let (R, m) be an arbitrary Noetherian local ring. Let m =
(a1,...,an) and set R' = R[Xy,..., X, ]mp[x,,...x,]- Anideal I in R
is said to be an m-full if there exists z € R’ such that mIR’ :p = =
IR'. Now suppose that R/m is infinite and I is m-full in R. Prove
that there exists an element x € R such that m/l : x = I.

10.13 ([320]) Let (R, m) be an arbitrary Noetherian local ring. Let I be an
m-primary m-full ideal. Prove that for all ideals J in R containing I,
u(J) < p(I).

10.14 ([320]; Goto [95]) Let (R, m) be a Noetherian local ring. Let m =
(a1,...,an) and set R' = R[X1,..., X, ]mp[x,,...x,]- Anideal I in R
is said to be an m-full if there exists z € R’ such that mIR’ :p © =
IR'. Let J be any ideal in R containing I such that J/I has finite
length. Prove that u(J) < u(I).

10.15 (Goto [95]) Let R be a Noetherian ring and I an integrally closed
ideal in R whose minimal number of generators r equals its height.
Let P be a prime ideal in R associated to I.

(i) Prove that P is minimal over I.

(ii) Prove that Ag, ((I+P?)Rp/P?Rp) > r—1 and that u(PRp) <
,u(IRp) =T.

(iii) Prove that Rp is regular local ring.

(iv) Prove that the Rees algebra Rp[lRpt] is Cohen—Macaulay and
satisfies Serre’s condition (Ry).

(v) Prove that for all positive integers n, I™ = I, i.e., that I is a
normal ideal.

10.16 Prove that for ideals I C J in a Noetherian ring, I = J if and only if
for every Rees valuation ring V of I, IV = JV.

10.17 Let X,Y, Z be variables over C, and R = C[X,Y, Z]/(X?+ Y3 + Z°).
Prove that R is a normal domain, that m = (X,Y, Z)R has only one
Rees valuation, but that gr,,(R) is not an integral domain.

10.18 Let R = C[X,Y, Z] be a polynomial ring in variables X,Y, Z. Let n
be a positive integer, and A the integral domain R/(X? +Y? + Z").

(i) Prove that for i < n/2, the ideal (X,Y, Z%) A has more than one
Rees valuation.
(ii) Prove that if n is an even integer, then (X,Y, Z"/?) has only
one Rees valuation.
(iii) Impose on A the grading w(X) = w(Y) = n/ged(2,n), w(Z) =
2/ged(2,n). Prove that w is a valuation function and that for
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any positive integer i < n/2, (X,Y,Z)A = {r € A|w(r) > i}.
Let R be the polynomial ring k[X71, ..., X,], where k is a field.

(i) Let I be an ideal of the form (X7{*,..., X?"), where the non-
negative integers aq, ..., a,, are not all zero. Prove that I has
only one Rees valuation, namely the monomial valuation with
a;v(z;) = ajv(x;) for all 7, j.

(ii) Give an example of ideals Iy, ..., I; in k[X1, ..., X,] of the form
asin (i) such that I, N---N L # L N---N1.

Let R be a Noetherian local ring and I an ideal with only one Rees
valuation. Prove that v/T is a prime ideal.

(Hiibl-Swanson [134]) Let I be an ideal in an integrally closed Noe-
therian local domain R.

(i) Prove that gr;(R) is reduced if and only if I is a normal ideal
and if for each (normalized integer-valued) Rees valuation v of I,
v(l)=1.

(ii) Let S = R/T®I/I>?® I2/I3 @ --- . Prove that S is a reduced
ring if and only if for each (normalized) Rees valuation v of I,

v(l) = 1.
(Reid, Roberts, Vitulli [245]) Let n > 2, k[X,..., X,] a polynomial
ring over a field, and a4, ..., a, positive integers whose greatest com-

mon divisor is strictly bigger than n —2. Let I be the integral closure
of (X{*,..., X2 ). Prove that I is normal.

(Katz [160]) Let (R,m) be a formally equidimensional Noetherian
local domain. Let x1,...,x4 be a system of parameters. Set I =
(z1,...,24) and

L2 Ld
S — R[xl,. ey xl}mR[i—?7,z—‘f:|.
Let S be the integral closure of S.
(i) Prove that for all n > 1, I" = I"SN R.
(ii) Prove that the number of minimal prime ideals in the m-adic
completion of R is at most the number of maximal ideals in S.
(iii) Prove that there is a one-to-one correspondence between max-
imal ideals of S and the prime ideals in the integral closure of
R[It,t™ 1] that are minimal over ¢!,
(Sally [258]) Let (R, m) be an analytically unramified Noetherian local
ring. Assume that there exists an m-primary ideal I in R with only
one Rees valuation. Prove that the m-adic completion of R is an
integral domain, i.e., that R is analytically irreducible.
(Lipman [189, page 144]) Let (R, m) be a formally equidimensional
Noetherian local ring, and I and J ideals in R satisfying ht(/ + J) =
0(I)+ £(J). Prove that IJ =1nNJ.
Let R be a Noetherian ring, I and J ideals of R.
(i) Assume that I = J. Prove that v;(J) = v;(I) = 1.
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(ii) Assume that v;(J) = v;(I) = 1. Prove that I = J.

Let R be a Noetherian ring. Ideals I and J in R are called projec-
tively equivalent if there exists a positive real number « such that
UV =Qavy.

(i) Prove that « is a rational number.

(ii) Prove that I and J are projectively equivalent if and only if
there exist positive integers m and n such that I = Jn.

Let R be a Noetherian domain, and I an ideal. Prove that {™ €
Q<o : m,n € Ny and there exists an ideal J in R with Im = Jnlis
a discrete set with no limit points.

Let (R, m) be a Noetherian local ring whose m-adic completion R is
an integral domain. Let S be the integral closure of R. Prove that R
has an m-primary ideal with only one Rees valuation if and only if S
has a zero-dimensional ideal with only one Rees valuation.
(Criterion of analytic irreducibility, Hiibl and Swanson [134]) Let
(R, m) be a Noetherian local domain.

(i) Prove that R is analytically irreducible if and only if there exist
positive integers a and b such that for all positive integers n and
all z,y € R, xy € m®*® implies that either x or y is in m”.

(i) Let (R, m) be a complete local domain of dimension 1, and let R
be its integral closure. Let n be the maximal ideal of R, and let
n® be the conductor ideal of R (why is there only one maximal
ideal, and why is the conductor of this form?). Let I be a non-
zero ideal in R, and ¢ such that IR = n’. Prove that whenever
z,y € R are such that xy € I>"*12¢/1) then either z € I™ or
yelm™.

([134]) Let (R, m) be a Noetherian local analytically irreducible do-
main, and / an m-primary ideal. Prove that [ has only one Rees
valuation if and only if there exists an integer b such that for all pos-
itive integers n and all z,y € R, xy € I*"*® implies that either x or
y lies in I™.

(Muhly and Sakuma [213, Lemma 4.1]) Let I1,..., I, be ideals in a
two-dimensional universally catenary Noetherian integral domain R.
Suppose that for j =1,...,r, RV (I;) = {v;}, and that vy,..., v, are
pairwise not equlvalent Prove that det(vz( i)ij) # 0.

Let R=Q[X,Y], and I = (X?Y + XY? Y4 XY3 X4,

(i) Prove that for all n, I"™ is integrally closed

(ii) Prove that J = (XQY + XY2 Yt + XY3 + X%) is a minimal
reduction of I.

(iii) Let S = Rlzzyixy=y)-
equals S for some prime ideal @ in S minimal over X?Y +XY?2.

(iv) Find all the Rees valuations of I.

(v) For each Rees valuation v of I, compute v([).

Prove that each Rees valuation of [
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10.34* Find the Rees valuations of generic determinantal ideals.
10.35 Let R be a Noetherian ring and I an ideal in R that is not contained
in any minimal prime ideal of R. Let I, be any rational power of I.
(i) Prove that RV (I,) = RV (I).
(ii) Prove that for large integers n, Ass(R/I,o) = Ass(R/I™).
10.36 Let (R,m) be a Noetherian analytically irreducible local ring and [
an m-primary ideal. Prove that |RV (I)| = |RV (IR)|.
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Multiplicity and integral closure

This chapter is devoted to the theory of multiplicity and its relationship to
integral closure. We begin by developing the theory of Hilbert—Samuel poly-
nomials. The basic result states that if (R, m) is a Noetherian local ring, I
an m-primary ideal, and M a finitely generated R-module, then there ex-
ists a polynomial P(n) with rat