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ABSTRACT

We construct normal hypersurfaces whose local cohomology modules have infinitely many
associated primes. These include hypersurfaces of characteristic zero with rational singu-
larities, as well as F-regular hypersurfaces of positive characteristic. As a consequence, we
answer a question on the associated primes of certain families of ideals which arose from
the localization problem in tight closure theory.

1. Introduction

Let R be a commutative Noetherian ring and a C R an ideal. In [Hul] Huneke asked whether the
number of associated prime ideals of a local cohomology module HJ(R) is always finite. In [Si] the
first author constructed an example of a hypersurface

R = Z[u,v,w,z,y, 2]/ (ux + vy + wz)

for which the local cohomology module H (396 Y z)(R) has a p-torsion element for every prime integer

p, and consequently has infinitely many associated prime ideals. However this example does not
address Huneke’s question for rings containing a field, nor does it yield an example over a local
ring. Recently Katzman constructed the following example in [Ka2]: Let K be an arbitrary field,
and consider the hypersurface

S = K|s,t,u,v,z, y]/(8u2:132 — (s + t)uzvy + tv2y2).

Katzman showed that the local cohomology module H (2m y)(S ) has infinitely many associated prime

ideals. Since the defining equation of this hypersurface factors, the ring in Katzman’s example is
not an integral domain. In this paper we generalize Katzman’s construction and obtain families of
examples which include examples over normal domains, and even over hypersurfaces with rational
singularities:

THEOREM 1.1. Let K be an arbitrary field. Then there exists a standard graded normal hypersurface
R with [R]o = K, and an ideal a C R, such that a local cohomology module H(R) has infinitely
many associated prime ideals.

If K has characteristic zero, there exist such examples where, furthermore, R has rational sin-
gularities. If K has positive characteristic, we may choose R to be F-regular. In each case, if m
denotes the homogeneous maximal ideal of R, then H (Rm) also has infinitely many associated
prime ideals.

There are positive answers to Huneke’s question if the ring R is regular but, as our theorem
indicates, the hypothesis of regularity cannot be weakened substantially. The first results were
obtained by Huneke and Sharp who proved that if R is a regular ring containing a field of prime
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characteristic, then the set of associated prime ideals of HY (R) is finite, [HS]. Lyubeznik established
that H](R) has finitely many associated prime ideals if R is a regular local ring containing a field of
characteristic zero, or an unramified regular local rings of mixed characteristic, see [Lyl, Ly2] and
[Ly3]. Marley showed that if R is a local ring with dim R < 3, then for any finitely generated R-
module M, a local cohomology module HJ (M) has finitely many associated primes, [Ma]. For some
of the other work on this question, we refer the reader to the papers [BF, BKS, BRS, He, KS, MV]
and [TZ].

In §2 we establish a relationship between the associated primes of Frobenius powers of an ideal,
and the associated primes of a local cohomology module over an auxiliary ring. Recall that for
an ideal a in a ring R of prime characteristic p > 0, the Frobenius powers of a are the ideals
alrl = (a:pe |z € a) where e € N. The finiteness of the associated primes of the ideals alP] is related
to the localization problem in tight closure theory, discussed in §5 of this paper. In [Kal] Katzman
constructed the first example where the set | J, Ass R/ alPl is infinite. The question however remained
whether the set |J, Ass R/ (alP)" is finite, or even if it has finitely many maximal elements—this
has strong implications for the localization problem, see [AHH, Ho, Kal, SN| or [Hu2, §12]. We
settle this question in §5:

THEOREM 1.2. There exists an F-regular ring R of characteristic p > 0, with an ideal a, for which
the set
R R
U Ass Pl U Ass (a[Pe})*

eeN eeN
has infinitely many maximal elements.

2. General constructions

Let a = (x1,...,2y) be an ideal of a ring R. For an integer r > 0, the local cohomology module
H}(R) may be computed as the rth cohomology module of the extended Cech complex

0— R— éin — @Rxﬂj — s — Ry g, — 0.
i=1

1<j

For positive integers m; and an element f € R, we will use [f + (z1",...,z]'")] to denote the
cohomology class

———| € H}(R) = = +—"—.

[anl cexn™ a( ) > Ra .y
It is easily seen that [f + (z]™,...,a]'")] € H}(R) is zero if and only if there exist integers k; > 0
such that

f:vlfl . xﬁ" € (flm““, .. ,xnm”+k")R.

Consequently H'(R) may also be computed as the direct limit
HE(R) = Tiny R/ (@2 R,
meN

where the maps in the direct limit system are induced by multiplication by the element x - - - x,.
We may regard an element [f + (27°,...,20")] € H}(R) as the class of f + (2",...,2z)")R in this
direct limit.

We next record two results which illustrate the relationship between associated primes of local
cohomology modules and associated primes of generalized Frobenius powers of ideals.

PropoOSITION 2.1. Let a = (z1,...,x,) be an ideal of a ring R. Then, for any infinite set S of
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positive integers,

AssH} (R Ass ——————
ngS (a7, .. :cm)
Proof. Let p = annn, where n = [f + (", ..., z")] is an element of H(R). Then for every element
z € p, there exists an integer m + k € S such that
2f(xy - xp)k € (@R, ™R,

Since p is finitely generated, we may choose m + k € S such that

p C ($T+k,...,xz’+k)R:R f(g;lxn)k (%)
On the other hand, if rf(z1---2,)F € (&, ..., 2™ *)R, then ry = 0, and so actually have an
equality in (x). Consequently p is an assoc1ated prime of R/(x m+k, TR, 0]

It immediately follows that whenever H(R) has infinitely many associated prime ideals, the set
U,, Ass R/(x", ..., ") is infinite as well. The converse is false, as we shall see in Remark 4.7.

PROPOSITION 2.2. Let A be an N-graded ring which is generated, as an Ag-algebra, by elements
t1,...,t, of degree 1 which are nonzerodivisors in A. Let R be the extension ring

R=Aluy,...,un,T1,..., &)/ (w11 — t1,..., upxy — t,).
Let mq,...,m, be positive integers, and f € A a homogeneous element. Then, for arbitrary integers
ki 2 07
(t7, .t A, f = ($§”1+k1 @ TR Ry faht .. gk,
Consequently if we consider the element n = [f + (z]",...,z')] of the local cohomology module
HE n)(R), then

anng,n = (&1, t0m) A, fo

Proof. The inclusion C is easily verified. For the other inclusion, let e; € Z"*! be the unit vector
with 1 as its ¢th entry, and consider the Z”H—grading on R where degz; = e; and degu; = en4+1—¢€;
forall 1 <i < n.If f € A, then, as an element of R, the degree of f is re,y1. The subring A is a
direct summand of R since

Aj= R(O,...,O,j) for >0, and A= @j>OR(O,...,O,j)'
Now if h € Ag is an element such that hfz'l...zkn e (z™ k1 gmntke) R then there exist
homogeneous elements cy,...,c, € R such that
hfx . kn — clanl“l‘kl + - 4+ Cnx;nn‘i’kn.
We must have degcy = (—ma, ko, ..., kn,7), and so ¢; is an Ap-linear combination of monomials p
of the form
= ul11+m1 u122 ul xll xlz+k‘2 xf{”—kn,

where [; > 0, and my + 11 4+ - -+ + [, = r. Consequently

mi+k I l ln ok k
pat 1tk _ (ulml) 1t+ma (U2x2) 2 ... (unxn) n xll RN
_ tll+m1 t122 tizl xkl . x:fbn?
and so 1" t* € (2§ 2o ¢7) R. Similar computations for ca, ..., ¢, show that
hfzkt .. gk e x]fl'--wﬁ”(tTl,...,t?”)R.
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Multiplying by u]fl ---ufn and using that A is a direct summand of R, we get

Rtttk etk (i ™) RN A
= etk () AL

Since the elements ¢; € A are nonzerodivisors, the required result follows. O

We next record two results which will be used in the proof of Theorem 2.6.

LEMMA 2.3. Let M be a square matrix with entries in a ring R, such that the determinant of M is
a nonzerodivisor. Then the minimal primes of the ideal (det M )R are precisely the minimal primes
of the cokernel of the matrix M.

Proof. Since det M is a nonzerodivisor, we have an exact sequence
n M 13
0—R'"— R"—C—0,

where C'is the cokernel of M. For a prime ideal p € Spec R, note that C}, = 0 if and only if det M
is a unit in R,. Consequently
V(det M) = Supp C.
O

LEMMA 2.4. Let R be an N-graded ring, and M be a Z-graded R-module. For every integer r
and prime ideal p € Assp, M,, there exists a homogeneous prime ideal f € Assp M such that
BN Ry =p. Consequently if the set Assp, M is infinite, then so is the set Assp M.

Proof. Let p = annp, m for some element m € M,.. There is no loss of generality in replacing M by
the cyclic module R/a = mR, in which case p = a N Ry. The isomorphism

R/(a+ Ry) = Ro/p

shows that a + R, is a prime ideal of R. Let ¥ be a minimal prime of a which is contained in

a+ R;. Then P € Ming R/a C Assg R/a, and BN Ry = p since (a + Ry) N Ry = p. O
DEFINITION 2.5. Let d be a positive even integer, and ryg, ..., rq be elements of a ring Ag. The nth
multidiagonal matriz with respect to rq,...,rq will refer to the n x n matrix
e - -
2
Mn = " )
7o
rqy ... Td
L 4]
where the elements rq,...,ry occur along the d 4+ 1 central diagonals, and all the other entries are

zero. (These multi-diagonal matrices are special cases of Toeplitz matrices.)

THEOREM 2.6. Let d be an even positive integer, rg,...,rq elements of a domain Ay, a > 0 an
integer, and M,, the nth multidiagonal matrix with respect to rg,...,rq. Let u,v,x,y be variables
over Ag, and S C N a subset such that

L Min (det M,,_,_q/2)
nes
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is an infinite set. If
A = Aolz,y]/(xy)® (roxd + rlxd_ly N Tdyd) ’
then | J,,cs Ass A/(x"™,y"), is an infinite set.

Furthermore, if rog and ry are nonzero elements of Ay, then for
R = Aolu, v,,y)/ (ro(uz)” + ru(ua) '~ (vy) + -+ ralvy)?)
the local cohomology module H (QI ) (R) has infinitely many associated primes.
If (Ap,m) is a local domain or if (Ag,m) is a graded domain and det M,, is a homogeneous

element for all n > 0, then these issues are preserved under localizations at the maximal ideals
(m+ (z,y))A and (m + (u,v,z,y))R, respectively.

Proof. Consider the Ag-module [A/(x",y")]—14a+d/2 for n > a+d. A generating set for this module
is given by the n — a — d/2 monomials
a+d/2.

a+d/2, n—1 a+d/24+1, n—2 n—1
gt d/2yn=1 - patd/ B

) Y

There are n — a — d/2 relations amongst these monomials, arising from the equations
($y)a(7“0$d + rlxd_ly I ,rdyd)xiyn—l—a—d/Q—i

where 0 < ¢ < n— 1 — a — d/2. Using this, it is easily checked that the presentation matrix for

[A/ (2", Y")]n—14a+d/2 is precisely the multidiagonal matrix M,,_,_4/2. By Lemma 2.3, whenever

det M,,_,_4/2 is nonzero, its minimal primes are the minimal primes of [A/(z",y")];,—14q+4/2, and

o
U Assy, [nA - }
@™ 9") | p1atd)2

is an infinite set. Using Lemma 2.4, the set (J,,.g Ass A/(z",y") is infinite as well.

Note that zy is a nonzerodivisor in Ag[xz,y]/(rox? +riz¢~ly+- - -+ rqy?) whenever ro and ry are
nonzero elements of Ag. The assertion regarding local cohomology now follows using Proposition 2.2.
O

REMARK 2.7. We demonstrate how Katzman’s examples from [Kal] and [Ka2] follow from The-
orem 2.6. Let K be an arbitrary field, and consider the polynomial ring Ay = K|[t]. Let M, be
the nth multidiagonal matrix with respect to the elements rg = 1, 1 = —(1 +t), and o = t. An
inductive argument shows that

ntn-‘rl -1

t—1

It is easily verified that  J,,cy Min(det M,,) is an infinite set and, if K has characteristic p > 0, that
the set |J, oy Min(det Mpe_2) is also infinite. Theorem 2.6 now gives us the main results of [Ka2]:

the local cohomology module H (QI v) (R) has infinitely many associated primes where

det My, = (—1)"(1 4+t + 2 +--- +t") = (—1) forall n>1.

R = Klt,u,v,x, y]/(uzac2 — (14 t)uzvy + thyQ).
Similarly, standard graded or homogeneous examples may be obtained using
S = K|s,t,u,v,z, y]/(suQ:B2 — (s + t)uzvy + tv2y2),

in which case H(2$7y)(5) and H(2$7y)

If K has characteristic p > 0, consider the hypersurface
A= K[t,z,y)/ (zy(a® — (1 + t)zy + ty?)),
5

(Sm) have infinitely many associated primes.
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where a¢ = 1 in the notation of Theorem 2.6. The theorem now implies that the Frobenius powers
of the ideal (z,y)A have infinitely many associated primes, as first proved by Katzman in [Kal].

3. Tridiagonal matrices

The results of the previous section show how multidiagonal matrices give rise to associated primes
of local cohomology modules and of Frobenius powers of ideals. From this point of view, the first
multidiagonal matrices of interest are those which are tridiagonal, i.e., those for which d = 2 in the
notation of Definition 2.5. Consider the n x n multidiagonal matrices

LT To
T2 1 To

ra 1t To
ro 71

It is convenient to define det My = 1, and it is easily seen that
det M40 = rydet M1 — rorodet M,, for all n > 0.

While we will not be using it here, we mention that

[n/2, .
det M, = > (-1)@‘(” , Z>r’f2i(r0r2)i.

7
=0

Consider the generating function for det M,

By the recursion formula,

Z (det My, 10) 2" =1y Z (det My, 1) "2 — roro Z (det M,,) 2" *2
n>0 n>0 n>0

and substituting G(z) and solving, we get

G(z) = Z (det M,,) ="

n>0

1
1 —rx+rorex?’

One of the goals of this paper is to construct an integral domain A of characteristic p > 0, with
an ideal a, such that | J, Ass A/ alPl is infinite. To obtain such examples directly using Theorem 2.6
we need the set | J, Min (det Mpe,d/g) to be infinite, since the domain hypothesis forces us to use
a = 0 in the notation of the theorem. The following result shows that this is not possible if d = 2,
see also [Kal, Lemma 10]. In §6 we show that |J, Min (det Mye_4/5) may be infinite when d = 4.

ProposiTIiON 3.1. Let rg,71,72 be elements of a ring R of prime characteristic p > 0. For each
n € N, let M, be the nth multidiagonal matrix with respect to rg,r1,72. Then, for any integer
e>1,

det Mye_y = (det My,_1)' P47
Consequently the set | J, Min (det Mpe_1) is finite.
Proof. Let 1 —riz + rorez? = (1 — ax)(1 — Bx) for some elements a and 3 in a suitable extension

6
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of R. The generating function G(z) can be written as

1 o
G(z) = (det M) z™ = = o' F I
7%;) " (1 —azx)(1 - pz) i%ﬂ
and consequently
p—1 p¢—1
det M, = Z oippi- and det Mpe_1 = Z PG
i=0 i=0

Using this,
—1 /p—1 v -1 /p—1
Tptefpel _ : igp—1-i | _ 1 iy’ g(p—1-i)p’
(det Mp_1) —H o' —H Za ¢

7=0 \i=0 7=0 \i=0

pe—1

= Z akﬂptg*l*k = det Mpe_l.
k=0
0

We next consider a special family of tridiagonal matrices: Let K[s,t] be a polynomial ring over
a field K, and consider the n x n multidiagonal matrices

In the notation of Definition 2.5, we have d = 2, r1 = t, and 19 = ro = s. Setting Q,,(s,t) = det M,
we have

Q=1 Qi=t and Qui2=1Qns1—s’Qn forall n>0.
Note that the polynomials @Q,(s,t) are relatively prime to s. Using the specialization P,(t) =
Qn(1,t), we get polynomials P, (t) € K|[t] satisfying the recursion
Py(t)=1, Pi(t)=t, and Pyia(t) =tPyy1(t) — Py(t) forall n>0.

Each P,(t) is a monic polynomial of degree n, and in Lemma 3.3 we establish that the number of
distinct irreducible factors of the polynomials {P,(t)},en is infinite. As Qn(s,t) = s"P,(t/s) for
all n > 0, this also establishes that the number of distinct irreducible factors of the polynomials
{Qn(s,1t) }nen is infinite.

LEMMA 3.2. Let K be an algebraically closed field and consider the polynomials P, (t) = det M,, €
K|t] forn > 1 as above.

i) If ¢ is a nonzero element of K with & # 41, then P, (¢ + £71) = 0 if and only if £"+2 = 1.

ii) The number of distinct roots of P, which are different from 0 and £1 is half of the number of
distinct (2n + 2)th roots of unity different from +1.

iii) If 2n+2 is invertible in K, then P,(t) has n distinct roots of the form & + ¢~ where €272 = 1
and & # +1.

iv) The elements 2 or —2 are roots of P, (t) if and only if the characteristic of K is a positive prime
p which divides n + 1.
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v) If the characteristic of K is an odd prime p, then P, _5(t) has g — 2 distinct roots for all ¢ = p°.
If p =2, then P,_»(t) has q/2 — 1 distinct roots.

Proof. (1) Consider the generating function of the polynomials P, (t),

n 1
G(t,z) = ;}Pﬂ(t)x =T € KW,
If £ # 0 and £ # +1, then
on 1 _ 1
ngpn(gﬁ R )R | r)
1 1

€N -2) €E-eNE-2)
_ ¢ N N et e K
ST L e e e Kl

n>0

Equating the coefficients of ™, we have
B £n+1 _ ff(n‘l’l) B £2n+2 1

)

and the assertion follows.
(2) We observe that

1 N _ . &=n_ . L
$te (’”n) S =6 ”)<1 @7)’

and so & + &1 =0+ 17! if and only if € equals n or L.

(3) Since 2n + 2 is invertible in K, the polynomial X?"*2 — 1 = 0 has 2n distinct roots ¢ with
€ # £1. These give the n distinct roots & + £~ of the degree n polynomial P, (t).
(4) Using the generating function above,
1
1 — 2z + 22
and so P,(£2) =0 ifand only if n+1=0in K.
(5) The case when p is odd follows immediately from (2). If p = 2, the equation X972 — 1 =

(X771 —1)2 = 0 has ¢ — 2 distinct roots & with £ # 1, which ensures that P,_2(t) has at least ¢/2—1
distinct roots. It follows from (4) that 0 is not a root of P,_3(t), so these must be all the roots. [

G(2,2) = TR NP P

LEMMA 3.3. Let K be an arbitrary field. Then the number of distinct irreducible factors of the
polynomials { P,,(t) }nen is infinite. If K has characteristic p > 0 and q = p® varies over the powers
of p, then the polynomials {P,_2(t)}4=pe have infinitely many distinct irreducible factors.

Consequently the number of distinct irreducible factors of the polynomials {Qy($,t) }nen as well
as {Qq—2(s,t) }g=pe is also infinite.

Proof. 1t follows from Lemma 3.2 that {P,(t)}, as well as {P;_2(t)}q=pc have infinitely many
distinct irreducible factors in Kt]. O

4. Examples over integral domains

We can now construct a domain which has a local cohomology module with infinitely many associ-
ated primes:
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THEOREM 4.1. Let K be an arbitrary field, and consider the integral domain

R = K|s,t,u,v,x, y]/(suQQL‘2 + tuzvy + SUQyQ).

Then the local cohomology module H (21 y)(R) has infinitely many associated prime ideals. Also, if

we consider the local domain Ry, where m = (s,t,u,v,z,y)R, then H(QLy) (Rw) has infinitely many
associated primes.

If S is any infinite set of positive integers, then the set |J,, .5 Ass R/(x™,y™) is infinite; in
particular, if K has characteristic p > 0, then | J, oy Ass R/ (2", y*") is infinite. The same conclusions
hold if we replace the hypersurface R by its specialization R/(s — 1) or by the localization Ry,.

Proof. This assertions regarding local cohomology follow from Theorem 2.6 and Lemma 3.3. These,
along with Proposition 2.1, then imply the results for generalized Frobenius powers of ideals; see
also the remark below. O

REMARK 4.2. Specializing s = 1 and working with the hypersurface

S=R/(s—1)=K]t,u,v,xz, y}/(u2x2 + tuzvy + v2y2),
similar arguments show that H (21, y)(S’ ) has infinitely many associated primes. This gives an example
of a four dimensional integral domain S for which H (236 y)(S ) has infinitely many associated prime

ideals. However it remains an open question whether a local cohomology module H:(T) has infinitely
many associated primes where T is a local ring of dimension four. This is of interest in view of
Marley’s results that the local cohomology of a Noetherian local ring of dimension less than four
has finitely many associated primes, [Ma].

For the assertion regarding the associated primes of generalized Frobenius powers of an ideal,
the hypersurface R of Theorem 4.1 can be modified to obtain a three-dimensional local domain, or
a two-dimensional non-local domain:

THEOREM 4.3. Let K be an arbitrary field, and consider the integral domain

A= K[s,t,2,y]/(s2® + twy + sy?).
Then the set | J, oy Ass A/(2",y") is infinite. The same conclusion holds if we replace A by the
specialization A/(s — 1) or by the localization Ay ;.-

The proof of the theorem is again an immediate consequence of Theorem 2.6 and Lemma 3.3,
but we feel it is of interest to explicitly determine the infinite set | J, .y Ass A/(z",y") at least in
this one example, and we record the result as Theorem 4.6. If K has characteristic p > 0, this
theorem also shows that the set |J, oy Ass A/(2P, yP") is finite. We next record some preliminary
computations which will be needed in determining the associated primes of the ideals (z",y")A,
and will also be used later in §5.

LEMMA 4.4. Consider the polynomial ring K|s,t,x,y] and m,n > 1. Then
1) nilQn—l € (1’ 7y 78'%' —i—ta;y—i—sy )7
i) (a"y", 52 +tay + sy?) : (sTay" ) = (2,9, Qno1), and
i) (2 ”,y 2? +tay +y?) : (xy" ) = (2,y, Poor).
Proof. (1) The case n = 1 holds trivially. Using the equation tQ; = Q; 1 +s%Q;_1 for 1 <i < n—2,
we get
(S$2+t:liy+8y2)(8 )n 2—1 ZQ@ — g 1—3 P 7 1@1 + " 1—1 P 2—1 Z+2Qz

n—2—t, n—1—i_ i+1 n—i, n—1—i_ 1+1
+ s x YT Qi1 + s YT Qi1

9
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and taking an alternating sum gives us

n—2

D (1) (s2® + tay + sy®) (s2)" 2 Y'Q;
i=0

— Sn—lanO + (_1)n—2xyn—1Qn71 + (_1)n—25ynQn72.
This shows that zy"~'Q,_1 € (z",y", sz? + tzy + sy?).

(2) If n = 1 we have the unit ideal on each side of the asserted equality, so we may assume n > 2
for the rest of this proof. It is easy to verify that

sey" Nax,y) C (2", y", sx? + try + sy?).

Let h € Ks,t] be an element such that
hsMay™t € (2, y", sz + tay + sy?).
Using the grading where degs = degt = 0 and degx = degy = 1, there exist elements «, 3, and
do,...,dn—o in K[s,t] with
hs"ay" !t = (dox" " = dia" Py 4 - 4 (=1)"Pdnoy"?) (527 + try + sy?)
+ az™ + By".
Comparing coefficients of " 1y, 2" 2y2, ..., zy" !, we get
sdy — tdg = 0,
sdiyo —tdi1 +sd; =0 forall 0<i<n—4,
(—=1)""%(tdy_g — sdy_3) = hs™.
In particular,
di = (t/s)dy and diyo = (t/s)diy1 —d; forall 0<i<n—4,
and consequently d; = doP;(t/s) for 0 < i < n — 2, where the P; are the polynomials defined
recursively in §3. This gives us
hs™ = (—1)""2 (tdoPr—2(t/s) — sdoPn—s(t/s)) = (—=1)""2sdoPn_1(t/s),

and so hs™T" "2 = (—1)""2dyQ,_1. Since s and Q,,_1 are relatively prime in K[s, t], we see that h
is a multiple of Q,,_1.

(3) is the inhomogeneous case of (2), and is left to the reader. O

LEMMA 4.5. Let A = K|s,t,x,y]/(sx® + txy + sy?), and n > 1 be an arbitrary integer.
i) For all 1 <i < n, we have s~ 'ziy" =% € (2™, 4", xy"1). In particular,

n—l( n—l)'

s z,y)" C (", y", xy"Y) and s"(z,y)" C (z",y", szy
ii) Also, t"(z,y)" C (2", y", szy™ ).
iii) If n > 2, the ideal (2", y", sxy™ ') has a primary decomposition
(2", 9", szy™ 1) = (z,9)" N (2, y", sey™ L, s, 7).
Proof. For (1) we use induction on i to show that s'~!zfy"~¢ € (2™, y", xy" 1). This is certainly
true if 7 = 1 and, assuming the result for integers less than ¢, observe that

Sz—ll,zyn—z — _Sz—sz—Qyn—z(txy + sy2) — _Sz—thz—lyn—z—i-l . sz—lxz—Qyn—z-‘rQ

E (xn7 yn’ xyn_l)'

10
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Next, the equation tzy = —(sz? + sy?) gives us
ta,y)" S (2" ") + s(z, )",
and using this inductively, we get
t" (2, y)" C (2" y") + 8" (@, y)" C (@, ", szy" ),
which proves (2).
We next use the grading on the hypersurface A where degs = degt =0 and degz = degy = 1.

If @ and (3 are nonzero homogeneous elements of A with as"™ + gt" € (z,y)", then « and [ must
have degree at least n, and therefore belong to the ideal (z,y)". This shows that

(s" ") N (z,y)" = (s",1")(x,y)",
and using (1) and (2) we get
(s™,t") N (z,y)" C (2", y", szy" ).
The intersection asserted in (3) follows immediately from this, and it remains to verify that the
ideals q; = (x,y)" and q2 = (2", y", swy™ !, s",t") are indeed primary ideals. The radical of qs is
the maximal ideal (s,t,x,y), so gz is a primary ideal. Using the earlier grading, any homogeneous

zerodivisor in the ring A/q; must have positive degree, and hence must be nilpotent. Consequently
g1 is a primary ideal as well. O

THEOREM 4.6. Let A = K[s,t,x,y]/(sz? + txy + sy?) where K is a field. Then Ass A/(z%,y?) =
{(z,y), (t,2,y)} and

A A
ASS :{(may)a(satamay)}UAssi fOI' n23

(xn’yn) (xvyaanl)
Ass A/(z™,y") is an infinite set. If K is an algebraically closed field, let

In particular, |J,,cy

S = {(m,y,t—s{—sﬁfl) Al e K, £ =1 for somen > 1, andf;éil}.

In the case that K has characteristic zero,
A
U ASS W = {(xa y)7 (tv z, y); (87 ta z, y)} U 87

and if K has positive characteristic, then

A
U ASS (iL‘n yn) = {(xvy)’ (t,l‘,y), (Sata x7y)’ (t - 257 xz, y)v (t + 287'1"7 y)} U S
n>1 ’

Proof. Tt is easily checked that (z,y)%N (22,42,t) is a primary decomposition of (22, %?), so we need
to compute Ass A/(x™,y™) for n > 3. By Lemma 4.4(2) we have an exact sequence

0 A ~sa:y"71 A A O
(l‘ay? C27171) (Cﬂn,yn) (l.n?yn?sxynfl) ’
and consequently
Ass # C Ass L C Ass A U Ass A —-
(%%Qn—l) (fﬂn;yn) (xay7 Qn—l) (xnvynﬂswyn )

By Lemma 4.5 Ass A/(2™, y", szy™ 1) = {(z,v), (s,t,z,y)}, and so it suffices to verify that the
prime ideals p; = (x,y) and p2 = (s, ¢, x,y) are indeed associated primes of A/(z™,y™). This follows
since pp is a minimal prime of (2", y™) and

Py = (xn,yn) . (l‘y)nil.

11
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If K is an algebraically closed field, the polynomials Q;(s,t) split into linear factors determined
by the roots of P;(t), which are computed in Lemma 3.2. O

REMARK 4.7. If K is a field of characteristic p > 0 and A is the hypersurface
A= Kls,t,2,y]/(s2* + txy + sy?)
as above, we saw that the set | J,,.y Ass A/(z", y") is infinite. However, the set | J, oy Ass A/(2P", y?")
is finite since, by Thereom 4.6,
A

A
Ass ———— ={(x,y), (s, t, x, UAss ——F—
@) {(z,9).( y)} @000 )

and Qpe_1 is a power of Q,_1 by Proposition 3.1. Using Proposition 2.1, the set Ass H(Qm y)(R) is
finite as well. Consequently we have a strict inclusion

for p® >3,

R
2
- .
AssH, (R) © nLéJNASS @ R

The set | J,,cny Ass A/(2",y™) has been explicitly computed in Theorem 4.6, and we next observe
that the only associated prime of H(2x7y)(R) is the maximal ideal m = (s,¢,2,y). The module
H(QLy) (R) is generated over R by the elements 1, = [1 4 (29, y9)] for ¢ = p®, and it suffices to show
that 7, is killed by a power of m. It is immediately seen that x9 and y? kill 74, and for the remaining

cases note that

stng = [s72% + (2%, y")] =0 and  t%n, = [t7a%y? + (2, y*1)] = 0.

5. F-regular examples and tight closure

In Theorem 4.1 we saw that for the hypersurface
R = K|s,t,u,v,, y]/(suzan2 + tuzvy + Sv2y2),

the local cohomology module H (Qx’y) (R) has infinitely many associated prime ideals. This ring R,
while a domain, is not normal. In Theorem 5.1 we construct examples with this behavior for local
cohomology modules over normal hypersurfaces, in fact over hypersurfaces of characteristic zero with
rational singularities, as well as over F-regular hypersurfaces of positive characteristic. F-regularity
is a notion arising from the theory of tight closure developed by Hochster and Huneke in [HH1]. For
details of the theory, we refer the reader to [HH1, HH2, HH3| and [Hu2].

THEOREM 5.1. Let K be an arbitrary field, and consider the hypersurface
K[37t7u7v7w7$7y7 Z]
(su?z? 4 sv2y? + tuzvy + tw?z?)

S =

3
(2,y,2)
associated prime ideals. This is preserved if we replace S by S/(s — 1) or by the localization

S(s,tuvw,,y,2)- I K has characteristic zero, then S has rational singularities. If K has characteristic
p > 0, then S is F-regular, and the set

U Ass S/(:cpe,ype, zpe)S

eeN

Then S is a normal domain for which the local cohomology module H (S) has infinitely many

is also infinite.

Proof. We defer the proof that S has rational singularities or is F-regular, see Lemma 5.3 below.
Normality follows from this, or may be proved directly using the Jacobian criterion. Let B be the

12
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subring of S generated, as a K-algebra, by the elements s,t,a = ux,b = vy and ¢ = wz, i.e.,
B = K]|s,t,a,b, c]/(sa2 + sb? + tab + tc2).
For a fixed integer n > 1, let
= [s(ux)(vy)" ™! + (@, y", 2)] € H, ().
Using Sy = K|s, t] as the subring of elements of degree zero, Proposition 2.2 and Lemma 4.4(2) give
us

anng,fn = (a‘nabnvc)B *So sabn_l = (anl)SO,

where the ); are the polynomials defined recursively in §3. Using Lemma 2.4 and Lemma 3.3, it
follows that H ?xyz)(S) has infinitely many associated prime ideals. The assertion regarding the
associated primes of Frobenius powers of the ideal (z,y, 2)S now follows from Proposition 2.1. [

It remains to prove that the hypersurface S in Theorem 5.1 has rational singularities or is
F-regular, depending on the characteristic. The results of [SW] provide a direct proof that the
hypersurface S has rational singularities in characteristic zero. However, instead of relying on this,
we prove here that if K has positive characteristic, then S is F-regular. Using [Sm, Theorem 4.3],
it then follows that S has rational singularities when K has characteristic zero.

We first record an elementary lemma:

LEMMA 5.2. Let (S,m) be an N-graded Gorenstein domain of dimension d, finitely generated over
a field [S]o = K of characteristic p > 0, and let n € H%(S) denote a socle generator. Let ¢ € R be
a nonzero element such that S, is regular. Then S is F-regular if and only if there exists an integer
e > 1 such that n belongs to the S-span of cF¢(n).

Proof. If S is F-regular then the zero submodule of HZ(S) is tightly closed, i.e., ();Id 9)
there exists a positive integer e such that cF¢(n) # 0. Since 1 generates the socle of HZ(S), which
is one-dimensional, 7 must belong to the S-span of cF¢(n).

= 0, and so

Conversely, assume that 7 belongs to the S-span of cF*¢(n) for some e > 1. Then c¢F*(n) # 0, and
so the Frobenius morphism F : H4(S) — HY(S9) is injective. It follows from [HR, Proposition 6.11]
that the ring S is F-pure. By [HH2, Theorem 6.2], the element ¢ has a power which is a test element
but then, since S is F-pure, ¢ itself must be a test element. The condition cF*¢(n) # 0 implies that
n ¢ 0%a (5)" Consequently 0%a ) = 0, and it follows that S is F-regular. O
LEMMA 5.3. Let K be a field and consider the hypersurface
K(s,t,u,v,w,z,y, 2]

 (su2a? + sv2y? + tuzvy + tw?z?)’

If K has characteristic p > 0, then S is F-regular. If K has characteristic zero, then S has rational
singularities.

Proof. We first consider the case where K has characteristic p > 0. It is easily checked that Sy,
is a regular ring. We may compute H[(S) using the Cech complex with respect to the system of
parameters s, u,z,v,y,w — t,z — t. The socle of H[(S) is spanned by the element

Since Sy is regular it suffices, by Lemma 5.2, to show that 1 belongs to the S-span of twzF*¢(n)
for some e > 1, i.e., that

t* (suzvy(w — ) (2 — t))q_l € (twzt", s, ul, 2%, vy, (w — )9, (z — 6)9).S (%)
13
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for some ¢ = p°. We shall consider here the case p > 5. The interested reader may verify that ()
holds with ¢ = 2% and ¢ = 32 in the remaining cases p = 2 and p = 3 respectively. It suffices to
show that

t(suzvy)P~! € (t4p+3, sPouP, P Py w —t, 2 — t)S.
Working in the polynomial ring A = K[s,t,u,v,z,y], it is enough to check that t*(suzvy)P~! €
a+ (t°771) A, where
a = (2P, 9P, suz? + sv’y® + tuzvy + t°) A.
We observe that

Pl =44 (su2x2 + sv?y? + tuxvy)p_l mod a

= ¢ Z (p ; 1) (p B 1 B Z> (suQ:L‘?)i(styQ)j(tua:vy)p_l_i_j mod a
,J

J
=t Z (p - 1) (p a 1 a Z) ST ()P 1T (g )P mod  a.
— ? J
Z7]

The only terms which contribute mod (2P, yP) are those for which ¢ = j, and so

(p—1)/2 o1\ (p—1—i
ZE:O < ; ) < ; )3 (uzvy) mod a

When 2i < p— 1, the corresponding summand in the above expression is a multiple of > (uzvy)P~!,
which is an element of a. Thus

U t4<(pp_ 1)1/2> P Huzvy)P™t mod a.
Since the binomial coefficient occurring above is a unit, t*(suzvy)P~! € a+(¢t?~1) A, which completes
the proof that S is F-regular.

It remains to show that S has rational singularities in the case K has characteristic zero. By
[Sm, Theorem 4.3, it suffices to show that S has F-rational type, i.e., that for all but finitely many
prime integers p, the fiber over the pZ of the map

Z[s,t,u,v,w,x,y, 2]

7 —
(su?a? + sv2y? + tuzvy + tw?2?)

is an F-rational ring. While this is indeed true for all prime integers p, our earlier computation for
p = 5 certainly suffices. O

The question of whether tight closure commutes with localization remains open even for finitely
generated algebras over fields of positive characteristic. We briefly describe the situation studied
in [AHH, Ho, Kal, SN] and [Hu2, §12], though we limit our discussion here to the tight closures
of ideals. Let R be a ring of characteristic p > 0 and W a multiplicative system in R. For an
ideal a C R, it is easily seen that W‘l(a*) - (W‘la)*. When this inclusion is an equality, the
tight closure of a is said to commute with localization at W. The interest in the associated primes
of ald and (a[q])ﬁk arises from the results of [AHH, §3], which state that the tight closure of a
commutes with localization at any multiplicative system which is disjoint from Uq AssR/ald or

from | g Ass R/ (a[q])*. This raises the questions:

QUESTION 5.4. [Ho, page 90] Let R be a Noetherian ring of characteristic p > 0, and a an ideal of
R.

i) Does the set (J, Ass R/ a9 have finitely many maximal elements?

14
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ii) Does |J, Ass R/ (a[q])* have finitely many maximal elements?

iii) For a complete local domain (R, m) and an ideal a C R, is there a positive integer B such that

mP G, (R/(al)7) =0 forall q=p?

In [Kal, Theorem 6] it is proved that positive solutions to (2) and (3) would imply that tight
closure commutes with localization. Some positive answers to these questions appear in [AHH]
where, for example, it is proved that (2) and (3) hold whenever R/a has finite phantom projective
dimension. It should also be mentioned that the situation for ordinary powers is known: | J,, Ass R/a"
is finite for any Noetherian ring R, see [Br| or [Ra]. However, Katzman showed that the maximal
elements of Uq Ass R/al9 need not form a finite set, thereby settling (1). We recall the example
from [Kal] discussed earlier in Remark 2.7: If

A=Ktz y)/ (zy(z —y) (@ — ty)),
then the set Uq Ass R/(x4,y?) is infinite. In this example (27, y?)* = (x,y)? for all ¢ = p© and so, in
contrast, |J, Ass A/(z9,y?)" is finite. The question remained whether |J, Ass R/ (a[q])* has finitely

many maximal elements for arbitrary rings R of characteristic p > 0, and we next show that this
has a negative answer:

THEOREM 5.5. Let K be a field of characteristic p > 0, and consider
K[ta u,v,w,x, y7 Z]
(u?2? + v2y? + tuzvy + tw?z?)’

Then R is an F-regular ring, and the set

UAS

eeN

U Ass R

yp zP ° yPe, Zp)

has infinitely many maximal elements.
Proof. Since the hypersurface S of Lemma 5.3 is F-regular, so is its localization

K[t/sﬂ u? ’U, w? x? y’ Z7 S? 1/8]

Ss = .
(u?a? + v2y? + (t/s)uavy + (t/s)w?2?)

The ring Ss; has a Z-grading where degs = 1, degl/s = —1, and the remaining generators,
t/s,u,v,w,x,y, z, have degree 0. By [HH1, Proposition 4.12] a direct summand of an F-regular
ring is F-regular, and so R = [S;],, is F-regular.
For g = p®, consider the ideals of R,
a, = (29,94 2R g ttuv? 22yt 12071

Let Ry = K[t]. As in the proof of Theorem 5.1, we may use Proposition 2.2 and Lemma 4.4(3) to
verify that

a,N Ry = (2%,y? 2R :p, t9(uz)(vy)? 2ayz1""
= (@7 ¢y 2)R gy tY(ux)(vy) T2 = Py_g g, 14,

where the P; are the polynomials defined recursively in §3. In particular, this shows that a;, # R
for ¢ > 0. It is immediately seen that z,y,2 € ,/a,, and we claim that u,v,w € /a,4. To see that
u € aq, note that

u(tluv?22%y 71207 = 19(uP2?)ui 2yt 1207 € (g9, 29).

15
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Next, observe that
(vy)? € uz(uz,vy)R+ zR, andso (vy)! ! e (uz)?%(uz,vy)R + zR.

Using this,

v(tun? 222yt 2 = (oY) a2 € (2, 27),
and so v € a,4. Finally, it is easily verified that wi t e ag, i.e., that

wi ™ (stluvt 222y 1712071 € (29,49, 29),

since t9(wz)4"! € (2972,y). We have now established

Min(a,) = Min ((u,v,w,x,y,z)R+ (Py—2 R, tq)R),

and so the minimal primes of a4 are maximal ideals of R. By Lemma 3.3 the union [ J, Min(ay) is an
infinite set, and so we conclude that | J AssR / (xq, ye, zq) has infinitely many maximal elements. []

6. Examples of small dimension

We analyze multidiagonal matrices with d = 4 and use these computations to obtain low-dimensional
examples of integral domains of characteristic p > 0 where the set of associated primes of Frobenius
powers of an ideal is infinite. The example in Theorem 4.1, after specializing s = 1, is an integral
domain of dimension four. We construct here a hypersurface A of dimension two, which is an integral
domain, and has an ideal (z, y)A for which | J, Ass A/ (xpe, ype) is infinite. In view of Proposition 3.1,
to construct such an example using Theorem 2.6, we need to consider multidiagonal matrices with
d>4.

We start with the polynomial ring Ay = K[t] over a field K. Let d = 4, and consider the matrices
M, of multidiagonal form with respect to ro =14 = 1,70 =t, and ry =r3 =0, i.e.,

t 0 1
0 t 0 1
1 0 t 0 1
1 0 t 0 1
1 0 t
1 0 t

We again use the convention det My = 1, and have det My = ¢, det My = t2, det M3 = t3 — ¢,
and the recursion

det My+q4 = tdet M43 —tdet My,41 +det M,, forall n>0.
Using this, the generating function for det M, is easily computed to be

G(z) = 3 (det My) 2" ! !

n >0

T 1tz ttzd—at (1—2)1+2)(1 -t +22)
Set F,(t) = det My, which is a monic polynomial of degree n. We need to analyze the distinct
irreducible factors of the polynomials {F,,(t)}.

LEMMA 6.1. Let K be an algebraically closed field, and consider the polynomials F,(t) = det M,, €
K|t] as above.

i) Let & be a nonzero element of K with £ # 1. If n is an odd integer, then

(§n+3 _ 1)(§n+1 _ 1)
(g —1)? ’
16
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and so F, (¢ +&71) = 0 if and only if "3 =1 or &1 = 1.
ii) If n is an odd integer and (n + 3)(n + 1) is invertible in K, then the polynomial F,(t) has n
distinct roots of the form & + £~1, where € # £1, and either "3 =1 or ¢! = 1.

iii) If the characteristic of K is an odd prime p, then F,_»(t) has ¢ — 2 distinct roots for all ¢ = p°.
Proof. (1) Consider the generating function for the polynomials F, (),

n 1
G(z) = ;)F”(t)x T -+ 2)(1—t+2?)

If £ € K with £ #£ 0 and £ # +1, then

e K[t]{[=]]-

-1 " = 1
2 B = e e e
D ST ! G ) »1(<% LA ) > a5l
¢ A ErE N @-DE-¢D €7D -9

Comparing the coefficients of 2" and simplifying, we obtain the asserted formula for F, (¢ + £71).

(2) As we observed earlier in the proof of Lemma 3.2(2), £ +£¢7! = n+n~! if and only if £ equals
n or n~'. The only common roots of the polynomials X"*3 —1 = 0 and X"*! — 1 = 0 are +1.
Since n + 3 is invertible in the field K, the polynomial X™*3 —1 = 0 has n + 1 distinct roots £ with
€ # £1. These give the (n+1)/2 distinct roots £ +&~1 of F,(¢). Similarly, the roots of X"*! —1 =0
contribute (n — 1)/2 other distinct roots of F,(t). But then we have (n +1)/2+ (n —1)/2 = n
distinct roots of the degree n polynomial F,,(t) which, then, must be all its roots.

(3) Since n = ¢ —21is odd and (n+3)(n+1) = (¢+1)(¢ — 1) is invertible in K, it follows from
(2) that Fj,_(t) has ¢ — 2 distinct roots. O

As a consequence of Lemma 6.1, we immediately have:

LEMMA 6.2. Let K be an arbitrary field of characteristic p > 2. Then the polynomials {F;_2(t)}q=pe
have infinitely many distinct irreducible factors.

THEOREM 6.3. Let K be an arbitrary field of characteristic p > 2, and consider the integral domain
A= K[t,:r,y]/(x4 + tx?y? + y4).

Then the set | J oy Ass A/ (27", y*") is infinite.

Proof. The hypersurface A arises from Theorem 2.6 using the matrices M,, of multidiagonal form
with respect to 79 =174 = 1,79 = t, and 7 = r3 = 0. By Lemma 6.2, the set [J, Min (det Mpe_») is
infinite, and so the result follows. O
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